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An initial-boundary-value problem for the equation
Up+ Uy + Uy — Uygy = 0 (a)

is considered for 2, ¢ > 0. This system is a model for long water waves of small but finite
amplitude, generated in a uniform open channel by a wavemaker at one end. It is
shown that, in contrast to an alternative, more familiar model using the Korteweg-
deVries equation, the solution of (a) has good mathematical properties: in particular,
the problem is well set in Hadamard’s classical sense that solutions corresponding to
given initial data exist, are unique, and depend continuously on the specified data.

1. Introduction. In arecent paper (1), a model equation governing the unidirectional
propagation of one-dimensional long waves in non-linear dispersive systems was
developed as an alternative to the Korteweg—deVries (KdV) equation. The model
considered was the initial-value problem for the equation

Ug+ Uy + Utk — Uy = O (1-1)
with £ > 0 and — o0 < z < o0. Equation (1-1) has the same formal status as the KdV
equation as an approximate model for long waves of small amplitude in an important
class of non-linear dispersive systems. It was contended in (1) that (1-1) is in many
respects a superior model, having generally good mathematical properties and
avoiding certain problematical aspects of the initial-value problem for the KdV
equation.

It is the purpose of this paper to consider the initial-boundary-value problem

Ug+ Uy + Uy — U = 0,

u(z,0) = g(=), (1-2)

u(0,t) = h(t),
fort > 0 and z > 0, where the boundary value % and initial value g are specified, with
g(0) = A(0) for consistency. Thus we consider the propagation of long waves in a semi-
infinite medium which is given a specified disturbance at the finite end. One physical
system for which (1-2) may serve as a model is an open uniform channel containing
water with a wavemaker at one end. The problem (1-2), with g = 0 say, is perhaps
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physically more relevant than the pure initial-value problem for (1-1). Certainly for
comparing (numerically computed) solutions with actual waves generated in the
laboratory, the situation described by (1-2) seems more useful.

We show that (1-2) admits a satisfactory mathematical theory, being well set in
Hadamard’s sense that solutions corresponding to given initial data g and specified
disturbance % exist, are unique, and depend continuously on g and %. The following
statement summarizes the main results to be derived, and serves to define the aims of
this work.

Main results. Suppose g is twice continuously differentiable and that g and its first
two derivatives are bounded for 0 < z < o0. Suppose also that g and ¢’ are square
integrable over 0 < x < co0. Let % be continuously differentiable for 0 < ¢ < 7. Then
there is a unique classical solution u(x,¢) of (1-2) for 0 < ¢t < 7', such that, for each ¢,
u and u, are square integrable over 0 < 2 < co. Further, this solution depends con-
tinuously on perturbations of g and % within these function classes. (The metrics to
which this continuity is referred are reviewed in section 2 and in the discussion
preceding Theorem 2 in section 4.)

The method employed proceeds in three stages. First, the existence of a solution
over a sufficiently small time-interval is proved. This is done by recasting (1-2) in
integral-equation form and using the contraction-mapping principle. The extension
of the solution to arbitrary time intervals is then made by appeal to an a priori estimate
for solutions of (1-2). Finally, uniqueness and the continuous dependence of solutions
on g and % are established by using @ priori estimates for the difference of two solutions
of (1-2).

The programme is similar to that carried out in sections 3 and 4 of (1) on the initial
value problem for (1-1). Emphasis is given, in our proofs, to the points that diverge
from those presented in (1).

The present results for (1-2) would not obtain for the same initial-boundary-value
problem posed for the KdV equation. In particular, the presence of an extra z-deriva-
tive in the KdV equation, (2),

U U+ Ul + Uy, = O, (1-3)

imposes constraints on the boundary data which are not required in the present
model, and which appear unnatural to the physical problem.

A comment on the unidirectionality of the model is deserved. The assumption of
unidirectional wave propagation is introduced, along with several other assumptions,
in the derivation of the model equations (1-1) or (1-3) from the full equations of motion.
Out theory is set in function spaces which include, but are not exhausted by, initial
data and solutions which come under these assumptions. Hence the term unidirectional
is used only torecall an assumption that would have to be made in a derivation of (1-1),
and is not to be construed as implying a mathematically established property of the
system (1-2) for the general initial data prescribed in our main results.

In section 2 we collect together the function spaces used. Then, in section 3, the
existence of a weak solution over a small time-interval is proved under very general
conditions. It is shown further that the weak solution provides a classical solution to
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Long waves ¢n non-linear dispersive systems 393

(1-2) over the small time-interval when the data are restricted as explained above
under the heading Main Results. In section 4 the aforesaid ‘solution in the small’ is
uniquely extended to a classical solution on arbitrary time-intervals. Finally, in
section 5, an exact result on the continuous dependence of the solution on g and 4 is
obtained. In contrast with the results formulated in sections 3, 4 and 5, which deal
only with an arbitrary finite interval, the Appendix shows how these results may be
reinterpreted in a Fréchet-space setting to take account of the entire time axis.

2. The relevant function spaces. Before we proceed to prove results leading to our
Main Results, it is convenient to collect together the definitions and elementary
properties of the function spaces that we shall use. All functions are taken to be real-
valued.

Supposing I = [0, a] to be a bounded interval in the real numbers R, we denote by
C*(I) the Banach space of functions on I whose derivatives up toorder k are continuous,
k=0,1,.... The norm is

£k, r = Ufll = sup |fO)]. )
zel (2-1)

0<j<k

Let R+ denote the non-negative real numbers. We define C}(R*) to be the functions
on R* whose first k£ derivatives are bounded and continuous. This is also a Banach
space under the norm (2-1) with R+ in place of I.

By H*(Rt), we mean the Sobolev space of (equivalence classes of) measurable
square-integrable functions defined on R* whose (generalized) derivatives to order k are

also square integrable over R+, k = 0, 1, .... This is a Hilbert space with inner product
k w©
o= 3, [0 9@ ao (22)
i=
We denote the norm in H*(R*) by
1fle,2 = <FIR (2:3)

to distinguish it from the norm (2-1). H°(R+), which is simply L,(R*), and HY(R+) are
the only two considered here. We state some useful properties of H}(R).
DermviTIoN. A function fe Cy(Rt) is asymptotically null if lim f(z) = 0.

T—>0

ProposiTioN 1. HY(R*) is continuously embedded in Cy(R+). Further, when HY{(RY)
18 identified as a subspace of Cy(R*), then fe HY(R+) implies that f is asymptotically null,
and that

Ifllo < [1flly, 2- (24)

Proof. Let g be the extension of f to R obtained by reflecting f about the origin. Then
g€ HY(R). The usual embedding result ((3), ch. 1, §9) implies that g is continuous,
bounded, and asymptotically null. Hence f is continuous and asymptotically null. It
then follows that, for xe R*,

fia) = -2 ] FEUGEE f "L+ ENE = IR

from which (2-4) follows.
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We shall also need to consider spaces of functions of two variables analogous to the
one-dimensional spaces just defined. For 7' > 0, let €, be the space of bounded con-
tinuous functions u(z, ¢} defined on R* x [0, T] Similarly, let €%™ be the subspace of
elements u €%, such that &;dueby for 0 < 1 <1, 0 < j < m. (Thus €, = €%°.) We
note that €4™ is a Banach space under the norm

i1 m L.
lullghm = X X 110t ullers (29)
i= =
where Pller = sup sup |v(z,1)|. (2-6)
20 T'2t20

We shall often omit the 7' in this norm symbol when no confusion can thereby result.
Taking 7' > 0 to be finite, we define #7. to be the functions f(z,t) defined on

R+ x [0, T] such that f(z,t)e HY(R*) for each ¢ and such that the correspondence

t— f(x,t) is continuous from [0, T'] to H*(R*). # is a Banach space under the norm

Iz = sup. IF @, )iy, 2- (2-8)

<i<T

By virtue of Proposition 1, we have:

PROPOSITION 2. W, ts embedded in €y for each T > 0. When Wy is considered as
a subspace of €, the classification we Wy implies that u is uniformly continuous in both
variables, asymptotically null uniformly in te[0,7T], and

lleeller < flllyr (2:9)

3. Existence in the small. By formal operations, we first put (1-2) into integral
equation form. The equation may be rewritten

(1—0)uy = — O, (u+ju?),
and regarded as an ordinary differential equation for «,. Formally, the solution is
u(z, t) = — %f “ gta— Op(u+ $ut)dE + % f e @D (u+Ju)dE+ 1/ (t) e~=.
0 0

A formal integration by parts, followed by integration from 0 to ¢, now gives:

u(x, t) = g(x) + (k(t)— h(O))e—"+f f Kz, &) {u(f, 7) + 3w, 7)}dEdT,  (3-1)

where K(z,£) = $sgn(x—§)e 1=t 4 § e~®40), (3-2)
For short, we write this as
u = Au = g(z) + (h(t) — 2(0)) e*+ Bu. (3-3)

Lemma 1. Letge C,(R*) and he C([0, T')). Thenthereisan SwithT > S > 0, depending
only on g and h, such that (3-3) has a solution u€%y.

Proof. We view A as a mapping of €, leaving S to be chosen suitably later. Clearly,
Aue%byif ueb;. We argue that by choosing R large enough, and § small enough, A is
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Long waves in non-linear dispersive systems 395

a contraction mapping of the ball of radius R about the zero element 0 of €. The
necessary estimates are

Aulle < ligllo + [ Ally + Slltulle (1+ i), (3-4)

and A% — Avllg < Slju—vlle {1 + §(lulle +Ille)}- (3-5)

Here we have used the result
[oo]
su%) . |K(z, )| dE = 1.

x>

Note that (3-5) implies A to be a continuous mapping of &g to itself. According to (3-4),
A maps the closed ball of radius R about 0 into itself if

R > r(8)+SR(1+R), (3-6)

where 7(8) = llgly+ Bllo = llgllo+ il 10 51 (37)
Hence, by (3-5), A is a contractive mapping of this ball if

S(1+R) =0 < 1. (3-8)

It is easily verified that a sufficiently small positive value of § (< T') is determined by

S +2r(8)) < 4, (3-9)

so that we can take B = 2r(8) {(3-10)

to satisfy (3-6), and then (3-8) is satisfied with ® = 3.
Lemma 1 now follows by appeal to the contraction-mapping principle.
CoROLLARY. Let g and h, R and 8 be as in Lemma 1, and let
uo(x, t) = g(x) + e=(h(t) — h(0)).
Then the sequence u,(x,t) defined by
U (2, t) = Au,_(x,t) = uy(x,t) + Bu,_,(z, ) (3-11)

converges in G to the unique solution u of (3:3) in the ball |lully < R.
We now want to determine conditions under which the solution « of (3-3) provides,
on the time interval [0, 8], a classical solution of the problem (1-2),

Levma 2. Suppose ge CE(R*) and he CY([0,T]). Then any solution ue %y of (3-3) 13
an element of €3? and i3 a classical solution of the initial-boundary value problem (1-2).

Proof. Since u = Aw, the first derivative u, clearly exists, being given by
we = (Au) = KO+ [ K@, £ 6,0+ W6, 0}, (312)

which is a bounded continuous function on R+ x [0, T'] because 2’ € C([0, T']) and v € €.

26 PSP 73
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By dividing the range of integration at £ = x we confirm that «, exists and is equal to

Uy = g'(x)—e—’(h(t)—h(O))+jt (u+3u?) dt+ft wa(x,g) (u+ yu?)dEdr, (3-13)
0 oo

where Lz, £) = — [e1z~5l + e =10, (3-14)

Again, since g’ € Cy(R*), and u € €, we have u,e%,. The fact that u, € ¥, implies that
the right-hand side of (3-13) is also differentiable with respect to , so that u,, exists,
being given by

e = (@) + -2 ((1) — H(0)) + f :(u +3ud),dr
t @
+f0 fo K@, ) (u+but)didr) (3-15)

t
~ @)+ f (u+ J?), dr +u—g(a),
0

which is also continuous and bounded. Finally, the above expression for u,, is obvi-
ously differentiable with respect to ¢, and we see that

Uzt = (w+ Jé“uz)x + Uy

confirming that u,,, € % and that u provides a solution of the equation in (1-2).
Since v = Au, u automatically satisfies the initial and boundary conditions under
the hypotheses about ¢ and 4.
Note that if greater regularity of g and & is assumed, any solution €%, of (3-3)
acquires correspondingly greater regularity. This is easily seen by continuing the
arguments of (3-12), (3-13), (3-15) and leads to:

CorROLLARY. Let ge C4(R*) and he C*([0,T]), where k > 1,1 > 2. Then any solution
ueCy of (3:3) lies in €.

Account can also be taken of the case in which the initial waveform g, or the forcing
term %, are only piecewise continuously differentiable. In particular, we can suppose
that % is continuous, and that A’ has only discontinuities of the first kind (i.e. jump
discontinuities), and that similarly g, ¢’ are bounded and continuous, and ¢” is bounded
and has only discontinuities of the first kind. By a straightforward modification of the
arguments given in Lemma 2, the solution of the integral equation (3-3) corresponding
to such data is shown to be piecewise a classical solution of (1-3). The solution responds
to discontinuities in a predictable manner, for the arguments of Lemma 2 show that
u—g(x) — e~%(h(t) — h(0)) = Bu is still an element of ¥%2. Thus u is seen to be a classical
solution of (1-3), except on the residual set where g”(z) or k’(t) have jump discontin-
uities, and on this set « has similar discontinuities in u_,, and u,. Note, however, that
a discontinuity in the derivative of the disturbance % is rendered negligible for large 2
by the factor e==.

4. Existence and uniqueness of global solutions. We extend the solutions obtained in
section 3 to arbitrary time intervals by restricting further the inijtial waveform, and
be appealing to an a prior: estimate for solutions of (1-2).
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Long waves in non-linear dispersive systems 397

First we note that if the initial waveform is asymptotically null, then so is the
solution determined by Lemmas 1 and 2for 0 <t < S.

Levma 3. Let ge CE(R*) and he CY[0,T]), k > 2, 1 > 1, and suppose that for some
p<k, g,9,....% are asymptotically null. Then, if ueby is the solution of (1-2)
guaranteed by Lemma 1 and 2, 005w is asymptotically null for 0 < 1 < land 0 < j < p,
uniformly for 0 <t < 8.

Proof. The corollary to Lemma 2 assures us that the appropriate derivatives exist.
We need only prove that 6} 8}« is asymptotically null, uniformly for 0 < ¢ < 8, for the
special cases 2 = 0,1and j = 0, 1, 2. For the cases ¢ > 1,5 > 2 follow inductively from
the differential equation (and the result even holds for the range 0 < j < k in the case
1 > 1). The cases ¢ = 0 and p > j > 2 follow inductively by differentiating (3-15) and
using the established property of uniform asymptotic nullity.

For « itself, the result follows from the corollary to Lemma 1, the fact that
uo(, t) = g(x) + e~*[h(t) — 2(0)] is uniformly asymptotically null for 0 < ¢ < 8, and the
remark that the integral operator B of (3-3) preserves uniform asymptotic nullity, as
also does the taking of a limit in €.

Once % is known to be uniformly asymptotically null, the corresponding fact for
Uy, Uy, and u,, are derived immediately from (3-12), (3-13) and (3-15) respectively.
Differentiating (3-13) with respect to £, we obtain a similar representation of u,,, whose
uniform asymptotic nullity then follows immediately.

The derivation of @ priori estimates for solutions of (1:2) can now be undertaken.

LemMA 4. Suppose he CY([0, 8]) and ge C3(R+) n HY(R+). Then the classical solution
u of (1-2) guaranteed by Lemmas 1 and 2, corresponding to g and h, satisfies the estimate
lllly, » < llglly, 2 €5 +AB-1(eBS - 1), (4:1)

where A and B are constants depending only on h and S.

Proof. Multiply (1-2) by u and integrate over 0 < x < M, obtaining
M M M M
J. uu, d +f un, dx +f uiu, dx —f Uty d = 0.
0 0 0 0

Applying the fundamental theorem of the calculus, and integrating the last term by
parts, we have

M

[ et wg o = — o o0 - w1z (+2)

0
The assumptions on g imply that g and ¢’ are asymptotically null (cf. (1), Appendix 2).
Since » and u,, are uniformly asymptotically null by Lemma 3, we conclude that the
limit as M — co exists uniformly for 0 < t < §, being given by

f (wte + u ) dr = $h2(E) + 3h3(E) — h(t) uy (0, t). (4-3)
0
Further, if we integrate (4-2) from 0 to ¢ and apply Fubini’s theorem, we have
M M t
fo (w?+ul)dx = fo (9> +g'%)dz— 2f 0[‘%u2 +3ud —u  u) dr. (4-4)
26-2
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Also, because ge H(R*), we are able to infer the existence of the limit, as M - oo, of
the right-side of (4-4) uniformly for 0 < ¢ < 8. Thus u is shown to be in H{(R*) for
0 <t <[8. If we let

B) = f :[uz(x, ) +ul(z, £)] d, (4-5)

the uniform convergence of the integral in (4-3) shows that E(u) is differentiable with

respect to ¢, and that
dE[dt = $Rh¥(t)+ $R3() — h(t) u,(0, t). (4-6)

We now estimate the last term in (4-6). Differentiation of the integral equation
(3-13) with respect to ¢ gives

U2, t) = —h'(t) e+ u + fu? +f:L(x, ) (u+ $u?) dg,

where L is defined in (3-14). By Proposition 1,
sup |u(z,t)| < E(u)}; (4:7)

xz=0

hence |u,:(0,t)| can be estimated by
00,0 < WO+ 0]+ HEOL+ [ 1200, [t 3o dg} “s)
< W@ + 2] +3[2(2)| 2+ E(w)t + 3 E(u),
since [|L(0,§)| d§ = 1. Furthermore, by (47),
[(8)] = [u(0, )] < sup |u(z,0)] < B(u)k. (4-9)

=0
Combining (4-8) and (4-9) to estimate dE/dt in (4-6) we obtain

dE[dt < 3E(u)+ §|h(t)| E(u)+ E(u)t | ()| + E(u) + 3|4(t)] E(u)
< [IX O] B+ [5+5]R0)]]1 B(u) (4-10)
< 24 B(u)t + 2BE(u),

where constants 4 and B depend only on % and §. From (4-10) we readily deduce that,
forogt< S,

E(u)t < E(0)}eBt+ AB-1(eBt — 1),
which implies

lllly, 2 < llglly, 2675 + AB-1(eB% — 1),

where 4 and B depend only on S and %, and g is the initial waveform.

Remark. From physical considerations, one would expect |[ull; , to grow roughly
linearly with the energy supplied by the wavemaker (forcing function 4), and hence
that the estimate (4-1) could be improved. Presumably a better result does hold for
data which lead to solutions satisfying the hypotheses under which (1-1) is derived as
a model equation (see (1), § 2). However, we have been unable to improve this estimate
for a general class of initial data.
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In any case, Proposition 1 implies that [jul], , is a uniform bound for u(z,t) onz > 0,
and that the estimate (4-1) is sufficient to allow us to iterate the arguments of Lemmas
1 and 2, so obtaining our existence theorem.

THEOREM 1. Let the initial waveform g satisfy the conditions (i) g € HY(R*), (ii) g € C3(R*)
and let the boundary forcing function b satisfy (iii) he CY([0, T]). Then the partial differ-
ential equation

Up+ Uy + Uty — Uy = 0 (4-11)
admits a unique solution ue €% n W which satisfies

f 0andi> 0 u(z,0) = g(x), w(0,t) = h(t), (412)
orx =z Oa =z L.

Proof. Uniqueness: First suppose that on the interval [0, 7'] we have two solutions
wand v of (4-11), (4-12) in €52 n # . Let w = w—v. Then we see that

W+ Wy + UW, + VW — Wy = O, (4-13)
with w(x, 0) = w(0,t) = 0 (4-14)

forz > 0, T >t > 0. Multiply (4-13) by w and integrate with respect to x over R*.
Taking account of (4-14), we derive

f (ww, +w,wy,) de = f ww,(2v—u)dz. (4-15)
0 0
(It should be shown that the integral on the left-hand side of (4-15) converges uni-
formly for 0 < ¢ < 7. This is easy to derive in the present context, and we omit the
details.) If we write

m(t) = |2v~ulle, and E() = |w(,)IE
(4-15) implies that

dE[dt < m(t) E(t).

Since F > 0, this means that

E(t) < E(0)exp (Jlm(‘r) dT).

Finally, E(0) = 0, so E(t) = 0, whence w = 0, = ». Thus uniqueness of the solution
is established.

Existence. By straightforward iteration of the existence proof of Lemma 1, using
the a priori estimate (4-1), we infer the existence of an increasing sequence of times
{T,}%-o over which the solution in the small can be extended. Here 7, is determined

by (3:9) as
Ty = Tyt 5y (4:16)
where, according to (3-7),
r(Ty) = Sll}:) |w(, Te—a)| + 2lo, 0, 741
o, T3+ [l .7 (417)

<
< V(T,_) + W(T).
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400 J. L. Bo~Na AND P. J. BRYANT
Here W(7y) = |klicio, 1, and V is obtained from the estimate (4-1) as
V(t) = llgll,» €%t + AB~1(eP* ~ 1),

where 4 and B, defined in (4-10), depend only on ¢ and %, and are uniformly bounded
on [0, 7']. Hence V is uniformly bounded on [0, 7"]. Let M be an upper bound for ¥ on
[0,T]. Then (4-16) and (4-17) give

1

Te=Tr > gy = °

for all k. Hence u may be extended over the range R* x [0,7'] in a finite number_of
temporal steps by iterating Lemmas 1 and 2. This method of defining « ensures that
u€ @32 N Wy, and that u is a classical solution of the initial-boundary-value problem
(4-11), (4-12).

5. Stability. In this section, we demonstrate that the unique solution « of (1-2),
guaranteed by Theorem 1, depends continuously on the specified data. That is, small
perturbations of g and % lead to small perturbations of the corresponding solution u.
If we let U denote the mapping that takes data g and & into the corresponding solutions
of (1-2), then by Theorem 1 we have

U: & = [HYR*) n C}(R*)] x CY[0, TN)=>€%2n #7. (5-1)

Remark. 1f A and B are Banach spaces, then 4 n B is a Banach space with norm
lell = lizlLs + Izl for ze 4 n B.

Hence X = HY(R*) n C3(R*) is a Banach space, and we mean X x C([0, 7']) to have
the usual product topology. In fact, because X and C*([0, T']) are both Banach spaces,
so is the product. Similarly, ¥ = €% n %" is a Banach space.

It follows immediately that U is a continuous mapping in (5-1) if and only if ¢ o U
and jo U are both continuous where 7 and j are the natural inclusions of ¥ into €72
and #, respectively. The precise result is:

TrEOREM 2. U 28 continuous.

Proof. First, by the last remark, it is enough to show that
U:Z—>€%% and U:Z->#7 (5-2)

are both continuous. Next, since Z'is a metric space, and €%? and #; are both metric
spaces, it suffices to show that U is sequentially continuous in both cases.

Let (g9;, #;) € & and u, = U(yg,, b;) be the solution corresponding to the initial wave-
form g; and the driving condition A;, ¢ = 1, 2. Define w = u, —u,. Then w satisfies:

wt+wz+wwz+(u2w)z_w:cxt =0, (53)
w(z,0) = g(x), w(0,t) = h(t),

where g = g, —¢, and h = k;—h,. Further, we deduce that w satisfies an integral
equation analogous to (4-2):

w(x, t) = g(x) +e~=(h(t) — 1(0))
+f : f : K(z, &) (€, 1) [1+ 3wy (£, 7) +us(E, 7))} dEdr.  (5-4)
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Note that the formal operations leading to (4-2) are easily justified because of the
regularity of w, and u, guaranteed by Theorem 1. Suppose now that the distance
between (g,, k,) and (g, k,) in Z'is bounded from above by € > 0, which for convenience,
we take to be less than 1. In particular, it follows that

) ”9“1,2 <€

1) (9llckms < & (6'5)
(ii) |Iblloxwo, 7 < €

We show that U: &— #7 is continuous at (g,, k,). If we multiply (5-3) by w and
integrate the result over R+, then after integration by parts and using the fact that
Uy, w, and w,, are uniformly asymptotically null for 0 < ¢ < 7', we have

[ o 0,0, = 7+ 30+ 10 l0)+ [ g0, d = ey 0,00,
0

(56)
which is the same as
% : (02 +w2) de = h(£) [1 + 2h(t) + Zhy(t)] + 2 f :uzwwz das— 2h(t)w,y(0, ). (57)

Here we have omitted the straightforward verification that the first integral on the
left of (5-6) converges uniformly for 0 < ¢ < 7', so that differentiation under the integral
is valid.

We must now estimate w,,(0,¢). To this end, differentiate (5-4) with respect to
z and ¢, thus

Wyy(2,t) = — e~ h'(¢) +f Lz, &) [w(1 + duy + duy)] dE+ w1+ Juy + du,],
0
where L is defined in (3-14). Since
[TiropleE <1,

and u, = w+u,, we derive that

|wge(0, 1)) < [B(B)] + | ()] |1+ Bh(t) + hal()| + (1 + letolleer) I0lle o + B0l
If we write

F) = [t ud)de = o, (58)
0
and b = |uallgys (5:9)
and apply Proposition 2 to estimate |jw|l¢, then a crude bound for w,,(0, ¢) is
|,4(0,6)] < [B(0)] + [BO)] |14 35() + hol®)] + (145) P(0)E + 3P ().
Finally, using (5-5,(iii)), we obtain
|w,4(0,8)] < Ne+ (1+b) F(t)t+1F(2),
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where N depends only on A, and T (since € < 1). Now certainly [A(t)| = |w(0,¢)| < F(t)}
by Proposition 2. Hence the last result applied to (5-7) establishes

dF[dt < F(2) |1+ Zh(t)+ 2hy(t)| +bF(¢) + 2F (8)2 [Ne+ (14 b) F(£)3] + [A(2)] F(2)
Therefore, since € < 1,
dF[dt < F(t)[1+3+ 2|hy(t)] +b+2(1+b) + 1]+ F(t)2 [2Ne]
< 2[MF(t)+eNF( 1, (5-10)
where M and N depend only on 7' and u,. Since F > 0, (5:10) implies that
F(t)} F(O)%eNt+eJVIN‘1(eNt— 1).

But F(0)t = |lgll,,, < € from (5-5,(i)). Thus for 0 < ¢t < 7,
elly » = P(t)} < e[eNT+MN—1(eNT 1)]. (5-11)
Hence, [ty — Usllyz = sup f[wlly,s < €@, (6-12)

where ¢ depends only on 7' and u,. The continuity of U: Z'—# at u, is now clear.

Since, according to Proposition 2 in section 2, #7 is continuously embedded in %,

we may also infer that U: '~ % is continuous. In particular, under the assumptions
(5-5), we infer from (2-9) that

l[er = Uslleer = lWller < €@ (5-13)

This latter fact, and the integral equation (5-4) satisfied by w, is now exploited to show

finally that U: &'— %%? is continuous.
Again, g and & are supposed to satisfy (5-5) for a given 1 > € > 0. Consider

16/26[U (g1, B1)— U(gs, Bo)lller = llwsller < 1P llcto, 21+ J:K(% &) [w(1 + dw +up)]1dE

€rs
which we obtain by differentiating (5-4) with respect to ¢. Continuing this estimate,

[ 718G €0 1+ ol + gl
0 €r

< (Pllcwo, 71+ il r

< e+Qe(1+1Qe+b) 22§f:|1{(x,g)|dg

S e(1+Q(1+4Q+0b)) = eM,

where b is as defined in (5-9) and @ as in (5-13), and hence M is a constant depending
only on u, and T'. This inequality assures that U: Z'— €% is continuous. Similarly, by
differentiating (5-4) with respect to x we have

10/02[U(g1, 1) — U(gas ko) ller = llwzllgs
ft w(z, 7) [1 + 3wz, 7) + uy(x, 7)] d7
0

< 9’ lloyw+ + 1Blicro, 71+
€r

t =)
. f f Lz, £) [w(1 + hw+u,)] dE dr
0J O
< [9llcsn + Weliowo, 1+ TQe(1+ 3Q +b)
+7Qu(1-+3Q+b) sup [ |L(e, £)| 4,

€r
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where L is given in (3-14) and b and @ are as before. Applying (5-5, (ii), (iii)), we obtain

lweller < €+€+€[2TQ(1 +3Q +b)]
< eM,

where again M depends only on 7' and u,. Thus we know that U: Z— %% ! is continuous.
In a like manner, using (5-13) and differentiating (5-4) further we deduce that
U: &— %2 is continuous. The proof of Theorem 2 is now complete.

We are grateful to our colleague Professor T. Brooke Benjamin for careful reading of
the manuscript and many comments which led to substantial improvements. P.J. B.
also wishes to express his thanks to the University of Essex for hospitality during the
period of this collaboration. We are indebted to the Science Research Council for their
support of the Fluid Mechanics Research Institute.

APPENDIX

Here the results of Theorems 1 and 2 are reinterpreted in a way that allows for the
unbounded time interval 0 < ¢ < co. This is done with the aid of some additional
function spaces, which are Fréchet rather than Banach spaces. The new interpretation
is tidier in that the rather imprecise time parameter 7 is eliminated.

Let C*(R+) denote the functions defined on R+ whose derivatives to order k exist
and are continuous but not necessarily bounded on R+. We give C¥(R+) the Fréchet
space structure induced by the countable collection of pseudo-norms

pn(f) = sup sup Ifo)(x)l (n=12,..). (B1)

o<z<sn 0<j<k

Thus, if f, g C*(R*), then the formula

o1 p(f-9)

W9 = Z 5 TrplF-g) 2
defines a metric on C*¥(R*). This space can then be demonstrated to be complete and
separable with regard to this metric. We refer the reader to Treves ((4), chapter 8) for
an account of the details.

Welet %™ denote the space of functions u(z, t) defined on R+ x R+ whose derivatives
0t0lu exist, are continuous, and are, for each fixed ¢, bounded as functions of z, for
0 < % < 1,0 < j < m.Thatis, €%,™ consists of functions « on R+ x R+ that are in € %™ for
all 7 > O finite. (Note that there is no restriction on the growth in time.) %™ is given
the Fréchet structure induced by the pseudo-norms

¢.(u) = sup supo |Gidlu(z,t)| (m=1,2,...). (B3)

z20 zi>
n2tz0 m=j=0

Finally, by analogy with %7, we define #, to be the functions u(z, ) on R+ x R+ such
that ue# 7 for all T finite. The defining pseudo-norms for the Fréchet structure

on ¥, are
o) = |lully,, (n=1,2,...). (B 4)
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From Proposition 2 in section 2 there follows:

PROPOSITION 3. #, is embedded in G, (= €%°). Considering W, as a subspace of €,,,
its elements are continuous functions asymptotically null for each t (and uniformly
asymptotically null on bounded intervals) and such that

@n(w) S Ty(u) (n=1,2,...),

where q,, and r,, are the defining pseudo-norms for €, and W, respectively.
We can now prove the result anticipated above.

THEOREM 3. Let the initial waveform g lie in HYR*) n C}(R*), and the boundary
Jorcing term h lie in CY(R*). Then there is a one-to-one continuous map

U: & = HYR¥) n C}(R*) x CYR+) > #,, n €42
which associates with (g, h) the unique solution wu of the system (1-2) in ¥, N €%2.

REeMARK. HY(R*) n C(R*) is again given its Banach space topology, as in Theorem 2,
and CY(R+) its Fréchet topology as defined above. Thus Z, being the product of two
metric spaces, is itself a metric space. €520 #,, is also a metric space, with metric
d = o+ p where o and p are the metrics on €42 and ¥, respectively.

U is therefore a mapping between metric spaces, and thus it suffices to show that U
is sequentially continuous.

Proof. The hypotheses of Theorem 3 imply those of Theorem 1 for any finite 7' > 0.
Hence we may infer the existence of solutions 4 € # n %2 to the system (1-2). We
define a function wu(xz,f) on R+ x R+ by wu(x,t) = ut(x,¢). This is well defined by the
uniqueness assertion of Theorem 1, and it follows from this definition that
we Wy n €% for all finite T', whence we %, N €% 2. Clearly w is a solution, on Rt x R,
of the system (1-2), since it agrees with a solution on any finite time interval. But « is
unique in having these properties, since when restricted to R+ x [0,7'] it is unique
according to Theorem 1 for each 7' > 0.

Finally, we must show that the correspondence U: (g, ) > is continuous from &
into #, N €% 2. As we remarked above, it is enough to prove sequential continuity.

Since a sequence in #,, N €42 converges if and only if its restriction to R+ x [0, 7]
converges in Wy N €%2, for each T > 0, we may conclude the sequential continuity of
U from the continuity of the restrictions U, defined by

Uyr(g, k) = U(g, b)|r+x0. 11 = u”.

The continuity of U, being guaranteed by Theorem 2, the proof of Theorem 3 is now
complete.
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