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1. Introduction

Singular Radon transforms are a type of singular integral operator, a prototype
for which is the Hilbert transform along curves. Let γ : [−1, 1] → Rn be a curve with
γ(0) = 0, and let f be a Schwarz function on Rn+1. The Hilbert transform of f along
(y, γ(y)) is defined by

Hf(x, t) =
∫ 1

−1

f(x− y, t− γ(y))
1
y
dy (1.1)

Here x and y are in R, t is in Rn. The corresponding maximal operator is defined by

Mf(x, t) = sup
0<r<1

1
2r

∫ r

−r

|f(x− y, t− γ(y))|dy (1.2)

Thus Hf(x, t) is a type of average of f along a curve containing (x, t), and Mf(x, t) is a
corresponding maximal operator. The question asked here is, in analogy to the standard
Hilbert transform and maximal operator, for which curves γ and for which 1 < p <∞ are
these operators bounded on Lp. Note the operators are of a local character. Although there
are methods that deal with global properties of singular and maximal Radon transforms,
for the purposes of this paper we will only consider local properties and hence we always
assume the function f is supported on a fixed compact set.

Example 1.1: Suppose γ(y) = 0 for all y. Then our operators reduce to the standard
Hilbert transform and maximal operator in the x and y variables and are thus bounded
on Lp for all 1 < p <∞.

Example 1.2: Suppose n = 1 and γ(y) = yk where k is an integer greater than 1. L2

boundedness of H for k = 2 was shown by Fabes [6], and later for all 1 < p < ∞ by
Nagel, Riviere, and Wainger [12]. Lp boundedness of M for all 1 < p < ∞ was shown by
Stein and Wainger [25]. The crucial property of γ here is its “curvature”. To give a rough
idea of what curvature means here and how it relates to our operators, note that for our
γ(y) = yk we may rewrite (1.1) as

∫ 1

−1

∫
R

f(x− y, t− u)δ(u− yk)
1
y
du dy (1.3)
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Notice that g(u, y) = δ(u − yk) 1
y satisfies g(sku, sy) = s−k−1g(u, y) and thus if φ(t) is an

appropriate cutoff function, and φ̄(t) denotes φ(t)− φ(t/2), we may rewrite

δ(u− yk)
1
y

= K0(u, y) +
∞∑

j=1

2(k+1)jK1(2kju, 2jy) (1.4)

Here K0(u, y) = φ(y)δ(u − yk) 1
y and K1(u, y) = φ̄(y)δ(u − yk) 1

y . As a result, the term
2(k+1)jK1(2kju, 2jy) may be viewed as the portion of δ(u−yk) 1

y supported where y ∼ 2−j .
Since K0 and K1 are distributions on R2 whose Fourier transforms at 0 are 0, for |ξ| ≤ 1
we have that

|K̂0(ξ)|, |K̂1(ξ)| < C|ξ| (1.5)

Furthermore, for K = K0 or K1 and ψ = φ or φ̄ we have that K̂(ξ1, ξ2) is of the form∫
R

ei(yξ1+ykξ2)ψ(y)dy

As a result, the method of stationary phase gives us that |K̂0(ξ)|, |K̂1(ξ)| < C|ξ|−1/k. (See
for example [23] chapter 8.) It is here that we are using the curvature of γ. In conjunction
with (1.5) this implies that

|K̂0(ξ1, ξ2) +
∞∑

j=1

K̂1(2−kjξ1, 2−jξ2)| < C

In other words the Fourier transform of the expression in (1.5) is a bounded function.
But this means that the operator H is a convolution operator whose kernel has bounded
Fourier transform, and hence is bounded on L2.

One may obtain Lp estimates for H by embedding H in an analytic family of
operators and then using interpolation. More specifically, for Re(s) < 1/2, let αs(t) be the
distribution on R whose Fourier transform is (1 + ξ2)s/2. Define the operator Hs by

Hsf(t, x) =
∫ 1

−1

∫
R

f(x− y, t− u)αs(|y|−k(u− yk))|y|−k 1
y
du dy (1.6)

Then H0 is our original operator. For Re(s) < 1/k, L2 boundedness of Hs follows from
the argument used to prove L2 boundedness of H; here we get the estimate |K̂0(ξ)|,
|K̂1(ξ)| < C|ξ|−1/k+Re(s). In other words, the increase at infinity of the Fourier tranform
of αs is more than compensated by the decrease at infinity of the Fourier transform of
a measure smoothly supported on a curved surface. Furthermore, for Re(s) < 0, the
operator Hs resembles a singular integral operator adapted to a metric induced by the
scalings (u, y) → (sku, sy), given by B(t, x; r) = {(s, y) ∈ R2 : |s− t| < Crk, |x− y| < r}.
(The |y|−k factors in (1.6) were introduced for compatibility with that metric.) As a
result, the natural generalizations of the Calderon-Zygmund theorem to such metrics (see
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for example Chapter 1 of [23]) may be used to prove Lp boundedness of Hs for Re(s) < 0
for all 1 < p <∞. Using analytic interpolation, Lp boundedness of H = H0 then follows.

As for the maximal function, L2 and Lp boundedness are shown in a related
fashion involving the introduction of an appropriate square function.

After the initial results concerning prototypical operators such as those of Exam-
ple 1.2, there was interest in extending these results to a more general class of curves. In
[25], methods very similar to those outlined above, involving the use of scalings and the
metrics induced by them were used by Stein and Wainger to prove Lp boundedness of H
and M when γ satisfies a finite-type condition, namely that for some positive integer N
the vectors γ′(0) , γ′′(0), ... , γ(N)(0) span the whole space Rn+1.

The next question one might ask is how to generalize the above results when
instead of averaging along curves we average along submanifolds of some positive codi-
mension, again assuming the submanifolds satisfy an appropriate finite-type condition.
Examples over special curves on nilpotent Lie groups were treated in [2]. Using a lifting
argument, Ricci and Stein [19] were able to prove Lp boundedness of H and M in such
circumstances, again in the setting of nilpotent Lie groups. Also see [18] for some model
cases.

Generalizing further, it is natural to ask what generalizations may be made to
the situation where the submanifolds being integrated over vary from point to point (the
“variable-coefficient” case). This is not only of intrinsic interest but also has applications
to other parts of mathematics, such as integral geometry and δ̄-Neumann problems. See
[14] for an overview of several such applications. This situation is more complicated than
the translation-invariant case for two primary reasons. First, the use of the Fourier trans-
form as above is made much more difficult by the fact that the operator is no longer
translation-invariant. Secondly, there is a relatively obvious notion of finite-type only in
the translation-invariant situation, and thus a natural generalization is needed for the
nontranslation-invariant case.

In view of the dyadic decomposition used in the model cases above, one might
expect that in generalizations to nontranslation-invariant situations almost-orthogonality
would be used in some analogous way. This would have to be done in conjunction with
a curvature condition, in other words, a way of dealing with the second difficulty. One
natural way of doing this is to elaborate on the method of lifting. This was successfully
done in a sequence of papers culminating in [3]. In [3], a curvature condition generalizing
the notion of finite-type was established. By using a theory of lifting to nilpotent Lie
groups, a given singular Radon transform satisfying this curvature condition can be lifted
to a singular Radon transform on the nilpotent Lie group. On this nilpotent Lie group, one
can use generalizations of scalings such as in (1.4) in conjunction with almost-orthogonality
to prove L2 estimates. Lp and maximal estimates can then be proved without substantial
additional difficulty.
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Although a theory of singular and maximal Radon transforms under a finite-type
condition was developed in [3], the use of lifting to nilpotent Lie groups made the proof
indirect and for the sake of applications a more direct approach was sought. Clues on how
to do this were given by papers such as Greenleaf and Uhlmann [10] as well as Phong and
Stein [15] and its extension in the thesis of Cuccagna [5]. In the latter two papers, one
writes singular Radon transforms over submanifolds of dimension m and of codimension
n in the form

Tf(t, x) =
∫
Rn

f(t+ S(t, x, y), y)K(t, x, y)ψ(t, x, y)dy (1.7)

Here t ∈ Rm, x, y ∈ Rn, S(t, x, x) = 0 for all x, K(t, x, y) is some kernel like x1−y1
|x−y|n+1 that

satisfies an appropriate cancellation condition, and ψ is some cutoff function. A strong
curvature condition on S is assumed; in an appropriate coordinate system the curvature
condition here is that for each λ ∈ Rn, |λ| = 1, at least one mixed partial of λ · S in
the x and y variables is nonzero. In this situation, the ball B(t, x; r) can be taken to be
{(s, y) ∈ Rm+n : |y − x| < r, |s− t− S(t, x, y)| < r2}.

One may rewrite (1.7) as

Tf(t, x) =
∫
Rm+n

f̂(λ, y)eiλ·(t+S(t,x,y))K(t, x, y)ψ(t, x, y)dy dλ (1.8)

the Fourier transform being in the left variable only. T is then written as T1 + T2, where

T1f(t, x) =
∫
Rm+n

f̂(λ, y)eiλ·(t+S(t,x,y))φ(|λ||x− y|2)K(t, x, y)ψ(t, x, y)dy dλ

T2f(t, x) =
∫
Rm+n

f̂(λ, y)eiλ·(t+S(t,x,y))(1− φ)(|λ||x− y|2)K(t, x, y)ψ(t, x, y)dy dλ (1.9)

Here φ is our bump function from before. T1f(t, x) can be rewritten as∫
Rm+n

1
|x− y|2m

φ̂(
t+ S(t, x, y)− s

|x− y|2
)K(t, x, y)ψ(t, x, y)f(s, y)ds dy

T1 is thus a singular integral under the metric associated with T and the proof of Lp

boundedness for all 1 < p < ∞ is straightforward. To deal with T2 = T − T1, almost-
orthogonality is used in the λ variable (implicitly in [15], but more explicitly in [5]) to
reduce the L2 theory of T2 to proving uniform L2 bounds on the following operators,
where φ̄(t) = φ(t)− φ(t/2) as before:

T j
2 f(t, x) =

∫
Rm+n

f̂(λ, y)eiλ·(t+S(t,x,y))(1−φ)(|λ||x−y|2)φ̄(2−j |λ|)K(t, x, y)ψ(t, x, y)dy dλ

(1.10)
This is achieved via a TT ∗ argument involving an appropriate integration by parts that
uses the curvature condition in its manifestation in terms of mixed partials of S.
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A similar approach to attaining these uniform L2 estimates is to write T j
2 =∑∞

i=0 T
j,i
2 , where T j,i

2 f(t, x) =∫
Rm+n

f̂(λ, y)eiλ·(t+S(t,x,y))φ̄(2−i|λ||x− y|2)φ(2−j |λ|)K(t, x, y)ψ(t, x, y)dy dλ (1.11)

Then by using a TT ∗ argument one may show that as an operator on L2, ||T j,i
2 || < C2−δi

for some small δ, and ||T j
2 || < C follows from addition. A related argument is used to

obtain estimates on oscillatory integrals with singular kernel and polynomial phase in a
paper by Ricci and Stein [19]. It might occur to one to sum the operators T j,i

2 in j to
obtain an operator Ti and then directly show that ||Ti|| < C2−δi. Inspired thus, we define
the operator

Tif(t, x) =
∫
Rm+n

2im

|x− y|2m
ˆ̄φ(2i t+ S(t, x, y)− s

|x− y|2
)K(t, x, y)ψ(t, x, y)f(s, y)ds dy (1.12)

The almost-orthogonality used above translates into dyadically dividing the operator Ti

into the portions where |x−y| ∼ 2−j for various j. This is analogous to the decomposition
in (1.4). A similar decomposition also appears in [2]. Boundedness on L2 of a given dyadic
piece again follows via a TT ∗ argument, giving ||Tif ||2 < C2−δi||f ||2. Then the method
of the Calderon-Zygmund theorem applied to the metric associated to T gives ||Tif ||p <
Ci||f ||p for all 1 < p < ∞. Real interpolation then implies ||Tif ||p < Cp2−δ′i||f ||p,
and summing gives ||T2f ||p < C ′p||f ||p for our original operator T2. Combining with the
estimates on T1 we conclude ||Tf ||p < C ′′p ||f ||p, the estimate we seek.

In the author’s thesis [8] this set-up was used in codimension 1 and was generalized
to the case where T satisfied a weaker curvature condition equivalent to that of [3]. Real-
variable methods were used in the TT ∗ arguments, and the use of the Fourier transform
was avoided. To make the L2 estimates in the generalization, it was necessary to introduce
a rather technical definition for the metric associated with T , and it was difficult to extend
the arguments to codimension greater than 1. Eventually, the author found geometric
interpretations for these technicalities, which eventually led to the current paper. In this
paper, a more natural definition for the metric associated with T is introduced. New L2

methods are described, and Lp boundedness of singular Radon transforms for 1 < p <∞ is
proved under rather general finite-type circumstances. It is worth noting that the methods
of [8] do have at least one advantage over the ones here; with simple modifications they can
be used to prove Lp boundedness of maximal Radon transforms (in codimension 1). The
singular integrals of this paper are a bit too singular for the same to be true for methods
here; more will be said about this in the final section of this paper.

Acknowledgments: The author would like to thank Eli Stein for his many helpful sug-
gestions during the development of [8]. It would be difficult to overstate his impact on the
subject of singular Radon transforms, this paper included. The author would also like to
thank David Jerison for a number of helpful discussions.

2. Statement of Theorems and Outline of Proof
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We start by switching to a notation resembling that of [3]. Suppose D1 ⊂ D′
1,

D1 6= D′
1 are closed balls in Rn, and D2 is a closed ball in Rk centered at the origin.

Suppose we have a C1 function K(x, t) : D′
1×D2−{0} → R which is a distribution in the

t variable for fixed x, and suppose we have a C∞ function γ(x, t) : D1 × D2 → D′
1 such

that γ(x, 0) = x. Define the singular Radon transform Tγ,K on a Schwarz function f(x)
by

Tγ,Kf(x) =
∫

Rk

f(γ(x, t))K(x, t) dt (2.1)

We will suppress the subscripts on T when it is clear which singular Radon transform
is being discussed. Tγ,Kf(x) is to be viewed as averaging f in the t variable over the
surface γ(x, t) with respect to the kernel K(x, t), which is a singular integral kernel in the
t variable such as that of the Riesz transform, ti/|t|k+1. Note that γ need not even be a
local immersion in the t variable for fixed x, but when it is an embedding the operator
truly is a singular averaging operator over submanifolds of dimension k.

To motivate the curvature condition of this paper and its associated noneuclidean
metric in analogy to Example 1.2, we ask what conditions are needed on a metric in order
for the method of the Calderon-Zygmund theorem to apply to singular integrals with
respect to the metric. Since we are to be working under a finite-type assumption, we
would expect there to be a doubling condition. A natural set of conditions, the result of
a number of papers by various people including Fabes, Riviere, Stein, Coffman and Weiss
(See p. 48 of [23] for more details) is given by the following four conditions, where | ◦ |
denotes Lebesgue measure. These conditions are essentially those of Coffman and Weiss
[4]: (see p. 8-9 of [23])

|B(x, 2r)| ≤M |B(x, r)| (CZ1)

x ∈ D1, ⇒ D1 ⊂ ∪rB(x, r), ∩rB(x, r) = {x} (CZ2)

B(x1, r) ∩B(x2, r) 6= ∅ ⇒ B(x2, r) ⊂ B(x1,Mr) (CZ3)

∀r > 0, ∀ open sets U, the map x→ |B(x, r) ∩ U | is continuous. (CZ4)

Furthermore, from past experience we expect that B(x, r) contains the portion of radius
r of the surface being integrated over at x; in other words we expect that

{γ(x, t) : |t| < r} ⊂ B(x, r) (S)

(S) and (CZ3) together imply that if |t1| , |t2| < r and γ(x1, t1) = γ(x2, t2), then x2 ∈
B(x1,Mr). In other words if the piece of the graph of t → γ(x1, t) of radius r intersects
the corresponding piece of the graph of t→ γ(x2, y), then x2 ∈ B(x1,Mr).

In view of this, if our balls are to be defined by a metric, it might be reasonable to define
the distance d(x, y) from x to y by

d(x, y) = inf{r : there exist N , {xi}N
i=1, {ti}N−1

i=1 , {ui}N−1
i=1 such that
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x1 = x, xN = y,
N−1∑
i=0

|ti|+ |ui| < r, for all i γ(xi, ti) = γ(xi+1, ui) }

In other words B(x, r) consists of those points that can be joined by our surfaces in such a
way that the total distance travelled in this joining is at most r. This definition evidently
satisfies (CZ3) and (S), and furthermore will turn out to be essentially the definition
needed for the L2 methods of this paper. Note the similarity to the Carnot-Caratheodory
and other similar metrics useful in geometry and complex analysis. There may also be a
relation to the metrics of [13]. However, it is crucial for our arguments that the metric be
defined via broken paths as done here.

As for the conditions (CZ1) and (CZ2), note that if we assume the balls B(x, r)
are open, by compactness (CZ2) implies that at each x, D1 ⊂ B(x, rx) for some rx. Thus if
r0 is one of these rx’s, D1 ⊂ B(y, 2r0) for each y ∈ D1. So if we apply (CZ1), successively
taking r = r0 , r0

2 , r0
4 , etc, we obtain

x ∈ D1 ⇒ m(B(x, r)) > MrQ (C)

Here Q is independent of x. (C) is equivalent to the curvature condition of [3], and once
we have developed the technical lemmas of Section 3 we will see (Lemma 3.11) that if (C)
is satisfied, the metric we have defined is equivalent to one that satisfies (CZ1)-(CZ4).
Namely, define BN (x, r) by

BN (x, r) = {y : there exist {xi}N+1
i=1 , {ti}

N
i=1, {ui}N

i=1 such that

x1 = x, xN+1 = y,
N∑

i=0

|ti|+ |ui| < r, and for each i, γ(xi, ti) = γ(xi+1, ui)} (2.2)

We will see that the metric induced by the balls B2n(x, r) is equivalent to the metric
induced by B(x, r) and furthermore satisfies (CZ1) − (CZ4). The purpose of switching
to this metric is to simplify the verification of (CZ4). Notice that the condition (C) also
resembles the condition introduced by Fefferman and Phong [7] in their study of subelliptic
problems; see also the discussion in Section 7.

We will show that for each x and r there is an open set Ux,r containing B(x, r) and
a C1 map Zx,r : Ux,r −→ [−Cr,Cr]n, such that if x′ and x′′ are in Ux,r, then d(x′, x′′) <
C|Zx,r(x′) − Zx,r(x′′)|. Furthermore the Jacobian determinant of Zx,r is bounded above
and below uniformly in x and r; thus Zx,r provides a coordinate system of sorts for B(x, r).
This coordinate system will prove useful in describing x-derivative conditions for K(x, t).

We return to our operator (2.1). We now state a few conditions on γ andK needed
for our arguments. To start with, writing γ(x, t) = (γ1(x, t), ..., γn(x, t)), we assume that
M is sufficiently large that for a large N appropriate for our arguments we have, for every
i:

sup
|α|+|β|<N, (x,t)∈D′

1×D2

|∂α
x ∂

β
t γi(x, t)| < M (G1)

7



Next, we make the assumptions that, for each (x, t) ∈ D′
1 ×D2 we have:

γ(x, 0) = x and |det dxγ(x, t)| > 1/2 (G2)

The latter type of condition is necessary for Lp boundedness for any p; see the proof of
the Proposition below. K(x, t) is assumed to satisfy the size estimates

|∇tK(x, t)| < M |t|−k−|α| (K1)

We will need further conditions on K which we will discuss in a moment. First, we
introduce some notation. As in [3], we define γ−1(x, t) by γ(γ−1(x, t), t) = x.

We now iteratively define β2m−1(x, t1, t′1, t2, t
′
2, ..., tm) and β2m(x, t1, t′1, t2, t

′
2, ..., tm, t

′
m) by

β1(x, t) = γ(x, t)
β2(x, t1, t′1) = γ−1(γ(x, t1), t′1)

β2m(x, t1, t′1, ..., tm, t
′
m) = γ−1(β2m−1(x, t1, t′1, ..., tm), t′m)

β2m+1(x, t1, t′1, ..., tm, t
′
m, tm+1) = γ(β2m(x, t1, t′1, ..., tm, t

′
m), tm+1)

Let φ be our bump function on R from before, and let φ0(t) = φ(t) − φ(2t). Define
Kj(x, t) = φ0(2jt)K(x, t), and let j0 be some integer such that 2−j0 is larger than the
radius of D2. We define the singular integral T̃ associated to T by

T̃ f(x) =
∑
j≥j0

2(2n−2)kj

∫ n∏
m=2

φ(2j |tm|)
n−1∏
m=1

φ(2j |t′m|)f(β2n−1(x, t1, t′1, ..., tn))Kj(x, t1)

n∏
m=1

dtm

n−1∏
m=1

dt′m (2.3)

For each term j, the iteration function β “fills” the ball of radius 2−j , while whatever
cancellation Kj(x, t) has is still preserved.

It is easy to verify that T ∗f(x) =∫
f(γ−1(x, t))det (dxγ

−1)(x, t)K(γ−1(x, t), t)dt

Due to the condition |det dxγ(x, t)| > 1/2, the function det(dxγ
−1)(x, t) is C∞ and can

safely be ignored. As a result, given a condition on K(x, t), the corresponding assumption
on T ∗ is given by assuming that condition on K(γ−1(x, t), t).

We now present our main theorem, or rather, two main theorems with closely
related proofs. For the first we assume that for each x, K satisfies

x, x′′ ∈ Ux,2−j ⇒ |Kj(x′, t)−Kj(x′′, t)| < M2j+1|Zx,2−j (x′)− Zx,2−j (x′′)| (K2)
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Here Zx,r is the coordinate system on B(x, r) mentioned earlier. We also assume cancel-
lation conditions on K(x, t) and the kernel corresponding to T ∗, K(γ−1(x, t), t):

|
∫
Kj(x, t)dt| , |

∫
Kj(γ−1(x, t), t)dt| < M2−εj for some ε > 0. (K3)

The cancellation condition (K3) was chosen for convenience for our arguments; no attempt
is being made here to find a general (or even coordinate-invariant) cancellation condition.
The most natural and general cancellation condition would most likely be an analogue to
the cancellation conditions of the T (1) theorem for the singular integral we will associate
to T ; working under such assumptions however is beyond the scope of this paper.

Our main theorem for such K is

Theorem 2.1: If γ satisfies (C), (G1), and (G2), and K satisfies (K1)− (K3), then T is
bounded on Lp for all 1 < p <∞.

Suppose we assume a stronger x-derivative condition on K at each x:

x′, x′′ ∈ Ux,2−j ⇒ |Kj(x′, t)−Kj(x′′, t)| < M2j+1−ε |Zx,2−j (x′)− Zx,2−j (x′′)| (K2′)

Then without any cancellation conditions on K(x, t) or K(γ−1(x, t), t) we have the follow-
ing theorem.

Theorem 2.2: If γ satisfies (C), (G1), and (G2), and K satisfies (K1), (K2′), then for
any 1 < p <∞, T is bounded on Lp if and only if T̃ is.

In both theorems, the bounds obtained will depend on M , n, k, Q, and p.
Throughout this paper, we use the symbols C or δ to denote any constant depending
on M , n, k, Q, and p. We sometimes use the the symbols more than once in a given
argument; in such a situation C denotes the maximum of the several C’s appearing, and
δ denotes the minimum of the several δ’s appearing. A subscripted Ci or δi or a primed
C ′, C ′′, δ′, δ′′, etc. denotes a number which is fixed during a given argument.

In the arguments of this paper, it will often be necessary to assume that |t| is less than
some fixed δ. Since K(x, t) is bounded on {|t| > δ} for each δ > 0, the condition that
|det dxγ(x, t)| > 1

2 ensures that by simple estimates the portion of T supported on any set
{|t| > δ} is bounded on L2. Namely, as before we suppose φ(t) is a compactly supported
nonnegative cut-off function identically equal to 1 on a neighborhood of the origin, and
we write K(x, t) = Kin(x, t) +Kout(x, t), where Kin(x, t) = K(x, t)φ( t

δ ) and Kout(x, t) =
K(x, t)(1− φ( t

δ )). Correspondingly we define

Tinf(x) =
∫
f(γ(x, t))Kin(x, t)dt, Toutf(x) =

∫
f(γ(x, t))Kout(x, t)dt

We then have the following:
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Proposition: ||Tout||L2→L2 < C1, where C1 depends on δ and the parameters of T .

Proof: We have ∫
|Toutf(x)|pdx =

∫
Rn

|
∫
Rk

f(γ(x, t))Kout(x, t)dt|pdx

≤ C

∫
D′

1×D2

|f(γ(x, t))|pdt dx

But since |det dxγ(x, t)| > 1/2, in the x integration for a fixed t we may make the coordi-
nate change x′ = γ(x, t), and the above is at most

C

∫
Rn×D2

|f(x)|pdx dt < C||f ||pp

Thus Tout is bounded on Lp and we are done.

In view of the Proposition, in what follows we will replace T by Tin for appropri-
ately small δ when necessary. It is easy to check that Kin(x, t) satisfies (K1)− (K3) when
K(x, t); therefore, when we do such a replacement we may still assume (K1) − (K3) are
satisfied.

For j ≥ j0, define the operator T0,j by T0,jf(x) =

22(n−1)kj

∫ n∏
m=2

φ(2j |tm|)
n−1∏
m=1

φ(2j |t′m|)f(β2n−1(x, t1, t′1, ..., tn))Kj(x, t1)
n∏

m=1

dtm

n−1∏
m=1

dt′m

(2.4)
(This is the jth term in the expression defining T̃ f(x)). For i > 0, j ≥ j0, define the
operator Ti,j by Ti,jf(x) =

∫
22(n−1)k(i+j)[

n∏
m=2

φ(2i+j |tm|)
n−1∏
m=1

φ(2i+j |t′m|)− 2−2(n−1)k
n∏

m=2

φ(2i+j−1|tm|)

n−1∏
m=1

φ(2i+j−1|t′m|)]f(β2n−1(x, t1, t′1, ..., t
′
n−1, tn))Kj(x, t1)

n∏
m=1

dtm

n−1∏
m=1

dt′m (2.5)

Thus
∑

i≥0 Ti,jf(x) =
∫
f(γ(x, t))Kj(x, t)dt (i.e. the portion of T where |t| ∼ 2−j) If

we define Ti =
∑

j≥j0
Ti,j , we then have T = T̃ +

∑
i>0 Ti. This decomposition can be

viewed as a Littlewood-Paley decomposition adapted to the surfaces defined by γ(x, t).
Ti is in some sense a hybrid of T and T̃ , of “thickness” 2−i times that of T̃ and having
a cancellation arising from the bracketed expression in (2.5); thus Ti is analogous to the
operator (1.12).
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The proof of Theorems 2.1 and 2.2 will proceed as follows. In Section 3 we will
prove a number of geometric and analytic facts needed for our arguments. In Section 4 we
will show that under the hypotheses of Theorem 2.1 or 2.2, the finite-type condition (C)
implies that

∀i > 0 ||Ti,j ||2,2 < C2−δi

(The estimate ||T0,j || < C is straightforward and doesn’t require (C)). In Section 5 we will
prove, for i ≥ 0 under the hypotheses of Theorem (2.1), and for i ≥ 1 under the hypotheses
of Theorem 2.2, the following almost-orthogonality relations.

||Ti,j1T
∗
i,j2 ||2,2 , ||T ∗i,j1Ti,j2 ||2,2 < C2−δ(i+|j1−j2|) (2.6)

Note that if i
|j1−j2| ≥ δ0 for some δ0 these relations follow from the estimates ||Ti,j ||2,2 <

C2−δi. Thus it suffices to show that
i

|j1 − j2|
< δ0 =⇒ ||Ti,j1T

∗
i,j2 ||2,2 , ||T ∗i,j1Ti,j2 ||2,2 < C2−δ(|j1−j2|) (2.7)

We will see that if δ0 is chosen appropriately small, one may prove (2.6) by an elaboration
of the type of argument that works for the analogous relations in the proof of the L2

boundedness of singular integrals like the Hilbert transform, etc.

Thus by Cotlar-Stein almost-orthogonality (see [19] p.279-281), the results of
Sections 4 and 5 imply that under the hypotheses of Theorems 2.1 or 2.2, we have ||Ti||2,2 <

C2−δi for all i > 0, and that under the hypotheses of Theorem 2.1, we have that ||T̃ ||2,2 < C
as well.

In Section 6 we show that the general version of the Calderon-Zygmund theorem
applied to our metric implies that under the hypotheses of Theorems 2.1 or 2.2, for all
1 < p < ∞ and for all i > 0 we have ||Ti||p,p < C(i + 1). Moreover, the same will be
shown to be true for i = 0 under the hypotheses of Theorem 2.1. So by real interpolation,
under the hypotheses of Theorems 2.1 or 2.2, for all i > 0, we have ||Ti||p,p < C ′2−δ′i, and
furthermore, under the hypotheses of Theorem 2.1 we have that ||T̃ ||p,p < C ′. Summing
over i > 0 shows ||T − T̃ ||p,p < C under the hypotheses of Theorems 2.1 and 2.2, thus
completing the proofs of both theorems.

This paper will conclude with a discussion of several problems related to those
addressed in this paper.

3. Lemmas and Constructions

The results of this section are analytic and geometric facts that hold under (G1),
(G2), and (C); in particular they hold under the hypotheses of Theorems 2.1 or 2.2. As in
[3] we make extensive use of Jacobian determinants of functions deriving from the iteration
functions βn. We start with the following variant of a Van der Corput lemma of Christ
(Lemma (3.1) of [2])

11



Lemma 3.1: If I ⊂ R is an interval, and f : I → R is a function with |f (q)(t)| ≥ ε1 for each
t ∈ I, then |{t : |f(t)| ≤ ε2}| ≤ Cq(ε2/ε1)1/q. In addition, supt∈I |f(t)| ≥ 1

2 (Cq)−qε1|I|q.

Proof: We consider the first statement first. The proof is similar in spirit to that of
Van der Corput’s lemma. We first consider the case where ε1 = ε2 = 1. By downwards
induction on r ≤ q, we show that there is a collection Fr of at most 2q−r+1−1 subintervals
of I of length ≤ 2 such that |fr(t)| > 1 outside the union of the intervals in Fr. For r = q
this is obvious. Suppose we are at step r of the induction. By induction hypothesis, I − {
the union of the intervals in Fr+1} is the union of at most 2q−r intervals, on each of which
we have |f (r+1)| ≥ 1. Suppose J is one of these intervals. Then there is a subinterval J ′

of J of length at most 2 such that |f (r)| ≥ 1 outside this interval. We define Fr to be the
union of Fr+1 and the J ′s corresponding to a J . Induction follows.

The case where ε1 and ε2 are not both 1 follows by applying the ε1 = ε2 = 1 case
to the function 1/ε2 f((ε2/ε1)1/qt).

To prove the latter statement of this lemma, set ε2 = 1
2 (Cq)−qε1|I|q in the first

statement. Then |{t ∈ I : |f(t)| ≤ ε2} ≤ 2−
1
q |I|. Thus ∃t ∈ I with |f(t)| ≥ ε2, and we are

done.

Lemma 3.2: Let f : [−r, r]m → R satisfy Af = supx∈[−r,r]m |f(x)| ≥ C1r
l for some

positive integer l. Then there exist positive δ1 and C2 depending on C1, l, m, ||f ||Cl([−r,r]m),
sup|α|=l+1, x∈[−r,r]m |∂αf(x)|, such that, as long as r < δ1 we have

a) For any ε < 1, |{x ∈ [−r, r]m : |f(x)| ≤ εAf}| ≤ C2ε
1
l rm.

b) For any x1, x2 ∈ [−r, r]m, |f(x2)− f(x1)| < C2
|x2−x1|

r Af .

Proof: Our first observation is that it suffices to prove the theorem under the assumption
that supx |∇f(x)| > 1

4
√

mr
Af . For otherwise infx |f(x)| ≥ supx |f(x)| − supx |∇f(x)| ×

diameter of [−r, r]m ≥ 1
2 supx |f(x)| = Af

2 and conclusion a) is trivial. Furthermore
|f(x1) − f(x2)| ≤ supx |∇f(x)||x1 − x2| ≤ |x1−x2|

4
√

mr
Af and b) follows as well. So we may

assume that supx |∇f(x)| > 1
4
√

mr
Af .

Let c > 0. Define Pcf(x) =
∑

1≤|α|≤l |∂αf(x)|(cr)|α|, and let Bf = supx∈[−r,r]m

|Pcf(x)|. Let x0 ∈ [−r, r]m such that |Pcf(x0)| = Bf . Note that by above, Bf ≥ c
4
√

m
Af .

Let α′ be such that 1 ≤ |α′| ≤ l be such that |∂α′f(x0)(cr)|α
′|| ≥ 1

lmPcf(x0). So there exists
a δ > 0 and a vector z ∈ Rm , |z| = 1, such that |(

∑m
i=1 zi∂xi)

|α′|f(x0)(cr)α′ | ≥ δ
lmPcf(x0).

(See [23] p.343) In what follows we use the notation ∂z to denote
∑m

i=1 zi∂xi .

12



Taylor expanding ∂|α
′|

z f(x), we see that

|∂|α
′|

z f(x)(cr)α′ − ∂|α
′|

z f(x0)(cr)α′ |

≤ lm
∑

l≥|β|>|α′|

|∂βf(x0)|(cr)|α
′|(2

√
mr)β−|α′| + C(cr)|α

′|(2
√
mr)l+1−|α′|

≤ (2m)
1
2 lm

c
Pcf(x0) + C ′c|α

′|rl+1

We choose c = l2m+1(2m)
1
2

δ , δ as above. Since Pcf(x0) ≥ Crl, if r < δ1 for an appropriately

chosen δ1, we have C ′c|α
′|rl+1 < (2m)

1
2 lm

2c Pcf(x0), and as a result

|∂|α
′|

z f(x)(cr)α′ − ∂|α
′|

z f(x0)(cr)α′ | ≤ (2m)
1
2 lm

2c
Pcf(x0)

≤ 1
2
|∂|α

′|
z f(x0)(cr)α′ |

Therefore if x ∈ [−r, r]m, |∂|α
′|

z f(x)(cr)α′ | ≥ 1
2 |∂

|α′|
z f(x0) (cr)α′ | ≥ δ

2lmPcf(x0)
= δ

2lmBf .

So if we apply Lemma 3.1 in the z direction, if ε ≤ 1, |{x ∈ [−r, r]m : |f(x)| ≤
εAf} ≤ |{x ∈ [−r, r]m : |f(x)| ≤ 4

√
mε
c Bf} ≤ Cε

1
|α′| rm ≤ Crmε

1
l , giving us a). Lemma 3.1

also tells us that Af = supx∈[−r,r]m |f(x)| > δ′Bf for some δ′ > 0. In other words we have
Af

Bf
∼ 1.

Turning to conclusion b) of this lemma, if x1, x2 ∈ [−r, r]m then

|f(x2)− f(x1)| <
∑

1≤|α|≤l

|∂αf(x1)||x2 − x1|α + C|x2 − x1|l+1

≤ |x2 − x1|
r

(
∑

1≤|α|≤l

|∂αf(x1)|(2
√
mr)α + Crl+1)

<
|x2 − x1|

r

2(2
√
m)l

cl
Bf

< C ′
|x2 − x1|

r
Af

(assuming r < δ1 for appropriately small δ1). Thus b) is proven as well, and we are done.

Lemma 3.3: Suppose A is a subset of D1 homeomorphic to the l-dimensional closed unit
ball, and S is a surface in Rn that is parameterized by a C1 function f : A −→ Rn such
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that f(x) = (x1, ..., xl,Φ1(x1, ..., xl), ...,Φn−l(x1, ..., xl)). We further suppose that there
exists a constant C1 >

1
2 such that if x and y are in A, then |f(x)− f(y)| < C1|x− y|.

Then there exists a δ1 > 0 depending on l, n, C1, and bounds on finitely many
derivatives of γ, such that if {tp}3n2

p=1,{t′p}3n2

p=1 are in Rk with |tp|, |t′p| < δ1 for each p and
St denotes the surface {β(x, t1, ..., t′3n2) : x ∈ S}, then there exists an At homeomorphic
to the closed unit ball of Rl such that St can be parameterized by ft : At → Rn, where
f(x1, ..., xl) = (x1, ..., xl,Φt

1(x1, ..., xl), ...,Φt
n−l(x1, ..., xl)). Furthermore we may assume

ft(x) is C1 in t and x and satisfies |ft(x)− ft(y)| < 4C1|x− y|.

Note: the number 3n2 happens to be what is needed for our later arguments and
is not critical to the proof.

Proof: If tp, t′p = 0 for all p, the map x −→ β6n2
(x, t1, ..., t′3n2) is just the identity map.

Thus by smoothness, we may let δ1 > 0 such that for any x, y ∈ D′
1 (not necessarily in

A), any (t1, ..., t′3n2) satisfying |tp|, |t′p| < δ1 for all p, then we have

β6n2
(y, t1, ..., t′3n2) = β6n2

(x, t1, ..., t′3n2) + (y − x) + E

Here |E| < 1
2C1

|y−x|. Thus if P : Rn −→ Rl denotes projection onto the first l coordinates
and x, y ∈ S we have that

|P (β6n2
(y, t1, ..., t′3n2))− P (β6n2

(x, t1, ..., t′3n2))| > |Py − Px| − 1
2C1

|y − x|

>
1
C1
|y − x| − 1

2C1
|y − x| = 1

2C1
|y − x|

>
1

4C1
|β6n2

(y, t1, ..., t′3n2)− β6n2
(x, t1, ..., t′3n2)|

The conclusions of this lemma now follow in a straightforward fashion.

Lemma 3.4: Suppose g : [−r, r]l × [a, b] → Rm is a C1 function. Letting P : Rm → Rl

be projection on the first l coordinates, we suppose that the vectors {P∂xp
g(x, t)}l

p=1 span
Rl for all (x, t) ∈ [−r, r]l × [a, b]. We further suppose that

(x, t) ∈ [−r, r]l × [a, b] ⇒ P∂tg(x, t) ∈ {
l∑

p=1

vpP∂xp
g(x, t) : |vp| < C1} (3.1)

Then if a1 < b1 ∈ [a, b] with |a1 − b1| < r
4C1

, we have ∪a1≤t≤b1Pg([− r
2 ,

r
2 ]l × {t}) ⊂

∩a1≤t≤b1Pg([−r, r]l × {t}).

Proof: Suppose a2, b2 ∈ [a1, b1] and suppose x ∈ [− r
2 ,

r
2 ]l. If a2 + ε ∈ [a1, b1] and ε is

sufficiently small, by (3.1) we have Pg(x+ y(x, ε), a2 + ε) = Pg(x, a2) for some |y(x, ε)| <
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2C1ε. Dividing [a2, b2] (or [b2, a2] as the case may be) into intervals [a2, a2 + ε1], [a2 +
ε1, a2 + ε1 + ε2],...,[b2− εN , b2] in this fashion, we obtain Pg(x+y, b2) = Pg(x, a2) for some
|y| < r

2 . We thus conclude that Pg([− r
2 ,

r
2 ]l ×{a2}) ⊂ Pg([−r, r]l ×{b2}). Since a2 and b2

were arbitrary, by taking unions over a2 and intersections over b2, the lemma follows.

Lemma 3.5:

a) Suppose m > l are positive integers, and {vp}m
p=1 are vectors in Rl. Then

there is a constant Cl,m such that we can always find a subset {p1, ..., pl} of {1, ...,m} such
that {

∑m
q=1 cqvq : |cq| ≤ 1} ⊂ {

∑l
q=1 cqvpq

: |cq| ≤ Cl,m}.

b) Suppose {vp}m
p=1 are vectors spanning Rm, and vm+1 is another vector such

that the measure of {
∑m+1

q=1 cqvq : |ci| < 1} has measure less than C1 times the measure
of {

∑m
q=1 cqvq : |cq| < 1}. Then for some constant Dm, vm+1 can be written as

∑m
q=1 cqvq

with |cq| < C1Dm for each q.

Proof: a) follows from an easy induction on m ≥ l. For m = l the conclusion is trivial.
For m > l, we can find c1, ..., cm not all zero such that

∑m
q=1 cqvq = 0. So if q0 is such that

cq0 is of maximal magnitude, vq0 =
∑

q 6=q0

cq

cq0
vq and each cq

cq0
is of magnitude at most 1.

Hence by applying the induction hypothesis to {vq : q 6= q0}, a) follows.

To see b), just change coordinates to ones in which vq are the basic unit coordinate
vectors (0, ..., 0, 1, 0, ..., 0) in Rm, in which case the result is evident.

For a function f : [a1, b1]× ...× [am, bm] → Rl, and a vector v = (v1, ..., vm) ∈ Rm

with |v| = 1, denote
∑m

i=1 vi∂yif(y1, ..., ym) by ∂vf(y1, ..., ym). For vectors ξ1,...,ξp in
Rm of norm 1, we define Jacξ1,..,ξpf(y1, ..., ym) to be the min{l, p}-dimensional Hausdorff
measure of the set {

∑p
q=1 vq∂ξq

f(y1, ..., ym) : |vq| < 1∀q}. (The notation arises from the
resemblance to Jacobian determinants.)

Notice that since γ(x, t) has Jacobian in x equal to the identity matrix when
t = 0, there is a δ > 0 such that if q1 + q2 ≤ 3n2 and |ti|, |t′i| < δ for 0 ≤ i ≤ q1 + q2, then
for any vectors ξ1,..., ξp in the (2q1 + 1)k-dimensional (t1, t′1, ..., tq1) space we have:

1
2
<
Jacξ1,...,ξpβ

2q1+2q2−1(x, t1, t′1, ..., tq1+q2)
Jacξ1,...,ξp

β2q1−1(x, t1, t′1, ..., tq1)
< 2 (3.2a)

1
2
<
Jacξ1,...,ξp

β2q1+2q2−1(x, t1, t′1, ..., tq1+q2)
Jacξ1,...,ξpβ

2q1(x, t1, t′1, ..., t′q1
)

< 2 (3.2b)

For an l-dimensional hyperplane A in Rn going through the origin, let PA : Rn → Rl be the
usual projection. Where ξ1,...,ξm are vectors in Rk each of which lies in the k-dimensional
space corresponding to a tq or t′q, for m ≥ l we define Ml,m(x, r) =

sup
dimA=l,|ξ1|,...,|ξm|=1,|tq| , |t′q|<r ∀q

Jacξ1, ... ,ξm
PAβ

2m(x, t1, t′1, ...., t
′
m−1, tm, t

′
m)
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By Lemma 3.5a), this is at most

C × supdimA=l,|ξ1|,...,|ξl|=1,|tq| , |t′q|<r ∀qJacξ1,...,ξl
PAβ

2m(x, t1, t′1, ...., t
′
m−1, tm, t

′
m)

We now come to the chief technical lemma concerning the functions βm.

Lemma 3.6: There exists an ε > 0 and constants ε1, ..., εn (depending on the usual
parameters of T ), such that for each x ∈ D1 and each 0 < r < ε we have:

a)If Mm,m(x, r) > εmr
qm , where qm is a positive integer that depends on m, the

integer Q of (C), and the parameters M , n, and k.

b)If m ≤ p ≤ 6n2, then Mm,p(x, r) < CMm,m(x, r).

c)There exist unit vectors ξ1,...,ξn ∈ Rk, and a vector (t̄1, t̄′1, ..., ¯t′n−1, t̄n) ∈
[−r, r]k(2n−1) such that for each s = (s1, ..., sm) with |s| < εmr and for each l ≤ m
we have

Jacξ1,...,ξl
β2m−1(x, (t̄1, t̄′1, ..., ¯tm) +

m∑
p=1

spξp) > εmMl,l

Here each ξl is a unit vector in the tl variable (the components of ξl in the other t and t′

directions are all zero.)

d)Furthermore, for some q ≤ 6n2, suppose (ṫ1, ṫ′1, ..., ˙tq−1, ˙t′q−1, ṫq) ∈ [−r, r]k(2q−1)

with Jacξ1,...,ξl
β2q−1(x, ṫ1, ṫ′1, ..., ṫq) > δ1Ml,l for each l ≤ m, where each ξp is a k-

dimensional unit vector in one of the 2q − 1 t or t′ directions. For fixed sl+1,...,sm,
let S(sl+1,...,sm) denote the image of {(s1, ..., sl) : |sp| < εmδ

p
1r for all p} under the map

(s1, ..., sl) → β2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +
∑m

p=1 spξp), and let S denote the entire image of
{(s1, .., sm) : |sp| < εmδ

p
1r for all p} under (s1, .., sm) → β2q−1(x, (ṫ1, ṫ′1, ., ṫq)+

∑m
p=1 spξp).

Then there is a sequence A1 ⊂ ... ⊂ Am of hyperplanes through the origin, Al

of dimension l, such that if Pl : Rn → Al denotes the usual projection, then for each
(sl+1,...,sm), Pl : S(sl+1,...,sm) → Al has an inverse Ψ(sl+1,...,sm) : U(sl+1,...,sm) ⊂ Al →
S(sl+1,...,sm) such that

∀y , ∀z ∈ U(sl+1,...,sm) |Ψ(sl+1,...,sm)(y)−Ψ(sl+1,...,sm)(z)| < C|y − z| (3.3)

for each y and z. Similarly, Pm : S → Am has an inverse Ψ : Um ⊂ Am → S such that

∀y , ∀z ∈ Um |Ψ(y)−Ψ(z)| < C|y − z| (3.4)

Furthermore, there are positive integers η1, ...,ηn and positive constants c1,...,cn depending
on δ1 and the parameters of T such that Um contains a (Euclidean) ball of radius cmrηm .

Note: Again the number 6n2 happens to be what is useful for our arguments and
is not critical for the proof of this theorem.
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Proof: We induct on m. We first prove a), then we simultaneously prove b) and construct
the (ξ1, ..., ξm) and (t1, t′1, ..., tm−1, t

′
m−1, tm) of c), and at the end we prove d). We assume

m > 1 throughout; the case m = 1 is always an easier version of the arguments for m > 1,
with the role of manifolds constructed in earlier stages of the induction being played by x
, and the role of hyperplanes Am from earlier stages in the induction being played by {0}.

So suppose we are at stage m + 1 of the induction. Let S be the surface corre-
sponding to m in d) of this lemma, where t̃l and t̃′l are equal to the corresponding t̄l and
t̄′l of c) of this lemma, and δ1 = εm of c) of this lemma. Rotating coordinates if necessary,
assume for 1 ≤ l ≤ m that Al = Rl (i.e. the last n− l coordinates of points in Al are zero.)
By a) of induction hypothesis and (3.3), for some δ > 0 the image Pm(S) contains a (Eu-
clidean) disk D(x′, δrqm). (If m = 0, take P0 to be projection onto the origin.) Let δ′ > 0
such that δ′

δ < 1
2 sup(x,t)∈D′

1×D2,1≤p≤n |∇tγp(x, t)| (pth component of γ). For q0 > 0, let
Bq0 denote the set {y ∈ Rn : Pmy ∈ D(x′, δ′rqm), |Ψ(Pmy)− y| ≤ rq0}, Ψ as in d) of the
induction hypothesis. Thus Bq0 has measure less than Crq0(n−m)+mqm .

Let y′ ∈ S such that Pmy
′ = x′. By the finite-type condition (C), B(y′, δ′rqm)

(the ball in our metric) has measure at least CrqmQ. Hence if the integer q0 is chosen
sufficiently large and r is sufficiently small (which we may assume by the Proposition of
section 2), then B(y′, δ′rqm) 6⊂ Bq0 . Hence there exist {xl}N

l=1 with x1 = y′, xN 6∈ Bq0 ,
{tl}N−1

l=1 , {ul}N−1
l=1 with

∑N−1
l=1 |tl| +

∑N−1
l=1 |ul| ≤ δ′rqm , such that γ(xl, tl) = γ(xl+1, ul)

for each 1 ≤ l ≤ N − 1. Note by definition of δ′ that Pmγ(xl, tl) and Pmγ(xl+1, ul)
∈ D(x′, δrqm). Define yl = γ(xl, tl) in what follows.

Since xN 6∈ Bq0 , we have that |xN −ΨPmxN | > rq0 . Let |(xp+1−ΨPmxp+1)−(yp−ΨPmyp)|
|up| be

the largest number in { |(xl−ΨPmxl)−(yl−ΨPmyl)|
|tl| }N−1

l=1 ∪ { |(xl+1−ΨPmxl+1)−(yl−ΨPmyl)|
|ul| }N−1

l=1 .

Although the largest number in this set might be of the form |(xp−ΨPmxp)−(yp−ΨPmyp)|
|tp| ,

the following arguments are virtually identical in the 2 situations and thus we assume the
former situation. We have

|(xp+1 −ΨPmxp+1)− (yp −ΨPmyp)|
|up|

≥ |(xp+1 −ΨPmxp+1)∑
l≤p(|tl|+ |ul|)

(3.5)

This is because the righthand expression, which is equal to |(xp+1−ΨPmxp+1)−(x1−ΨPmx1)|∑
l≤p

|tl|+|ul|
,

is at most
∑p

l=1
|(xl−ΨPmxl)−(yl−ΨPmyl)|∑

l≤p
|tl|+|ul|

+ |(xl+1−ΨPmxl+1)−(yl−ΨPmyl)|∑
l≤p

|tl|+|ul|
, a weighted average

of several numbers whose maximum is |(xp+1−ΨPmxp+1)−(yp−ΨPmyp)|
|up| . In a similar vein, we

have
|(xp+1 −ΨPmxp+1)− (yp −ΨPmyp)|

|up|
≥ |(xN −ΨPmxN )∑

l<N (|tl|+ |ul|)
> rq0 (3.6)

Let x′′ = ΨPmxp+1. Then, expanding in the first component, γ(x′′, up) = γ(xp+1 +
ΨPmxp+1 − xp+1, up) = yp + ΨPmxp+1 − xp+1 + E, where |E| is bounded above by
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C supx∈D′
1
|dxγ(x, up)| |ΨPmxp+1−xp+1|. Since γ(x, 0) = x for each x, supx∈D′

1
|dxγ(x, up)|

< C|up|. So by (3.5) we have

E ≤ C|(xp+1 −ΨPmxp+1)− (yp −ΨPmyp)| ×
∑
l≤p

|tl|+ |ul|

Define the function Θ by Θ(y) = ΨPmy − y. Then Θ(yp + ΨPmxp+1 − xp+1) = Θ(yp) −
Θ(xp+1). Hence Θ(γ(x′′, up)) = Θ(yp) − Θ(xp+1) + E′, where since |dy(Θ)| < C, |E′| <
C|Θ(xp+1)−Θ(yp)|

∑
l≤p(|tl|+ |ul|). Note however that

∑
l≤p(|tl|+ |ul|) < δ′rqm , thus if

r is sufficiently small, by (3.5) we have

Θ(γ(x′′, up)) >
1
2
(Θ(yp)−Θ(xp+1)) >

1
2
|up|rq0

In other words, while x′′ ∈ S, the ”vertical” distance between γ(x′′, up) and S is at least
1
2r

q0 . If t ∈ Rk with |t| ≤ |up|, let the surface St be {γ(x, t) : x ∈ S}. By Lemma
3.3, each St can be parameterized by αt : Ut ⊂ Rk → Rn, where αt(x1, ..., xm) =
(x1, ..., xm, α

1
t (x1, ...xm), ..., αn−m

t (x1, ..., xm)) with |∇xα
p
t | < 2C for each p. We can as-

sume δ and δ′ were chosen so that we have D(x′, δrqm) ⊂ Ut for all t. Since Pmγ(x′′, t) ∈
D(x′, δrqm) for each |t| ≤ |up| and |γ(x′′, up) − ΨPmγ(x′′, up)| > 1

2r
q0 |up|, we conclude

that there is a |u| < δ′rq0 , a (x1, ..., xm) ∈ D(x′, δrqm), a component (t)s of t, and an
l ∈ {1, ..., n−m} such that

|∂(t)s
αl

u(x1, ..., xm)| > δ′′rq0

But if (t1, t′1, t2, ..., tm, t
′
m, u) is such that β2m−1(x, t1, t′1, t2, ..., tm, t

′
m, u) = α0(x1, ..., xm),

and Pm+1 denotes projection onto the plane spanned by Rk and the tm+1 direction, we
have

|Jacξ1,...,ξm,(t)s
Pm+1β

2m+1(x, t1, t′1, ..., tm, t
′
m, u)|

|Jacξ1,...,ξm
Pmβ2m−1(x, t1, t′1, ..., tm, t′m)|

> Crq0

Thus a) of the induction follows.

Turning to b) and c), which we will do simultaneously: Let q = 6n2, and let
(t̂1, t̂′1, ..., ˆt′q−1, t̂q) ∈ [−r, r]k(2q−1) and ξ′1,...,ξ

′
m+1 be unit vectors in a t or t′ direction

such that for some (m + 1)- dimensional hyperplane Am+1, Jacξ′1,...,ξ′
m+1

Pm+1β
2q−1(x,

t̂1, t̂′1, ..., t̂q) = Mm+1,q(x, r), where Pm+1 denotes projection onto Am+1. Note that we
have

Jacξ′1,..,ξ′
m+1

Pm+1β
2q−1(x, t̂1, t̂′1, ..., t̂q) = Jacξ′1,..,ξ′

m+1
Pm+1β

2q−1+2m(x, 0, ..., 0, t̂1, t̂′1, .., t̂q)

Let t̄l, t̄′l be as in the case m of c) of the induction hypothesis. If we apply Lemma
3.2a) to the determinant of the m + 1 by m + 1 matrix whose ith row is given by
Pm+1∂xi

β2q−1+2m(x, t1, t′1, ..., t
′
q+m−1, tq+m) and we denote sup(t1,t′1,..,tq+m)∈[−r,r](2q+2m−1)k

Jacξ′1,...,ξ′
m+1

Pm+1β
2q+2m−1(t1, t′1, ..., tq+m) by M̄m+1,q(x, r), then for a δ0 which we will
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choose later, there exists a (t̃1, t̃′1, ..., ˜tq+m) such that for s ≤ m, |t̃s − t̄s| < δ0r, for s ≤ m

we have |t̃′s| < δ0r, for s > m, |t̃s| < δ0r and such that for some δ2 we have

Jacξ′1,...,ξ′
m+1

Pm+1β
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) > δ2M̄m+1,q(x, r) ≥Mm+1,q(x, r)

Again using Lemma 3.2a, if δ0 were chosen appropriately small and ξ1,...,ξm are as in c)
of the induction hypothesis, then Jacξ1,...,ξmβ

2m−1(t̃1, t̃1
′
, ..., ˜tm) > εm

2 Mm,m(x, r). By eq.
3.2a) and 3.2b), Jacξ1,...,ξmβ

2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) > εm

4 Mm,m(x, r). If P denotes pro-
jection onto the m-dimensional hyperplane A spanned by {∂ξp

β2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) :
1 ≤ p ≤ m}, then by b) of the induction hypothesis and Lemma 3.5b), for each s
P∂ξ′sβ

2q−1+2m(x, t̃1, t̃′1,..., ˜tq+m) is contained in {
∑m

p=1 vp∂ξpβ
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) :

∀p |vp| < C ′} for appropriate C ′. Thus we may find ξ′ ∈ {ξ′1, ..., ξ′m+1} such that we have:

|∂ξ′β
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m)− P∂ξ′β

2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m)| > δ′
Mm+1,q(x, r)
Mm,m(x, r)

Consequently, we may conclude that

Jacξ1,...,ξm,ξ′β
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) > δ′2Mm+1,q(x, r)

Thus denoting sup(t1,t′1,..,tq+m)∈[−r,r](2q+2m−1)k Jacξ1,...,ξm,ξ′Pm+1β
2q+2m−1(t1, t′1, .. ., tq+m)

by M̂m+1,q(x, r), by Lemma 3.2a) and changing (t̃1, t̃′1,..., ˜tq+m) if necessary, we can assume
that the following holds:

Jacξ1,...,ξm,ξ′β
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) > δ′′2 M̂m+1,q(x, r) ≥ δ′′2Mm+1,q(x, r)

Notice that there is some flexibility in choosing the hyperplane Am corresponding to m
and (t̃1, t̃1

′
, ..., ˜tm) in d) of the induction hypothesis; replacing C by 2C in (3.3) and (3.4)

any hyperplane making an angle < 1
3C with the original Am works. In particular, we may

choose Am to be contained in an Am+1 satisfying

Jacξ1,...,ξm,ξ′Pm+1β
2q−1+2m(x, t̃1, t̃′1, ..., ˜tq+m) > δ′′′2 M̂m+1,q(x, r) ≥ δ′′′2 Mm+1,q(x, r)

(3.7)
Here Pm+1 denotes projection onto Am+1. Note by Lemma 3.2b) that, replacing δ′′′2 by
δ′′′2
2 if necessary, we may let δ3 > 0 such that (3.7) holds with (t̃1, t̃′1, ..., ˜tq+m) replaced by

(u1, u
′
1, ..., uq+m) whenever each |ui− t̃i|, |u′i− t̃′i| < δ3r. Also, shrinking δ3 if necessary, we

may assume that for such ui and u′i we have |ui− t̄i| ,|u′i− t̄′i| are small enough so that for
1 ≤ l ≤ m, Jacξ1,...,ξl

Pmβ
2q−1+2m(x, u1, ..., uq+m) > εm

8CMl,l(x, r). Rotating coordinates if
necessary, in what follows we take Am to be Rm and Am+1 to be Rm+1.

Now define the map α : [−δ3r, δ3r]m+1 → Rn by

α(s1, .., sm+1) = β2q−1+2m(x, (t̃1, t̃′1, ..., ˜tq+m) +
m+1∑
i=1

siξi)
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Define the surfaces Ss and Ts by

Ss = α([−δ3r, δ3r]m × {s}), Ts = α([
−δ3r

2
,
δ3r

2
]m × {s})

Using Lemma 3.3 and d) of the induction hypothesis, if δ3 is appropriately small, we may let
Us ⊂ Rk and Ψs : Us → Rn parameterize Ss, where Ψs(x1, ..., xm) = (x1, ..., xm,Ψm+1

s (x1,
..., xm), ...,Ψn

s (x1, ..., xm)).

By Lemma 3.5b) and b) of the induction hypothesis, Pm∂sm+1α(s1, ..., sm+1) ∈
{
∑m

i=1 viPm∂si
α(s1, ..., sm+1) : |vi| < C}. As a result, by Lemma 3.4, we may find δ4 > 0

such that
∪|s|<δ3rPmTs ⊂ ∩|s|<δ4rPmSs (3.8)

By the condition (3.7) we have that ∂sΨm+1
s (x1, ..., xm) > C

Mm+1,q(x,r)
Mm,m(x,r) for all (x1, .., xm) ∈

∪|s|<δ3rPmTs, so by (3.8) we have

(x1, ..., xm) ∈ ∪|s|<δ3rPmTs −→ |Ψm+1
δ4r (x1, ..., xm)−Ψm+1

0 (x1, ..., xm)| > δ5
Mm+1,q(x, r)
Mm,m(x, r)

r

(3.9)

If S̃ denotes the surface {β2m−1(x, (t̃1, t̃1
′
, t̃2, ..., ˜t′m−1, ˜tm) +

∑m
p=1 cpξp) : |cp| < εm+1

m

2m r},
by d) of induction hypothesis, S̃ can be parameterized by Ψ0 : U ⊂ Rm → Rn, and
furthermore we know that PmTδ4r∪PmT0 is in the domain of Ψ0 if δ4 is appropriately small
by using b) of the induction hypothesis and applying Lemma 3.4. Thus by (3.8) there is a
point y′ on Tδ4r or T0, of the form β2q−1+2m(x, (t̃1, t̃′1, ..., ˜tm) +

∑m
p=1 c

′
pξp, ( ˜t′m, ..., ˜tq+m) +

εξ′) for some |c′p| < δ3 ∀p, ε = 0 or δ4, such that y′ satisfies |y′ −Ψ0Pmy
′| > δ5

Mm+1,q

Mm,m
r.

Notice however that x′ = β2m(x, (t̃1, t̃′1, ..., ˜tm) +
∑m

p=1 c
′
pξp) ∈ S̃. So what the

above says is that x′ can be ”linked” to y′ in at most q steps with each link being of length
< δ3r+ δ4r, and the drop from y′ to its projection on S̃ is at least δ5

Mm+1,q(x,r)
Mm,m(x,r) r. Thus by

the exact argument used in part a) of this induction (for brevity it will not be included),
if y′′ = Ψ0Pmy

′, then there is a |t| < δ3r + δ4r such that

|γ(y′′, t)−Ψ0Pmγ(y′′, t)| > δ6
Mm+1,q(x, r)
Mm,m(x, r)

|t| (3.10)

Then if Vt denotes the surface {γ(y, t) : y ∈ S̃}, and Vt is parameterized by (x1, ..., xm) →
Υt(x1, ..., xm) = (x1, ..., xm,Υt

m+1(x1, ..., xm), ...,Υt
n−m(x1, ..., xm)), by Lemma 3.3 we

have that each |∇x(Υp)| < C, and by (3.10) (implicitly using a condition like (3.8) applied
to the Υt

p) we have |∂(t)s
Υu

p(x1, ..., xm)| > δ6
Mm+1,q(x,r)
Mm,m(x,r) at some (x1, ..., xm) and u, for some

component (t)s. If (t1, ..., tm) are such that β2m+1(x, t1, t′1, ..., tm, t
′
m, u) = Υu(x1, ..., xm),

using that |∇x(Υp)| < C for all p this means Jacξ1,...,ξm+1β
2m+1(x, t1, t′1, ..., t

′
m, u) is at
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least δ7Mm+1,q(x, r). In other words, Mm+1,m+1(x, r) > δ7Mm+1,q(x, r). Since by defi-
nition (set some ts and t′s to zero) for p ≥ m we have Mm+1,p(x, r) ≥ Mm+1,m+1(x, r),
this proves b) of the induction. Furthermore, this (t1, t′1, ...tm, t

′
m, u) gives us c) of the

induction as well.

We proceed to d). Suppose (ṫ1, ṫ′1, .., ˙t′q−1, ṫq) ∈ [−r, r]k(2q−1) with Jacξ1,..,ξl
β2q−1

(x, ṫ1, ṫ′1, ..., ṫq) > δ1Ml,l for each l ≤ m + 1. By the case m of the induction hypothesis,
and using Lemma 3.3, we have hyperplanes A1 ⊂ ... ⊂ Am through the origin such that if
l < m + 1, for each sl+1,...,sm+1, Pl : S(sl+1,...,sm+1) → Al has an inverse Ψ(sl+1,...,sm+1) :
U(sl+1,...,sm+1) ⊂ Al → S(sl+1,...,sm+1) satisfying

∀y , z ∈ U(sl+1,...,sm+1) |Ψ(sl+1,...,sm+1)(y)−Ψ(sl+1,...,sm+1)(z)| < C|y − z| (3.11)

Notice that if we replace the Al’s by a sequence of nested hyperplanes A′1 ⊂ ... ⊂ A′m
such that each A′l makes an angle less than 1

2C with its corresponding Al, then (3.11)
still holds with C perhaps replaced by 3C. Hence, replacing Al’s by A′l’s if necessary, we
may assume Am ⊂ Am+1 for some Am+1 with Jacξ1,...,ξm+1PAm+1β

2q−1(x, ṫ1, ṫ′1, ..., ṫq) >
δδ1Mm+1,m+1(x, r). Rotating coordinates and changing Am+1 if necessary, assume that

∀l ≤ m Al = Rl and ∂ξm+1β
2q−1(x, ṫ1, ṫ1, ṫ′1, ..., ṫq) ∈ Am+1 = Rm+1 (3.12)

Thus we may take Am+1 = Rm+1. Denote by Pl : Rn → Rl the projection onto the first
l coordinates. So we have that for each l ≤ m + 1, Jacξ1,...,ξl

Plβ
2q−1(x, ṫ1, ṫ′1, ..., ṫq) >

δ2δ1Ml,l for an appropriate δ2. So assuming δ3 is appropriately small, by Lemma 3.2b we
have

∀l ≤ m+1 |sp| < δ3δ1r → Jacξ1,...ξl
Plβ

2q−1(x, (ṫ1, ṫ′1, ..., ṫq)+
m∑

p=1

spξp) >
δ2
2
δ1Ml,l (3.13)

Shrinking εm if necessary, we may assume (3.13) holds for |sl| < εmδ
l
1r as well.

For s ∈ [−εmδm
1 r, εmδ

m
1 r], define the surface Ss by

Ss = {β2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +
m∑

p=1

spξp + sξm+1) : |sl| < εmδ
l
1r}

By Lemma 3.3, for each such Ss, we can find a Ψs : Us ⊂ Rm → Rn parameterizing
Ss, with Ψs(x1, ..., xm) = (x1, ..., xm,Ψ1

s(x1, ..., xm), ......., Ψn−m
s (x1 , ..., xm)) with each

|∇xΨp
s | < 6C. If (s1, ..., sm) is such that β2q−1(x, (ṫ1, ṫ′1, .., ṫq) +

∑m
p=1 spξp + sξm+1)

= Ψs(x1, ..., xm), then we have

|∂sΨ1
s(x1, ..., xm)| >

Jacξ1,...,ξm+1Pm+1β
2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +

∑m
p=1 spξp + sξm+1)

Jacξ1,...,ξmPmβ2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +
∑m

p=1 spξp + sξm+1)
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By (3.13) the numerator of this expression is at least δ2
2 δ1Mm+1,m+1(x, r). Similarly, for

l 6= 1 if Pm,l denotes projection onto the hyperplane generated by Rm and the (l +m)th
unit coordinate vector, we have

|∂sΨl
s(x1, ..., xm)| < 6C

Jacξ1,...,ξm+1Pm,lβ
2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +

∑m
p=1 spξp + sξm+1)

Jacξ1,...,ξmPmβ2q−1(x, (ṫ1, ṫ′1, , ..., ṫq) +
∑m

p=1 spξp + sξm+1)

However, the numerator of this expression is 0 when sl = 0 for all l ≤ m by our
choice of coordinate system (3.12). So by Lemma 3.2b), this numerator is at most
C ′δ1Mm+1,m+1(x, r). Thus we have

∀l > 1
|∂sΨl

s(x1, ..., xm)|
|∂sΨ1

s(x1, ..., xm)|
< C ′′ (3.14)

Define the surface Ts by

Ts = {β2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +
m∑

p=1

spξp + sξm+1) : |sl| <
εm
2
δl
1r}

Denote PmTs by Vs. By (3.13), b) of induction hypothesis, and Lemma 3.5b), for some
|cp| < Cδ−1

1 we have

Pm∂sβ
2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +

m∑
p=1

spξp + sξm+1)

=
m∑

p=1

cpPm∂sβ
2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +

m∑
p=1

spξp + sξm+1)

Thus by Lemma 3.4, if εm+1 is sufficiently small, we have

∪|s|<εm+1δm+1
1 rVs ⊂ ∩|s|<εm+1δm+1

1 rUs

Therefore, since |∂sΨ1
s(x1, ..., xm)| 6= 0, the sets Pm+1Ts are disjoint; they ”lie above” a

set in Rm where the Ψs are all defined. Hence the projection Pm+1 is invertible on the set
S = {β2q−1(x, (ṫ1, ṫ′1, ..., ṫq) +

∑m+1
p=1 spξp) : ∀l ≤ m |sl| < εm

2 δ
l
1r , |sm+1| ≤ εm+1δ

m+1
1 r}.

Furthermore, by induction hypothesis each set Vs for |s| < εm+1δ
m+1
1 r contains a Euclidean

ball Bm of radius c′mr
ηm for some constant c′m depending on δ1 and the parameters of T .

Therefore, Pm+1S contains the cylinder Bm × Im for some interval Im of radius > dmr
νm

for some nonegative dm and νm, where νm may depend on the parameters of T and dm

may depend on the parameters of T as well as δ1. Thus Pm+1S contains a ball of some
radius cm+1r

ηm+1 as advertised.

Let U = ∩|s|<εm+1δm+1
1 rUs The proof of d) of this induction will be complete

once we show the inverse Ψ to Pm+1 satisfies (3.4) on the set {(x1, ..., xm,Ψ1
s(x1, ..., xm)) :
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(x1, .., xm) ∈ U, |s| < εm+1δ
m+1
1 r}. Note that Ψ(x1, .., xm,Ψ1

s(x1, .., xm)) = (Ψ2
s(x1, .., xm)

, ..,Ψn−m
s (x1, ..., xm)). So suppose (x1, ..., xm) , (x′1, ..., x

′
m) ∈ U and |s|, |s′| < εm+1δ

m+1
1 .

Then for l ≥ 2, we have

|Ψl
s(x1, ..., xm)−Ψl

s′(x
′
1, ..., x

′
m)| < |Ψl

s(x1, ..., xm)−Ψl
s′(x1, ..., xm)|

+|Ψl
s′(x1, ..., xm)−Ψl

s′(x
′
1, ..., x

′
m)|

The right hand term is bounded by C|(x1, ..., xm)−(x′1, ..., x
′
m)|, which is at most a constant

times |(x1, ..., xm,Ψ1
s(x1, ..., xm))− (x′1, ..., x

′
m,Ψ

1
s(x

′
1, ..., x

′
m))| and we are done with that

term. As for the left hand term, by (3.12)

|Ψl
s(x1, ..., xm)−Ψl

s′(x1, ..., xm)| < C ′′|Ψ1
s(x1, ..., xm)−Ψ1

s′(x1, ..., xm)|

< C ′′|Ψ1
s′(x1, ..., xm)−Ψ1

s′(x
′
1, ..., x

′
m)|+ C ′′|Ψ1

s′(x
′
1, ..., x

′
m)−Ψ1

s(x1, ..., xm)|

< C|(x1, ..., xm)− (x′1, ..., x
′
m)|+ C ′′|Ψ1

s(x1, ..., xm) − Ψ1
s′(x

′
1, ..., x

′
m)|

< max (C ′, C ′′)|(x1, ..., xm,Ψ1
s(x1, ..., xm))− (x′1, ..., x

′
m,Ψ

1
s(x

′
1, ..., x

′
m))|

Therefore we are done with the left hand term as well. Part d) of the induction now
follows, and we are done with the proof of Lemma 3.6.

Corollary: Each ball B(x, r) of the metric of this paper is an open set with respect to
the usual Euclidean topology and furthermore contains a Euclidean ball centered at x of
radius crα where c and α are independent of x and r. In addition, the same holds for the
ball B2n(x, r) defined by (2.2).

Proof: The proof is virtually indentical for B(x, r) and B2n(x, r) so we restrict atten-
tion to the case of B(x, r). From c) and d) of Theorem 3.6, we know that the set
A = {β2n−1(x, t1, 0, t2, 0, ..., tn) : |t1|, ..., |tn| < r} contains a Euclidean ball B of ra-
dius c0rα for some constants c0 and α independent of x and r. Since the map y →
β2n(y, 0, tn, 0, tn−1, 0, ..., t1) is a diffeomorphism with Jacobian near the identity for small
|t1|,..., |tn|, we can therefore assume that A′ = {β4n−2(x, t1, 0, t2, 0, ..., tn, t′n, 0, t

′
n−1, 0, ..., 0,

t′1) : |t1|, ..., |tn| < r} contains the Euclidean ball centered at x of radius c0rα, where
(t′1, ..., t

′
n) is the point such that β2n−1(x, t′1, 0, t

′
2, 0, ..., t

′
n) is the center of B. Therefore

B(x, 4nr) contains the Euclidean ball centered at x of radius c0rα. Letting c = c0
(4n)α

gives us the latter statement of the Corollary. The first statement is now an immediate
consequence. For if y ∈ B(x, r), then with respect to the distance function d of our metric
we have d(x, y) = r′ < r, and thus B(x, r) contains the Euclidean ball centered at y of
radius c(r′ − r)α.

We now are in a position to show that the curvature condition of this paper is
equivalent to that of [3]. Although this fact is not used in the arguments of this paper, it
is clearly important to tie together the two curvature conditions.
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Proposition: The curvature condition (C) of this paper is equivalent to the curvature
condition of [3].

Proof: Assume (C) holds. Then by a) and c) of Lemma 3.6, we may find directions
ξ1,...,ξn, a sequence of positive constants {rp}∞p=1 with rp → 0, and a sequence of vectors
{(tp1, 0, t

p
2, 0, ..., 0, t

p
n)}∞p=1 such that each ξs is a component of a ts, |tps | < rp for each s

and p, and |Jacξ1,...,ξn
β2n−1(x, tp1, 0, t

p
2, 0, ..., 0, t

p
n)| > ε2nr

qn for each p. This implies that
as a function of (t1, ..., tn), the function |Jacξ1,...,ξn

β2n−1(x, t1, 0, t2, 0, ..., 0, tn)| has a zero
of order at most qn at the origin. But one of the equivalent formulations of the curvature
condition of [3] is exactly that this determinant function vanishes to finite order. Hence
(C) implies the curvature condition of [3].

Now assume the curvature condition of [3] holds at a point x. By the Jacobian for-
mulation of this condition, as above we may find directions ξ1,...,ξn, a sequence of positive
constants {rp}∞p=1 with rp ∼ 2−p, and vectors {(tp1, 0, t

p
2, 0, ..., 0, t

p
n)}∞p=1 such that each ξs is

a component of a ts, |tps | < rp for each s and p, and |Jacξ1,....,ξnβ
2n−1(x, tp1, 0, t

p
2, 0, ...., 0, t

p
n)|

> Crα
p for each p, some constants C and α. Therefore, for each m < n and each p,

|Jacξ1,...,ξm
β2m−1(x, tp1, 0, t

p
2, 0, ..., 0, t

p
m)| > C ′rα

p for some constant C ′. We now may ap-
ply the inductive argument proving d) of Lemma 3.6. For parts a), b) and c) of that lemma
hold if we take εm to be C ′rα

p and the constant of b) to be C′′

rβ
p

for appropriate β ≥ 0 and

C ′′. (Of course in the proof of Lemma 3.6 these constants did not depend on r, but we
may still apply the inductive argument used for proving d) using constants that do depend
on r). Similarly, we may take δ1 in the statement of d) to be C ′′′rγ

p for appropriate C ′′′

and γ, and (ṫ1, ṫ′1, ..., ˙t′n−1, ˙tn) = (tp1, 0, t
p
2, 0, ..., 0, t

p
n). Since in the proof of d) the constants

c1,...,cn depend polynomially on εm, δ1, and the constant of the statement b), we then
have that the ball D(x, rp) with respect to the metric of this paper has volume at least
CrA

p for some large A. Therefore the condition (C) holds, and the proof of the proposition
is complete.

Lemma 3.7: Suppose for some a ≤ 1 and some m ≤ 3n2, (t̄1, t̄′1, .., ¯tm, ¯t′m) satisfies

Jacξ1,..,ξn
β2m(x, t̄1, t̄′1, .., ¯tm, ¯t′m) ≥ aMn,n(x, r)

Further suppose that x′ and (ṫ1, ṫ′1, ..., ˙tm, ˙t′m) are such that

β2m(x, t̄1, t̄′1, .., ¯tm, ¯t′m) = β2m(x′, ṫ1, ṫ′1, ..., ˙tm, ˙t′m)

Then there is a δ > 0 (independent of a) such that if (t1, t′1, ..., tm, t
′
m) satisfies |tl|, |t′l| ≤

δa2r for each l, then there exists a unique map R : [0, 1] → Rn such that for s ∈ [0, 1],

β2m(x, (t̄1, t̄′1, ..., ¯tm, ¯t′m) +
n∑

l=1

Rl(s)ξl) = β2m(x′, s(t1, t′1, ..., tm, t
′
m) + (ṫ1, ṫ′1, ... , ˙tm, ˙t′m))

Proof: Suppose s0 ∈ [0, 1] and the conclusion of the lemma holds for s0. Then by examin-
ing β4m(x, s0(t1, t′1, ..., tm, t

′
m) +(ṫ1, ṫ′1, ..., ˙tm, ˙t′m), ( ¯tm, ..., t̄′1, t̄1) +

∑n
l=1R

l(s)ξl) and using
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Lemma 3.5b) and the fact that Mn,2m(x, r) ∼Mn,n(x, r), for a unique (c1(s0), ..., cn(s0)) ∈
Rn satisfying |cl(s0)| ≤ Ca−1, we have that

∂v|v=0β
2m(x′, (s0 + v)(t1, t′1, ..., tm, t

′
m) + (ṫ1, ṫ′1, ..., ˙tm, ˙t′m))

=
n∑

l=1

cl(s0)∂v|v=0β
2m(x, (t̄1, t̄′1, ..., ¯tm) +

n∑
l=1

Rl(s)ξl + vξl)

Thus for s slightly larger than s0 we can define the Rl(s) in the statement of this lemma
by the differential equation R′l(s) = cl(s). If δ > 0 is sufficiently small, the condition that
|tl|, |t′l| ≤ δa2r for all l ensures that |

∑n
l=1Rl(s)| ≤ δ2ar for each s, where δ2 is sufficiently

small that Jacξ1,...,ξn
β2m(x, (t̄1, t̄′1, ..., ¯tm, ¯t′m) +

∑n
l=1Rl(s)ξl) > a

2Mn,n(x, r); such a δ2
exists by Lemma 3.2b) and the fact that Mn,m(x, r) ∼Mn,n(x, r). Hence we are done with
the proof of the lemma.

We now proceed to the construction of our coordinate system for B(x, r) which
we need for our definition of the x-derivative condition on K(x, t). By Lemma 3.6, we
may let (t̄1, t̄′1, ..., t̄n, t̄′n) with |tl|, |t′l| ≤ r, ξ1,...,ξn k-dimensional unit vectors in t1,...,tn
directions respectively, such that β2n−1(x, t̄1 + r1ξ1, t̄′1, ..., t̄n + rnξn) is one to one on
(r1, ..., rn) ∈ [−δr, δr]n, and Jacξ1,...,ξn

β2n−1(x, t̄1+r1ξ1, t̄′1, ..., t̄n+rnξn) ≥ δMn,n(x, r) for
(r1, .., rn) ∈ [−δr, δr]n. By eq (3.2a), writing Ξx,r(r1, ..., rn) = β4n−2(x, t̄1+r1ξ1, t̄′1, ..., t̄n+
rnξn, t̄n, ¯t′n−1..., t̄

′
1, t̄1), Ξx,r is one-to-one in (r1, .., rn) on [−δr, δr]n, with Ξ(0, ...0) = x.

Denote Ξ−1
x,r(y) by Z̄x,r when it exists. In the next lemma, we will see that Z̄x,r acts as

a coordinate system for B(x, δ1r) for an appropriate δ1. Thus we denote this coordinate
system Z̄x,r by Zx,δ1r.

Lemma 3.8: There exists δ1 > 0 such that if d(x, x′) < 6n2δ1r, then

a)Z̄x,r(x′) exists and |Z̄x,r(x′)− Z̄x,r(x)| = |Z̄x,r(x′)| < Cd(x, x′).

b)If (t1, t′1, ..., t3n2 , t′3n2) and (ṫ1, ṫ′1, ..., ˙t3n2 , ˙t′3n2) satisfy |tl − ṫl|, |t′l − ṫ′l| < δ1r, then
|Z̄x,r(β6n2

(x, t1, t′1, ..., t
′
3n2))− Z̄x,r(β6n2

(ṫ1, ṫ′1, ..., ˙t′3n2))| < C
∑

l(|tl − ṫl|+ |t′l − ṫ′l|).

Proof: Since Mn,n(x, r) ∼ Mn,2n(x, r) and β2n+2(x, u1, ..., u
′
n+1) has Jacobian in x near

I, we may assume that for (r1, .., rn) ∈ [−δr, δr]n,

Jacξ1,...,ξn
β4n(x, t̄1 + r1ξ1, t̄′1, ..., t̄n + rnξn, t̄n, ..., t̄′1, t̄1, 0, 0) ≥ δ′Mn,n(x, r)

By Lemma 3.7, γ(x, t) = β4n(x, t̄1, t̄′1, ... , t̄n, t̄n, ..., t̄
′
1, t̄1, t, 0) can be written as β4n(x, t̄1 +

r1ξ1, t̄′1, ..., t̄n + rnξn, t̄n, ..., t̄′1, t̄1, 0, 0) for
∑n

l=1 |rl| ≤ C0|t| < δr, assuming that |t| < δ1r
for an appropriate δ1. So we have that Z̄x,r(γ(x, t)) exists and |Z̄x,r(γ(x, t))| ≤ C0|t|.
Repeating this, for some {rl} and {r′l} with

∑n
l=1 |rl| + |r′l| ≤ C0(|t| + |t′|) < δr, we have

that
β2(x, t, t′) = β4n(x, t̄1 + r1ξ1, t̄′1, ..., t̄n + rnξn, t̄n, ..., t̄′1, t̄1, t

′, 0)
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= β4n(x, t̄1 + (r1 + r′1)ξ1, t̄′1, ..., t̄n + (rn + r′n)ξn, t̄n, ..., t̄′1, t̄1, 0, 0)

Thus |Z̄x,rβ
2(x, t, t′)| ≤ C0(|t|+ |t′|).

We proceed inductively in this fashion, applying Lemma 3.7 with x′ = β2(x, t1, t′1)
then x′ = β4(x, t1, t′1, t2, t

′
2) and so on. The result is that for any N we have that

|Z̄x,rβ
2N (x, t1, .., tN , t′N )| ≤ C0

∑N
l=1 |tl| assuming

∑N
l=1 |tl| ≤ δ1r; the condition that∑N

l=1 |tl| ≤ δ1r ensures that the resulting
∑n

m=1(
∑N

l=1(rl,m + r′l,m))ξm is sufficiently small
that we may continue to apply Lemma 3.7, i.e. it is smaller than what was denoted by
“δa2r” in the statement of that lemma. Thus by the definition of d(x, x′), the proof of a)
is complete.

The statement b) is a consequence of a) and Lemma 3.7. Namely, if the hypotheses
of b) are satisfied, we may let r1,...,rn and ṙ1,...,ṙn be such that

β4n−2(x, t̄1 + r1ξ1, t̄′1, ..., t̄n + rnξn, t̄n, ..., t̄′1, t̄1) = β6n2
(x, t1, t′1, ..., t3n2 , t′3n2)

β4n−2(x, t̄1 + ṙ1ξ1, t̄′1, ..., t̄n + ṙnξn, t̄n, ..., t̄′1, t̄1) = β6n2
(x, ṫ1, ṫ′1, ..., ˙t3n2 , ˙t′3n2)

We apply Lemma 3.7, giving us that
∑

l |rl − ṙl| ≤ C
∑

l(|tl − ṫl| + |t′l − ṫ′l|). Hence b) is
proved.

Lemma 3.9: Suppose d(x, x′) ≤ r. Then Mn,n(x, r) ∼ Mn,n(x′, r). In addition, the
measure of B(x, r) ∼ Mn,n(x, r)rn. Furthermore, if (t1, t′1, ..., t3n2 , t′3n2) is such that each
|tl|, |tl| < a < r, then if b > 0 with a + b < r, the measure of the set A = {β6n2

(x, t1 +
u1, t

′
1 + u′1, ..., t3n2 + u3n2 , t′3n2 + u′3n2) : |ul|, |u′l| < b} is at most CMn,n(x, r)bn.

Proof: By Lemma 3.8, we can write x = β4n−2(x′, t̄1, t̄′1, ..., ¯t2n−1, ¯t′2n−1) for |t̄l|, |t̄′l| ≤
δ−1
1 r, δ1 as in Lemma 3.8. Thus if each |tl|, |t′l| ≤ δ−1

1 r and each ξ1 = ξn = 1, then

Jacξ1,...,ξnβ
2n(x, t1, t′1 , ... , t

′
n) = Jacξ1,...,ξnβ

6n−2(x′, t̄1, t̄′1, ..., ¯t2n−1, ¯t2n−1′ , t1, t
′
1, ..., tn, t

′
n)

Hence Mn,n(x, r) ≤ Mn,3n−1(x′, δ−1
1 r) ≤ CMn,n(x′, δ−1

1 r), the last inequality following
from Lemma 3.6b). By Lemma 3.2a), if δ2 > 0 is sufficiently small, we have

|{(t1, ..., t′n) ∈ [−δ−1
1 r, δ−1

1 r]2n : Jacξ1,...,ξn
β2n(x′, t1, t′1, ..., tn, t

′
n) ≤ δ2Mn,n(x′, δ−1

1 r)}|

<
1

(2δ−1
1 )2n

|[−δ−1
1 r, δ−1

1 r]2n| = |[−r, r]2n|

Thus there exists a (t1, t′1, ..., tn, t
′
n) ∈ [−r, r]2n with Jacξ1,...,ξn

β2n(x′, t1, t′1, ..., tn, t
′
n) ≥

δ2Mn,n(x′, δ−1
1 r). Thus Mn,n(x′, δ−1

1 r) ≤ δ−1
2 Mn,n(x′, r) and we conclude Mn,n(x, r) ≤

Cδ−1
2 Mn,n(x′, r). By symmetry, we have Mn,n(x′, r) ≤ Cδ−1

2 Mn,n(x, r) as well and we
conclude Mn,n(x, r) ∼Mn,n(x′, r).
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Moving to the second statement of this lemma, by Lemma 3.6 we can find a
(t1, t′1, .., tn) ∈ [−r, r]2n−1, directions ξ1,..,ξn with |ξl| = 1 for each l such that (r1, ..., rn) →
β2n−1(x, (t1, t′1, .., tn)+

∑n
l=1 rlξl) is one-to-one on [−δr , δr]n and such that Jacξ1,.,ξn

β2n−1

(x, (t1, t′1, .., tn) +
∑n

l=1 rlξl) ≥ δMn,n(x, r) for (r1, ..., rn) ∈ [−δr , δr]n. Hence

|B(x, r)| > |{β2n−1(x, (t1, t′1, ..., tn) +
n∑

l=1

rlξl) : (r1, ..., rn) ∈ [−δr, δr]n}|

≥ δ′Mn,n(x, r)rn

Next, note by Lemma 3.8 that B(x, r) ⊂ Image of Zx,r. Recall that {Image of Zx,r} ⊂
{β4n−2(x, (t̄1, t̄′1, ..., t̄n) +

∑n
l=1 rlξl, t̄n, ..., t̄

′
1, t̄1) : (r1, ..., rn) ∈ [− r

δ1
, r

δ1
]n}. Thus

|Image ofZx,r| ≤Mn,2n−1(x,
r

δ1
)(
r

δ1
)n ≤ CMn,n(x,

r

δ1
)rn ≤ C ′Mn,n(x, r)rn

(See above for the last inequality.) Hence δ′Mn,n(x, r)rn ≤ |B(x, r)| ≤ C ′Mn,n(x, r)rn.
This completes the proof of the second statement of this lemma.

As for the final statement, observe by Lemma 3.8 that if x′ ∈ A, then |Zx,r(x′)−
Zx,r(x)| < b. Thus, using the notation of that lemma, if x = β4n−2(x, t̄1 + r1ξ1, t̄′1, ..., t̄n +
rnξn, t̄n, ..., t̄′1, t̄1), then x = β4n−2(x, t̄1 + s1ξ1, t̄′1, ..., t̄n + snξn, t̄n, ..., t̄′1, t̄1) with |sl− rl| <
Cb. Hence the measure of A ≤ CMn,2n−1(x, r)bn ≤ C ′Mn,n(x, r)bn and we are done.

The following lemma gives us the doubling condition (CZ1) for the metric of this
paper.

Lemma 3.10: |B(x, 2r)| < C|B(x, r)|.

Proof: By Lemma 3.9, it suffices to show Mn,n(x, 2r) < CMn,n(x, r). Suppose ξ1,...,ξn
and (t1, t′1, ..., tn, t

′
n) ∈ [−2r, 2r](2n−1)k are such that Jacξ1,..,ξn

β2n(x, t1, t′1, .., tn, t
′
n) =

Mn,n(x, 2r). Applying Lemma 3.2 a), for some δ > 0 we have Jacξ1,...,ξn
β2n(x, t1, t′1, ..., t

′
n)

> δMn,n(x, 2r) for some (t1, t′1, ..., t
′
n) ∈ [−r, r]2nk. Hence Mn,n(x, r) > δMn,n(x, 2r), and

we are done.

Lemma 3.11: The metric defined by the balls B2n(x, r) (as defined in (2.2)) is equivalent
to that induced by B(x, r), and satisfies (CZ1)− (CZ4). Thus one may apply the method
of the Calderon-Zygmund theorem to proving Lp boundedness of singular integrals with
respect to either metric.

Proof: The inclusion B2n(x, r) ⊂ B(x, r) follows directly from the definitions, and the
inclusion B(x, r) ⊂ B(x,Cr) for some large C follows from the first statement in Lemma
3.8a). The equivalence of the two metrics thus holds.

(CZ3) holds for the metric induced by B(x, r) by definition, and (CZ1) holds by
Lemma 3.10. Thus by the equivalence of the two metrics, (CZ1) and (CZ3) hold for the
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metric induced by B2n(x, r) as well. By the fact that the balls B2n(x, r) are open (Cor. to
Lemma 3.6) and the compactness of D1, the first statement of (CZ2) holds. The second
statement of (CZ2) holds since by definition, B2n(x, r) is a subset of the Euclidean ball
centered at x of radius Cr for some C > 0.

It thus remains to verify (CZ4). Thus let U be an open set, r > 0, and xp → x (in
the Euclidean topology). Because the sets B2n(x, r) are open in the Euclidean topology,
for each δ > 0 there is a Pδ such that B2n(x, r−δ) ⊂ B2n(xp, r) ⊂ B2n(x, r+δ) for p ≥ Pδ.
Hence for each δ > 0

lim sup
p→∞

|B2n(xp, r)∩U | ≤ |B2n(x, r+ δ)∩U |, lim inf
p→∞

|B2n(xp, r)∩U | ≥ |B2n(x, r− δ)∩U |

Taking limits as δ → 0, we see that

lim inf
p→∞

|B2n(xp, r) ∩ U | ≥ |B2n(x, r) ∩ U |, lim sup
p→∞

|B2n(xp, r) ∩ U | ≤ |B̄2n(x, r) ∩ U |

Here B̄2n(x, r) denotes the closed ball centered at x of radius r. Thus we will have shown
(CZ4) if we can show that B̄2n(x, r) − B2n(x, r) has Lebesgue measure zero. Denote
B̄2n(x, r)−B2n(x, r) by C(x, r).

Now let ξ1,...,ξn be directions, each ξi being one of the k ti directions, and ∂z be a
directional derivative, such that for some α, ∂α

z Jacξ1,...,ξnβ
4n(x, t1, t′1, t2, t

′
2, ..., t2n, t

′
2n) 6=

0 for all (t1, t′1, ..., t2n, t
′
2n) ∈ D2; we may do this by the curvature condition, shrink-

ing D1 and D2 if necessary. Then in the (t1, t′1, ..., t2n, t2n′) variables the zero set of
Jacξ1,...,ξn

β4n(x, t1, t′1, t2, t
′
2, ..., t2n, t

′
2n) has measure zero since its intersection with any

line segment in the z-direction is a set of cardinality at most α. If we denote the image of
this zero set under the map (t1, t′1, ..., t2n, t

′
2n) → β4n(x, t1, t′1, t2, t

′
2, ..., t2n, t

′
2n) by E(x, r),

then since β4n has uniformly bounded first derivatives we must also have that |E(x, r)| = 0.
In particular |E(x, r) ∩ C(x, r)| = 0.

It remains to show |E(x, r)c∩C(x, r)| = 0. Let y be any point in E(x, r)c∩C(x, r).
Write y = β4n(x, u1, u

′
1, ..., u2n, u

′
2n), where Jacξ1,...,ξnβ

4n(x, u1, u
′
1, u2, u

′
2, ..., u2n, u

′
2n) 6= 0

and
∑

i |ui| + |u′i| = r (by compactness equality is achieved). Then by Lemma 3.6d),
there is a δ > 0 such that on |si| < δ, (s1, ...sn) → β4n(x, (u1, u

′
1, ..., u2n, u

′
2n) +

∑
i siξi)

smoothly traces out, in a one-to-one fashion, a diffeomorph to an open parallelopiped.
However, when each si < 0, the point β4n(x, (u1, u

′
1, ..., u2n, u

′
2n) +

∑
i siξi) is of the form

β4n(x, v1, v′1, ..., v2n, v
′
2n) for

∑
i |vi|+|v′i| < r. Thus the Lebesgue density of the set C(x, r)

is less than 1 at the point y. Since this holds for each y in E(x, r)c ∩ C(x, r), we must
have that |E(x, r)c ∩ C(x, r)| = 0. We conclude that |C(x, r)| = 0 and (CZ4) follows,
completing the proof of the lemma.

4: L2 estimates on individual Ti,j’s.

The main result of this section is the following theorem.
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Theorem 4.1: ||Ti,j ||2,2 ≤ C2−δi

Proof: Write Ti,jf(x) =∫
[f(β2n−1(x, t1, 2−i−jt′1, ..., 2

−i−jt′n−1, 2
−i−jtn))−

f(β2n−1(x, t1, 2−i−j+1t′1, ..., 2
−i−j+1tn))]Kj(x, t1)

n∏
m=2

φ(tm)
n−1∏
m=1

φ(t′m)
n∏

m=1

dtm

n−1∏
m=1

dt′m

(4.1)

For fixed u = (u′1, u2, u
′
2, ..., un) with |ul|, |u′l| < 1 for each l, we consider the

operator Tu
i,j where Tu

i,jf(x) =∫
[f(β2n−1(x, t1, 2−i−ju′1, ..., 2

−i−ju′n−1, 2
−i−jun))−

f(β2n−1(x, t1, 2−i−j+1u′1, ..., 2
−i−j+1u′n−1, 2

−i−j+1un))]Kj(x, t1)dt1 (4.2)

We will show the operator Tu
i,j satisfies ||Tu

i,j ||2,2 ≤ C2−δi for each u, thereby proving
Theorem 4.1. In doing so we will make frequent use of the following case of Schur’s test,
whose simple proof is included for convenience.

Lemma 4.2: Suppose T (f)(x) =
∫
k(x, y)f(y)dy and

∫
|k(x, y)|dx < C1,

∫
|k(x, y)|dy

< C2. Then ||T ||2,2 < (C1C2)1/2.

Proof: For any functions f and g, |〈Tf, g〉| =

|
∫
k(x, y)f(y)g(x)dy dx| = |

∫
k(x, y)(C2/C1)1/4f(y)(C1/C2)1/4g(x)dy dx|

≤ 1
2
(C2/C1)1/2

∫
|f(y)|2|k(x, y)|dydx+

1
2
(C1/C2)1/2

∫
|g(x)|2|k(x, y)|dydx

≤ 1
2
(C1C2)1/2(

∫
|f(y)|2dy +

∫
|g(x)|2dx)

Taking the supremum over all f and g with L2 norm 1 gives us the lemma.

Our first application of Lemma 4.2 is the following fact, which incidentally proves
Theorem 4.1 in the case i = 0.

Lemma 4.3: For each u, ||Tu
i,j || < C.

Proof: Define δN (y) = cNnφ(Ny), where c = (
∫
φ(y)dy)−1. Hence the δN are approxi-

mations to the Dirac measure at the origin. If i > 0, let UN
i,j be the operator with kernel

L(x, y) = ∫
[δN (y − β2n−1(x, t1, 2−i−ju′1, ..., 2

−i−ju′n−1, 2
−i−jun))−
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δN (y − β2n−1(x, t1, 2−i−j+1u′1, ..., 2
−i−j+1u′n−1, 2

−i−j+1un))]Kj(x, t1)dt1 (4.3a)

If i = 0, let L(x, y) =∫
δN (y − β2n−1(x, t1, 2−ju′1, ..., 2

−ju′n−1, 2
−jun))Kj(x, t1)dt1 (4.3b)

Then
∫
|L(x, y)|dy ≤ 2

∫
|Kj(x, t1)|dt1 < C, and since as functions of x, β2n−1(x,

t1, 2−i−j+1u′1, ..., 2
−i−j+1u′n−1, 2

−i−j+1un), β2n−1(x, t1, 2−i−ju′1, ..., 2
−i−ju′n−1, 2

−i−jun)
have Jacobian determinants near 1, we similarly have

∫
|L(x, y)|dx < 3

∫
|Kj(x, t1)|dt1

< C ′′. Thus by Lemma 4.2, ||UN
i,j ||2,2 < C for all i, j. As N → ∞, UN

i,j → Tu
i,j , and

therefore we are done with the proof.

To prove Theorem 4.1, we will show that for each u, each i > 0, ||(Tu
i,j(T

u
i,j)

∗)n||2,2

≤ C2−δi. Write L(x, y) = L1(x, y)− L0(x, y), where for l = 0 or 1 we define

Ll(x, y) = δN (y − β2n−1(x, t1, 2−i−j−l+1u′1, ..., 2
−i−j−l+1u′n−1, 2

−i−j−l+1un))Kj(x, t1)

Thus if we let γl(x, t1) = β2n−1(x, t1, 2−i−j−l+1u′1, ..., 2
−i−j−l+1u′n−1, 2

−i−j−l+1un), the
kernel of the operator (Tu

i,j(T
u
i,j)

∗)n can be expressed as Mn(x1, yp+1) =

−
∑

lm,l′m=0,1

(−1)
∑n

m=1
lm+

∑n

m=1
l′m

∫ n∏
m=1

[δ(ym − γlm(xm, tm))Kj(xm, tm)

δ(ym − γl′m(xm+1, t
′
m))Kj(xm+1, t

′
m)]

n∏
m=1

dtm

n∏
m=1

dt′m

n∏
m=2

dxm

n∏
m=1

dym

By Lemma 4.2, in order to prove Theorem 4.1, it suffices to prove the following lemma:

Lemma 4.4: For a fixed l1,...,ln, l′1,...,l
′
n−1 define M(x1, xn+1) =

∫ n∏
m=1

δ(ym − γlm(xm, tm))Kj(xm, tm)
n−1∏
m=1

δ(ym − γl′m(xm+1, t
′
m))Kj(xm+1, t

′
m)

[δ(yn − γ0(xn+1, t
′
n))− δ(yn − γ1(xn+1, t

′
n))]Kj(xn+1, t

′
n)

n∏
m=1

dtm

n∏
m=1

dt′m

n∏
m=2

dxm

n∏
m=1

dym (4.4)

Then
∫
|M(x1, xn+1)|dx1 < C,

∫
|M(x1, xn+1)|dxn+1 < C2−δi for some δ > 0.

(Note: the reader might be uncomfortable with integrating functions defined via delta
functions as we’ve done here. However, all the arguments in the proof of this lemma [as
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well as the corresponding arguments in the proof of Lemma 5.2] can be made precise in a
straightforward manner by using approximations to the delta function as in the proof of
Lemma 4.3; at any rate M(x1, xn+1) is in fact integrable in x1 and xn+1.)

Proof: We assume x1 is fixed throughout this proof. Also note that by Lemma 4.3 we
only need to prove this lemma for i > i0, where i0 depends on the fixed parameters of this
paper.

By Lemma 3.6c), there is a δ > 0 and directions ξ1,...,ξn in the t1,...,tn vari-
ables respectively such that Jacξ1,...,ξn

β2n(x1, t̂1, t̂′1, ..., t̂n, t̂
′
n) > δMn,n(x1, 2−j) for some

|t̂1|, |t̂′1| < 2−j . Notice that by Lemma 3.2b) and Lemma 3.6b) we may find a δ1 > 0
such that if |tm − ¯tm|, |t′m − ¯tm

′| ≤ 2δ12
−i
8n−j for each m, then for any 1 ≤ l ≤ n,

|Jacξ1,...,ξl
β2n(x1, t1, t

′
1, ..., tn, t

′
n)−Jacξ1,...,ξl

β2n(x1, t̄1, t̄′1 ,...,t̄n, t̄′n)| ≤ 1
22

−i
8nMl,l(x1, 2−j).

Thus for a fixed x we may find a partition of unity {φα} of the 2nk-dimensional t-t′ space
such that each φα is supported on a ball of radius δ12

−i
8 −j , at most C of the φα are

nonzero at each point, |∂tm
φ| ,|∂t′mφ| < C2

i
8+j for each m, and on the support of each

φα either Jacξ1,...,ξl
β2n(x1, t1, t

′
1, ..., tn, t

′
n) ≤ 2 × 2

−i
8nMl,l(x1, 2−j) for some 1 ≤ l ≤ n, or

Jacξ1,...,ξl
β2n(x1, t1, t

′
1, ..., tn, t

′
n) ≥ 2

−i
8nMl,l(x1, 2−j) for all 1 ≤ l ≤ n. Say φα is of type I

or II depending on whether 1) or 2) respectively holds. If both hold, for the purpose of
our arguments the φα can be assigned to either type.

We now iteratively define β̄1, ..., ¯β2n by

β̄1(x, t) = γl1(x, t)
β̄2(x, t1, t′1) = the solution y to γl1(x, t1) = γl′1

(y, t′1)

β̄2m+1(x, t1, t′1, ..., tm, t
′
m, tm+1) = γlm+1(β̄

2m(t1, t′1, ..., tm, t
′
m), tm+1) etc

with β̄2n defined by letting the final l′n be a 0. Define β̂m the same way as β̄m, except let the
final l′n be 1. By Lemma 3.6b), we have that Mn,n(x1, 2−j) ∼ Mn,4n2−2n(x1, 2−j). So by
Lemma 3.2b, considering the definitions of γ0 and γ1, we have that Jacξ1,...,ξl

β̄2n(x1, t1, t
′
1, .

.., tn, t
′
n) , Jacξ1,...,ξl

β̂2n(x1, t1, t
′
1, ..., tn, t

′
n) ≥ 1

22
−i
8nMn,n(x1, 2−j) on the support of a φα

of type II if i is large enough.

Notice by Lemma 3.2a) that the total measure of the support of the φα of type I is
at most C2−δi−2njk for some δ > 0. As a result if we write 1 =

∑
α type I φα +

∑
α type II φα

and correspondingly write M(x1, xn+1) = M1(x1, xn+1) + M2(x1, xn+1), then by taking
absolute values inside the integral and integrating with respect to xn+1, yn, xn,...,y1, we get∫
|M1(x1, xn+1)|dxn+1 < C22njk× measure of the total support of φα’s of type I < 2−δi.

Therefore to prove Lemma 4.4 we need to show
∫
|M2(x1, xn+1)|dxn+1 < C2−δi. To do

this, if Mα denotes a term of M2 corresponding to α, we will show there is some δ > 0
such that ∫

|Mα(x1, xn+1)|dxn+1 < C2
−nki

4 −δi (4.5)
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Our first step in proving (4.5) is the observation that the integrand in (4.4) is nonzero iff
γl1(x1, t1) = γl′1

(x2, t
′
1) i.e. if β̄2(x1, t1, t

′
1) = x2. Analogously, xm+1 = β̄2m(x1, t1, t

′
1, .., tm

, t′m) (= β̂2m(x1, t1, t
′
1, .., tm, t

′
m)) form < n, and xn+1 = β̄2n(x1, t1, t

′
1, ..., tn, t

′
n) or β̂2n(x1,

t1, t
′
1, ..., tn, t

′
n).

We now pick some (t̄1, t̄′1, ..., t̄n, t̄′n) in the support of φα and in each Kj(xm, tm)
andKj(xm+1, t

′
m) appearing in the integral definingMα we ”freeze” xm at x̄m = β̄2m(x1, t̄1

, t̄′1, ..., t̄n, t̄
′
n), tm at ¯tm, and t′m at ¯t′m. Precisely, let M ′

α(x1, xn+1) denote the kernel
obtained by replacing eachKj(xm, tm) byKj(x̄m, ¯tm) and eachKj(xm+1, t

′
m) byKj( ¯xm+1,

¯t′m). Due to the facts that |tm− ¯tm|, |t′m− ¯t′m| < δ12−
i
8−j and |Z̄x1,2−j (xm)−Z̄x1,2−j (x̄m)| ≤

δ12
−i
8 −j , the first derivative estimates (K1) and (K2) or (K2′) tell us that

|K(xm, tm)−K(x̄m, t̄m)|, |K(xm+1, t
′
m)−K(x̄m+1, t̄

′
m)| < C2

−i
8 −j

As a result,
∫
|Mα(x1, xn+1)−M ′

α(x1, xn+1)|dxn+1 <

C2−
i
8+2kjn

∫
φα(t1, t′1, ..., tn, t

′
n)

n∏
m=1

δ(ym − γlm(xm, tm))
n−1∏
m=1

δ(ym − γl′m(xm+1, t
′
m))

[δ(yn − γ0(xn, tn)) + δ(yn − γ1(xn+1, t
′
n))]

n∏
m=1

dtm

n∏
m=1

dt′m

n∏
m=2

dxm

n∏
m=1

dym

This is seen to be at most C2
−i
8 −

nki
4 −2nkj after an integration in xn+1, yn, xn,...,y1, then

the t and t′ variables.

So to prove Lemma 4.4 we need to prove
∫
|Mα(x1, xn+1)|dxn+1 < C2

−nki
4 −δi.

However since the K(x̄m, t̄m) and K( ¯xm+1, t̄
′
m) showing up are now constant, we need only

to show that
∫
|Nα(x1, xn+1)|dxn+1 < 2−2nkj−nki

4 −δi, where Nα(x1, xn+1) =∫
φα(t1, t′1, ..., tn, t

′
n)

n∏
m=1

δ(ym − γlm(xm, tm))
n−1∏
m=1

δ(ym − γl′m(xm+1, t
′
m))

[δ(yn − γ0(xn+1, t
′
n))− δ(yn − γ1(xn+1, t

′
n))]

n∏
m=1

dtm

n∏
m=1

dt′m

n∏
m=2

dxm

n∏
m=1

dym

Let ξn+1,...,ξ2nk be unit vectors such that ξ1,...,ξ2nk are an orthonormal basis for R2nk.
Viewing a point (t1, t′1, ..., tn, t

′
n) as a point in R2nk, we use the notation (t1, t′1, ..., tn, t

′
n) =

(ζ1, ..., ζ2nk), where ζm is the projection of (t1, t′1, ..., tn, t
′
n) in the ξm direction. Recalling

that ξm is a tm direction for 1 ≤ m ≤ n, we may fix the variables other than ζ1,...,ζn and
write γlm(xm, tm) = γlm(xm, ζm), γl′m

(xm+1, t
′
m) = γl′m(xm+1, ·m), etc. Furthermore, we

use the notation φ̄α(ζ1, ..., ζn) to denote φα(t1, t′1, ..., tn, t
′
n).

To prove Lemma 4.4, and thus Theorem 4.1, it suffices to prove that if Oα(x1, xn+1)
denotes ∫

φ̄α(ζ1, ..., ζn)
n∏

m=1

δ(ym − γlm(xm, ζm))
n−1∏
m=1

δ(ym − γl′m(xm+1, ·m))
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[δ(yn − γ0(xn+1, ·n)− δ(yn − γ1(xn+1, ·n))]
n∏

m=1

dζm

n∏
m=2

dxm

n∏
m=1

dym

Then we have
∫
|Oα(x1, xn+1)|dxn+1 < C2−jn− in

8 −δi for any fixed ζn+1,...,ζ2nk.

Note that the [δ(yn−γ0(xn+1, ·n)−δ(yn−γ1(xn+1, ·n))] factor splits Oα(x1, xn+1)
= O1

α(x1, xn+1)− O2
α(x1, xn+1). We describe O1

α and O2
α as functions of xn+1 as follows.

For any function f(xn+1), by doing the xn+1, yn, xn,...,y1 integrals, it is the case that∫
O1

α(x1, xn+1)f(xn+1)dxn+1 =∫
f(B̄n(x1, ζ1, ..., ζn))ψ(ζ1, ..., ζn, 2−i−ju)φ̄α(ζ1, ..., ζn)

n∏
m=1

dζm

Here B̄n(x1, ζ1, ..., ζn) denotes β̄2n(x1, ζ1, ·1, ζ2, ..., ·n), ψ is a smooth function, and u is the
(u′1, u2, ..., un) from (4.2). In a similar vein, we may write∫

O2
α(x1, xn+1)f(xn+1)dxn+1 =∫

f(B̂n(x1, ζ1, ..., ζn))ψ(ζ1, ..., ζn, 2−i−j−1u)φ̄α(ζ1, ..., ζn)
n∏

m=1

dζm

Recalling the definitions of γ0 and γ1, since φα is of type II, Lemma 3.6d) tells us that
B̄n(x1, ζ1, ..., ζn) and B̂n(x1, ζ1, ..., ζn) are one-to-one on the support of φ̄. Thus we may
write a solution (ζ1, ..., ζn) to B̄n(x1, ζ1, ..., ζn) = y as C0(x1, y), and a solution (ζ1, ..., ζn)
to B̂n(x1, ζ1, ..., ζn) = y as C1(x1, y).

Thus
∫

(O1
α(x1, xn+1)−O2

α(x1, xn+1))f(xn+1)dxn+1 =∫
ψ(C0(x1, xn+1), 2−i−j−1u)φ̄α(C0(x1, xn+1))

Jacξ1,...,ξn
B̄n(x1, C0(x1, xn+1))

− ψ(C1(x1, xn+1), 2−i−ju)φ̄α(C1(x1, xn+1)
Jacξ1,...,ξn

B̄n(x1, C1(x1, xn+1))

×f(xn+1)dxn+1 (4.6)

We conclude that Oα(x1, xn+1) is expression of the top line of (4.6).

Unraveling definitions, we see that Cl(x1, xn+1) = the components in the ξ1,...,ξn
directions of a vector vl = (τ1, τ ′1, ... , τ ′2n2−2n, τ2n2−2n+1, 2−i−j+1−lun, 2−i−j+1−lu′n−1, ...
, 2−i−j+1−lu′1, tn) satisfying β4n2−2n(x1, vl) = xn+1. For 0 ≤ s ≤ 1, (t1, t′1, ..., tn, t

′
n) ∈

supp(φα) we define Cs(x1, xn+1) = the components in the ξ1,...,ξn directions of the vs =
(τ1 , τ ′1, ..., τ

′
2n2−2n, τ2n2−2n+1, 2−i−j+1−sun, 2−i−j+1−su′n−1, ...2

−i−j+1−su′1, tn) satisfying
β4n2−2n(x1, vs) = xn+1 (assuming it exists; if it does exist it is unique by considerations like
those of the previous paragraph.) By applying Lemma 3.7 to the case where x = x′ = x1

and (t̄1, t̄′1, ...t̄n, t̄′n) = (ṫ1, ṫ′1, ..., ˙tn, ˙t′n) = vs, we have |∂sCs(x1, xn+1)| < C2−i−j+ i
8n when-

ever the corresponding (t1, t′1, ..., tn, t
′
n) ∈ supp(φα). Consequently, by Lemma 3.2b) we

have
|∂sJacξ1,...,ξnB̄

n(x1, Cs(x1, xn+1))| < C2−i+ i
8nMn,4n2−2n(x1, 2−j)
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< C ′2−i+ i
8nMn,n(x1, 2−j)

We conclude that |Oα(x1, xn+1)| < C2
3i
8n−iMn,n(x1, 2−j)−1.

But Oα(x1, xn+1) is supported when C̄(x1, xn+1) or Ĉ(x1, xn+1) is in the sup-
port of φ̄α, in other words, when xn+1 = B̄n(x1, ζ1, ..., ζn) or B̂n(x1, ζ1, ..., ζn) for some
(ζ1, ..., ζn) ∈ supp(φ̄α). By Lemma 3.9, the set of all such xn+1 has measure < CMn,n(x1,

2−j)2−
in
8 −jn. Thus

∫
|Oα(x1, xn+1)|dxn+1 < C2

i
4n−i−jn, and we are done with the proof

of Lemma 4.4, and therefore of Theorem 4.1 as well.

5. Estimates on Ti,jT
∗
i,j

The main result of this section is the following theorem, which in conjunction with the
results of section 4 implies the case p = 2 of Theorems 2.1 and 2.2.

Theorem 5.1: There is δ > 0 such that if we are under the hypotheses of Theorem 2.1 and
δ|j1 − j2| > i ≥ 0, or we are under the hypotheses of Theorem 2.2 and δ|j1 − j2| > i > 0,
then ||Ti,j1T

∗
i,j2
||2,2, ||T ∗i,j1Ti,j2 ||2,2 < C2−δ|j1−j2|.

Proof: Define Ui,jf(x) =

∫
f(β2n−1(x1, t1, 2−i−jt′1, ..., 2

−i−jtn))Kj(x, t1)
n∏

m=2

φ(tm)
n−1∏
m=1

φ(t′m)
n∏

m=1

dtm

n−1∏
m=1

dt′m

Then if i > 0, Ti,jf(x) = Ui,jf(x) − Ui−1,jf(x), and T0,jf(x) = U0,jf(x). Note
that β2n−1(x1, t1, 2−i−jt′1, ..., 2

−i−jtn) = y iff β−(2n−1)(y, 2−i−jtn, ..., 2−i−jt′1, t1) = x1.
Here β−(2n−1) denotes the function analogous to β2n−1 when γ is replaced by γ−1. As a
result,

∫
Ui,jf(x)g(x)dx =∫
f(x)g(β−(2n−1)(x, 2−i−jtn, ..., 2−i−jt′1, t1))K

′
j(x, 2

−i−jtn, ..., 2−i−jt′1, t1)
n∏

m=2

φ(tm)
n−1∏
m=1

φ(t′m)
n∏

m=1

dtm

n−1∏
m=1

dt′m

Here we define K ′
j(x, 2

−i−jtn, ..., 2−i−jt′1, t1) = |det dxβ
−(2n−1)(x, 2−i−jtn, ..., 2−i−jt′1, t1)|

Kj(β−(2n−1) (x, 2−i−jtn, ..., 2−i−jt′1, t1), t1).

Thus Ui,j has kernel Li,j(x, y) =

2(i+j)(2n−2)k

∫
δ(y − β2n−1(x, t1, t′1, ..., tn))Kj(x, t1)

n∏
m=2

φ(2i+jtm)
n−1∏
m=1

φ(2i+jt′m)

n∏
m=1

dtm

n−1∏
m=1

dt′m
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And U∗i,j has kernel L′i,j(x, y) =

2(i+j)(2n−2)k

∫
δ(y − β−(2n−1)(x, tn, ..., t′1, t1))K

′
j(x, tn, ..., t

′
1, t1)

n∏
m=2

φ(2i+jtm)

n−1∏
m=1

φ(2i+jt′m)
n∏

m=1

dtm

n−1∏
m=1

dt′m

The following lemma will be crucial to proving both Theorem 5.1 and for proving the Lp

estimates of the next section.

Lemma 5.2: There is a constant C1 > 0 such that if 2−j1−1 < d(x1, x2) < 2−j1 and
j2 ≤ j1 − C1i− j, then∫
|Li,j2(x1, y)− Li,j2(x2, y)|dy < C2−δj ,

∫
|L′i,j2(x1, y)− L′i,j2(x2, y)|dy < C2−δj

Proof: We prove only the first statement here; the proof to the second is virtually identical.
By lemma 3.6, there is a δ > 0 such that we may let ξ1,...,ξn be directions satisfying
Jacξ1,...,ξl

β2n−1(x, t1, t′1, ..., tn) > δMl,l(x1, 2−j2) for all l ≤ n, some (t1, t′1, ..., tn) with
|tm|, |t′m| < 2−j2 .

Similar to in Section 4, we use a partition of unity to write the integral defining
Li,j2(x1, y) − Li,j2(x2, y) into pieces supported on cubes of radius δ12

−C1i−j

8 −j2 for an
appropriate δ1 (We will specify how large C1 must be later). Hence we write Li,j2(x1, y)−
Li,j2(x2, y) =∑

α

∫
[δ(y − β2n−1(x1, t1, t

′
1, ..., tn))Kj2(x1, t1)− δ(y − β2n−1(x2, t1, t

′
1, ..., tn))Kj2(x2, t1)]

2(i+j2)(2n−2)kφα(t1, t1, ..., tn)
n∏

m=2

φ(2i+j2tm)
n∏

m=1

φ(2i+j2t′m)
n∏

m=1

dtm

n−1∏
m=1

dt′m (5.1)

Like before, if δ1 were chosen appropriately small, we may divide the φα’s into 2 types.
On the first type we have |Jacξ1,...,ξl

β2n−1(x1, t1, t
′
1, ..., tn)| ≤ 2−

C1i−j

8n +1Ml,l(x1, 2−j2) for
some 1 ≤ l ≤ n, and on the second type we have |Jacξ1,...,ξl

β2n−1(x1, t1, t
′
1, ..., tn)| ≥

2
−C1i−j

8n Ml,l(x1, 2−j2) for all 1 ≤ l ≤ n.

The integral with respect to y of the the absolute value of the sum of the terms in
(5.1) corresponding to a φα of type I is at most the following, where A = {(t1, t′1, ..., tn) :
∃lJacξ1,...,ξl

β2n−1(x1, t1, t
′
1, ..., tn)| ≤ 2

−C1i−j

8n +1Ml,l(x1, 2−j2)}:∑
α

∫
A

[δ(y− β2n−1(x1, t1, t
′
1, ..., tn)|Kj2(x1, t1)|+ δ(y− β2n−1(x2, t1, t

′
1, ..., tn)|Kj2(x2, t1)|]

2(i+j2)(2n−2)k
n∏

m=2

φ(2i+j2tm)
n−1∏
m=1

φ(2i+j2t′m)
n∏

m=1

dtm

n−1∏
m=1

dt′mdy (5.2)
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Integrating this expression with respect to y first, then the t and t′ variables, gives (5.2)
is at most a constant times

2(i+j2)(2n−2)k 2j2k|{(t1, t′1, .., tn) ∈ [−2−j2 , 2−j2 ](2n−1)k : ∃l Jacξ1,..,ξl
β2n−1 (x1, t1, ..., tn)

≤ 2
−C1i−j

8n Ml,l(x1, 2−j2)}|

< C2−δ1(i+j)

By Lemma 3.2a), the measure of this set is bounded by 2−δ
C1i+j

8n −j2(2n−1)k for some δ > 0.
Thus if C1 is large enough, we get that (5.2) < 2

−δC1i

16n − δj
8n , better than the desired estimate.

We now consider a term of the sum (5.1) corresponding to a φα of type II. To prove
Lemma 5.2, we must show that this term, call it Mα(x1, x2, y), satisfies

∫
|Mα(x1, x2, y)|dy

< C2
−C1i−j

8 (2n−1)k+(2n−2)ik−δj for some δ > 0. During the course of the following argu-
ments, we will at times assume j > j0 for some j0 depending on the fixed parameters of
our setup; for j ≤ j0 the desired estimates follow from simple bounds.

Notice that since d(x1, x2) ≤ 2−j2−C1i−j , by Lemma 3.8 we can write x2 =
β4n−2(x1, t̄1, t̄′1, ..., t̄2n−1, t̄

′
2n−1) for |t̄l|, |t̄′l| < C2−j2−C1i−j . As a result, by (K2) or (K2′)

we have |Kj2(x2, t)−Kj2(x1, t)| < C2−C1i−j−kj2 . Furthermore, for a fixed (t̄1, t̄′1, ..., ¯t′n−1,

t̄n) ∈ supp(φα), by (K1) we have |Kj2(x1, t1) − Kj2(x1, t̄1)| < C2
−C1i−j

8 +kj2 for any t1
such that (t1, t′1, ..., t

′
n−1, tn) ∈ supp(φα). Thus in Mα(x1, x2, y) we may freeze Kj2(x1, t1)

and Kj2(x2, t1) at x2 = x1 and t1 = t̄1; the difference is bounded in absolute value by
M ′

α(x1, x2, y) =

2(2n−2)k(i+j2)−
C1i+j

8 +kj2

∫
supp(φα)

δ(y − β2n−1(x1, t1, t
′
1, ..., t

′
n−1, tn))+

δ(y − β2n−1(x2, t1, t
′
1, ..., t

′
n−1, tn))

n∏
m=1

dtm

n−1∏
m=1

dt′m

Therefore
∫
|M ′

α(x1, x2, y)|dy < C2(2n−2)ik−C1i+j

8 (2n−1)k, better than the estimate we need
if C1 is appropriately large. Note that Mα(x1, x2, y)−M ′

α(x1, x2, y) =

2(2n−2)(i+j2)kKj2(x1, t̄1)
∫

[δ(y − β2n−1(x1, t1, t
′
1, ..., t

′
n−1, tn))−

δ(y − β2n−1(x2, t1, t
′
1, ..., t

′
n−1, tn))]φα(t1, t′1, ..., tn, t

′
n)

n∏
m=1

dtm

n−1∏
m=1

dt′m

So our task is to prove that
∫
|Nα(x1, x2, y)|dy < C2(2n−1)k(−j2−

C1i+j

8 )−δj for some δ > 0,
where Nα(x1, x2, y) is the integral in the above expression.

To this end, like before we arrange the (t1, t′1, ..., t
′
n−1, tn) directions into orthogo-

nal directions ξ1, ..., ξn, ξn+1, ..., ξ(2n−1)k, and write (t1, t′1, ..., t
′
n−1, tn) as (ζ1, ..., ζ(2n−1)k),

where ζm denotes the component of (t1, t′1, ..., t
′
n−1, tn) in the ξm direction. To prove

36



our needed estimate, we will show that for fixed ζn+1, ..., ζ(2n−1)k,
∫
|Oα(x1, x2, y)|dy <

C2−n(
C1i+j

8 +j2)−δj for some δ > 0, where Oα(x1, x2, y) =∫
[δ(y −Bn(x1, ζ1, ..., ζn))− δ(y −Bn(x2, ζ1, ..., ζn))]φ̄α(ζ1, ..., ζn)

n∏
m=1

dζm

Here Bn(x, ζ1, ..., ζn) = β2n−1(x, t1, t′1, ..., t
′
n−1, tn), φ̄α(ζ1, ..., ζn) = φα(t1, ..., tn), viewing

the other ζm’s as fixed.

For any f(y),
∫
Oα(x1, x2, y)f(y)dy =∫

[f(Bn(x1, ζ1, ..., ζn))− f(Bn(x2, ζ1, ..., ζn))]φ̄α(ζ1, ..., ζn)
n∏

m=1

dζm

Observe that for some δ2 > 0, any (t1, t′1, ..., t
′
n−1 , tn) ∈ supp(φα) we have

Jacξ1,..,ξl
β6n−3(x1, 0, ..., 0, t1, t′1, ..., t

′
n−1, tn) = Jacξ1,..,ξl

β2n−1(x1, t1, t
′
1, ..., t

′
n−1, tn)

≥ 2
−C1i−j

8n Ml,l(x1, 2−j2)

≥ δ22
−C1i−j

8n Ml,6n−3(x1, 2−j2)

(The last inequality follows from Lemma 3.6b).) So by Lemma 3.2b), if 1 ≤ l ≤ n and
if for each p we have that|τp|, |τ ′p| < δ32

−C1i−j

8n −j2 for an appropriate δ3, we can conclude
that

Jacξ1...ξl
β6n−3(τ1, τ ′1...τ2n−1, τ

′
2n−1, t1, t

′
1...tn, t

′
n) ≥ δ2

2
2
−C1i−j

8n Ml,6n−3(x1, 2−j2)

In particular this holds for τl = t̄l, τ ′l = t̄′l, where x2 = β4n−2(x1, t̄1, t̄′1, ..., ¯t2n−1, ¯t′2n−1),
assuming j > j0 for an appropriate j0 depending on δ2 and δ3.

Therefore, by Lemma 3.6b), if δ1 is small enough, Bn(x1, ζ1, ..., ζn) and Bn(x2, ζ1,
..., ζn) are one-to-one for ζ1,...,ζn in the support of φ̄α. In particular for x = x1 or x2 we
may use the notation C(x, y) to denote the solution (ζ1, ...ζn) to Bn(x, ζ1, ..., ζn) = y, and
we may rewrite

∫
Oα(x1, x2, y)f(y)dy =∫

[
φ̄α(C(x1, y))

Jacξ1,...,ξnB
n(x1, C(x1, y))

− φ̄α(C(x2, y))
Jacξ1,...,ξnB

n(x1, C(x2, y))
]f(y)dy

Thus O(x1, x2, y) is the bracketed factor multiplying f(y) above. Notice that by applying
Lemma 3.7 to the situation where x = x′ = x1 and (t̄1, t̄′1, ..., ¯tm, ¯t′m) = (ṫ1, ṫ′1, ..., ˙tm, ˙t′m) =
(τ1, τ ′1, ..., τ2n−1, τ

′
2n−1, t1, t

′
1, ..., t

′
n−1, tn, 0) for some |τl|, |τ ′l | < δ32−j2−

C1i+j

8n and some
(t1, t′1, ... , tn, t

′
n) ∈ supp(φα), we get that for each l

|∇τl
(C(β4n−2(x1, τ1, τ

′
1, ..., τ2n−1, τ

′
2n−1), y))| < C2

C1i+j

8n
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|∇τl′ (C(β4n−2(x1, τ1, τ
′
1, ..., τ2n−1, τ

′
2n−1), y))| < C2

C1i+j

8n

Therefore by Lemma 3.2b), |∇τl
Jacξ1,...,ξn

Bn(x1, C(β4n−2(x1, τ1, τ
′
1 ,..., τ2n−1, τ

′
2n−1), y))|

and |∇τl′ Jacξ1,...,ξn
Bn(x1, C(β4n−2((x1, τ1, τ

′
1, ..., τ2n−1, τ

′
2n−1), y))| are both bounded by

C2j2+
C1i+j

8n Mn,2n−1(x, 2−j2), which is in turn at most C ′2j2+
C1i+j

8n Mn,n(x, 2−j2).

Since x2 = β4n−2(x1, t̄1, t̄′1, ..., t̄2n−1, t̄
′
2n−1) with each |t̄l|, |t̄l′| < C2−j2−C1i−j , if

j > j0 for an appropriate j0 we have |Oα(x1, x2, y)| < C2
−C1i−j

2 Mn,n(x1, 2−j2)−1. Because
Oα(x1, x2, y) 6= 0 only if y = β2n−1(x1, t1, t

′
1, ..., t

′
n−1, tn) or β2n−1(x2, t1, t

′
1, ..., t

′
n−1, tn) for

some (t1, t′1, ..., tn, t
′
n) ∈ supp(φα), by Lemma 3.9, Oα(x1, x2, y) 6= 0 on a set of measure at

most C2−j2n−C1i+j

8 nMn,n(x1, 2j2). Hence for some δ > 0,∫
|Oα(x1, x2, y)|dy < C2−j2n−C1i+j

8 n−C1i+j

2 < C2−j2n−C1i+j

8 n−δj

This is the estimate we seek, and we are done with the proof of Lemma 5.2.

Lemma 5.3: Under the hypotheses of Theorem 2.1,
∫
|Li,j(x, y)|dy,

∫
|L′i,j(x, y)|dy <

C2−δj for some δ > 0, and under the hypotheses of Theorem 2.2,
∫
|Li+1,j(x, y) −

Li,j(x, y)|dy,
∫
|L′i+1,j(x, y)− L′i,j(x, y)|dy < 2−δj for some δ > 0.

Proof: The first statement follows directly from the definition of Li,j(x, y) and L′i,j(x, y)
and the cancellation condition (K3). As for the second statement, the first inequality
follows from integrating with respect to y in the definition; the result is 0. We thus
direct our attention to the second inequality. By Lemma 3.8, if |t′1|,..,|tn| < 2−i−j ,
|K ′

j(x, tn, ..., t
′
1, t1) − Kj(γ−1(x, t1), t1)| is at most C2j(k−δ) for some δ > 0. As a result∫

|L′i+1,j(x, y)− L′i,j(x, y)|dy is bounded by the sum of 2 terms. The first is

2(i+j)(2n−2)k

∫
|δ(y − β−(2n−1)(x, tn, ..., t′1, t1))Kj(γ−1(x, t1), t1)

[2(2n−2)k
n∏

m=2

φ(2−i−1−jtm)
n−1∏
m=1

φ(2−i−1−jt′m)−
n∏

m=2

φ(2−i−jtm)
n−1∏
m=1

φ(2−i−jt′m)]dy

n∏
m=1

dtm

n−1∏
m=1

dt′m|dy

The second is

C2(i+j)(2n−2)k+j(k−δ)

∫
δ(y − β−(2n−1)(x, tn, ..., t′1, t1))φ(2−jt1)

[2(2n−2)k
n∏

m=2

φ(2−i−j−1tm)
n−1∏
m=1

φ(2−i−j−1t′m) +
n∏

m=2

φ(2−i−jtm)
n−1∏
m=1

φ(2−i−jt′m)]
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n∏
m=1

dtm

n−1∏
m=1

dt′mdy

The first term is 0; integrate with respect to the tm and t′m variables other than t1, then
t1. Integrating the second term with respect to y, then the t and t′ variables, the result is
bounded by C2−δj and we are done with the proof of Lemma 5.3.

We now can proceed to the proof of Theorem 5.1. First, we assume 0 < i < |j1−j2|
2C1

,
C1 as in Lemma 5.2. The proofs that ||Ti,j1T

∗
i,j2
||2,2, ||T ∗i,j1Ti,j2 ||2,2 < C2|j1−j2| are entirely

symmetric and we write out only the first here. Replacing Ti,j1T
∗
i,j2

by (Ti,j1T
∗
i,j2

)∗ =
Ti,j2T

∗
i,j1

if necessary, assume that j1 > j2. Ti,j1T
∗
i,j2

has kernel
∫

(Li,j1(x, z) −Li−1,j1(x, z))
(L′i,j2(z, y) − L′i−1,j2

(z, y))dz =
∫

(Li,j1(x, z) − Li−1,j1(x, z))L
′
i,j2

(z, y)dz −
∫

(Li,j1(x, z) −
Li−1,j1(x, z)) L

′
i−1,j2

(z, y)dz. These 2 terms are treated identically, so we only consider
the first, call it M(x, y). Then

∫
|M(x, y)|dy <∫

|
∫

(Li,j1(x, z)− Li−1,j1(x, z))L
′
i,j2(x, y)dz|dy+∫ ∫

|Li,j1(x, z)− Li−1,j1(x, z)||L′i,j2(x, y)− L′i,j2(z, y)|dzdy

By Lemma 5.3 the first term is bounded by C2−δj1 < C2−δ|j1−j2|. (The statement that∫
|L′i,j2(x, y)|dy < C follows easily from the definition.) By Lemma 5.2, the second term

is bounded by C2−δ|j1−j2| since i < |j1−j2|
2C1

and thus the j in that lemma is at least |j1−j2|
2 .

Hence
∫
|M(x, y)|dy < C2−δ|j1−j2|.

∫
|M(x, y)|dx < C follows from

∫
|L′i,j2(x, y)|dx < C,

and thus by Lemma 4.2 we have ||Ti,j1T
∗
i,j2
||2,2 < C ′2−

δ
2 |j1−j2|. We are thus done with

Theorem 5.1 for i > 0.

If i = 0 (and we are under the hypotheses of Theorem 2.1) the argument is
much the same. Again considering T0,j1T

∗
0,j2

and assuming j1 > j2, T0,j1T
∗
0,j2

has kernel
M(x, y) =

∫
L0,j1(x, z)L0,j2(z, y)dz, and therefore like before we have

∫
|M(x, y)|dy <∫

|L0,j1(x, z)||L0,j2(z, y)−L0,j2(x, y)|dydz+
∫
|
∫
L0,j1(x, z)L0,j2(x, y)dz|dy < C2δ|j1−j2|

like before. Again
∫
|M(x, y)|dx < C is easy, and via Lemma 4.2 we are done for the case

i = 0 as well; Theorem 5.1 is proved.

6. Lp estimates for p 6= 2

The main result for this section is the following.

Lemma 6.1: For i > 0, let Pi(x, y) and P ′i (x, y) be the kernels of Ti =
∑

j Ti,j and T ∗i =∑
j T

∗
i,j respectively, and let P0(x, y) and P ′0(x, y) be the kernels of T̃ and T̃ ∗ respectively.

Then for all i ≥ 0, if 2−j0−1 < d(x1, x2) ≤ 2−j0 , then we have the following.∫
d(y,x1)≥(2n−1)2−j0

|Pi(x1, y)− Pi(x2, y)|dy ≤ C(i+ 1)
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∫
d(y,x1)≥(2n−1)2−j0

|P ′i (x1, y)− P ′i (x2, y)|dy ≤ C(i+ 1)

Proof: Using the notation of section 5,
Pi(x, y) =

∑
j

(Li−1,j(x, y)− Li,j(x, y)), P ′i (x, y) =
∑

j

(L′i−1,j(x, y)− L′i,j(x, y)); i > 0

P0(x, y) =
∑

j

L0,j(x, y), P ′0(x, y) =
∑

j

L′0,j(x, y)

Since as functions of y, Li,j(x, y) and L′i,j(x, y) are supported in {y : d(y, x) < (2n−1)2−j},
to prove Lemma 6.1 it suffices to show that∑

j≥j0

∫
|Li,j(x1, y)− Li,j(x2, y)|dy ,

∑
j≥j0

∫
|L′i,j(x1, y)− L′i,j(x2, y)|dy < C(i+ 1) (6.1)

Notice that each term in these sums is bounded by C as a straightforward consequence
of the definitions. Furthermore, by Lemma 5.2, the j = C1i + j0 + j′ term in these sums
is bounded by C2−δj′ for some δ. By adding the minimum of these two estimates, (6.1)
holds and Lemma 6.1 is proved.

By the generalized Calderon-Zygmund theorem, (see [23] p. 19 for the precise
statement) Lemma 6.1 and the estimates of sections 4 and 5 imply that ||Ti||p,p ≤ C(i+1)
for each i. Therefore, by the discussion at the end of section 2, the proofs of Theorems 2.1
and 2.2 are now complete.

7. Future Directions

There are a number of directions in which the methods of this paper might be
extended. First, there is the question of maximal analogues to the the theorems of this
paper. The definitions of T̃ and Ti we used here were made for compatibility with argu-
ments concerning singular Radon transforms. In particular, although T̃ is well-suited to
singular integral methods, its operator kernel can have a rather complicated singular set.
It appears likely that by taking a smoother definition of T̃ one can use the usual square
function methods (e.g. [3]) to obtain the maximal analogues.

Another issue is finding a natural cancellation condition generalizing (K3). For
example it may be that if the hypotheses of the T (1) theorem are satisfied for the metric
of this paper, Theorem 2.1 still holds. Some work has been done in this direction; see for
example the thesis of Potinton [17].

Next, there is the possibility of relaxing the finite-type condition, the idea being
to find a less stringent condition such that for appropriate p the estimates ||Ti||p,p < C2−δi

may be replaced by ||Ti||p,p < ni for some sequence {ni} satisfying
∑
ni <∞. Much work

has been done on such “flat” singular Radon transforms, often in a translation-invariant
setting with a convexity condition on the submanifolds; see for example [22] [26].

Finally, there is the question of whether the methods of this paper may be used
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to study boundedness properties of other averaging operators related to those treated here.
For example, it would be interesting to see if the relation between the metric of this paper
and the Sobolev estimates one may obtain for Radon transforms with a smooth kernel
is analogous to the relation between the metric of Fefferman and Phong in [7] and the
Sobolev estimates they obtain for solutions to subelliptic problems; the author hopes to
consider such issues in later work. Much work has already been done on smooth Radon
transforms; we mention [9] [16] [20] [21] to give a small sampling.
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