maTH 220 Hour Exam | SOLUTION Radford 10/16/03

d
1. (20 pts.)  Find the solution to % = (z + cos)(y + 2) which satisfies y(0) = 7.

d
Solution: Separating variables we have y2 = (z+cosz)dz. (7 points) Integrat-

2 22 22 L
ing both sides yields In(y + 2) = % + sinz + C and therefore y + 2 = e’z 5270 = Az Tsine
for some constant A (8 points). Now 9 = 7+ 2 = y(0) +2 = Ae’ = A so

z2 :
y=9ez ™" -2 (5 points)
2. (20 pts.)  Find the general solution

a) toy" +y + 3y = 0;

V11
Solution: The auxiliary equation is r2+r+3 = 0 which has roots r = —3 + 5
V11 V11
(4 points) Thus the general solution is y = ¢;e~(1/2* COS(TSE) + cpe~ (/22 sin(Tx)

(6 points)

b) to y" + 14y’ + 49y = 0.
Solution: The auxiliary equation is r*+14r+49 = (r+7)? = 0 which has one real
root r = —7. (3 points) Thus the general solution is y = cie™ " + cyze™ .
(7 points)

d
3. (20 pts.)  Consider the equation d—y = e’ — 3y.
T

7 1
a) Given that y(0) = g use Euler’s method to approzimate y(i) in one step (thus

1
h=-).
5)

7. 7 1 21

8 8 2716 16

Solution: (3) % y(0) +hf(0,5(0)) (8 points) = L +(1)(* ~3(1) =T+ -2
(4 points)

d
b) Find the general solution to d—y + 2y = €%,
T

Solution: p = eJ2de — o2 (6 points) Therefore

1 5 1 20+5 2z (1 7 e -2
yz—(/pezda:—i-C):—(/em “”dx—i—C’):e m(—ez—l—C’):——i-C’e .
7 2x 7 7

€

(7 points)



4. (20 pts.)  Consider the equation 3" — 5y’ =4z — 7 (x).

a)

Find a fundamental set of solutions to 3" — 53’ = 0.

Solution: The auxiliary equation is 72> — 57 = 0 which has roots » = 0,5. Thus
{e% 5%} = {1,€5?} is a fundamental set of solutions. (4 points)

Compute the Wronskian of your solutions of part a).
%4
Solution: W (1,€°") = ‘ (1) ge&” = (1)(5€°*) — (e°*)(0) = 5¢°*. (4 points)

Find a particular solution to (*).

Solution: y, = z(Ax + B) since B is a solution to the homogeneous equation
y" — 5y’ = 0. Since y, = 24z + B and y,, = 2A we have 24 — 5(24X + B) =
Yy, — 5y, = 4z — 7 which is equivalent to the linear system

2A—-5B = -7
—10A = 4
2 31 2 31
Therefore A = — B = % which means that y, = —5352 + %x is a particular

solution. (7 points)

Find the general solution to (*).

2 31
Solution: y = yp + yp = c11 + coe® + —5.12 + 55 (5 points)

5. (20 pts.) A brine solution is flowing into a tank containing 40 gallons of solution
at the rate of 8 gallons per minute and is flowing out of the tank at the same rate.
Suppose that the tank is well stirred and the solution flowing in contains 25% salt.
Given that the tank contained 22 gallons of salt initially, find:

a)

the amount of salt in the tank at time {;

Solution: Let x = z(t) be the amount of salt in the tank at time ¢. Then

d d
' _ rate in — rate out so . = (.25)8 — (4%)8 =2- % (5 points) Solving

dt
we have £ =10+ Ce />, (5 points) Since z(0) = 22 it follows that C' = 12
and thus z = 10 + 12¢7%/5. (5 points)

the amount of salt in the tank after ten minutes. (You may leave your answer
as a numerical expression.)

Solution: z(10) = 10+ 12e~2. (5 points)



