Math 215, Fall 05 Homework #4
Solution

09/21/05

1. (20 points total) The assertion may be reformulated: (a —1)(a —5) > 0
implies a < 1 or 5 < a.

a) Suppose that the hypothesis (a — 1)(a —5) > 0 is true and the conclusion
a<lorb<gisfalse. Then1 <a<5. Butthena—1>0and a—5<0.
Therefore (a — 1)(a — 5) < 0, a contradiction. We have shown that the
hypothesis implies the conclusion; the assertion is true. (5 points)

b) Suppose that the hypothesis (a — 1)(a — 5) > 0 and is true and a £ 1.
Then 1 < a. Therefore a — 1 is positive. Since (a —1)(a —5) > 0 either a —5
is zero or positive. In any case 5 < a.

We have shown a £ 1 implies 5 < a. Therefore a < 1 or 5 < a. (5
points)
¢) The contrapositive of the assertion is: 1 < a < 5 implies (a—1)(a—5) < 0.
As for a proof, assume that 1 < a < 5. Then a — 1 is positive and a — 5 is
negative. Therefore (a — 1)(a — 5) is negative. (5 points)

d) The converse of the assertion is: @ < 1 or 5 < a implies (a —1)(a—5) > 0.

Case 1: a < 1. Here a — 5 < a — 1 < 0. Therefore a — 5 is negative and
a — 1 is zero, in which case (a — 1)(a — 5) is zero, or a — 1 is also negative,
in which case (a — 1)(a — 5) is positive. In either case (a — 1)(a — 5) > 0.

Case 2: 5 < a. Here 0 < a—5 < a— 1. Therefore a — 1 is positive and
a — b5 is zero, in which case (a — 1)(a — 5) is zero, or a — 5 is also positive, in
which case (a — 1)(a — 5) is positive. In either case (a — 1)(a —5) > 0. (5
points)
2. (20 points total) For a = 5 we note that a*—6a+5 = 25—30+5=0 > 0.
Therefore the assertion is true when a = 5. (5 points) Suppose a > 5 and
the assertion is true. Then

(a+1)?—=6(a+1)+5 = (a®>+2a+1)— (6a+6)+5
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= (a* —6a+5)+ (2a —5)
= (a*>—6a+5)+2(a—5)+5
> 0+20+5

> 0.

Thus if the assertion holds for @ > 5 it holds for a+1. Therefore the assertion
holds for all @ > 5 by induction. (5 points for induction step set-up, 10
points for calculations)

1(1+1)(2+1)

3. (20 points total) Since 1> = 1 = the formula is true for

n = 1. (5 points) Suppose the formula is true for n > 1. Then

P4+ (n+1)? = P+ +0°)+(n+1)?

(n+1)2n+1)
6

+ (n+1)°

n )
nn+1)(2n+1) 6(n+1)?
6 * 6

(n+1)[n2n+1)+6(n+1)]
6

(n+1)(2n* 4+ Tn + 6)
6

(n+1)2n+3)(n+2)
6

m+1)2n+1)+1)((n+1)+1)
6

which is equal to the right hand side of the formula with n + 1 replacing n.
Thus if the formula is true for n it is true for n+ 1. By induction the formula

2



is true for all n > 1. (5 points for induction step set-up, 10 points for
calculations)

4. (20 points total) Here we verify two familiar exponent laws for non-
negative integers.

a) a™0 = g™ = a™1 = a™a’ since a° = 1 by convention. Thus the exponent

law holds for n = 0. (3 points) Suppose that n > 0 and the exponent law
holds. Then

am+(n+1) _ a(m+n)+1
= a™™a by definition of powers of a
= (a™ad")a induction hypothesis
= a™(a"a)
= ama". by definition of powers of a

Thus if the exponent law holds for n > 0 it holds for n+ 1. By induction the
exponent law holds for all n > 0. (2 points for induction step set-up, 5
points for calculations)

b) (a™) =1 = a® = @™ since 1° = 1 for all real numbers b. (3 points)
Suppose that n > 0 and the exponent law holds. Then

(a™™ = (a"™)"a™ by definition of powers of b = a™
= a™a™ induction hypothesis
= o™t by part a)
qm ).,

Thus if the exponent law holds for n > 0 it holds for n 4 1. By induction the
exponent law holds for all n > 0. (2 points for induction step set-up, 5
points for calculations)



