MthT 430 Notes Chapter 4b Binary Expansions and Graphs

Construction of the Binary Expansion by Recursion
Let z, 0 <z < 1, be a real number.
We construct the binary expansion of x:

r = O'binb1b2 ey
by € {0, 1} .

This is the statement the infinite series
D127 0272 27 b € {0,1},

converges to x.

1 1 1 1
Step 1. Divide the interval {O, @) into the two halves {0, 2—1) and {ﬁ’ 2—0)

1
fo<z< 3T let
by =0,
{81 = O‘binbl’
r = — S1.

1 1
If§§x<2—0,let

by =1,
{ S1 = O'binbl’

rL =2 — S1.
1
Then0§r1<§.

It 1y = 0, for n > 1, define b, = 0 and Stop! = = s1 = 0.};,,01-

Suppose that Step 1. ... Step k. have been completed so that b; = 0 or 1 have been

defined so that
S — O‘binbl <. bk,
Ty =T — S,

1
0§7"k<2—k

1 1 1 1
Step (k+1). Divide the interval [0, 2—k) into the two halves [0, W) and {W’ Z_k)
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If()grk<2k%,let
bk:+1 =0,
{ Sk4+1 = O'binbl c. bk—i—l;
Tk+1 = T — Sk+1.

If2k—1+1§7‘/€<2ik,let
be+1 =1,
{ Sk+1 = Opyipb1 - - - bry1,
Tk+1 =T — Sk+1-

1

Then 0 S Tk+1 < W

If 741 =0, for n > k + 1, define b, = 0 and Stop! = = sg11 = 0.1;,01 - - - bry1-

Remark. Note that

lim s = lim (z —7r) = .
k—oo k—oo
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