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1 Research proposal and planned results

1.1 Degree sequences of r-uniform hypergraphs

The problem to characterize the degree sequence of r-uniform hypergraphs is one of the
most basic unsolved problems in the theory of hypergraphs [2]. It is the simplest case of

the following basic question. Let n, ¢, k be positive integers such that { < k < 4. Let
[ ([Z]> — Z>o. Let O f : ([?]) — Z>( be defined by

ofT)= Y  f(B)

for all sets T in ([?}).

Problem 1.1 (The general (t, k)-existence problem [70]) Characterize all nonnegative func-
tions g : ([72}) — Z>o such that there exists a function f : ([Z}) — {0, 1} satisfying O,f = g.

Some special cases such as t-designs (g constant), partial Steiner systems (g constant and
equal to 1), degree sequences of r-uniform hypergraphs (¢ = 1) and some related problems
such as f-vectors of pure simplicial complexes [23, 26, 20] have received much attention
during the last three decades. Yet we know very little about the problem. We do not even
know whether or not it is NP-complete.

Problem 1.1 is of great interest to statisticians since it includes the existence of designs as
a special case. Statisticians are interested to know if there exists designs with some specific
parameters. It would be of immense practical and theoretical value if one could find an
algorithm (preferably polynomial-time) to solve Problem 1.1.

In [36] a simple necessary and sufficient condition is given which solves Problem 1.1 if f
takes values in Z. That paper also contains references to earlier work in this direction.

In general, Problem 1.1 may not be solvable in polynomial time; in [10] it has been shown
that some problems related to Problem 1.1 are NP-complete; but for many classes of designs
it may be possible to obtain a polynomial-time algorithm.

If we are allowed to repeat edges then the degree sequence problem is easily solvable in
polynomial time and there are good characterizations [18, 34]. For graphs this problem is
well-studied and there are many elegant characterizations. One of the well-known characteri-
zations is due to Erd6s-Gallai [13]. The book [28] gives 9 characterizations. For most of these
characterizations a class of graphs called threshold graphs satisfy the characterizations in an
extremal way. A graph is called threshold if it can be constructed from the one-vertex graph
by repeatedly adding either an isolated vertex (i.e., a vertex non-adjacent to all previous
vertices) or a dominating vertex (i.e., a vertex adjacent to all previous vertices). For graphs
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a polytope associated with the degree sequence problem has been studied [25, 30, 39] and it
yields a good characterization of degree sequence of graphs. The polytope DS(n) is defined
as the convex hull of all possible degree sequences on n vertices. A sequence of nonnegative
integers is a degree sequence if and only if it lies in DS(n) and its sum is even. The extreme
points of DS(n) are the degree sequences of threshold graphs and vice versa.

We attempt to generalize this approach for hypergraphs. This motivates us to define
DS, (n) as the convex hull of the degree sequences of all r-uniform hypergraphs on n ver-
tices. This polytope has been studied in [3]. That paper showed that the extreme points of
DS, (n) are the degree sequences of the r-threshold hypergraphs, and that the membership
and separation problems for DS, (n) can be solved in polynomial time. We can test whether
a nonnegative integer sequence is the degree sequence of some r-threshold hypergraph, in
polynomial time using the ellipsoidal method. We do not know any other polynomial-time
characterizations. It seems that it is not sufficient for a nonnegative integer sequence to lie in
DS, (n) and satisfy some parity conditions in order for it to be the degree sequence of some
r-uniform hypergraphs on n vertices. The facets of the polytope DS(n) have been com-
puted [30] and they can be viewed as a “polytope” version of the Erdés-Gallai inequalities.
In contrast, the facets of DS, (n) are extremely complicated: it has facet-defining inequalities
with Fibonacci numbers as coefficients. So it seems that working with DS,.(n) may be hard.

To proceed we need a few definitions. A subset [ of a poset P is called an ideal if
g€ I, pe Pandp < qimply p € I. We write the elements of the set S,(n) = ([’Z]) as

increasing sequences (a; < az < --- < a,), a; € [n] and we partially order S,(n) as follows:
for A = (ay1,a9,...,a,) and B = (by,by,...,b,) in S,.(n), A < B means a; < b; for all
i=1,2,...,7. We use “ideal” also to denote an ideal in S,(n).

It is not hard to observe that a nonnegative integer sequence is the degree sequence of
some r-uniform hypergraph on n vertices if and only if it is majorized by the degree sequence
of some ideal. This motivates us to consider the problem to characterize the degree sequences
of ideals. Some work in this regard has been done in [32].

These observations motivated us to consider the order polytope O(P) of a poset P [38],
defined by

"L‘pzx(p p<q’ paq€P>
0<z,<1, peP

Since the constraint matrix of this system is totally unimodular, the extreme points of O(P)
are precisely the characteristic vectors of the ideals of P. To optimize linear functions over
O(P) we do not need linear programming algorithms such as ellipsoidal methods or interior
point methods; network flows can be used [31].

We consider the order polytope O(S,(n)). If x is an extreme point of O(S,(n)), then z is
the characteristic vector of an ideal I of S,(n), and by its definition the degree sequence of
I is non-increasing. This degree sequence is M (n)x, where M (n) is the incidence matrix of



singletons vs. members of ([’Z]). Thus M (n)O(S,(n)) is the convex hull of all degree sequences
of ideals.

To check whether a given d = (dy, ds, . . ., d,) is the degree sequence of an ideal, we need to
check whether the equation M (n)z = d has an integral solution x € O(S,.(n)), or equivalently
whether O(S,(n)) N {z : M(n)x = d} contains an extreme point of O(S,(n)). Suppose we
are given two polytopes P; and P, such that P, C P, and we ask whether P, contains
an extreme point of P;. This general problem probably does not have a polynomial-time
solution, because it is in the class NP and it is not hard to reduce SAT to it. In contrast,
we believe that our specific problem is tractable since the constraint matrix of O(S,(n))
and M have a nice combinatorial structure, which is not the case for the corresponding
polytope problem for SAT (or other NP-complete problems). So we believe Fourier-Motzkin
elimination or cutting-plane methods combined with combinatorial techniques will lead to a
polynomial-time recognition of the degree sequences of ideals.

After the degree sequences of ideals have been characterized, we want to use a similar
approach to recognize the degree sequences of r-uniform hypergraphs. Set P, = O(S,(n))
and P, = {z:x € P, and d < Mz}. Then P, contains an extreme point of P, if and only if
(dy,ds, ..., d,) is the degree sequence of an r-uniform hypergraph [7].

Before the attempt to study M(n)O(S,(n)), M(n)O(Ss(n)) was studied. Consider the
following question. Let P be a polytope with integral extreme points in R™ that is closed
under coordinate permutations of its points, i.e., z € P implies mx € P, for all permutations
m of [n]. For example, DS(n) is such a polytope. Let E denote the set of extreme points of
P, and let E; C FE denote the set of extreme points that have non-increasing coordinates.
There are two natural ways to define the asymmetric part of P. In terms of lattice points
we define the asymmetric part of P as the polytope

Py=conv {(x1,z9,...,2,) € PNN" 121y > 29 > -+- > 2, }.
In terms of linear inequalities we define the asymmetric part of P as

P=Pn{zxeR":x;>x9>--->x,}.

It is easily seen that P; C P, and E,; C set of extreme points of P;. Equality need not hold
in these two inclusions. In [0] it was shown that for P = DS(n), P; = P, = O(Ss(n)), and
in this case we call this polytope the polytope of degree partitions and denote it by DP(n).
Because of the inequalities 1 > x5 > -+ > x,, most of the inequalities defining DS(n)
become redundant and DP(n) has only polynomially-many facets while still retaining all
the important properties of DS(n). It was observed in [6] that DP(n) has 2" vertices,
2"72(2n — 3) edges and (n? — 3n + 12)/2 facets. In [0] is was guessed that DP(n) has
pi(n)2" 17 faces of dimension 4, where p;(n) is a polynomial in n. It would be interesting to
verify this. It seems that DS (n) is similar to the hypercube in many ways (for the hypercubes
we also have Py = P, and it has 2"~ facets of dimension 7).
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One can ask the same question for DS,.(n). Computer experiments suggest that a similar
conclusion may also hold for DS,.(n). If this is so then it would be very surprising.

Stanley [39] studied a polytope closely related to D.S(n). He counted the faces of each di-
mension for that polytope. In particular he obtained the number of distinct degree sequences
of length n. It would be a good result to do a similar study for DP(n).

1.2 Graph theory

Consider a directed graph. Assign a nonnegative real weight to every arc so that at every
vertex, the sum of the weights of the incoming arcs is equal to the sum of the weights of the
outgoing arcs. The set of all such assignments forms a convex polyhedral cone in the arc
space, called the cone of circulations, which is a basic object of study in network flow theory.
For instance, placing integral upper and lower bounds on every arc and asking whether there
is an integral vector in the cone of circulations meeting these bounds leads to Hoffman’s
circulation theorem (see the book [14]). Now consider an undirected analog of the situation
above. Take a graph whose edges have been colored red and blue. Assign a nonnegative real
weight to every edge so that at every vertex, the sum of the weights of the incident red edges
equals the sum of the weights of the incident blue edges. The set of all such assignments
forms a convex polyhedral cone in the edge space, called the alternating cone. The basic
theory of the alternating cone was studied in [4, 5]. Given a simple graph G(V, E), consider
the complete graph on V' and color the edges of E red and the other edges blue. Then the
dimension of the alternating cone of this 2-colored complete graph is 0 if and only if G is
a threshold graph, and this dimension can be used as a measure of non-thresholdness of G.
The extreme rays and the integral vectors of the alternating cone of any 2-colored graph (not
necessarily complete) were characterized in [1]. The problem of finding an integral vector
in the alternating cone satisfying given upper and lower bounds were considered. This can
be viewed as a 2-colored analog of Hoffman’s circulation theorem. The key ingredient in
the proof of Hoffman’s circulation theorem is the directed reachability problem: is there a
directed s-t path for given vertices s,t, and characterizing the answer in terms of s-t cuts.
In our case the problem was reduced [1] to the alternating reachability problem: is there an
alternating s-t trail for given vertices s,t in a 2-colored graph (a trail can repeat vertices but
not edges, and alternating means that the colors of the successive edges in the trail alternate
between red and blue). This problem generalizes the problem of searching for an augmenting
path with respect to a given a matching in a non-bipartite graph, and was solved in [5] by
generalizing the blossom forest algorithm of Edmonds [12]. A non-algorithmic version of this
problem was also studied by Tutte [11, 12].
One of the ways to state Hoffman’s circulation theorem is the following.

Theorem 1.2 (Hoffman’s circulation theorem [21]) Let G = (V, E) be a directed graph
and let C be its collection of directed cycles. Let u,{ : E — Q7 satisfy u > ¢ > 0. Then the
following are equivalent:



1. there exists a : C — QF such that u >y .. a(C)fc > ¢;
2. for each X CV, u(0%(X)) > L(0T(V — X)).

Here fo denotes the characteristic vector of C' and 67 (X) denotes the set of edges with one
endpoint in X and directed out of X. Seymour [35] gave an analog of Hoffman’s circulation
theorem for an undirected graph G = (V, E). By a cut B we mean the set of edges between
S and V — S for some S C V.

Theorem 1.3 (Seymour [75]) Let G(V, E) be a simple graph, and let € be its collection
of cycles. Let u,l: E — Q% satisfy u > £ > 0. Then the following are equivalent:

1. there exists o : € — QF such that w > )" o, &(C) fo > €;

2. for each cut B and each e € B we have ((e) < 3. cp_ (. ule).

Essentially, Seymour obtained the inequalities defining the cone generated by the char-
acteristic vectors of cycles, called the cycle cone. In the context of a 2-colored graph, it is
interesting to ask the analogous question to characterize the cone generated by the charac-
teristic vectors of the closed alternating trails, called the cone of closed alternating trails.
Clearly the cone of closed alternating trails is contained in the intersection of the alternating
cone and the cycle cone. In [5], it was shown that the inclusion holds with equality. In
particular the following theorem was proved. We use the notation Eg(v) to denote the set
of edges incident on v colored red and Ep(v) to denote the set of edges incident on v colored

blue.

Theorem 1.4 ([7]) Let G(V, E) be a 2-colored multigraph and let T be its collection of
closed alternating trails. Let p : E — Q. Then the following are equivalent:

1. there exists o : T — QF such that ) . a(T) fr = p;

2. for each cut B and each e € B, we have p(e) < p(B — {e}) (the cut condition), and at
every vertex v, 3 rcp ) PUf) = 22 sepp ) PUf) (the balance condition,).

Seymour also asked the question when can an integer vector in the cycle cone be written
as a sum of characteristic vectors of cycles with repetitions allowed. He conjectured that it
is always possible to do so if all the entries in the vector is even. A special case of this is
the famous cycle double cover conjecture [22]. Seymour [35] proved a stronger version of his
conjecture for planar graphs. His proof uses a version of the 4-color theorem [10)].

We can ask a similar question in case of the cone of closed alternating trails. When can
an integral vector in the cone of closed alternating trails be written as an sum of closed
alternating trails with repetitions allowed? In [5] it is conjectured that this can be done
if and only if the vector can be written as a sum of cycles with repetitions allowed in the
underlying uncolored graph, and it satisfies the balance condition.
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Seymour’s proof of Theorem 1.3 depends on a “tricky lemma” by Giles and Seymour.
The proof of Theorem 1.4 depends on Theorem 1.3 and on the following theorem [5]. Given
a 2-colored bridgeless graph G such that at every vertex of GG there is at least one incident
blue and at least one incident red edge, then GG has a closed alternating trail. The proof of
this theorem uses the solution of the alternating reachability problem. This theorem also
implies the “tricky lemma” of Giles and Seymour (see [5]). In fact, the proof in [5] is modeled
after the proof in [35].

We believe we can prove the above conjecture at least in the case of planar graphs. In
the case of planar graphs, the proof of Seymour’s conjecture [35] uses a version of the 4-color
theorem. It would be interesting to know what would be the corresponding problem for our
conjecture. Some work in this direction has already been done.

I am also interested in the following conjecture by S. B. Rao. Let D; and D, be two
degree sequences. We say Dy >~ D, if there are graphs G; and G, corresponding to the degree
sequences Dy and D, such that Gy is an induced subgraph of G;. This defines an partial
order on the set of degree sequences.

Conjecture : Let D be the set of all degree sequences. Then the poset (D, =) has no infinite
antichain.

1.3 Degrees and eigenvalues of graphs

The degree sequences and the eigenvalue of graphs are the simplest and most fundamental
invariants attached to graphs. Perhaps the most fundamental set of inequalities connecting
the eigenvalues of the Laplacian and the degrees of graphs is the Grone-Merris conjecture [19],
(GM conjecture), and its generalizations [11]. While the first inequality of the GM conjecture
is simple to show, the second one was proved by Duval-Reiner [I1]. The difficult part of the
second inequality of GM conjecture, dealing with semi-bipartite graphs, was reproved by
Katz [24], who proved the full GM conjecture for semi-bipartite graphs.

In another direction we plan to study the analog of the GM conjecture for bipartite
graphs. This analog is important since many graphs appearing in applications, e.g., infinite
d-dimensional grid graphs in statistical physics, are or can be approximated by bipartite
graphs. We formulated the exact analog of the second inequality of GM for bipartite graphs
and we are confident that we can prove it.

Another fundamental inequality is a sharp upper bound of the first eigenvalue a;(G) of
a graph G in terms of the number of its edges e. Brualdi-Hoffman [3] showed that if e = (})
edges then a;(G) < n—1 and equality holds only for the clique on n vertices. This result was
sharpened by Stanley [37], who showed that oy (G) < 3(—14 /1 + 8e). It was conjectured
by Brualdi and Hoffman that if e € ((}), (";1)), then the maximum of a;(G) is achieved by
G being a clique on n vertices plus one vertex. Special cases of this conjecture were proved
by Friedland [16], and the full conjecture was proved by Rowlinson [33].

We propose to study the analogs of these results for bipartite graphs G. It is easy to show



that a;(G) < /e and equality holds for e = n? by G = K,,,,. If e =n?+r, r € [1,2n] then
we conjecture that the upper bound on a;(G) is achieved by the bipartite graph obtained

from K, , by adding one vertex adjacent to (ﬂ vertices on one side and another adjacent

to [%J vertices on the other side. We have proved some partial results and we that we can
prove this conjecture.

Most of the research problems mentioned here is a part of a joint ongoing project with
my collaborators Shmuel Friedland (University of Illinois at Chicago), Uri Peled (University
of Illinois at Chicago), Navin Singhi (TIFR, India), Murali Srinivasan (IIT Bombay, India)
and G. R. Vijayakumar (TIFR, India). I also plan to start joint work with Carly Klivans
(University of Chicago) and S. Krisnnan (IIT Bombay, India) on topics related to but not

mentioned in this write up.
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