
Here’s how you can prove the triangle inequality, |a + b| ≤ |a| + |b|. First, let’s
look at the square of the left side:

|a + b|2 = (a + b) · (a + b)
= a · a + 2(a · b) + b · b
= |a|2 + |b|2 + 2(a · b).

Now, look at the square of the right hand side:

(|a| + |b|)2 = |a|2 + |b|2 + 2|a||b|.
Comparing this to the left side, we see that the first two terms are identical, and
the third term of the left hand side is less than the third term of the right hand
side by the Cauch-Schwartz inequality, which everyone was able to figure out.
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