mat 220 Hour Exam II Solution Radfora 11/24/03

1. (20 pts.)  Find the general solution to the system of equations

' = 2x—9y

!

Yy = x4+ 2.

Solution: By the elimination method we have
(D?* —4D +13I)(z) = 0
(D?* —4D +13I)(y) = 0.
By the quadratic formula 72 — 4r + 13 = 0 has roots 7 = 2 & 31. Therefore
x = e*(cy cos 3t + cysin3t) (7 points)

and
y = e*(c3cos 2t + ¢4 sin 2t). (6 points)
Since

y' = (*)'(c3 cos 3t + ¢y sin 3t) + €*(c3 cos 3t + ¢4 sin 3t)" = 2y + €**(—2¢3 sin 3t + 2¢4 cos 3t)
the equation y' = = + 2y becomes

e (cy cos 3t + ¢y sin 2t) = e*'(—3c3 sin 2t + 3¢y cos 2t).

Therefore
1 . 1 .
c3 = —3C2 (3 points) and 1= 30 (4 points).

2. (25 pts.) Compute:  (a) L(5t"+dcos6t—2¢%)  (b) £ (L)

' ' ' 252 4+ 8s+ 18/
Solution:
(a) L(5t" + 4cos6t — 2e*") = 5L(t") + 4L (cos 6t) — 2L(e*)

7! 1
= 5? + 452 j_ i 23 — (4 points each of the three parts).

(b) Since

et () (5555 - 6) (s o)

1



the answer is

1
(5) ( _Qt) (COS V5t + 7 sin \/_t> (2,3,4,4 points for the respective parts).

3. (20 pts.)  Use the method of Laplace transforms to solve the initial value problem
y"' =9y + 14y = 0, y(0) =4, 4/(0) = 31.

Show all of your work, including the details of work to solve the partial fraction expansion.

Solution: From the second table appended to the test, or the formula derived in class, we
deduce

(s —9)4+31 4s — 5 :
Y(s) = = 8 ts).
(5) $2—9s4+14 (s—=2)(s=T7) (8 points)
By the method of partial fractions we have
4s — 5 A N B A(s—T7)+B(s—2)
(s—2)(s=7) s—2 s—7  (s=2)(s=T7)
From which the linear system
A+B = 4
—T7TA—-2B = -5,
or
A+B =
TA+2B = 5.

Multiplying the first by 2 and subtracting the resulting equation from the second we have
3 23
5A = —3, or equivalently A = ~: (4 points). Therefore B = 5 (3 points). Taking the

inverse Laplace transform we have

0 =2 ((5)(2)* (5) (=)
- g§>£1<812) ) ()

23
- ) e* + (E) e™ (5 points)

4. (15 pts.)  Find the Laplace transform Y'(s) = L(y)(s) of y = y(t), given that

y' + by = sin 3¢ and y(0) = 4.



Find an explicit expression for Y'(s) as the ratio of polynomials in s; do not solve for y(t).

Solution: From the second table appended to the test we derive

sY(s) —4+5Y(s) = (5,4 points for the left and right sides of the equation respectively).

s249
Therefore
3 +4
2 4s% + 39 s+5
Vis) = 52 +9 — 6 points).
(s) s+5 (s+5)(s2+9)’ o 1552+ 95+ 45 (6 points)

5. (20 pts.)  Consider the equation y” + 3y’ + zy = 0.

a) Suppose that y = >>°° , a,z" is a power series solution of the equation. Find as and
asz in terms of ag, a;.

Solution: Since y' = 35° o(n + 1)api12™, y" =32 o(n +2)(n + 1)an 22", we have

3y = 3(n+ 1)ayiz”

n=0
and
o0 o0 o0
Ty = Z apz"tt = Z Q1™ = Z p 12"
n=0 m=1 n=1
Thus
o0
Y+ 3y + 2y = (2a0 + 3a1) + D>_((n+ 2)(n + aps2 + 3(n + 1)api1 + ap_1)z"
n=1
which means
2@2 + 3@1 =0

and
(n+2)(n+1apte+3(n+1apt1 +ap_1 =0

for all n > 1. Therefore

3
a2 = —5 0 (5 points)

and 6as + 6as + ag = 0 from which we deduce

b) Determine the Taylor polynomial ps(z) approximating the solution at xy = 0 of the
initial value problem y” + 3y' + zy = 0, where y(0) = 1 and 3'(0) = —2.
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b) We will return to the original equation to compute py(z). Since

y® +3yM 42y = 0,

we have

y@(0) = =3(-2) - (0)(-2) = 6,

yO0) = -3(6)~1-O)(-2) = -19

y@(0) = -3(-19) —2(=2) — (0)(6) = 61.
Thus

9 19 4 61 4 ) ) '
pa(z) = (1 — 22+ 327) — (Fx )+ (ﬂx ) (4,4,2 points for the parenthesized parts respectively).



