Remarks on §10.3 and §10.4

by David Radford, November 24, 2003

Throughout R is the set of real numbers and all functions f(z) are integrable.

1 Fourier series and orthogonality relations

Here we discuss some of the basic ideas presented in §10.3. We have tried to
simplify the mathematics.
Let 7> 0 and let f : [-T,7] — R be a function. Recall that

T
/ f(z)dz =0 if f is an odd function. (1)
-T
As a consequence
/T nm . mm dr — 0 @)
| C08 T wsin —wdr =

for all integers n, m. We will show that
T T
/_Tcos%xcosgxdx=/_Tsin%msin %mdmzﬂ (3)
for all distinct non-negative integers n, m and
T T nm nm
‘/7TCOS %xcos %xdx:[Tsin?xsinTxdx:T (4)
for all positive integers n.
To prove (3) and (4) we recall that
cos(a — b) = cos acosb + sin a sin b,
and
cos(a + b) = cosacosb — sin a sin b,

for all a,b € R. The second equation follows from the first since a + b =
a — (—b), cosine is an even function, and sine is an odd function. From these
two equation we derive

1
cosacosb = §(cos(a + b) + cos(a — b))



and .
sinasinb = E(cos(a —b) —cos(a + b))

In particular

c0s W rcos g = Lfeos PEMT  Am)T (5)
T T 2 T T
e 1( (n-m) (n+m)
. nm . mm n—m))m n+m)mw
Sin ?3}' Sin T./L' = 5 (COS Tﬂ') — COS TZ‘) (6)

for all integers n, m. Let k be any non-zero integer. Since

T km T (. km . km
/_T C08 & dx = = (sm ?T — sin ?(—T)> =0

and cos O%m =1 it is easy to see that (3) and (4) follow from (5) and (6).

To continue, we define a “dot product” for all integrable functions f, g :
[-T,T] — R by

T
<fig>= [ J@)g(a)da.
This is meant to be reminiscent of the dot product on R". Note that

T
<f,f>=/_Tf(:v)2d:v20.

Thus, as in the case of R", we can define length by

£l = /<, . f>= (/_if(x)wx)

Observe that ||f|]? = <f, f>.
Recall that two vectors in R" are orthogonal, or are at right angles to
one another, if their dot product is zero. The equation of (2) is equivalent to

1/2

< cos %x, sin %x> =0 (7)



for all integers n, m. Observe that (3) can be reformulated

ceos ™™ M esin ™ sin ™ oo — 0 (8)
COS =+, COS 1> = < 8in —, sin — x> =
T T T T

for all distinct non-negative integers m,n and (4) can be expressed as

| cos al [* = [|sin T = T (9)

T
for all positive integers n. The equations of (7) and (8) are orthogonality

. s . nm . .
relations. By (9) the functions cos ?x and sin ?:r, where n is a positive

integer, all have length v/7. When n = 0 observe that
0 T
||c0s—7r:v||2=||1||2=/ lde = 2T (10)
T -T

and 0 .
| sin —~z([2 = ||0]|2 :/ 0dz = 0.
T -T

The dot product we have just defined has the algebraic properties of the dot
product of R". We now want to apply the ideas developed above to Fourier
series. We want to motivate the Euler equations.

Suppose that the series

f(z) = % +3 (an cos n%x + by, sin n%x)

n=1

is meaningful, where the coefficients are real numbers. Let m be a positive
integer. Then, treating infinite sums as finite sums, we calculate

<f(zx),sin %$>

= <a0 sin x>+i(<a coS W:c smm > + <b,, sin me sin mwx>)
2 <\ T T T T

n=

a0<1 .omm >+§:( < nm .omT .4 bo<si nmw mm >)
= — sin —x a, < COS —x, Sin — sin —ux, sin —x
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b < Sin g, sin 7>
= in in —-
e
. mm
= bpl|sin ?.’EH?
= b,T.
The third equation follows by (1) since sin "7 ¢ is an odd function, the fourth

follows by the orthogonality relations (7) and (8), and the fifth follows by
(9). Our calculation results in

nm nm
br, ——<f( ) sm?x> T/ sm?xd:v
for all positive integers n. Thus we are led to define
by, T/ ) sin —:v dz (11)

for all positive integers n.
By virtue of the orthogonality relations and (9) the calculation above

holds when sin T7 is replaced by cos T T We obtain from it

1 1 /T
ap, = T<f(:c),cos n%x> = ?KTf(x) cos n%xdx

for positive integers n. Using the orthogonality relations and (10) the calcu-
lation above yields

1
ag = —<f( )s cos T/ Cos—xda:— T/ x)dz.

when sin m—x is replaced by cos ?x =1.
Thus we are led to define

ay, T/ ) cos —:v dzx (12)

or all non-negative integers n. The equations of (11) and (12) are referred to
as the Fuler equations.
Generally, if f : [-T,T] — R is integrable, we write

f(z) ~ % +nz::1 (an cos T;,—Wx + by, sin n%:v) ,

where the series on the right is referred to as the Fourier series of f(x), where
the coeflicients are defined by the Euler equations.
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2 Even-odd decomposition of certain func-
tions and the resulting Fourier decompo-
sitions

This section and the next deal with the basic ideas of §10.4.
Let T > 0 and suppose that f : [-7,7] — R is a function. We define
functions fe, f, : [-71,7] — R by

1

folw) = 5 (F(@) + £(=2))

and
fola) = 5 (F(a) — F(~))

for all =7 < x < T. Then f, is an even function, f, is an odd function, and

=T+ fo

which expresses f as the sum of an even function and an odd function.
This decomposition is unique. For suppose that f = f. + f,, where f., f, :
[-T,T] — R is even (respectively odd). From the equation f, + f, = f =
fe + f, we derive the equation f. — fo = f, — f,. The left hand side of the
last equation is an even function and the right hand side is an odd function.
Since the only function which is both even and odd is the zero function,
Je—fe=0=1,—f,, or fe =fe and f, = f,.

We now relate the Fourier series of f(z) to those of f.(z) and f,(z). First
of all recall by (1) that if g(z) : [-T,T] — R is an odd function then

/T g(xz)dx = 0.

-T

Suppose that

flz) ~ % -1-7; (ancos %aﬁ + by, sin 7;—7rac) .

Since f,(z) cos 7;,—7Tx and f.(z)sin %x are odd functions we have

1

T nm
a, = T/_Tf(x)cos?xdac
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1 /T nm 1 /T nm
= T[Tfe(x) cos Txda:—i— T[Tfo(x) cos Txdx

1 /T
= T/_Tfe(x) cos n%xdx + 0

for all non-negative integers n and

b, = T/ sm—xdx
1 /T 1 /T
= Tlee(x) sin n%:rdm#— ?[Tfo(x) sin n%xdx
1 /T .. nm
=0 + T/_T fo(z)sin T dx

for all positive integers n. Therefore

fe(z) ~ %o 4 Z Qy, COS " d (13)
2 T &~ T
and -
> by sin %x dz, (14)
n=1

1 (T nmw 1 /T nmw
a, = T/_Tf(ac) COS ?xdx T/_Tfe(ﬂU) Ccos ?ﬁdﬂﬁ

nmw 1 nmw

1 /T T .
b= | J@)sinrade = [ fo()sin e do

for all n > 1.

3 Extension to even or odd functions in cer-
tain cases and resulting Fourier series

Let T > 0 and suppose that f : [0,7] — R is an integrable function. There
is a natural way of extending f(z) to an even function F.(z) and an odd
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function F,(z), where F : [-T,T] — R is integrable. The Fourier sine
series of f(x) on [0,T] is the Fourier series of F,(z), where 0 < z < T, and
the Fourier cosine series of f(x) on [0,T] is the Fourier series of F(z), where
0<x<T.

Define F': [-T,T] — R by

0 : TI'<z<0
F(x):{zf(a:) . 0<z<T

The “2”7 in this definition will explain where “2” comes in the formulas of
§10.4.
We first note that

Fe(z) = f(z) = Fo(x)
for all 0 < x < T. To establish this suppose 0 < x < T'. Then

(F(z) + () = 5(2f(x) +0) = f(a).

(F(0) + F(-0)) = 5(2£(0)) = £(0).

(NN

We have shown F,(z) = f(z) for all 0 < x < T. Thus for such an = the
equation
2f(z) = F(z) = Fe() + Fo(x) = f(z) + Fo(x)

follows which implies F,(z) = f(z) also.
Let

F(z) ~ %—Fnzd(ancos%x—i-bnsin%x).

By (13) and (14) we have
F.(x) ~ 204 > apcos %x
n=1

and -
Fy,(z) ~ > bysin I .
n=1 T



By definition we have

G, T/ cos—xdx—T/ 2f(x cos?xdaz
SO o T
nm
an—T/O f(ac)cos7xdx
for n > 0, and

1 /T nm T . nm
b, = ?KTF(x) sin ?xdaj T/o 2f(z) sin ?xdaj,
SO

2 (T . nm
bn:T/O f(m)sm7:cda:

for n > 1.



