MATH 330, MTHT 435 Final Examination Solution @ Radford 12/02/03

In most cases the answer is given with a very detailed justification.

1. (30 pts.) Let G = <a> be a cyclic group of order 66.

a)

How many subgroups does G have?

Solution: The correspondence H +— |H| describes a bijection between the set of
subgroups of G and the set of divisors of |G| = 66 = 2-3-11. Since there are 8 divisors

of 66; hence |G has 8 subgroups. (5 points)

For each subgroup of G list its size and one generator.

Solution: If d is a positive divisor of n = 66 then |<a’>| = n/d and therefore
|<a™?>| = d.

size | a generator

1 a® =e

2 (133

3 a®? (6 points).
6 all

11 | ab

22 | a?

33 | a?

66 |al=a

List all generators of the subgroup of G of order 6.

Solution: The integers 1 < k < 6 which are relatively prime to 6 are: 1,5. Thus the
generators of the subgroup of order 6 of G are

(@)t =a', (a)® =a®®. (5 points)

Find a divisor d of 66 such that <a %2> = <a?> and list the distinct elements of
<a 2>,

Solution: The greatest common divisor of —42 and 66 is 6. Therefore we may take
d =06 (2 points)|and thus

<a 2> = <a%> = {e,a% a'? a'®,a®*,a*®, 3%, a*?, a*®, 0%, a%}. (5 points).

Note: d = —6 works just as well.



e) Write down the lattice of all subgroups of G.

Solution: If d,d' are divisors of n = 66 then <a?> C <a? > if and only if d' divides

d.

<a%> (7 points).

2. (20 pts.) Consider the permutation f = (13249865 7)(47)(69) of Sy.

a) Write f as a product of disjoint cycles.

Solution: | f = (1324)(579)(6 8), or any rearrangement of these cycles. (5 points)

b) Write f as a product of transpositions.

Solution: Using our cyclic decomposition we have

f=04)(12)(13)(59)(57)(68) (5 points).

One can go back and replace the cycles in the definition of f and write

as well.

f=@07A5)(16)(18)(19)(14)(12)(13)(47)(69)

c) Is f even? You must justify your answer.

Solution: Since f is the product of an even number of 2-cycles it follows that

f is even. (5 points)

d) What is the order of f?

Solution: The order of f is the least common multiple of its disjoint cycle lengths

and is therefore

12.

(5 points)




3. (25 pts.) Let G = {(

a)

S O =
o = O
_— S Q

) la,b € R}.

Show that G is a subgroup of GL(3, R).

Solution: We first note that
10 a 1 0 d 1 0 a+d
01 b 01V =01 b+¥ (1)
0 01 0 0 1 0 0 1

for all a,a’,b,b’ € R. In particular

10 a)\ " 10 —a
01 b ={o1 —bp
00 1 00 1

for all a,b € R. Thus for

~/
o O =
o = O
— o

we have

10 a 10 o\ " 10 a—d
01 b 01 ¥ =101 b-0 | €G. (13 points)
00 1 00 1 00 1

1 00
Since ( 010 ) € G, here a = b = 0, it follows that |G is non-empty. (2 points)

0 01
Thus G is a subgroup of GL(3, R).

Show that RGR ~ (G, where R is regarded as a group under addition.

|

for all (a, b) € R®R. Then | f is onto by definition. (2 points)| Since two matrices
of the same dimensions are equal if and only if their corresponding components are

Solution: Define f : ROR — G by

10
f((a, b)) = (0 1
00

_ o R

equal, it follows that | f is one-one. (2 points)




Suppose that (a, b), (a', b') € R®R. Then f((a, b) + (a', V) = f((a +d, b+ 1))
is the right hand side of (1) and f((a, b)f((a', 0')) is the left hand side of the same.
Therefore | f((a, b) + (¢, V) = f((a, b)f((a’, ') (6 points) | which completes our
proof that f is an isomorphism.

4. (25 pts.) Let G, G’ be finite groups where G = <a> is cyclic of order n.

a)

For b € G', show that f : G — G’ given by f(a™) = b™ is a well-defined group
homomorphism if and only if |b| divides n.

Solution: Suppose that f described above is a homomorphism. Then

e= f(e) = f(a™) = f(a)® = b"™ implies that |b| divides n. (3 points)

Conversely, suppose that b € G’ and |b| divides n. Define f as above. Then f is
well-defined. For if a™ = a™ then n divides m — m’'. Since |b| divides n it follows

that [b| divides m — m’. | As a consequence b™ = b™. (3 points)

The fact that f is a homomorphism follows by the calculation

flaka™) = f(a**™) = PP+ = bo™ = f(a*) f(a™) (8 points)

for all integers &k, m.
Find all group homomorphisms f : Zyy — Z3s.

Solution: Here additive notation is used instead of multiplicative. We make take
a = 1. By parts a) and b) it is a matter of finding b € Z3, such that |b| divides 20.
Then f(1) = b determines a homomorphism f : Zyy —> Z3s.

By Lagrange’s Theorem |b| divides 32. (This is more basically a result about cyclic
groups.) Thus |b| divides 20,32 which means |b| = 1,2, or 4. Thus

b=0,16 or 8,24 and these all work. (11 points)

5. (25 pts.) Consider ring R = Z 5.

a)

List the nilpotent elements of R.

Solution: If a is a nilpotent element of R = Z, if and only if 2,3 divide a. Thus
a = 0,6 are the nilpotent elements of R. (6 points)




b) List the zero divisors of R. For each zero divisor a list a non-zero b € R such that

ab = 0.

Solution: Let a,b € R. Then ab = 0 holds if and only if 12 divides the integer product

ab. The list of zero divisors is |2, 3,4,6,8,10. (4 points)

a|b
26
3|4
g g (5 points)
813
914
106

c¢) List the units of R and write down a Cayley table for U(R).

Solution: The units of R are those a € R which are relatively prime to 12. Thus

U(R) ={1,5,7,11}. (4 points)| A Cayley table for U(R) is

1
1

1

— =3 Ot = =
UL = = =

3
3
11
1
7

— = Ut

1
1
7 (6 points)
)
1

6. (25 pts.) Consider the subset R = {a+b1|a,b € Z} of the field of complex numbers C.

a)

Show that R is a subring of C.

Solution: First of all 0 = 0 + 02 € R; therefore

R # (. (1 point)| Suppose that

a+br,a' +b € R. Then a,b,d’,b' € Z. Therefore a—a',b—b" € Z and consequently

(a+tr)—(a+b1)=(a—d)+ (b—=0V)1 € R. (4 points)

We have shown that R is an additive subgroup of C. Now aa’ — b, ab' +a'b € Z as

well. Therefore | (a + b2)(a’ + 0'1) = (aa’ — bb') + (ab’ + a'b)2 € R.

(5 points) | This

completes the proof that R is a subring of C.

Determine whether or not R a subfield of C.
Solution: R a not a subfield of C since,
1—1s 1 1
_1 _ _
fOI' example, (1 + 11) = m = 5 —_ 52 g R

(8 points)




c) List the elements of U(R). Is U(R) a cyclic group? Justify your answer. [Hint: If z
is a non-zero complex number then 1 = [z27!| = |2||z7!|, and thus 1 = |z|?|27"|2]]

Solution: Suppose that z = a + b € U(R). Then |z|? = a? + b? is a non-negative
integer. By the hint 1 = |z|?|27!|? is the product of positive integers. Therefore
|z|> = 1 which means z = 1 or z = 4. Since 12 = (—1)2? =1 and 1(—1) = —* =1

these four elements are units. Thus |U(R) = {1, —1,1,—}. (4 points) | Since

P=—1, 3 == (1=, = (D)= (-1 =1

it follows that | U(R) is cyclic and generated by :. (3 points)

7. (25 pts.) Let ¢ : C — M(2, R) be the one-one function from the field of complex num-

bers to the ring of 2x2 matrices with real coefficients defined by ¢(a + b2) = ( Z _2 ) .

a) Show that ¢ is a ring homomorphism.

Solution: Let a + bi,a’ + b’ € C. The calculations

d((a+b)+(a+b2) = ¢((a+ad)+ (b+b))
_ (a+d =b-=V
N ( b+b a+d )

[ a —b n a =V
- b a boood

= ¢(a+b) + ¢(a’ + b)

show that | ¢((a + b1) + (¢’ + 1)) = ¢(a + br) + ¢(a’ + b'2) (6 points) | and

d((a+br)(d +01) = ¢((aa’ —bb') + (ab' + a'b)2)
_ aa' — b —abl —a'db
o abl +ad'b  ad — bb

[ a =D a =V
a b a vood

= ¢(a+ b)p(a' + ')

show that |¢((a + b2)(a’ + 0'1)) = ¢(a + br)p(a’ + b'2) (6 points) |; hence ¢ is a ring
homomorphism.

-1
b) Compute (3 + 22)~!. Use the answer and ¢ to find ( 2 _:2)) > .



c)

3— 2 3 2 S
= _— — = _— — —4. Since
32 + 22

Solution: (3 + 22)™" 13 13

#(271) = ¢(2)~! for all non-zero z € C (4 points)

, it follows that

) . (3 points)

3 2

3 _—9 13 13
2 3 2 3
T 13 13

(2 3)

Compute (3 + 21)%. Use the answer and ¢ to find

Solution: (34 21)*> = (3+ 21)(3 + 22) = 5 + 121. Since
d(22') = ¢p(2)¢(7) for all 2,2 € C (3 points) | it follows that

3 -2\ [ 5 -12
2 3) “l12 5

) (& points

8. (25 pts.) Let R be a ring.
a) Define ideal of R.

Solution: An ideal of R is

an additive subgroup I of R which satisfies ra,ar € I for all r € R and a € [.

(7 points)

Suppose that I, J are ideals of R. Show that INJ is an ideal of R.

Solution: First of all INJ is an additive subgroup of R. Since I, J are additive
subgroups of R, 0 € I,J and a — b € I, J for all a,b € I,J. In particular 0 € INJ
which means | INJ # (). (2 points)|Let a,b € INJ. Thena,be I,Jsoa—be I, J.

Therefore|a — b € INJ. (4 points) | We have shown that IN.J is an additive subgroup
of R. Let r € Rand a € INJ. Then a € I,.J. since I,.J are ideals of R it follows
that ra,ar € I, J. Therefore |ra,ar € INJ. (4 points)

Let R=R[z], I = <(z+1)(x—3)>,and J = <(z—3)(x+5)>. Find an f(z) € R|z]
such that INJ = <f(z)>. Justify your choice. [Hint: Recall that if ay,...,a, € R
are distinct roots of f(x) € R[x] then (x — ay) - - - (x — a,) divides f(z).]

Solution: Generally for g(x) € R[z] the elements of <g(z)> are the multiples of g(x).
By the hint I = <(z + 1)(z — 3)> consists of all polynomials of R[z] which roots
—1,3 and as roots J = <(z — 3)(x + 5)> consists of all polynomials of R[z] which
roots 3, —5 and as roots. Therefore INJ consists of all polynomials which have roots
—1,3 and 3, =5, or roots —1, 3, —5.

By the hint again, and reasons cited, INJ = <(z + 1)(z — 3)(x + 5)>. (8 points)




