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Abstract.  The notion of an algebraic semantics of a deductive system was proposed
in [3], and a preliminary study was begun. The focus of [3] was the definition and in-
vestigation of algebraizable deductive systems, i.e., the deductive systems that possess an
equivalent algebraic semantics. The present paper explores the more general property of
possessing an algebraic semantics. While a deductive system can have at most one equi-
valent algebraic semantics, it may have numerous different algebraic semantics. All of
these give rise to an algebraic completeness theorem for the deductive system, but their
algebraic properties, unlike those of equivalent algebraic semantics, need not reflect the
metalogical properties of the deductive system. Many deductive systems that don’t have
an equivalent algebraic semantics do possess an algebraic semantics; examples of these phe-
nomena are provided. It is shown that all extensions of a deductive system that possesses
an algebraic semantics themselves possess an algebraic semantics. Necessary conditions
for the existence of an algebraic semantics are given, and an example of a protoalgebraic
deductive system that does not have an algebraic semantics is provided. The mono-unary
deductive systems possessing an algebraic semantics are characterized. Finally, weak con-
ditions on a deductive system are formulated that guarantee the existence of an algebraic
semantics. These conditions are used to show that various classes of non-algebraizable
deductive systems of modal logic, relevance logic and linear logic do possess an algebraic
semantics.

Keywords: deductive system, equational consequence, matrix semantics, algebraic se-
mantics, protoalgebraic logic, mono-unary algebras, modal logic, intuitionistic logic, linear
logic. AMS subject classification: 03B22 (03B47, 03G25, 08C15, 08A60).

Introduction

One of the issues addressed in abstract algebraic logic is the question what
exactly constitutes an “algebraic semantics” of a logic. A precise definition
was proposed in [3], and a preliminary study of the notion was begun. The
present paper explores the notion further.

Following [3], by a logic we shall mean a consequence relation +, thought
of as a binary relation between sets of formulas and individual formulas; a lo-
gic in this sense is often referred to as a deductive system. Broadly speaking,
a class K of algebras is an algebraic semantics of a deductive system S if the
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consequence relation g can be interpreted in = by means of an equational
translation; the interpretation will then give rise to a strong completeness
theorem for S with respect to the class K. The focus of [3] was a stronger no-
tion: K is an equivalent algebraic semantics of S if it is an algebraic semantics
of 8, and in addition there is an inverse translation of g in Fg. A deduct-
ive system is algebraizable if it possesses an equivalent algebraic semantics.
Certain metalogical properties of algebraizable deductive systems—such as
that of possessing a deduction theorem, for example—correspond to algeb-
raic properties of their equivalent algebraic semantics; see [5] for an extensive
discussion. While an algebraic semantics of a deductive system provides an
algebraic completeness theorem for the system, no such corresponds exists
in general between metalogical properties of the deductive system and the
algebraic properties of an algebraic semantics.

One of the main results of [3] asserts that an equivalent algebraic se-
mantics of a deductive system, if it exists, is essentially unique. By contrast,
a deductive system may have many different algebraic semantics, even with
respect to the same translation. Some examples of this phenomenon were
given in [3]. In Section 2.1 we add a particularly natural illustration, by
showing that not only is the variety of Boolean algebras an algebraic se-
mantics of classical propositional logic—in fact, of course, an equivalent
one—but so is the variety of Heyting algebras, both using the same trans-
lation, albeit not the ‘standard’ one. We next turn to the question whether
the property of possessing an algebraic semantics is preserved under the
formation of extensions. In [8] this had been shown to be the case provided
the extension is an axiomatic one; in Theorem 2.15 we show that it holds in
general.

While there are various satisfying characterizations of algebraizable de-
ductive systems, the property of possessing an algebraic semantics seems
hard to capture. In Section 2.3 we establish some necessary conditions,
strengthening a result obtained in [3]. Using these we are able to give an
example of a well-behaved (in fact, protoalgebraic) and non-trivial deduct-
ive system that has no algebraic semantics whatsoever (Theorem 2.19). The
same conditions enable us to provide a complete characterization of the
deductive systems possessing an algebraic semantics in the special case in
which the language consists of just one unary connective (Section 2.4).

In Section 3 we provide sufficient conditions for the existence of an algeb-
raic semantics. It is well-known that every deductive system has a complete
matriz semantics, and often there is a lot of leeway in the choice of the mat-
rix semantics. We mention a typical application of the main result of the
paper (Theorem 3.1). If a deductive system has a matrix semantics consist-
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ing of matrices the underlying algebras of which universally satisfy a certain
type of equation in one variable, then the deductive system has an algebraic
semantics with the translation given by that equation. For example, if S is
a deductive system over a language including say the connective A, and if S
possesses a matrix semantics consisting of matrices the underlying algebras
of which satisfy the identity (p A p) = p, then S has an algebraic semantics.
It follows that all quasi-classical modal logics, although generally not algeb-
raizable, do possess an algebraic semantics (Corollary 3.5). On the same
grounds we see that the system E of entailment, which fails to be algebra-
izable as well, possesses an algebraic semantics, and hence so do all of its
extensions.

Although Theorem 3.1 covers a wide array of logics, it leaves some im-
portant examples out. The implicational fragment of intuitionistic linear
logic—itself algebraizable due to the presence of the lattice operations—is
known not to be algebraizable, but the theorem is not applicable. We con-
clude the paper by providing mild conditions on a binary connective — that,
if satisfied, ensure that the deductive system under consideration have an
algebraic semantics.

1. Preliminaries

In this section we review some basic facts concerning deductive systems,
matrices and equational logic. For further details we refer the reader to [3].

1.1. Deductive systems

A propositional language L is a set of propositional connectives, each of given
finite arity; in an algebraic context its elements are often referred to as fun-
damental operations. Given a propositional language £, Fm, denotes the set
of propositional £-formulas (also called L-terms) built in the usual recursive
way from the countably infinite set Va of propositional variables pg, p1,- . ..
The algebra of L-formulas is the algebra Fm, = (Fmg, (f¥™c : f € L)),
where if f € L is k-ary and @q,...,05 1 € Fmg, fF™(pg,... 05 1) =
fwo, ..., pk—1 (using prefix notation). If A is an L-algebra, any map from
the set Va of variables to A can be extended to a homomorphism from Fm
to A. An endomorphism o: Fm,; — Fmy, is called a substitution.

A consequence relation on Fm, is a binary relation - between sets of
formulas and formulas that satisfies the following conditions for all I'; A C
Fm, and ¢ € Fmg:

(i) ¢ € T implies " - ¢,
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(ii) TFypand T C A imply A+ ¢,
(iii) '+ ¢ and A & for every v € T imply A F ¢.
A consequence relation & is finitary if
' ¢ implies I - ¢ for some finite IV C T,
and is structural if
I'F ¢ implies o(T") - o(p) for every substitution o.

For I'y A C Fm, we write I' = A for the conjunction of the statements
I'té, e A,andT"4HFAforT'HFA, AFT.

A deductive system is a pair S = (L,Fg), where £ is a propositional
language and ks is a finitary and structural consequence relation on Fm,.

A rule of inference is a pair (T, ¢), also denoted

r

(10 ?

where T is a finite set of formulas (the premises of the rule) and ¢ is a
formula. An aziom is a rule with an empty set of premises, i.e., a rule of
the form (@, ), usually just denoted ¢. With a (possibly infinite) set of
axioms and rules of inference we associate a deductive system S by defining
a consequence relation g as follows:

I' kg ¢ if there is a sequence of formulas ¢y, ..., v,_1, n < w, such that
¢n—1 = @ and for every ¢ < n one of the following conditions holds:

(l) pi € Fa
(ii) there is an axiom v and a substitution o such that ¢; = o,

(iii) there is a rule (A,) and a substitution o such that ¢; = o7 and
o(A) C{p;: j <i}.

The sequence ¢y, - . ., @,—1 is then called a proof of ¢ from I'. Every deduct-
ive system can be defined by a set of axioms and rules of inference (see [7]);
the set of axioms and rules is called an aziomatization of S.

If S is a deductive system, a set 1" of formulas is called an S-theory if
@ € T whenever T Fs ¢, for every ¢ € Fmg. If T' is a set of formulas,
(Is = {¢ : T Fs ¢} is the smallest S-theory containing I'. The set of
S-theories is denoted by ThS. A deductive system S’ = (L,g) is an
extension of the deductive system S = (L,tgs) if I' g ¢ whenever T 5 ¢,



Algebraic Semantics for Deductive Systems 5

for all T U {¢} C Fm or, equivalently, if ThS’ C ThS. S’ is an aziomatic
extension if it can be axiomatized by adding axioms only to the axioms and
rules of some axiomatization of S.

If S =(L,Fs) and L' C L, the L'-fragment of S is the deductive system
S8 = (L',lg) defined by

Thg o iff Thso,

for all T U {p} C Fm .

A matriz is a pair A = (A, F), where A is an L-algebra and F' is an
arbitrary subset of A. If A is a matrix, =4 is the consequence relation on
Fm/ defined by

['Eqpiff
h(I') C F implies h(yp) € F, for every homomorphism h: Fm; — A.

If M is a class of matrices, =y is the consequence relation defined by
T'Eme iff T E4o, for every A € M.

Let S be a deductive system. A matrix A = (A, F) is called an S-matriz
if I' Fs ¢ implies I' =4 ¢; F is then called an S-filter on A. A class of
matrices M is a matriz semantics of S if the consequence relations g and
=m coincide. It follows from structurality that the S-filters on Fm, are
exactly the S-theories. The following result is a consequence of this fact.

THEOREM 1.1. For any deductive system S, the class of all S-matrices forms
a matriz semantics of S.

The following proposition is well known.

PROPOSITION 1.2. Let A = (A, F) and B = (B, G) be matrices and h: A —
B a surjective homomorphism such that F = h™'G. Then =4 and =5
coincide.

Let A be an algebra and F C A. The Leibniz congruence of F on A,
denoted Q4 F, is the relation
{(a’7b) € A2 : (PA(a7007 R ,Ck;_l) € Fiff QOA(ba o, - - - ack—l) € Fa
for all ¢(p,qo,...,q%k-1) € Fmg, k < w, and all ¢g,...,c,1 € A}
It is the largest congruence of A compatible with F', i.e., the largest

congruence © of A such that for all a € A we have either a/© C F or
(a/O)NF =0.
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A matrix (A, F) is said to be reduced if Q4 F = A 4, the identity relation
on A. For a matrix A = (A, F), let A* denote the matrix (A/QaF,F/QaF).}}
A* is a reduced matrix and it follows from Proposition 1.2 that =4 and |= 4+
coincide.

COROLLARY 1.3. Let S be a deductive system. The class of all reduced S-
matrices is a matriz semantics of S.

1.2. Equational consequence

Let £ be a propositional language and Eq; = {¢ = 9 : ¢,9 € Fm,}, the set
of L-equations. Let K be a class of algebras of type £. The equational con-
sequence relation determined by K is the relation between sets of equations
and equations defined by

{pimii€elyFcp=9y

if for every A € K and every homomorphism A: Fm, — A
h(p;i) = h(1;) for every i € I implies h(p) = h(¢)).

When I is finite, say, I = {0,...,n — 1}, we have {¢; = ¢; : i < n} Ek
¢ =~ 1 if and only if K satisfies the quasi-identity

VP((po = ho A A pn1 R Pp_1) = p = ).

Here and elsewhere p stands for a list of the variables occurring in {p; ~
Pi: i <n}pU{p~y}.

If 3,%' are sets of equations, then we write often ¥ =k X' for the
conjunction of the statements ¥ Fx o 9, o =9 € ¥, and ¥ g ¥/
for |:K ZI, Y IZK .

The relation ¢ is finitary if {¢; = 9; : i € I} Fk ¢ = 1 implies
{pi m ;i : i € J} Ek ¢ = 1 for some finite J C I. In this paper we will
be concerned only with relations =k which are finitary. It is well-known
(see for instance [3, p.13]) that = is finitary if and only if it coincides with
Fq(k), where Q(K) is the quasivariety generated by K.

If K is a quasivariety axiomatized by a set ® of identities and quasi-
identities, then =k can also be viewed as a consequence relation over the
set of L-equations defined by axioms and inference rules as follows. For the
axioms use

PR Dp, (i)
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together with
@ = 1, for every identity Vp(p ~ 1) in P, (ii)

and for the rules take

i
Q
Q
i
Q
2
<
Q
S

—, R — (iii)

q=p p=rT

{pi = gi:i<m}
f(p()a"'apmfl) ~ f(QOV"anfl)

, for every f € L, with m the arity of f,

(iv)
and finally
{oim i i <n}
prYP
Vo((po = Po A+ Npn_1 R Pp_1) = @ = 1) in .

, for every quasi-identity (v)

It is easy to verify that now

{pimtpiiell Ekpry
if and only if there is a finite sequence of equations £y =~ 1, ..., &n—1 & Pp_1

such that £,_1 = n,—1 is ¢ = 1, and for every ¢ < n one of the following
conditions holds:

(i) & ~n; is @j = 1p; for some j € I,

1i) there is an axiom ¥~ 6 and a substitution o such that i~ T is
oy = 06,

{ni=d:l<r}

v 4§
isoy~odand {oyy=of:l<r}C{{~n:j<i}.

(iii) there is a rule

and a substitution ¢ such that & ~ n;

The consequence relation =k over the set of L-equations associated with
a quasivariety K is an example of what was called a 2-deductive system in [6];
all notions applicable to deductive systems tranfer naturally to 2-deductive
systems, and in particular to |=x. Thus a set of equations ¥ is called a
Ek-theory, or K-theory for short, if ¥ =k ¢ =~ 1 implies ¢ =~ ¢ € X. If
Y is a set of equations, (X)k = {¢ = ¥ : X |k ¢ = 9} is the smallest
K-theory containing 3. The set of K-theories is denoted by ThK. If K is
a quasivariety then a set of equations Y is a K-theory if and only if © =
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{(, %) : ¢ =1 € B} is a K-congruence of Fmg, i.e., © is a congruence of
Fm/ and Fm,/© € K.

Conversely, every 2-deductive system that is axiomatized in the above
way—i.e., that contains the axiom (i) and rules (iii) and (iv), possibly with
additional axioms and rules such as (ii) and (v), is of the form |= for some
quasivariety K. The 2-deductive systems of the form =k are called algebraic
deductive systems. Observe that if K, K’ are quasivarieties, and K' € K,
then there is a quasi-identity

Vo((po R Po A+ N1 RPp_1) = @ = P)

which holds in K but fails in K'. Tt follows that {@; = ;: i € I} Ek ¢ = 1,
but

{oim i i € I} o o =9,
and hence =k Z -

COROLLARY 1.4. The assignment K — =k establishes an order reversing
bijection between quasivarieties and algebraic 2-deductive systems.

We refer to [5] for a more thorough discussion.

2. Algebraic semantics

The notion of algebraic semantics we will use was introduced in its general
form in [3].

DEFINITION 2.1. Let S be a deductive system and K a class of algebras. K is
called an algebraic semantics of S if there exists a finite set {0;(p) = €i(p) :
i < n} of equations in a single variable such that for all T'U {¢} C Fmg,

ks o iff {0i(y) =ei(y) : v €,i <n} Ek 6i(p) =egj(p),j <n.  (vi)

The equations 6;(p) = €;(p), ¢ < m, are called the defining equations for
the algebraic semantics.

A finite set 7 of single variable equations will be called a translation.
If 7 = {0i(p) = €i(p) : © < n} is a translation and I' C Fm,, 7(T") will
denote the set {0;(y) = ei(y) : v € I',i < n}. Condition (vi) may then be
abbreviated as

'Fs ¢ ifandonly if 7(T) Ek 7(p).
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PRrROPOSITION 2.2. [3, Cor 2.3] If K is an algebraic semantics of a deductive
system S, then so is the quasivariety Q(K), with the same defining equations.

If 7 = {6i(p) = €i(p) : i < n} is a translation and A is an algebra, F}
will denote the set {a € A: §2(a) = e(a), i < n}.

THEOREM 2.3. [3, Thm 2.4] Let S be a deductive system, K a class of L-
algebras and T a translation. The following are equivalent:

(i) K is an algebraic semantics of S with defining equations T.
(ii) The class M = {(A,F}): A € K} is a matriz semantics of S.

Thus the deductive systems that have an algebraic semantics are precisely
those deductive systems for which there is a matrix semantics M and a finite
set 7 of single variable equations such that for every (A, F) € M we have
F=F).

Let £ ={—,A,V,~, L, T}, let CPC = (L,Fcpc) denote the classical
propositional calculus and let BA denote the variety of Boolean algebras. As
{{A,{T4}) : A € BA} is a matrix semantics of CPC, we have that BA is
an algebraic semantics of CPC with defining equation p =~ T. Similarly, the
variety HA of Heyting algebras is an algebraic semantics for the intuitionistic
propositional calculus IPC = (L, Fipc), with the same defining equation.

As pointed out in [3, Cor 2.5], if a deductive system S over a language £
has an algebraic semantics K, then for any language £’ C £ the £'-fragment
of S has an algebraic semantics as well, provided £’ contain all the primitive
connectives occurring in the defining equations. The class of all £'-reducts of
members of K is then an algebraic semantics for the fragment. In particular,
any fragment of CPC or IPC which contains the symbol T (or in which T
is definable) has an algebraic semantics.

BA and HA are in fact equivalent algebraic semantics of CPC and IPC
respectively. The notions of an equivalent algebraic semantics and an algeb-
raizable deductive system were also introduced and studied in [3].

DEFINITION 2.4. Let S be a deductive system and K an algebraic semantics
of § with defining equations 6;(p) =~ ¢;i(p),i < n. K is an equivalent
algebraic semantics of S if there exists a finite set {Aj(p,q) : j < m} of
formulas in two variables such that for every ¢ =~ € Eqr,

o~ =k {0i(Ai(0, ) = ei(Aj(@, ) : i <n,j <m}p.  (vii)

The set {Aj(p,q) : j < m} is called an equivalence system. A deductive
system is algebraizable if it has an equivalent algebraic semantics.
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Both CPC and IPC are algebraizable, with equivalent algebraic se-
mantics the classes of Boolean algebras and Heyting algebras, respectively,
both with defining equation {p = T} and equivalence system {p — ¢,q — p}.

It turns out that if K is an equivalent algebraic semantics of S then the
dual conditions of (vi) and (vii) hold too: for all ¥ U {¢ =~ 9} C Eqr,

Sk o R (A (En) : € €X,5 <m}bs Ajlp, ), j<m, (vii)

and, for every ¢ € Fm,

o s {A;(di(p),ei(0)) : § <m,i <n}. (ix)

A result similar to that of Proposition 2.2 holds for equivalent algebraic
semantics: if K is an equivalent algebraic semantics of a deductive system
S, then so is Q(K); Q(K) is then called an equivalent quasivariety semantics
of S.

2.1. Largest algebraic semantics

It is shown in [3, Thm 2.15] that an equivalent quasivariety semantics of
a deductive system, if it exists, is unique. In general however there may
be many quasivarieties that serve as an algebraic semantics for the same
deductive system, using the same defining equations. This was shown in [3,
Section 2.1]; we give here a particularly natural example of this phenomenon,
the so-called Glivenko interpretation of the classical propositional calculus
in the intuitionistic propositional calculus.

LEMMA 2.5. Let L be the language of CPC and IPC as above, and let
{pim i ie€l}U{p=1} C Eqc. Then

{oimtpiri €I} Fpa =y iff {(——pi =~ 1 i € I} Fpa ~—p = .

PROOF. The implication from right to left follows from the facts that BA C
HA and p = ¢ 5Fga = p = ——q.

For the converse, assume {¢; ~ 1; : i € I} =ga ¢ =~ 9. Let A € HA
and h: Fm; — A be a homomorphism such that h(——p;) = h(—-—);), for
every i € I. It is well-known that the set {—a : a € A} is the universe of a
Boolean algebra B such that the map f: A — B given by f(a) = ——a is a
homomorphism (see for instance [1].) Then f o h is a homomorphism from
Fm/ to B and fh(yp;) = fh(1;) for every i € I. Therefore fh(p) = fh(1)),
ie., h(‘!‘!(p) = h(—|—|'¢). |
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PROPOSITION 2.6. The varieties BA and HA are both algebraic semantics of
CPC with defining equation =—p = T.

PROOF. Since p & T =Fga ——p ~ T, the variety BA is an algebraic
semantics for CPC with defining equation ——p = T. The same holds for
the variety HA, since by the above lemma we have

Frlepcy it {ym=T:v€l}pap~=T
iff {—|—|’}’N—|—|T: ’)/EF} |:HA —|—|(p%—|—|—|_
iff {-—yx=T:v7€el}Euap~T.

In the example above we saw that in addition to the equivalent algebraic
semantics BA for CPC with defining equation ——p = T, there is the larger
algebraic semantics HA. Many more quasivarieties serve as an algebraic
semantics for CPC, but as we will see now, they are all contained in a
largest algebraic semantics; furthermore, this is a general phenomenon.

DEFINITION 2.7. Let S be a deductive system, T = {0;(p) = ei(p) : i <n} a
translation. An algebra A is a 7-model of S if for all T U {p} C Fmg,

ks ¢ implies 7(T') Ea ().
The class of all T-models of S is denoted K(S, ).
The next proposition is immediate:

PROPOSITION 2.8 ([3, p.16]). If S has an algebraic semantics with defining
equations T, then K(S, 1) is the largest such semantics.

It is easy to see that K(S,7) is a quasivariety. We now provide an axio-
matization of the algebraic 2-deductive system [=¢ (s ) and the quasivariety
K(S,7) in terms of an axiomatization of S and the translation 7.

PROPOSITION 2.9. Let S be a deductive system and 7 = {6;(p) = ei(p) :
i < n} a translation. Suppose S is aziomatized by a set Az of azioms and
a set IR of inference rules. The algebraic 2-deductive system IZK(S,T) 18
aziomatized by the axiom (i) and the rules (iii) and (iv), together with the
azioms 7(p), or, more ezplicitly,

51(()0) ~ €i((,0), 1 < n, (X)
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for every aziom ¢ € Az, and the rules

U{r(ei) : i <m}
() ’

or, more explicitly, the rules

{6i(p;) = €i(pj) :i<n, j<m} | "
) ~ e () s =)

for every rule ({p; : j <m},9) in IR.

PROOF. Let |= be the 2-deductive system axiomatized by the axioms and
rules as stated. Since |= is algebraic (see the end of section 1.2), the relation
= coincides with |=q for some quasivariety Q of algebras. We will show
K(S,7)=Q.

Clearly |=q C Fk(s,r), 50 K(S,7) € Q. To prove the converse, suppose
A € Q, and let ' U {9} C Fm, such that I' Fs ¢. We need to verify that
7(I') =a 7(p). This is done by induction on the length of a proof of ¢ from
I" in the deductive system S. |

COROLLARY 2.10. Let S be a deductive system and 7 = {6;(p) = e€;(p) : i <
n} a translation. Suppose S is aziomatized by a set Az of azioms and a set
IR of inference rules. The quasivariety K(S, T) is aziomatized by the azioms

51((10) ~ EZ’((,O), 1< n,
for every aziom ¢ € Az, and the quasiidentities
(A N i) = eiley) = 8i(9) = ei(®), i <,
i<nj<m

for every inference rule ({¢; : j < m}, ) € IR.

2.2. Extensions of deductive systems with an algebraic semantics

Our next aim is to show that if S is a deductive system with an algebraic
semantics, then any extension &’ of S has an algebraic semantics as well,
with the same defining equations. We will do this in Theorem 2.15, by
showing that a suitable subclass of K(S,7) is an algebraic semantics of S'.
We need some preliminary results.
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DEFINITION 2.11. Given a deductive system S, a class of algebras K and a
translation T, let
TS,K - ThS — ThK

be the map defined by
sk (T) = {r(T))x,
forT € ThS.

LEMMA 2.12. Let S be a deductive system, T a translation, and K C K(S, 1)
a class of T-models of S. Then for every I' C Fmg,

7s,k((D)s) = (T(I))k-

PRrROOF. Clearly 7(I') C 7({I')s) and so (1(I'))x C (t((T")s))k = Ts,k((I')s)-
Conversely, if ¢ = ¢ € 75 k((T')s) then 7((T")s) Ex ¢ = 9, i.e, {T(§) : T'ks
¢} Ek ¢ = 1. Since K consists of 7-models of S, for every formula ¢ such
that T' Fgs & we have 7([') =k 7(€). Therefore 7(I') =k ¢ = 9 and thus

e (r(T))k. |

THEOREM 2.13. Let § be a deductive system, T a translation, and K C
K(S,7) a class of T-models of S. The following are equivalent:

(i) K is an algebraic semantics of S with defining equations T.
(i) 75k is injective.

PROOF. (i)=(ii): Let T' and T" be S-theories such that 75k (T") = 75k (T").
Let ¢ € T. Then 7(p) C 75k(T) = 7sk(T") and so 7(T") =k 7(¢). By (i)
we get T' Fs ¢ and so ¢ € T'. Thus T C T' and by symmetry 7 C T.
(ii)=(i): We need to show that, for every I'U{¢} C Fm,, 7(T') =k 7(p)
implies ' ks ¢. If 7(I') =k 7(p) then (1(T'))k = (r(I') U 7(¢))k. By
Lemma 2.12 we have 75sk((I)s) = 7sk((I' U {¢})s). Therefore (I')s =
(TU{p})s and so T kg ¢. ]

THEOREM 2.14. Let S be a deductive system, T a translation, K = K(S, 1),
and suppose K is an algebraic semantics for S with defining equations 1. Let

S’ be an extension of S, and K' = K(S', 7). Then Ts k' equals Ts k restricted
to ThS'.

PROOF. Let T € ThS'; we will show that

(r(M))k = (7(T)) -
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As 8 is an extension of S, K' C K, so = is an extension of |=¢; hence
(T(T))x C (7(T))¢ - For the converse inclusion, first observe that by Pro-
position 2.9 =, can be axiomatized by the axiom (i) and the rules (iii)
and (iv), together with the axioms 7(¢), for every theorem ¢ of §’, and the

U{r(pi) : @ <n}
()

for every inference {¢; : i < n} g 1.

rules

We claim that (7(7T"))k contains all substitution instances of the axioms
of = and is closed under the rules of |=,/. This clearly applies to the
axiom (i) and the rules (iii) and (iv). Next assume ¢ is a theorem of &'
and o a substitution. Then since ) kg op and T is an §'-theory we have
op € T and so o7(p) = 7(op) C 7(T) C (1(T))k- Thus (7(T))k contains
all substitution instances of the axioms of =, /. Now let {¢; : i <n}tg 9
be an inference of &', and o a substitution such that {o7(¢p;) : 1 < n} C
(1(T))k- Then 7(T) Ek o1(pi), i < n, and since o7(p;) = T(0p;), we
conclude 7(T) =k 7(og;), i < n. Since K is an algebraic semantics of S,
it follows that 7' Fs oy, i < n, and hence {oyp; : i« < n} C T. Since
{opi : © < n} kg oy and T is an S'-theory we have oy € T. Then
o7($) = (o) C 7(T) C (r(T))x.

Thus (7(T))k does indeed contain all substitution instances of the ax-
ioms of |=,s and is closed under the rules of |=,,. This immediately gives
that (7(T))k is a K'-theory and obviously (7(T))k contains 7(T'). Thus

(T(T))r € A{7(T))k- n

We are now ready to show that the property of possessing an algebraic
semantics is preserved on passing from a deductive system to any extension.
This corrects a claim to the contrary, made in [3, p. 17].

THEOREM 2.15. If a deductive system S has an algebraic semantics, then so
does any extension of S, with the same defining equations.

PROOF. Assume the deductive system S has an algebraic semantics, with
defining equations 7, and let S’ be an extension of S, with K' = K(S', 7).
By Proposition 2.8 the class K = K(S,7) is an algebraic semantics of S
with defining equations 7. By Theorem 2.13 the map 75 k is one-to-one. By
Theorem 2.14 so is the map 7 k. Applying Theorem 2.13 again we see that
S’ has an algebraic semantics. [ |
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A special case of this theorem appeared in [8], where it was shown
that any aziomatic extension of a deductive system possessing an algebraic
semantics has itself an algebraic semantics.

2.3. Deductive systems without an algebraic semantics

We now give some examples of deductive systems that do not possess an
algebraic semantics. First we establish a property shared by all deductive
systems that have an algebraic semantics.

In [3, Thm 2.7] it is shown that any deductive system S that has an
algebraic semantics with defining equations ;(p) = €;(p), ¢ < n, must satisfy

{p,0i(p)} Fs €i(p) and {p,ei(p)} ks di(p) for i < n. (xii)

We need a stronger version of this result.

THEOREM 2.16. Let S be a deductive system which has an algebraic se-
mantics with defining equations §;(p) = €;(p), i <n. Then

{p7 ( ( ) IlZ}Oa . ,?ﬁk—l)} Fs 7(6i(p)7¢07 R 7¢k—1)a 1<, (an)

and

{p,v(ei(p), %o, - - -, Yr—1)} Fs v(0i(p), Yo, - - ., P—1), @ < n, (xiv)

for every formula v(p,qo, .- ,qk—1), k < w, and formulas g, ..., Ygp_1.

PRrROOF. Let K be an algebraic semantics of S with defining equations d;(p) ~
€i(p), 1 < m. Then (xiii) follows immediately from the fact that, for i < n,

{6;(p) = £5(p) : § <n}U{8;(7(8i(p), P)) = £5(7(8i(p),P)) : § <n}
3j(v(ei(p), %) = ej(V(ei(p), ¥)), 4 <,

where 1 stands for 1y, ..., 4,_1. Likewise we obtain (xiv). [

We will see at the end of Section 2.4 that conditions (xiii) and (xiv)
do not guarantee the existence of an algebraic semantics. The following
proposition sheds some light on the significance of the conditions in terms
of the Leibniz relation.

PROPOSITION 2.17. A deductive system S satisfies the conditions (ziii) and
(ziv) above with respect to a set of equations {0;(p) = ei(p) : i < n} iff
(0i(p),€i(P)) € Qpm, T, i < n, for every S-theory T such that p € T.
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PROOF. =: Let T be an S-theory such that p € T. Let y(p,qo,---,qk—1) €
Fmg and %o, ..., % 1 € Fmg. By (xiii) and (xiv) we get v(6;(p), %) € T iff
v(gi(p), ) € T, for every i < n. Thus (6;(p),&i(p)) € Qpm, T, i < n, by the
definition of Qppm, .

<: Let v(p,q0,---,qk-1),%0,---,Yk—1 € Fmg. For i < n, let T; be the
S-theory generated by p and v(6;(p), ). Since (6;(p),&i(p)) € QFm,T; and

v(3i(p), %) € T; we have y(e;(p), ¥) € T;. Thus {p,v(di(p), %)} Fs v(ei(p), ¥)
for every i < n. This shows (xiii) and likewise we show (xiv). |

Theorem 2.16 is a useful tool in producing examples of deductive systems
that fail to have an algebraic semantics. Such an example was given in [2],
using [3, Thm 2.7]. An even simpler example is the following.

Let £L = {T} and let § = (L,Fs) be the deductive system determined
by the one axiom T, and the empty set of inference rules. Then we have
Fktspiff p e TU{T}, for any I' U {9} C Fm,. Note that the £L-formulas
are the variables and the constant T. It is straightforward to see that the
class of all L-algebras is an algebraic semantics of S with defining equation
p~T.

We modify § by adding to the language a unary symbol. Thus let
L' = {f, T}, where f is a unary connective, and let S’ = (L',g) be
the deductive system determined again by the one axiom T and the empty
set of inference rules. We have again I’ g ¢ iff ¢ € T U {T}, for any
T'U{p} C Fm,. Although the deductive system S’ does satisfy (xii) with
respect to the equation p ~ T, i.e., we have {p} Fg T and {p, T} Fg p, it
does not possess an algebraic semantics. Indeed, suppose it did, say with
defining equations 6;(p) = €;(p), ¢ < n. Then by Theorem 2.16 we have
{p, foi(p)} Fs fei(p), i < n. Since the formula fe;(p) is neither p nor T it
must equal fd;(p). This implies that ¢;(p) is equal to ;(p) for i < n, and
then I' kg ¢ for any I' U {9} C Fmg; contradicting, for example, the fact
that ¥ g p, for p a variable.

We now present an example of a more interesting deductive system that
does not possess an algebraic semantics. A deductive system S is protoal-
gebraic if it possesses a system of implication formulas, i.e., if there are
L-formulas A;(p, q), i < n, for some n < w, such that

|_S A’L(pap)a

for all ¢+ < n, and that collectively have the detachment property:

{p}U{Ai(p,q) : i <n}tsq.
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It is well-known that protoalgebraic deductive systems need not be algeb-
raizable, but the class of reduced matrices of a protoalgebraic system is
well-behaved, and shares many of the characteristic features of an equival-
ent algebraic semantics (see [3] and [4]). Our next example shows that
protoalgebraicity does not however guarantee the existence of an algebraic
semantics.

Let £ consist of just one binary connective —, and let S be the deductive
system over £ with the single axiom

p—=Dp,

and the single rule
p,p—q

q

The formula p — ¢ constitutes then by itself a system of implication formu-
las, and hence S is protoalgebraic. We will now show it does not have an
algebraic semantics.

LEMMA 2.18. Let p, q be different variables and ¢, formulas. Then {p,q —
¢} bs ¥ if and only if Y € {p,q = ¢} U{y = v: v € Fmc}.

PROOF. The implication from right to left is trivial. Now assume {p,q —
¢} Fs 1. We apply induction on the length of a proof to show ¢ € {p,q —
ptU{y = v: v €Fme}

If 9 is either one of the hypotheses or a substitution instance of the
axiom then ¢ € {p,q —» o} U{y = v: v € Fm}.

Next assume 9 is obtained by the application of the rule, say from ¢
and ¢ — 9. By induction hypothesis we have ¢, ¢ — ¥ € {p,¢ = ¢} U
{y > v: v € Fmg}. Obviously £ - ¥ #pandifé — ¢y =g = ¢
then ¢ = ¢, contradicting the induction hypothesis. Thus ¢ = % and so
Y e{p,qg— et U{y—=>7v:v€Fm,}. [ |

THEOREM 2.19. S does not have an algebraic semantics.

PROOF. We argue by contradiction. Let K be an algebraic semantics of
S with defining equations d;(p) = €;(p), ¢ < n. Let ¢ € Va, ¢ # p. By
Theorem 2.16 we have {p,q — (p)} Fs ¢ — €i(p), ¢ < n. Since ¢ —
ei(p) # p and q # €i(p) (p is the only variable allowed in the defining
equations), by Lemma 2.18 we get ¢ — d;(p) = ¢ — €;(p). Hence §;(p) is
equal to €;(p), i < n. It follows that I' ks ¢ for any ' U {¢} C Fm,, a
contradiction. [ |
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2.4. Algebraic semantics for mono-unary deductive systems

No satisfying characterization of the deductive systems that possess an al-
gebraic semantics exists at present. The example given in [3] of a deductive
system that fails to have an algebraic semantics is one over a language con-
sisting of just one unary connective. We will now characterize the deductive
systems over this mono-unary language that have an algebraic semantics.

THEOREM 2.20. Let £ = {f}, f a unary operation, and let S = (L,tg) be
a deductive system. Then S has an algebraic semantics if and only if p Fgs
fp. Furthermore, if S has an algebraic semantics then it has an algebraic
semantics with defining equation p = fp.

PROOF. =: Let K be an algebraic semantics of & with defining equations
di(p) = €;(p), i < n. Since any unary term d(p) is of the form f"(p) for some
n < w, the defining equations J;(p) = €;(p) take the form f™ip ~ f™ip, for
ms,n; < w. It also follows that for any unary term ¢ we have 6(fp) = f(p);
hence the equations 6;(fp) = ¢;(fp) coincide with f§;(p) ~ fe;(p). Since K is
an algebraic semantics for § with defining equations é;(p) = €;(p), i < n, we
know p b fp if and only if {5i(p) ~ e:(p) : i < n} =k 6;(fp) ~ £3(/p), § <
n. But it is now obvious that the right hand side of this equivalence holds,
and hence that p Fg fp.

<: We know by Theorem 2.15 that any extension of a deductive system
that has an algebraic semantics possesses an algebraic semantics as well.
Therefore, in order to prove that the condition p ks fp guarantees the
existence of an algebraic semantics with defining equation 7 = {p = fp},
it suffices to show that the deductive system S whose only rule is ({p}, fp)
has an algebraic semantics with defining equation 7 = {p =~ fp}. Note
that if A is an arbitrary L-algebra, then p &~ fp =4 fp = ffp, that is,
7(p) Ea 7(fp), so A is a 7-model of S. Therefore in this case K(S, 7) is the
class K of all L-algebras.

We claim that K is an algebraic semantics of § with defining equation
p = fp. To see this, it suffices to show that if I" /s ¢, then 7(T') 4 7(¢),
for some mono-unary algebra A. So suppose I' U {¢} C Fm, such that
I' /s ¢. Now ¢ = f"p, for some n < w, and some variable p. Suppose
f'p € T for some i, i < n. Then we see I' k5 f"p, by applying the rule
{{p}, fp) repeatedly; a contradiction—so f'p ¢ T, for all i, i < n. Now let
A, 11 be the mono-unary algebra ({0,1,...,n + 1}, f4), where

A J i+l ifi<n
! (Z)_{ n+1l ifi=n+1.
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Let h: Fm; — A be determined by h(p) = 0, and h(q) = n + 1, for all
q € Va, g # p. Then h(p) =n #n+1=h(fp), but h(yp) = h(f1), for all
9 € I'. Thus 7(T') a4 7(p), as desired. ]

Since p Fs —p is not a rule of CPC or IPC, we infer from the the-
orem that the {—}-fragment of CPC and the {—}-fragment of IPC do not
have an algebraic semantics. However, both deductive systems satisfy condi-
tions (xiii) and (xiv) of Theorem 2.16 with respect to the equations p ~ ——p
and —p &~ ———p respectively. Hence the conditions (xiii) and (xiv) of The-
orem 2.16 do not provide a sufficient condition guaranteeing the existence
of an algebraic semantics.

3. Sufficient conditions

In this section we obtain conditions that ensure that a deductive system have
an algebraic semantics. The first main result, Theorem 3.1, is very general,
and applicable to a wide class of deductive systems. It shows in particular
that if the underlying algebras of the matrices of some matrix semantics of
a deductive system S satisfy an identity of the form f(p,...,p) = p, for
some connective f in the language of S, then the deductive system has an
algebraic semantics.

THEOREM 3.1. Let S be a deductive system over a language L, let M be a
matriz semantics of S, let f € L be an n-ary connective, with 1 < n < w,

and let €(p) be an at most unary L-term whose main symbol (if any) is
different from f. If for every (A, F) € M and every a € F

4, 0) = e4(a)
then S has an algebraic semantics with defining equation f(p,...,p) = &(p).

We give the proof of the theorem in two stages. In the first stage we
consider the case in which the term £(p) is the variable p. This case is sub-
divided in two subcases. We begin by treating the simpler but important
case in which the deductive system has a matrix semantics with the property
that there is an equation of the form f(p...,p) = p satisfied by the under-
lying algebras of the matrices in M (Theorem 3.3). Next we deal with the
case in which the deductive system has a matrix semantics with the weaker
property that there is an equation of the form f(p...,p) = p satisfied by the
the elements of the filters of the matrices in M (Theorem 3.6). Having dealt
with the case ¢(p) = p we turn to the next stage, where ¢ is a term that
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contains at least one fundamental operation symbol. In all cases we appeal
to the following lemma.

LEMMA 3.2. Let M be a matriz semantics of a deductive system S, and let
0i(p) = €i(p), i < n, be a finite set of unary equations of type L. Suppose
for every A= (A, F) € M there is a matriz A' = (A’ F'), and a surjective
homomorphism h: A' — A such that h"''F = F' and F' = {a € A' :
54 (a) = ef'(a), i < n}; let M’ denote the class {A’ : A € M} of all such
matrices. Then the class K' of algebra reducts of matrices in M', i.e., the
class K' = {A" : (A', F') € M'}, is an algebraic semantics of S with defining
equations 8;(p) = e;(p), i < n.

PRrROOF. For (A,F) € M let A" and h: A’ — A be as stipulated. Since
h: A" —» A is onto and F' = h~!F, by Proposition 1.2 the consequence rela-
tions =4 and |= 4 coincide. It follows that =y and |=,, coincide, and hence
M’ is a matrix semantics of S. Since F' = {a € A" : 6 (a) = ¢2'(a), i < n},
by Theorem 2.3 K’ is an algebraic semantics of S with defining equations
3i(p) = &i(p), i < n. u

THEOREM 3.3. Let S be a deductive system over L and M a matriz semantics
of §. If there is an n-ary connective f, n > 1, such that for every (A, F) € M
and every a € A fA(a, ...,a) = a, then § has an algebraic semantics with
defining equation f(p,...,p) = p. In addition, if L' C L such that f € L',
then the L'-fragment S' of S also has an algebraic semantics with defining
equation f(p,...,p) = p.

PRrOOF. Let f € L, f n-ary, 1 < n < w, such that for every (A, F) € M we
have f4(a,...,a) = a, for all a € A. Suppose A = (A, F) € M. Let A be
the set A together with an extra copy of A\ F; formally A’ = AU{d': a €
A\ F}, where for a,b € A\ F we choose o' ¢ A and o' # b if a # b. Let
h: A" — A be defined by h(a) =aifa € A and h(a') =aifa€ A\ F.

We define a new algebra A’ = (4', (¢4 : g € L)) as follows. If g € L,
say g is k-ary, then
A

g% (ao, ..., a5_1) = g*(hao, ..., hag_1),

for all ag,...,ax_1 € A’, except if g = f and a9 = a; = ... = ax_1 = a for
some a € A, a ¢ F, in which case we define

fA’(a, ...,a)=ad.
Note in particular that since f is n-ary for some 1 < n < w we have A=A
for any constant symbol ¢ € L.
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Let A’ be the matrix (A, F) associated in this way with A, and M’
the class of all matrices A’, A € M. Clearly h: A’ — A is a surjective
homomorphism, and h~!(F) = F. We verify that

F={acA: f4a,...,a) =a}. (xv)
C: Ifa € F then f4(a,...,a) = fA(ha,...,ha) = ha = a.

D: Leta¢ F. Ifa ¢ Athen f4 (a,...,a) € Aandso f4 (a,...,a) #a. If
a € A, thena € A\F,so fA(a,...,a) =d' ¢ Aandso f4(a,...,a) #
a.

The conditions of the previous lemma are now satisfied, and the class
K' = {A" : A € M} is thus an algebraic semantics of S with defining
equation f(p,...,p) = p.

To prove the last statement of the theorem it suffices to check that every
L'-fragment of S with f € £’ has a matrix semantics such that the equa-
tion f(p,...,p) = p holds in the algebras underlying the matrices of the
semantics. Now observe that if M is a matrix semantics of a deductive sys-
tem § = (L,Fs) and L' C L, then My = {(A,F) : (A,F) € M} is a
matrix semantics of the £'-fragment of S; here A, denotes the L£'-reduct
of A. Clearly the underlying algebras of the matrices in M,/ satisfy the
equation f(p,...,p) = p if those of the matrices in M do. Now apply the
first part of the theorem. [ |

COROLLARY 3.4. FEwery fragment of CPC or IPC which contains conjunc-
tion (resp. disjunction) has an algebraic semantics with defining equation

pAp=p (resp. pVp=p).

We consider an example of the construction for the {A,V}-fragment
CPC,,y of CPC. Let By = ({0,1},—,A,V,—,0,1) be the two-element
Boolean algebra and Dg = ({0, 1}, A, V) its {A, V}-reduct. Since {(Bz2,{1})}
is a matrix semantics of CPC, we have that {(D2,{1})} is a matrix se-
mantics of CPC, . Since the equation p A p =~ p holds in Da Theorem 3.3
is applicable. In this case the algebra Dy’ is ({0,0',1}, A, V), where A and
V are given by the following tables.
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Thus D2’ (or the quasivariety generated by D2') is an algebraic semantics
of CPC, y with defining equation p A p = p.

Applying similarly the construction of the proof of Theorem 3.3 to CPC
and the 2-element boolean algebra B2 with respect to the equation pAp = p,
we get an algebraic semantics, say {B2'}, for CPC with defining equation
p Ap =~ p. Note that the quasivariety generated by {Bsy'} differs from
the variety of Boolean algebras; by the uniqueness of equivalent algebraic
semantics (see [3, Theorem 2.15]) and from the well-known fact the variety of
Boolean algebras is an equivalent algebraic semantics for CPC, we conclude
that {B2'} is not an equivalent algebraic semantics for CPC, and that hence
the translation p = p A p is not ‘invertible’.

We next consider some modal logics. We take for our language £ =
{N\,V,—,—,0, L, T}, where OJ is the unary “necessity” operator. The basic
deductive system K of modal logic is given by the axiom

O(p — ¢) = (Op — Og)
together with all classical tautologies, and the rules

{p,p — q},q) (modus ponens)
{({r},Op) (necessitation).

This deductive system is algebraizable (see [3]). Its equivalent algebraic
semantics is the variety MA of modal algebras, defined by the equations

O Aq) ~OpAOq
OM) =T

together with the equations defining Boolean algebras.

Let K’ be the deductive system axiomatized by the set of theorems of K
together with the single rule of inference of modus ponens. The system K’ is
an example of a non-normal modal logic, and it was studied in some depth
using matrices in [2], as no natural algebraic semantics seemed available.
It was shown in [3, Cor 5.6] that K’ indeed does not possess an equivalent
algebraic semantics, and thus fails to be algebraizable. As another applic-
ation of Theorem 3.3, we show now that K’ in fact does have an algebraic
semantics.

CoROLLARY 3.5. K' and all of its extensions have an algebraic semantics
with defining equation p Ap = p.
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PROOF. By Theorem 2.15, we only need to verify that K’ has an algebraic
semantics with defining equation p A p &~ p. This follows immediately from
Theorem 3.3, since the class {(A,F) : A € MA, F a Boolean filter} is a
matrix semantics of K’ (see for instance [2] for a proof.) |

Next we weaken the assumption of Theorem 3.3 that an equation of the
form f(p,...,p) = p hold in the underlying algebra of every matrix of a
matrix semantics of a deductive system, and require it to hold only for all
elements belonging to the filter of every matrix of a matrix semantics of a
deductive system, thus allowing it to fail outside of the filter. We use again
Lemma 3.2, but the construction of the algebraic semantics is a little more
involved.

THEOREM 3.6. Let S be a deductive system over a language L, and M a
matriz semantics of S. If there is an n-ary connective f € L, 1 < n < w,
such that for every (A,F) € M and every a € F fA(a,...,a) = a, then S
has an algebraic semantics with defining equation f(p,...,p) = p.

PROOF. Let f be as stipulated. In order to apply Lemma 3.2, we need
to exhibit for every matrix A = (A, F) € M a matrix A’ = (A", F') and a
surjective homomorphism h: A’ — A satisfying F' = h™1(F) and F' = {a €
A: fAa,...,a) =al}.

For A = (A,F) € M write B = {f4(a,...,a) : a € A}, and let B* =
{b* : b € B} be a copy of B disjoint from A, with for ¢,d € B, if ¢ # d
then c¢* # d*. Note that B D F by assumption. Now let A’ = AU B*, and
let h: A" — A be defined by h(a) = a if a € A, and h(b*) = b for b* € B*.
Finally let F' = h~'F.

We define a new algebra A’ = (4', (¢4 : g € L)) as follows. If g € L,
say g is k-ary, then

gA’(aO, o yak—1) = g4 (hao, ..., hag_1),
for all ag,...,ar_1 € A’, except if g = f, and ap =a; = ... = ax_1 = a for
some a € A'. In this case we define
fA(ha,....,ha) ifac F andac A (ie.,acF),
A fA(ha,...,ha)* ifac F'anda ¢ A,
f ((J,, ,(J,): A * s !
fA(ha,...,ha)* ifa¢ F' and a € A,
fA(ha,...,ha) ifa¢ F' anda ¢ A.

Note in particular that since f is m-ary for some n, 1 < n < w, we have
A = cA for any constant symbol ¢ € L.
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Clearly h: A’ — A is a surjective homomorphism. We verify now that

F'={acA: f4a,...,a) =a}.

C: Let a € F'. Then ha € F and so by assumption f4(ha,...,ha) = ha.
Ifa € A then f4(a,...,a) = fA(ha,...,ha) = ha =a. Ifa ¢ A then
a = (ha)* and f4(a,...,a) = fA(ha,...,ha)* = (ha)* = a.

D: Leta¢ F'. If a € A then f4(a,...,a) = fA(ha,...,ha)* ¢ A and so

fAa,...,a) #a. Ifa ¢ A then f4(a,...,a) = fA(ha,...,ha) € A
and so f4 (a,...,a) # a as well.

If weset A’ = (A', F'), and M’ = {A’ : A € M}, then the assumptions of
Lemma 3.2 are satisfied, and K' = {A’ : A’ € M’} is an algebraic semantics
for S with defining equation f(p,...,p) = p.

|

We are now ready to prove Theorem 3.1, formulated at the beginning of
this section.

PROOF OF THEOREM 3.1: Let S be a deductive system over a language L,
let M be a matrix semantics of S, let f € £ be an n-ary connective, with
1 <n < w, and let £(p) be an at most unary L-term whose main symbol is
different from f. Assume that for every (A, F) € M and every a € F

We will show that & has an algebraic semantics with defining equation
fp,-.-,p) = e(p).

If e(p) is just p, we appeal to Theorem 3.6. So now assume £(p) # p, i.e.,
the term e(p) contains at least one occurrence of a fundamental operation,
and the main symbol of e(p) is different from f.

For A = (A,F) € M write B = {f4(a,...,a) : a € A\ F}, and let
B* = {b* : b € B} be a copy of B disjoint from A, where, for c,d € B, if
¢ # d then c* # d*. Now let A’ = AU B*, and let h: A’ — A be defined by
h(a) = a if a € A, and h(b*) = b for b* € B*. Finally let F' = h™'F.

We define a new algebra A’ = (4', (¢4 : g € L)) as follows. If g € L,
say g is k-ary, then
A

97 (ag,...,a5 1) = gA(haO, ... hag_1),
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for all ag,...,ap_1 € A’, except if g = f,and ag = a1 = ... = ap_1 = a for
some a € A’. In this case we define

A . ’
A | f%(ha,...,ha) ifa€eF
foasa) = { fA(ha,... ha)* ifa¢ F'
Note in particular that since f is n-ary for some n, 1 < n < w, we have
¢ = ¢4 for all constant symbols ¢ € L.

Clearly h: A’ — A is a surjective homomorphism. We have:

(i) e4'(a) = eA(ha) for every a € A’
If £ is a constant symbol then A = A by the above remark. Other-
wise ¢ is g(gg,...,€x_1), for some g € L, with g k-ary, for 1 < k < w,

and g # f. Then

e (a) = g* (ef" (a), ... et 1 (a)) = g (hef (a),-.., heft 1(a))
= g2 (ha), ... ,eft | (ha)) = eA(ha).

(i) F'={ac A : fA(a,...,a) =e* (a)}:
If a € F' then ha € F and by assumption f4(ha,...,ha) = e4(ha). So
then f4'(a,...,a) = fA(ha,... ha) = eA(ha) = ¢?'(a). Conversely,
if a ¢ F' then f4(a,...,a) ¢ A and so f4(a,...,a) # eA(ha) =
e4'(a).

If we set A' = (A", F'), and M' = {A" : A € M}, then the assumptions
of Lemma 3.2 are satisfied, and hence K' = {A’ : A’ € M'} is an algebraic
semantics for § with defining equation f(p,...,p) = €(p). [

We saw earlier in this section that the (non-normal) modal logic K', even
though it is not algebraizable, still has an algebraic semantics, with defining
equation p A p = p. Theorem 3.1 allows us to show it has an algebraic
semantics with a very different defining equation.

COROLLARY 3.7. The modal logic K' and all of its extensions have an al-
gebraic semantics with defining equation p — p =~ T.

PROOF. We already observed in the proof of Corollary 3.5 that the class
{(A,F): A € MA, F a Boolean filter} is a matrix semantics of K'. Every
modal algebra A satisfies the identity p — p = T, and the hypotheses of
Theorem 3.1 are therefore satisfied. It follows that K’ has an algebraic
semantics with defining equation p - p~ T.

To see that every extension of K’ has an algebraic semantics with defining
equation p — p = T as well, we invoke Theorem 2.15. [ |
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One of the assumptions in Theorem 3.1 is that in the defining equation
f(p,...,p) = e(p) the main symbol of the term £(p) be different from the
fundamental operation f. We conclude the paper with a result that shows
that under certain circumstances this requirement can be omitted.

THEOREM 3.8. Let S be a deductive system and let M be a matriz semantics
of 8. If there is a binary connective — such that every (A, F) € M satisfies
the following two conditions:

(i) a >4 a € F for every a € A,
(ii) a 22 a = (a >4 a) =4 (a =>4 a) for everya € F,

then S has an algebraic semantics with defining equation p — p = (p —
p) = (p = p)-

PROOF. Let A = (A,F) € M. Let B={a -4 a: a € A\ F}, and let
B* = {b* : b € B} be a copy of B that is disjoint from A, where ¢* # d*
whenever ¢,d € B, c # d. Let A’ = AU B*, and let h: A — A be defined
by h(a) = a ifa € A and h(b*) = b for b € B. Let F' = h™'F. We define
A= (A {g4 : g € L£}) as follows.

For any fundamental operation g, with g k-ary, say, and ag,...,a5 1 €

A’, we set
!

gA (G,(), s 7ak—1) = gA(hGOa R ha'k—l)a

except if ¢ =—, and a9 = a1 = a, in which case we define

0 A g ha —4 ha ifaeF'
| (ha =4 ha)* ifa¢ F'.

In particular, if ¢ is a constant symbol then A=A

Clearly h: A’ — A is a surjective homomorphism. We have:

(a) For every a € A’,
(a —4 a) -4 (a A a) = (ha =4 ha) 54 (ha -4 ha).

Indeed, h(a =4 a) = ha =4 ha € F by (i). Thus a 4 a € F' and
S0
(a -4 a) 54 (a -4 a) = hia -2 a) 54 h(a -4 a)
= (ha = ha) -4 (ha =4 ha).
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b) Fl={acA:a—-%a=(a—-% a) >4 (a >4 a)}.
To see that F' C {a € A': a -4 a = (a =4 a) -4 (a =4 a)}, let
a € F' be arbitrary. Then

a—=Ya = ha—o?ha
= (ha =4 ha) -2 (ha =4 ha) (by (ii))
= (a=4 a) >4 (a =% a). (by (a))

For the converse inclusion, if a ¢ F', then a =4 a ¢ A and so

a4 a #£ (ha =4 ha) 54 (ha =4 ha)

= (a =% a) 54 (a =4 a). (by (a))
By Lemma 3.2, {A" : (A, F) € M} is an algebraic semantics of S with

defining equation p > p= (p = p) = (p — p). u

The last theorem can be used to see that fragments of intuitionistic
linear logic and their extensions—which need not be algebraizable—possess
an algebraic semantics with defining equation p —» p = (p = p) = (p — p).

A partially ordered commutative residuated monoid (pocrm, for short) is
a structure A = (A4, -, —, e, <) where (4, -, e) is a commutative monoid with
identity e, < is a partial order on A, and for all a,b,c € A

a-c<b iff ¢<a—b (xvi)

The monoid operation in a pocrm can be shown to preserve the partial order.
We verify that any pocrm A satisfies the identity

p—=>p~(p—p) —(—p).

Let a € A. We first observe that the elements of the form (a — a) satisfy
(@ = a)-(a — a) < (a — a). To see this, we only need to verify, in virtue
of (xvi), that a- ((a — a) - (a = a)) < a. This follows using associativity of
yas a- (a — a) < a. Using (xvi) again, we infer that

(a = a)<(a—a)— (a—a).

The reverse inequality also holds, since e < (¢ — a), and for any element
b € A with the property e < b we have (b - b) =e-(b—b) <b-(b = b) <b;
so in particular

(a = a) = (a—a) < (a—a).

If A is a pocrm, then a set F' C A is called a filter of A if
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(i) a >a € F,forall a € A, and

(ii) ifa,a - b€ F, then b€ F.

The reduced matrices for intuitionistic linear logic (ILL, for short) are
structures (A, F'), where A is a pocrm with additional operations, and F' C
A a filter, with some additional closure properties; such matrices satisfy thus
conditions (i) and (ii) of Theorem 3.8. All fragments of ILL possess a matrix
semantics consisting of such matrices, provided their language contain the
connective —. Theorem 3.8 thus yields

COROLLARY 3.9. All fragments of intuitionistic linear logic ILL and their
extensions possess an algebraic semantics with defining equation

p—=pr({—p —(@—p),
provided their language contains the connective —.

Some of these deductive systems are not algebraizable. For example, it
follows from results in in [3, Section 5] that the —-fragment of the relevance
logic R—an extension of the —-fragment of ILL—fails to be algebraizable.
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