MATH 210
Sample exam problems for the final exam
Fall 2009
“Answers”

1. (a) AB=(0,-4,3), AC = (1,-2,2) = cosf = H%ﬂﬁ%" _ (5;?3) :1_;1

(b) A normal vector is m = AB x AC = (—2,3,4). Using A as a point on the plane,
an equation for the plane containing the triangle is

2@ —-1)+3y—1)+4(z—1)=0

2. The critical points must satisfy the equations
fe=2r+22y=0, f,=2y+2°=0

From the first equation we have (1 +y) = 0. So we have either z = 0 or y = —1.
When z = 0, the second equation gives us y = 0. When y = —1, the second equation
gives us = £1/2. The critical points are (0,0), (v/2, —1), and (—v/2, —1).

The second derivatives are f,, =2+ 2y, f,, = 2, and f,, = 2. So,
D(2,y) = fuafyy — foy = 4+ 4y — 427
At the critical points we have
D(0,0)=4>0, f.(0,00=2>0 = local minimum
D(V2,-1)=—-8<0 = saddle point
D(—V2,-1)= -8 <0 = saddle point

3. The gradient of f is ?f = (e”sin(zy) + ye® cos(zy), xe® cos(zy)). At the point (0, 7)
H
we have V f(0,7) = (,0). The directional derivative in the direction of ¥V = (1,0) is

Dyf(0,7) =V f(0,7)- V ==

-
The direction of maximal increase of f at (0,7) is 4 = Zf(O, m (1,0)
[V 0.7
4. We have T”(t) = (—nsin(rt), 2t 0) nd T (t) = (—7r2cos(nt),2,0). At t = 2 we have
T'(2) = (0,4,0) and T"(2) = (—72,2,0). The unit tangent vector is

T(2) = =(0,1,0)

i() (0,4,0)

T 4



—)/2 X—)//2 O 0 4 2 4 2 2
The curvature is x(2) = H ! (_)) r 3( )H _ 110, 0, 47 >3|| :i?’:?r_.
T(2)]| 10, 4,0 45 16

5. Using polar coordinates we have

// @+v%) g A /W/2 /1 2 dr do W( 1)
e\ = e "rdrdd =—(1—e¢e"
D 0 0 4

6. The vector from (1,1,0) to (2,0,—1)is ¥ = (1,—1,—1) and is parallel to the line.
Using (1,1,0) as a point on the line, a set of parametric equations for the line is
r=1+4+t y=1—1t and 2 = —t. A parametrization of the line segment and its
derivative are

cHt)=(1+t1—t 1), 0<t<1
<(t) = (1,-1,-1)

The vector F written in terms of ¢ is F (C(t)) = (1 —2t,1,2). The line integral is

then /C S /f(?(t)).?’(t)dtz/ol(—%—?)dt:‘?’

7. (a) Let f(z,y) =4—2*—y* Then f, = —2z and f, = —2y. When x =1 and y = 2
we have f,(1,2) = —2 and f,(1,2) = —4. An equation for the tangent plane is

z2=f(1,2)+ f:(1,2)(z—=1)+ f,(1,2)(y—2) = z=-1-2(x—-1)—4(y—2)

(b) Using Cylindrical Coordinates, the volume is
2 2 pd—r?
:/ / / rdzdrdf = 8
o Jo Jo

P
8. (a) Since % = 2z and 88_y = Bz, we need B = 2. A potential function is then

o(z,y) = 2®y +x + >

(b) Since F = ?gp, we know that the vector field is conservative. Therefore,

| F a3 —ol-1.0) - 41,0 = -2
C

9. (a) The partial derivatives are

fo = xcos(x + 2y) +sin(x + 2y), f, = 2z cos(x + 2y)



foz = 2cos(x + 2y) — xsin(z + 2y), f,, = —4wsin(z + 2y)
foy = 2cos(x + 2y) — 2z sin(z + 2y)

(b) The partials f; and f; are

_Of0x  Of0y '
fs= 97 9 + a—y% = 25 (z cos(z + 2y) + sin(x + 2y)) + 2 (2z cos(x + 2y))
_olor oy | 2
fe= or ot | Oy ot (x cos(x + 2y) + sin(x + 2y)) + 3t* (22 cos(z + 2y))

10. Let f(z,y) = 2® + y? and g(z,y) = 2> + 2y + y>. Then, using the method of
Lagrange multipliers we must solve the equations:

20 = \2x +y), 2y=Nx+2y), 2?*+ay+y*=9

2 2
From the first two equations we have A = Y oanda= Y Setting these
2z +y T+ 2y
equal to each other and simplifying we get 2°> = y>* = x =y, x = —y. We

then use the third equation as follows:

r=y = Y+ +y=9 = y=+V3
r=—y = yY—y*+1y*P=9 = y==3

The critical points are (v/3,v/3), (—v/3, —v/3), (3,3), and (=3, —3). The function

values are
f(£V3,+£V3) =6 (minimum), f(£3,43) = 18 (maximum)
11. Changing the order of integration and evaluating we have

Lo Lo 1
/ / e " drdy = / / e dydr ==(1—e)
0 Jy o Jo 2

12. We have f ('¢'(t)) = 3t\/(4cost)? + (4sint)? = 12¢ and ||’€’(¢)|| = 5. Then line inte-
gral is then

27 2m
x,y,2)ds = < <’ _ — 19072
/Cf( Y, 2)d /0 Fem) e @] a /0 60t dt = 120

13. (a) Weneed V.W=14+2+a=0 = a=-3.

(b) The area of the parallelogram is HV X WH =V (2—-0a)?+(a—1)2+(-1)2=6.
So, (2—a)?+ (a —1)>+ 1 = 6. The two solutions are a = 0 and a = 3.




14. (a) T'(t) = (wcos(nt),2t,1), T"(t) = (—7?sin(nt), 2,0)

1 1
(b) The distance traveled is D = / | T7(t)]| dt = / /72 cos?(mt) + 42 + 1dt.
0 0

15. Using Cylindrical Coordinates, the volume is

27 2 4—rsin @
V:/ / / rdzdrdf = 16w
0 o Jo

16. Using Green’s Theorem, the integral is

oQ oOP 2 rx/2 4
dr +1°d ://<———)dA:// 0—2) dydr = ——
éwy Y’ dy N~ 3 ) (0—x) dydx 3

— — —_— —
17. (a) Let AB=(1,1,1) and AC' = (0,0,2). Then AB x AC' = (2,—-2,0) is perpendic-

1 1 0
(b) Let m = (2,—2,0) be normal to the plane. Then an equation for the plane is
20 —-1) -2y —0)+0z—0) =0 = x—y =1. A set of parametric
equations for the line perpendicular to the plane is © = 1+ 2t, y = 1 — 2¢, and
z = 1. Plugging these into the equation for the plane and solving for ¢ we get

ular to P. Turning this into a unit vector we have t = <

1
r—y=1 = 1+2t-14+2t=1 = t:Z

At t =1/4, we have

1 3 1 1

18. Using Cylindrical Coordinates, the volume is

ol pV/A—12 ]
V:/ / / rdzdrdf =2 <——\/§)
o Jo Jo 3

19. (a) A parametrization is ®(u,v) = (ucosv,usinv,u), 0 <u <4, 0 <v < 2m.

(b) The tangent vectors are

?_({3@ H_afb

T (coswv,sinv, 1), T, = 5y = (—usin v, ucosv,0)



The normal vector is n'(u,v) = T, x T, = (—ucosv, —usinv,u) and its mag-
. . — .
nitude is || 0 (u,v)|| = uv/2. The surface area is

SA://SdS:/DHﬁ(u,u)H dudv:/o%/;uﬂdudv:l&r\/@

20. Since x =t, y = t?, and z = t3 we have dx = dt, dy = 2t dt, and dz = 3t>dt. The line
integral is then

1 1
/ydx+(x+z)dy+ydz=/ t2dt+(t+t3)(2tdt)+t2(3t2dt):/ (5t* 4 3t%) dt = 2
C 0 0



