Solution to Homework # 8 (week of
10/11-10/15)
10/12/04 Radford

1. (18 points total) a) In light of the comments at the beginning of the
description of the problem f'of is a set bijection. Let a,b € G. To com-
plete the proof that f'of is an isomorphism we use the fact that f, f' are
isomorphisms to compute that

(f'of)(ab) = f
= f
= f’

(3 points)
b) In light of the comments at the beginning of the description of the
problem f’~!is a set bijection. Let a',b' € G'. To complete the proof that

f'~!is an isomorphism we use the fact that f is an isomorphism to compute
that

) = H(FHE)) (FETHE))
= (M) F)))
= (fof) (FHa) D))

= fHa) V)

since f'of =1Id. (3 points)

¢) Id : G — G is a set bijection which is an isomorphism since Id(ab) =
ab = Id(a)Id(b) for all a,b € G. Thus Id € Aut(G) and is the identity
element. Let f,g € Aut(G). Then g~ € Aut(G) by part b). By part a) the
product fog € Aut(G). Function composition is associative. Thus Aut(G)
is a group. (3 points)

d) Note ¢.(z) = ex = x = Id(x) for all z € G. Therefore ¢ = Id. Let
a,b € G. The calculation

(Ga0ts) () = da(Ps(2)) = ba(bz) = a(br) = (ab)x = Pap(x)
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for all z € G shows that ¢,00y = ¢4 (3 points)
e) Let a,z,y € G. Then (omitting the associative calculations)

1

ba(wy) = azya™ = azeya™ = aza~ aya™" = 6,(2)0a(y).

Thus @ (zy) = ¢o()da(y). Now
Pa0Pa-1 = Paq-1 = ¢ = 1d

and
Pa-100q = Qg-14 = ¢ = 1d
by part d). Therefore ¢, has an inverse which is (¢,)™' = ¢,-1. Thus
¢q : G — G is an isomorphism. (3 points)
f) Suppose that f € Aut(G) and a € G. Since f is an isomorphism

(foga)(2) = [(da(z)) = flaz) = f(a)f(2) = d1(a)(f(2)) = (df(a)of)(z)
for all z € G. Therefore fog, = ¢s)of. (3 points)

2. (13 points total) a) Since (12)? = Id it follows that H = {Id, (12)}.
IdH = H ={Id, (12)}
(13)H ={(13)ld, (13)(12)} = {(13),(123)}
(23)H ={(23)Id,(23)(12)} = {(23),(132)}.
Since every element of G is contained in one of these left cosets, the left
cosets listed must be all of the left cosets of H in G. (3 points)
b)
HId = H ={1d,(12)}
H(13) ={1d(13),(12)(13)} ={(13),(131)}
H(23)={1d(23),(12)(23)} = {(23),(123)}.
Since every element of (G is contained in one of these right cosets, the right
cosets listed must be all of the right cosets of H in G. Observe that the left
cosets of H in G are not the right cosets of H in G. (3 points)
¢) Since (123)3 =Id and (123)? = (1 32) it follows that H = {Id, (123)}.
IdK = K ={1d,(123),(132)}
(13)K = {(13)1d, (13)(123), (13)(132)} = {(13), (12), (23)}.
element of (G is contained in one of these left cosets, the left cosets listed must

be all of the left cosets of K in G.
Kld=K ={1d,(123),(132)}

K(13) ={1d(13),(123)(13),(132)(13)} = {(13),(23), (12)}.
element of GG is contained in one of these cosets, the cosets listed must be all

Since every

Since every
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of the right cosets of K in GG. QObserve that the left cosets of K in G are the
right cosets of K in G. (3 points)

d) Let H be a subgroup of G. By Lagrange’s Theorem |H| =1,2,3,6 as
|G| = 6. We consider these cases in turn.

Case 1: |H| = 1. In this case H = (e)

Case 2: |H| = 2. By Lagrange’s Theorem |a| = |<a>|is 1or 2 oralla € H.
In the former case a = e. Therefore there is an element a in H of order 2. In
this case H = <a>. Conversely, if a € G has order 2 then <a> has order 2.
Therefore the subgroups of order 2 are:

<(12)> = {1d,(12)}, <(13)> = {Id,(13)}, <(23)> = {1d, (23)}.

Case 3: |H| = 3. By Lagrange’s Theorem |a| = |<a>|is 1or 3 oralla € H.
In the former case a = e. Therefore there is an element ¢ in H of order 3. In
this case H = <a>. Conversely, if a € G has order 3 then <a> has order 3.
Since (123) and (12 3)? = (1 3 2) are the elements of G of order 3, there is
one subgroup of order 3, namely:

<(123))>={Id, (123),(132))}.

Case 4: |H| = 6. Necessarily H = G. (4 points)

3. (9 points total) a) Suppose that G is not cyclic. Let a € G. By
Lagrange’s Theorem |<a>| = 1,p, or p?. Since G is not cyclic the latter
is ruled out. Therefore |[<a>| = 1, in which case a = e and consequently
a? = e, or |<a>| = p, in which case a? = e. We have shown in any event
a? = e. (3 points)

b) Let z € G. By part a) the equation 22 = e holds. The equations
ze =z = ex and 22 = e for all z € G enable us to fill out the Cayley table
in part:
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Since every element of G must appear once in each row and each column
necessarily

. (3 points)
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c) There are several possibilities. We describe two here by giving their
Cayley tables.

Id (1 2) (3 4) (1 2)(3 4)
Id Id (1 2) (3 4) (1 2)(3 4)
(1 2) (1 2) Id (1 2)(3 4) (3 4)
(3 4) (3 4) (1 2)(3 4 1d (1 2)
(1 2)(3 4) | (1 2)(3 4 (3 4) (1 2) Id

and

Id (1 2)(3 4) (1 3)(2 4 (1 4)(2 3)
Id Id (1 2)(3 4) (1 3)(2 4 (1 42 3)
(1 2)3 4|1 2)33 4 Id (1 4)(2 3) (1 3)(2 4
(1 3)(2 4|1 3)2 4 (1 492 3) Id (1 2)(3 4)
1 492 3) |1 92 3) (1 3)(2 4 (1 23 4 Id




