Some Comments on Infinite Sets
David E. Radford 11/19/05 (slight corrections 11/21/05)

Suppose that A is an infinite set. Constructing a denumerable subset
{a1,as,as,...} of A, which is the same as showing that there is an injection
f : ZT™ — A, requires more than just mathematical induction. In these
notes we explore some consequences of basic definitions con cerning infinite
sets with the aid of mathematical induction only. We show that the set of
rational numbers, and more generally the set of real algebraic numbers, is
denumerable.

These notes supplement part of the discussion of infinite sets in the text.

1 Counting and Equipotent Sets

Counting the elements of a non-empty finite set A boils done to labelling the
elements by 1,2,3,...,n for some n > 1. This is tantamount to defining a
bijection f : {1,2,3,...,n} — A. Evidently finite sets A and B have the
same number of elements if and only if there is a bijection f: A — B.

Now suppose that A, B, and C' are any non-empty sets. Then A and B
are equipotent if there is a bijection f : A — B, in which case we write
A ~ B. Since the identity map I : A — A is bijective,

A~ A

Suppose that A ~ B. Then there is a bijection f : A — B. Since f! :
B — A is also a bijection, we have

A~B implies B~ A.

Suppose that A ~ B and B ~ C'. Then there are bijections f : A — B and
g : B — (. Since the composition gof : A — C' is a bijection, we have
shown

A~B and B~C implies A~ C.

In other words, equipotent defines an equivalent relation on any non-empty
collection of non-empty sets. See Chapter 22 of the text.



2 Finite Sets and Denumerable Sets

Let A be a set. Then A is finite if A = () or if there is a bijection f : N,, — A
for some n > 1, where
N, = {1,2,3,...,n}.

Sets which are not finite are called nfinite. An infinite set A is denumerable
if there is a bijection f : ZT — A, where

7t =1{1,2,3,...}.

A set which is either finite or denumerable is said to be countable. A funda-
mental example of an infinite set is Z™*.

Suppose that A is denumerable. Then there is a bijection f : Z+ — A
by definition. Set a,, = f(n) for all n > 1. Then

A ={ay,a9,as,...} and Ay = a, implies m = n. (1)
The first assertion follows since f is surjective and the second since f is

injective.
Here are a few examples of denumerable sets.

Example 1 The set of all positive integers Zi.
This follows since the identity map I : Z+ — Z™ is a bijection.
Example 2 The set of all non-negative integers Z=.

To see this we note that the function f : Zt — Z= defined by f(n) =
n — 1 is a bijection.

To continue, we observe that every integer n is either even or odd, and
not both. If n is even then n = 2m for one and only one integer m. Likewise,
if n is odd, then n = 2m + 1 for one and only one integer m. As 2m + 1 =
2(m + 1) — 1, every odd integer n can be written n = 2m — 1 for one and
only one integer m also.

Example 3 The set A of all positive even integers.

To see this we note that the map f : Z* — A defined by f(n) = 2n for
all n > 1 is a bijection.



Example 4 The set A of all positive odd integers.

To see this we note that the map f : ZT — A defined by f(n) =
2(n—1)+1=2n—1for all n > 1 is a bijection.

Example 5 The set of all integers Z.

To see this we note that the map f : ZT — Z defined by

m . n even, n = 2m,

f(n):{ —m : n odd,n=2m-+1

is a bijection.
The following proposition will enable us to describe less obvious examples
of denumerable sets rather easily.

Proposition 1 Let A be a denumerable set and let B be an infinite set.
Then B is denumerable if either

a) there is an injection f : B — A
or

b) there is a surjection f: A — B.

Proor: Write A = {ay,as,as,...} asin (1). We first show part a) implies
part b).

Suppose that f: A — B is a surjection. We will construct an injection
g: B — Z*. Since Z* is denumerable by Example 1, this will be enough
to show that part a) implies part b).

Since f is surjective, we can write B = {by, by, b3, ...}, where b, = f(a,)
for all n > 1. Since f is not necessarily injective, there may be duplications
in the list of elements of B.

We define a function g : B — Z% as follows. Let b € B. Then b = b, =
f(ay,) for some m > 1. Let S = {¢ € Z*|b = by}. Then S is a subset of
positive integers which is not empty since m € S. Therefore S has a (unique)
least element n. Set g(b) = n. Then b = b, = f(a,). In particular ¢g(b) =n
implies b = f(a,).

The function g is an injection. Suppose that b,0’ € B and g(b) = g(V').
Set n = g(b). Then n = g(I') also since g(b) = g(b'). Consequently b = f(a,)

3



and b = f(a,) which means b = . We have shown g is an injection.
Therefore part a) implies part b).

It remains to show part a). Suppose that f : B — A is an injection.
Then f*: B — Im f is a bijection. To show part a), we need only construct
a bijection ¢ : Im f — Z*. For then (f7) log™' : ZT — B is a bijection
and thus B is denumerable by definition.

Now Im f is infinite since B is and f7 is a bijection. Thus the existence
of a bijection ¢ : Im f — Z* will follow from:

If B C A is infinite, there is a bijection h : B — Z*. (2)

To construct h we do the following. We run through the list a1, as, as, . ..
of elements of A crossing out the items which are not in B. What remains
is a listing of the elements of B. For b = a,, € B let h(b) be the position of b
in this listing of the elements of B. Thus

h(b) =|{m e Z"|1 <m <n,a, € B}|.

Note that h is well-defined. Suppose that b = a, also, where n’ € Z™. Then
a, = a, and thus n =n’ by (1).

We first show that h is an injection. Suppose that b, b’ € B satisfy b # V.
Now b = a,, and b’ = a,, for some n,n’ € Z*. Since b # b’ necessarily n # n'.
Without loss of generality we may assume n < n’. Observe that

{meZ"11<m<n,a,€BtC{meZ"|1<m<n a, € B};

containment follows since n < n’ and inequality follows since n’ belongs to
the second set but not the first. Therefore

{meZ " [1<m<n,a, € B} <|{meZ"|1<m<n, a, € B},

or h(b) < h(b'). We have shown that b # b’ implies h(b) # h(b'). Therefore
h is an injection.

The last detail of the proof of part a), and thus of the proof of the
proposition, is to show that A is a surjection. This we do by induction;
we show that all n € Z are images.

First of all h(b) = 1 for some b € B. To show this we note that B is not
empty since B is infinite. Choose a b’ € B. Then V' = a,, for some n’ € Z*.
Let S={¢ € Z"|a, € B}. Then S is a subset of positive integers which is
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not empty since n’ € S. Thus S has a (unique) least element n. Let b = a,,.
Then
{meZ"|1<m<n,a, € B} ={n}

which implies h(b) = 1.

Suppose that n > 1 and h(b) = n for some b € B. We will show that
h(t/) =n+ 1 for some b’ € B.

We may write b = a,, for some n’ > 1. Thus

n="hb)=|{meZ" |1<m<n a, e B}

by definition. Consider the subset of positive integers S = {m € Z* |n’ <
m,a, € B}. Since B is infinite, S # (). Therefore S has a (unique) least
element n”. As a consequence if n’ < ¢ < n” then a; € B. As a,» € B we
now conclude that

meZt|1<m<n"a,eB}={meZ"|1<m<n a,c B}u{n"}.
Observe the union is disjoint. Let &’ = a,». Then
h) = {imeZ |1 <m<n" a, € B}
= {meZ"|1<m<n a, € BU{n"}
= {meZ"11<m<na, €B}+1
— hb)+1
= n+1

We have shown h(b') = n + 1. Thus by induction for all n > 1 there is a
b € B such that h(b) = n; that is h is surjective. O

3 Some Immediate Applications of the Propo-
sition
Examples 3 and 4 are explained by:

Corollary 1 Infinite subsets of denumerable sets are denumerable.

PrROOF: Let A be a denumerable set and suppose that B is an infinite
subset of A. The function f : B — A defined by f(b) = b for all b € B is
an injection. Therefore the corollary follows Proposition 1. O
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Corollary 2 Suppose that Ay, ..., A, are countable sets and at least one of
them is denumerable. Then AU---UA,, is denumerable.

PrROOF: We may assume the sets are not empty. Once the case of n = 2
is established, the corollary can be proved by induction on n. Suppose that
n = 2 and write A = A; and B = A,. Since BUA = AUB we may assume
that A is denumerable.

By (1) we can write A = {aj,a9,a3,...}. If B is denumerable then
we can write B = {by, by, b3, ...} as well. Suppose that B is finite. Then
B = {by,b3,b3,...,b,} for some n > 1. In this case define b,, = b, for all
m > n. Then B = {by, by, b3, ...}.

Define f : ZT — AUB by

f(n) = a, : noeven, n = 2m;
7 N S n odd, n =2m — 1.

The reader is left with the small exercise of showing that f is a surjection.
Since A is infinite and A C AUB, it follows that AUB is infinite. Since Z™
is denumerable, AUB is denumerable by Proposition 1. O

The proof of our next corollary is built around the infinite subset
Zt={2"3"|m,n € Z*}

of Z*. By Corollary 1 it follows that Z* is denumerable.

Suppose that 2m3" = 2’3" where m,n, m’,n’ € Z*. We will show that
m=m' and n =n/.

Without loss of generality we may assume m < m'. Therefore 3" =
2m'=m3n’  Now 3™ is an odd integer, and 2™ ~™3" is an even integer unless
2m'=m — 1 or equivalently m = m’. Therefore m = m’ which implies
3" = 3" or equivalently n = n'.

Corollary 3 Suppose that Ay, ..., A, are non-empty countable sets and at
least one of them is denumerable. Then A1 X --- XA, is denumerable.

PROOF: Once the case of n = 2 is established, the corollary can be proved
by induction on n. Suppose n = 2 and set A = A, B = Ay. By virtue of
the proof of the preceding corollary we may write A = {ay,as,as, ...} and



B = {b1,bs,bs,...}. Since one of A and B is denumerable, and the other is
non-empty, Ax B is infinite. Define f : Z% — Ax B by

f(273") = (am, bn)

for all m,n € Z+. Note that f is well-defined. For if 2m3" = 273"
where m,n,m’,n’ € Z*, we have shown that m = m’ and n = n’. Thus
(@, bn) = (@py,by). Since Z% is denumerable, Ax B is infinite, and f is a
surjection, Ax B is denumerable by Proposition 1. O

Corollary 4 The set Q of rational numbers is denumerable.

Proor: By Examples 5 and 1 the set of integers Z and the set of positive
integers Z* are denumerable. By Corollary 3 the Cartesian product ZxZ*
is denumerable. Now Q is infinite, since the infinite set ZT C Q, and the
function f : ZxZT — Q defined by f((m,n)) = m/n is a surjection.
Therefore Q is denumerable by Proposition 1. O

4 Unions and Intersections of Families of Sets,
Algebraic Numbers

Suppose that I is a non-empty set and {A,},c; is family of sets indexed by
the set I. Then the union and intersection of the family are defined by

UZQAZ:{@H@ELGGAJ

and
ﬂleIAz ={a|Veel,a€ A}.

When I = {1,2,...,n} these definitions agree with the inductive definitions
of AjU---UA, and AiN---NA,.

De Morgan’s Laws hold for indexed families of sets. Suppose that U is a
universal set and A, C U for all » € I. Then it is easy to see that

UZGIAz:{a€U|EIZ€IvaEAz}

and

ﬂlGIAZ:{aEUWZEI,aGAl}.
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Therefore

(UzelAl ={acU|not(Tel,ac A)} ={acU|Viel,not(acA)} =)

and

(ﬂzeIAl ={acU|not(VieI,ac A)}={acU|Tel,not(acA)}=J

from which we conclude

UZE[A ﬂ A¢ and ﬂ A,)° UZE[ o

Suppose that A is a non-empty countable set. We have seen that we may
write A = {ay,as,as,...}. When A is indexed by + we write

A= Az - {az,h A2, Ay3, - - } (3>

where a,,, = a, for all n > 1. The following proposition generalizes Corollary
2.

Proposition 2 Let {A,}.er be a family of countable sets indexed by a non-
empty countable set I and suppose that at least of the the A,’s is denumerable.
Then U,cr A, is denumerable.

PRrROOF: We may assume that A, # ) for all ¢ € I. For by assumption A, is
denumerable for some j € I. Therefore there is an a € A,. If A, = () replace
A; by Ay ={a}. This does not change the union.

Write A, as in (3) for all « € I. The map f : IXZT — U, A, defined
by f((z,n)) = a,n is a surjection. Now IxZ" is denumerable by Corollary
3. By assumption one of the A,’s, say A,, is denumerable. Since A, C
U,er A, it follows that (U, A, is infinite. Therefore J,c; A, is denumerable by
Proposition 1. O

We apply the preceding proposition to show that the set of real algebraic
numbers is denumerable. A real number r is said to be algebraic if for some
n > 1 there are rational numbers ag,aq,...,a,, not all of which are zero,
such that

ap +ayr + -+ a,r" = 0. (4)
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Let f = f(z) = ap+a1x+- - -+a,x" be the polynomial function with rational
coefficients suggested by (4). Then f(r) = 0. Thus the real algebraic num-
bers are simply the zeros of the non-zero polynomial functions with rational
coefficients. By the results of Calculus f(z) has at most n-zeros. Thus

Vi={zeR]|f(z) =0} is finite,

since f # 0, and all real algebraic numbers belong to such a V.

For the zero polynomial we set Vj = Q. Note that every rational number
a is a real algebraic number since a is a zero of the non-zero polynomial
function z — a with rational coefficients. Let P be the set of polynomial
functions with rational coefficients. Then the set of real algebraic numbers

is
UfePVf’

which the the union of countable sets, one of which (namely V;) if denumer-
able. Once we show that P is countable we can conclude that the preceding
union is denumerable by Proposition 2.

For n > 1 let

P ={f(x)| f(z) =ao+ a1z + -+ ay,z" for some ag,a,...,a, € Q}.

Then P = ;2 P,. Since each P, contains the linear functions x — a, where
a € Q, it follows that P, is infinite for all n > 1.
For all n > 1 note that the function

QxxQ — P,

given by
(ag, a1, ...,a,) — f(x) =ag+ axz+- -+ apz"

is a surjection. Since Q is denumerable by Corollary 4, the Cartesian product
is denumerable by Corollary 3. Thus P, is denumerable by Proposition 1.
Therefore P = U, P,, is denumerable by Proposition 2. We have shown
that P is countable.



