Notes on Permutation Groups

11/01/04 Radford

Throughout a, b, c,d are distinct positive integers as are ay, as, ..., a,.

Let r > 2. Then the cycle (a;---a,) can be written as a product of
two-cycles in two natural ways:

(a1 -+ a;) = (a1 a;)(a1 ar1)- - (a1 a2) (1)

= (ar_1ar) (a2 ar)(a; a).

We use boldface for emphasis. For n > 2 all permutations of S, can be
written as a product of two-cycles.

Proposition 1 Let n > 2. Then every permutation o € S, can be written
as a product of two-cycles of Sy,.

PROOF: Let 0 = 0;-- -0, be a decomposition of ¢ into a product of disjoint
cycles. Write each o, whose length is at least two as a product of two-cycles.
If no o, has length at least 2 then o = Id. Since n > 2, in this case we may
write o = (1 2)(1 2) as a product of two-cycles in S,. O

Consider 0 = (45)(1234)(357) € S11. Note that o can be regarded as
an element of S, for n > 7. Simply replacing each of the cycles by a product
of two-cycles by the first way described above gives

o= ((45)) (1 49)(13)(12)) (B7)(35)) = (45)(14)(13)(12)(37)(3 5).

On the other hand, following the steps suggested by the preceding proposition
yields the product

o = (45)(1234)(357)
— (1234)(57)
(14)(13)(12)(57)
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Observe that although the number of two-cycles in both products repre-
senting o are different, these numbers are both even. Generally a permutation
can not be written as a product of an even number of permutations and as
a product of an odd number of permutations. We shall prove this, starting
with the special case of the identity permutation.

Lemma 1 Let n > 2 and suppose that Id = o1-- -0, is the product of two-
cycles. Then r is even.

PROOF: Suppose that Id is a product of r two-cycles. We will show that Id
can be rewritten as the product of r — 2 two-cycles (0 if 7 = 2 in the first
place). If r —2 is even then 7 is even. Thus the proof will follow by induction
on 7.

First of all, if Id = o7 - - - 0, is the product of two-cycles then r > 2. Let
o, = (¢ d) and consider the following equations (again we use boldface for
emphasis):

(cd)(cd) = Id;

(@d)(cd) = (cd)(ac);
(ca)(cd) = (ad)(ac);
(a b)(cd) (cd)(ab).

By virtue of the equations we see that a cancelation occurs in the product
o1- - -0, or two adjacent two-cycles may be replaced by two others, which may
cancel, or in the new product a symbol d occurs for the first time further to
the left than before. Thus we may assume such a d occurs for the first time
in o7 or oy. Since Id(d) = d necessarily d occurs in o9 and thus o; = 03.
This means Id = o3- - -0, is the product of r — 2 two-cycles. O

Here are two examples which illustrate the mechanics of the proof.

d = (15)(15)

(15)(15)




Id = (23)(14)(34)(14)(23)(12)
= 23)(14)B4H(14[(32)12)
= (23)(14)(34)(14)(12)(13)
= (23)14)(34)(14)(12)]13)
= (2314344 2)41)]13)
= 23)(14)[BaE2)|dnas)
= (23)14[d3)“2)|41)(13)
= (23)(14)[32)(34) |4 1)1 3)
= 23)(14)32)|34)@1)(13)
= (23)[(32)(14)|(34)(41)(13)
= [23)(32)]1 4)(34)(4 1)(1 3)
= [(32)(32)]1 4)(34)(4 1)(1 3)
= [JA49HB 49 1A 3)
= (14)(34)(41)(13).

Theorem 1 Let n > 1 and suppose that o € S, is written as 0 = o1-- -0, =
o1 -0, as a product of two-cycles in two different ways. Then both r and
r' are even or both are odd.

PROOF: Since two-cycles have order 2 they are their own inverses. Thus

Id oo™ = (0y---0,)((o}---(al) "

o) (o) (o))
(0'1‘ . .gr)(g;,. . 0—1)

! !
01 0,0, -0].

[T
S

By Lemma 1 the sum r + 7' is even. O

Suppose that o € S,,. If n = 1 then o is called even. Suppose that n > 2.
Then o can be written as the product of two-cycles. If o can be written as a
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product of an even number of permutations then o is a called even; otherwise
o is called odd.

The theorem has the following implications for an even permutation o
when n > 2. By definition ¢ is some product of an even number of two-cycles.
Suppose that ¢ is written as a product of two-cycles in another way. Then
the number of two-cycles in this product must be even also. Consequently if
o is an odd permutation then any realization of o as a product of two-cycles
must have an odd number of factors.

Let n > 2. Then every permutation is a product of two-cycles. Let n > 3
and suppose that o € S, is even. Then ¢ is the product of and even number
of two-cycles, say o = o1---0,. We may thus pair the two-cycles and write

o = (0109)- - (0p_10,).
The calculations
(ab)(ab)=Id=(abc)(ach),
(ad)(ac)=(ach),

and

(ab)(cd) = (acd)(abd)

show that the product of a pair of two-cycles is three-cycle or product of
three-cycles. Now three-cycles are even by (2). Thus

Corollary 1 Let n > 3. Then o € S,, is even if and only if o is the product
of three-cycles. O



