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Abstract. This paper is concerned with the stability of periodic trave-
lling-wave solutions of the Korteweg-de Vries equation

Here, u is a real-valued function of the two variables z,t € R and
subscripts connote partial differentiation. These special solutions were
termed cnoidal waves by Korteweg and de Vries. They also appear in
earlier work of Boussinesq. It is shown that these solutions are stable to
small, periodic perturbations in the context of the initial-value problem.
The approach is that of the modern theory of stability of solitary waves,
but adapted to the periodic context. The theory has prospects for the
study of periodic travelling-wave solutions of other partial differential
equations.

1. INTRODUCTION
The Korteweg— de Vries equation

Up + Uy + Upge = 0 (1.1)
for the function u = wu(z,t) was first derived by Boussinesq in 1877, and

later by Korteweg and de Vries in 1895, as an approximate description of

Accepted for publication: June 2006.
AMS Subject Classifications: 35B10, 35B35, 35B40, 35Q51, 35Q53,76B25.
1321



1322 JAIME ANGULO PAvA, JERRY L. BONA, AND MARCIA SCIALOM

surface water waves propagating in a canal. Here, u,z and ¢ are real vari-
ables and subscripts connote partial differentiation. This equation has since
found application to a range of problems in solid and fluid mechanics as
well as plasma physics and astrophysics. Some indication of the range of its
applicability can be ascertained by consulting [24], [23]-[35], [48], [36], [45]
and especially the early reviews [6], [29] and [44].

One of the centrally important properties of this evolution equation is its
travelling-wave solutions, Scott Russell’s solitary waves, later termed soli-
tons, and Boussinesq’s and Korteweg de Vries’ cnoidal waves. The solitons
are the single crested, symmetric, localized travelling waves whose sech?-
profiles have become so well known. The cnoidal waves are also travelling
waves, but their spatial structure is periodic.

It is our purpose here to consider the stability of these latter waveforms.
For solitary waves, stability theory was begun by Benjamin [5] and has since
been refined and improved in several ways (see, for example, [4], [8], [11],
[22], [25], [26], [37], [38], [39], [40], [43], [49], [50]). It is otherwise with
the spatially periodic cnoidal waves, whose orbital stability has received
comparatively little attention.

We intend to cast light on this issue. As our general experience with non-
linear, dispersive evolution equations indicates that travelling waves, when
they exist, are of fundamental importance in the development of a broad
range of disturbances, we expect the issue of stability of cnoidal waves to be
of interest.

We approach the question of cnoidal wave stability by way of the general
methods that have proven successful for deriving stability theory for soli-
tary waves. In particular, we make no use of the KdV-equation’s complete
integrability as did McKean [42] in his study of the periodic initial-value
problem. The periodic problem presents new points not encountered when
considering stability issues related to the solitary waves. The outcome of
our analysis appears in Sections 5 and 6. Roughly speaking, we show that,
indeed, cnoidal waves are orbitally stable to disturbances of the same pe-
riod. Moreover, we show that the perturbed solution propagates at about
the same speed as does the unperturbed cnoidal wave. It is worth pointing
out that theory has recently been developed by H. Chen [18] which includes
stability results for periodic traveling-waves. Her theory applies to a general
class of model equations, but the information gleaned is not quite as specific
as that obtained here in the context of the KdV-equation.

The scheme of the paper is as follows. Section 2 contains some classical
preliminaries about cnoidal waves and an appreciation and critique of earlier
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work of Benjamin reported in [6] on the issue in view here. We also indicate
why the general theory of Grillakis, Shatah and Strauss [25], [26] cannot be
applied directly to the problem at hand. Various characterizations of the
cnoidal waves are made in Sections 3 and 4, and these are used to infer the
stability theory in Section 5. The theory in Section 5 takes advantage of
the ideas in Bona and Soyeur [12]. The theory in Section 5 is extended to
higher-order Sobolev spaces in Section 6 using the idea appearing in Bona,
Liu and Nguyen [10] in their study of stability of solitary waves. An Ap-
pendix A collecting for the reader’s convenience some facts about the Jacobi
elliptic functions is followed by Appendix B where an alternative, variational
argument for stability is sketched. While straightforward, the latter method
fails to provide the detailed aspects about stability that emerge from the
analysis in the body of the paper.

2. NOTATION AND PRELIMINARIES

2.1. Function Classes. The following, mostly standard notational conven-
tions will be in force throughout. If € is an open set in R and 1 < p < oo,
then LP(2) is the usual Banach space of (equivalence classes of) real or
complex-valued Lebesque measurable functions defined on €2 with the norm

ey = [ 1P, (2.1)

and with the usual modification when p = co. When 2 is understood, we
write simply LP for LP(€2). The inner product in L?(£2) of two functions f
and g is written as

(f,9) = /Q fgd. (2.2)

The L?-based Sobolev spaces of periodic functions are defined as follows
(for further details see [II]). Let P = Cp¢, denote the collection of all the
functions f : R — C which are C'"*° and periodic with period 2¢ > 0. The
collection P’ of all continuous linear functionals from P into C is the set of

periodic distributions. If ¥ € P’ we denote the value of ¥ at ¢ by
U(p) =< T, p>. (2.3)
For k € Z, let Ok(z) = exp(ikmz/l) for x € R. The Fourier transform of
¥ € P’ is the function ¥ : Z — C defined by the formula
~ 1

\If(k):ﬂ<\11, O_j >, ke Z.
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As usual, a function W in L!(—/, £) is realized as an element of P’ by defining

l
(Wop) = 57 [ Vaola)da

for o € P. If ¥ € LP(—4,¥) for some p > 1, then, for k € Z,

20

The space P’ carries the usual weak-star topology, but it will not be needed
here. For s € R, the Sobolev space H3, = H,,.([—¢,]) is the set of all f € P’
such that

14
U(k) = i/ W(z)e e/,
¢

1Pl =20 S (14 B2 (F (R
k=—o00

The collection H5,(R) is a Hilbert space with respect to the inner product

(flg)s =2¢ Z (1+ [kI%)° F (k)G (k).

k=—o00
In case s = 0, ng is a Hilbert space that is isometrically isomorphic to
L?(—¢,0), and
(Fl9)o = (£.9) / fad. (2.4)

The space ng will be denoted by L%E and its norm by |- |72(_g ). Of course
HS$, C L3,, for any s > 0, and, for every n € N, the norm ”fHJ%I;Z of a function
f is equivalent to the norm

(an(ﬂ 12 ) Z / 9@ Paz) "

where () is the j* derivative of f taken in the sense of P’. Moreover,
(H3,)', the topological dual of HS,, is isometrically isomorphic to H,," for
all s € R. The duality is implemented concretely by the pairing

(f9)s=20 Y f(k)g(k), for  feHy', geHs,

k=—o00

Thus, if f € L2, and g € HS,, it follows that (f,9)s = (f,g). One of Sobolev’s
lemmas in this context states that if s > 5 L and

Cy={f:R— C: fis continuous and periodic with period 2¢},
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then H3, < Cy. If X is a Banach space like H3,, and T' > 0, then C(0,T'; X)
is the space of continuous mappings from [0,7] to X and, for £ > 0,
C*(0,T; X) is the subspace of mappings t +— u(t) such that &/u € C(0,T; X)
for 0 < j < k, where the derivative is taken in the sense of vector-valued
distributions. This space carries the standard norm

k
_ J
Il o) = 32 o 1000l

2.2. The Initial-Value Problem. Logically prior to questions of stability
to perturbations of the initial data is the issue of well posedness for the initial-
value problem for (1.1). The initial-value problem for (1.1) with periodic
data has been extensively studied, and very satisfactory theory is available
(see e.g. [13], [14], [30], [31], [32], [15], [20], [46] and [33]). The more subtle
aspects of recent theory do not find use here. All that is needed is the
following result.

Theorem 2.1. Let s > 1 be given. For each ug € HS, there is a unique
solution w of (1.1) that, for each T > 0, lies in C(0,T; HS,). Moreover,
the correspondence ug — u is an analytic mapping of the relevant function
spaces.

Remark. In what follows, we will occasionally use more regularity than
is implied by membership in H21l. This extra regularity is only needed at
intermediate stages; the final results only feature elements requiring H2ll
regularity. To justify the intermediate steps, we follow the standard pro-
cedure of regularizing the initial data, making the calculations which are
easily justified for the more regular solutions and then passing to the limit
in the final result. In this latter step, the full power of the well posedness is
needed to insure that if a sequence of smooth initial data 1, converges to a
rougher initial value v, then the associated solutions u,, converge strongly
to the solution u emanating from .

3. CLASSICAL RESULTS ABOUT CNOIDAL WAVES AND STABILITY THEORY

3.1. Facts about Cnoidal Waves. Travelling-wave solutions of the KdV-
equation are obtained by searching for solutions u of (1.1) of the form

u(z,t) = pe(r — ct), (3.1)
where ¢ is the speed of propagation. Physically relevant solutions of the
KdV-equation written in travelling coordinates as in (1.1) and with mean
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zero, require 0 < ¢ << 1 in the travelling frame of reference that underlies
the tidy form (1.1). (In the original physical variables, this corresponds
to speeds of propagation ¢ just in excess of the kinematic wave velocity
¢o = v/gho, where hg is the undisturbed depth and g the gravity constant.)
Such waveforms are certainly covered here, but our theory is not restricted
to this range. Indeed, the KdV-equation is invariant under the Galilean
transformation
v(x,t) = u(x +vt, t) — 7, (3.2)
where v is any real number. That is, if u solves (1.1), then so does v. For a
travelling wave @, as in (3.1), this means that if v € R, the function

Pe(2) = pe(z) =

is a travelling-wave solution of (1.1) where e = ¢ — ~y, which is to say

Pe(x —et) = pe(z — (c—7)t) — 7 (33)
is also a solution of the KdV-equation. This familiar fact (see e.g. Miura’s
historical perspective in [M]) allows one to normalize considerations. One
has a choice of either restricting the range of speeds or else fixing the mean-
value of the wave. In case . is periodic of period L, this means specifying
the value of

M=

Hied =1 [ edo)is

1
1L

whereas if ¢, = ¢, is of solitary-wave type, the limit
1 et

Yoo = lim — / ch(x)dx
L —%L

may be specified. Note that the spacial period [0, L] of a periodic traveling
wave solution ¢, of the KdV-equation does not change under the Galilean
transformation (3.2). For the moment, fix the speed ¢ to be positive.
Substitution of the form (3.1) into (1.1) yields an ordinary differential
equation for p.(z), say, where z = x — ct, which may be integrated once to
reach the second-order equation
L + %@3 —cpe = Ay, (3.4)
Here, the constant A, of integration need not vanish. Upon multiplying
(3.4) by the integrating factor ¢, a second exact integration is possible,
yielding the first-order equation

3(pL)? = =2 + 3cp? + 64,0 + 6B, (3.5)
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where B, is another constant of integration. This latter equation may be
solved implicitly, viz.
/wc(z) V3dy
0e(0) /—Y3 +3cy? + 64,y + 6B,
where ¢y is a final constant of integration. A class of solutions to (3.6),

found already in the 19*"-century work of Boussinesg [5] and Korteweg and
de Vries [34], may be written in terms of the Jacobi elliptic function as

+co =z, (3.6)

Pe(z) = P2+ (B3 — ﬂ2)cn2( %z; k), (3.7)
where
Bi<Ba<PB3 Br+P2+Bs=3c and k*= 53—52'
B3 — B

Here is a classical argument leading exactly to these formulas. Fix a speed
of propagation ¢ > 0 and suppose ¢ to be a non-constant, smooth, periodic
solution of (3.5)-(3.6). The formula (3.5) may be written

P = 3 Fol(2) (33)

with F,(t) = —t* + 3ct? + 6A,t + 6B, a cubic polynomial. If F, has only
one real root (3, say, then ¢'(z) can vanish only when ¢(z) = 3. This means
the maximum value ¢ takes on in its period domain [—/, /] is the same as
its minimum value there, and so ¢ is constant, contrary to presumption.
Therefore F, must have three real roots, say 31 < 2 < (3 (the degenerate
cases will be considered presently), so Fi, has the form

Fy(t) = (t = B)(t — B2)(Bs — 1) (3.9)
where we have incorporated the minus sign into the third factor. Of course,
we must have

Bt ot s =3, —<(fat s+ als) = Ap, fifhls = By

It follows immediately from (3.8)-(3.9) that ¢, if it is to exist, must take
values in the range B < ¢ < (3. Since ¢ > 0, #3 > 0 and we can normalize
¢ by letting p = /3 so that (3.8)-(3.9) becomes

) = 2= n)p—m)1 - ) (310)

where n; = (;/0s, i = 1,2. The variable p lies in the interval [n,1]. By
translation of the spatial coordinates, we may locate a maximum value of p
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at z = 0. As the only critical points of p for values of p in [12, 1] are when
p =2 < 1 and when p = 1, it must be the case that p(0) = 1. One checks
that p” > 0 when p = 7 and p” < 0 when p = 1. Thus, it is clear that our
putative periodic solution must oscillate monotonically between the values
p =mn2 and p = 1. A simple analysis would now allow us to conclude such
periodic solutions exist, but we are pursuing the formula (3.10), not just
existence.
Change variables again by letting

p=1+ (g2 —1)sin’*¢
with ¥(0) = 0 and v continuous. Substituting into (3.10) yields the equation

N2 _ @ _ _ L—m2 .
(W) = 550 =m)[1 = 7= " sin®y]
with 9 (0) = 0. To put this in standard form, define
1= s

Of course 0 < k? <1 and A > 0. We may solve for 1) implicitly to obtain

¥(2) dt
F(y; k) = / —— =Vz (3.11)
0 \/1-—k2sin?t
The left-hand side of (3.11) is just the standard elliptic integral of the first
kind (see Appendix A). As mentioned in Appendix A, the elliptic function
sn(z; k) is, for fixed k, defined in terms of the inverse of the mapping ¢ —
F(v; k). Hence, (3.11) may be rewritten as

sintg =sn(VAz k),
and, therefore,
p=1+ (2 — D)sn?(VAz; k).
As sn? + cn? = 1, it transpires that p = 12 + (1 — 1m2)en?(V/A z; k), which,
when properly unwrapped, is exactly (3.7).

A moment’s reflection about the degenerate cases is worthwhile. First,
fix the value of ¢ > 0 and consider whether or not periodic solutions can
persist if 81 = (o or B2 = (3. As ¢ can only take values in the interval
[B2, B3], we conclude that the second case leads only to the constant solution
©(z) = P2 = (3. Indeed, the limit of (3.7) as S — (3 is uniform in z and
is exactly this constant solution. If, on the other hand, ¢ and (3 are fixed,
say, 32 | 1 and B3 = 3¢ — B2 — (1, then k, — 1, the elliptic function cn
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converges, uniformly on compact sets, to the hyperbolic function sech and
(3.7) becomes, in this limit,

. . . ) a
ﬁlﬁgl ©e(z) = ¢e(2) = Poo + a sech <\/gz)

with ¢oo = 1 and a = (B3 — (1. If B1 happens to be zero, the standard
solitary-wave solution

be(2) = 3¢ sech? (gz)

of speed ¢ of the KdV-equation is recovered. Note 33 = (31 = 0 exactly when
A, = B, =0, as one would expect.

3.2. Generalities about stability and Benjamin’s theory. We present
here a brief review of the general stability theory that will come to the fore
in our analysis. In what follows, it is supposed that the travelling-wave
solution ¢, is periodic of period 2¢ = L > 0 and we let = [0, L] be a
minimal period. The two functionals

1 1,

E(u) = §/Q(u3: — g )dz and F(u) = %/Qlﬂdx (3.12)

play a central role in the stability results that follow. They are well-defined
C>-mappings of H; = H})_.(Q) = H},, to R and each is independent of ¢
when evaluated on H,,-solutions of the KdV-equation (1.1).

Starting with [5], the stability theory for solitary waves has always relied
upon a local analysis in a neighborhood of the solitary wave whose stability
is in question. This is also the case with the present theory of stability of
cnoidal waves. Omne approach to demonstrating stability of cnoidal waves
which is suggested by the associated stability theory for solitary waves is to
show that if u(-,0) = ug is close enough to a cnoidal wave . and F(ug) =
F(pc), then for all ¢t > 0,

E(u(-t)) = E(pe) = f(di(u, pc)) (3.13)
where f is a continuous and strictly monotone increasing function at least
near 0 and f(0) = 0. Here, for s > 0, and ¢g,h € HS,,. = H5,,([0, L]),

per per

ds(g,h) = ;g£ lg(-) — (- + y)llug,, (3.14)

is the usual pseudo-metric arising in this context. The inequality (3.13)
implies that for any given € > 0, if ||ug — ¢c|| my,, 1s small enough, then

dl(u('vt)ﬂOC) <e (3.15)
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for all £ > 0, and this is simply an expression of orbital stability since
{@c(- + ) }yer is precisely the orbit of the solitary wave .. To see that
(3.15) is a consequence of (3.13), let € > 0 be given and argue as follows. If
up is near enough to ¢, in the H;efnorm, then the quantity

E(u(-, 1)) — E(pe) = E(uo) — E(¢e)
is less than any prescribed value v > 0 for all ¢ > 0. This means that

fldi(u(-,t), @) <~y for all t. Let © be the orbit of ¢¢, s0 © = {pc(- +y) :
y € R} is a closed set. The triangle inequality implies that for any ¢, ¢’ > 0,

‘dl (u(7 t)? SDC) —di (u("tl)) SOC)’ = ’diSt(u(‘vt)7 @) - diSt(u(‘vt/)v @)’
< luCt) = uC ) g,

per

where the distance is referred to the H;ET—norm. Since u(-,t) is a continuous

function of ¢ with values in H.,, it thus follows that di(u(-,t),¢.) is a
continuous function of . Because f is monotone, we may choose vg > 0 so
that r < e whenever f(r) < vp. Thus, if ||ug — <Pc||H;ET < ¢ is small enough
that €(ug) — E(¢e) < 70, then (3.15) must hold.

The general case where F(ug) # F(¢.) now follows from the triangle
inequality. In a little more detail, fix ¢ and let . be a cnoidal wave whose
stability is in question. We will see in Section 4 that there is a C'-branch of
cnoidal waves {¢4}|4—c|<y Passing through ¢, all of the same spatial period
L, and that the mapping d — F(pq) is continuous and strictly monotone
increasing. Let € > 0 be given and let uy be initial data for (1.1) for which
[luo — el a3, < 6 where 6 will be determined presently. For § small enough,

there is a value e near ¢ such that F(ug) = F(¢.). Moreover,

luo = el

1 < o — el + loe— el <5+ o(1)
as 0 — 0, since the branch of cnoidal waves is continuous. The assumption
(3.13), the just derived conclusion that if § is small enough, then d; (u, ¢.) <

%e for all £, and the triangle inequality assure that

1
dl(uv SOC) S dl(ua ()06) + dl (SOea (Pc) S 56 + 0(1)

as 0 — 0. Moreover, this inequality is valid for all ¢, since di(p,¢.) is
obviously independent of . The desired result follows.

Thus the issue of orbital stability of cnoidal waves would be reduced to es-
tablishing (3.13) and the existence of the aforementioned branches of cnoidal
waves. However as will be apparent in Section 5, provision of a suitable ver-
sion of (3.13) is not quite as straightforward in the periodic context as it is
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for solitary waves. One reason for this is easily appreciated. The function

ir, 9
F(r,t) = /2 (u(w,t) — @e(x + r)) dx
—_ %L

figures prominently in the stability analysis. Here, u is a solution corre-
sponding to initial data 1, say, that is periodic of period L and close to the
cnoidal wave ¢. at t = 0. What is important about F' is that, for each ¢,
there are translations r such that

or (1)
In the case of the solitary wave where L = 400, the extended stability theory
(see [BS]) implies that there is a unique r = r(t) for which the latter holds,
whereas in the periodic context there are always at least two such points,

one of which is, say at time ¢, the point rg where

F(ro,t) = [max F(r,t).

Thus, points where %—f = 0 need not be points where F' is small. This

potential obstacle is overcome in Section 5 by the derivation of a slightly
more subtle version of (3.13) and a dynamical determination of r(¢). The
latter approach has the salutary effect of yielding sharper results that those
obtaining from the analysis just outlined, were it to be correct.

Except for the caution just raised, the preceding argument is the same as
one made for solitary-wave solutions of (1.1) in [11] or [4], and indeed for a
general class of KdV-type equations of the form

ug+ f(u)g — Mu, =0 (3.16)

where f : R — R is typically a polynomial and M is a Fourier multiplier
operator defined via its Fourier transform by the formula Mv = mv where
the circumflex connotes the Fourier transform in the spatial variable x and
m is the symbol of M. The existence of solitary-wave or periodic travelling-
wave solutions of (3.16) has been dealt with in a number of works, e.g. [2],
[3], [7], [9], [17] and [49].

Fix a speed ¢ and let ¢. be a solitary-wave solution of (3.16). There are
two principal hypotheses leading to inequalities like (3.13), and hence to the
conclusion of stability.

(I) For a suitably chosen value of s depending upon m, the self-adjoint,
unbounded linear operator £ defined on the subspace H* of L? by
Lh = Mh+ (c— f'(¢c))h has exactly one negative eigenvalue which
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is simple, the zero eigenvalue is simple with eigenfunction ¢/, and
the rest of the spectrum is positive and bounded away from zero.
The Sobolev-space index s depends upon the large-¢ asymptotics of
the symbol m of M; provided such a value exists, s is chosen so that
the norm

17~ | T me) 1 fo)de

— 00

is equivalent to the H*-norm, where f is the Fourier transform of f.
(IT) The correspondence ¢ € (0,00) — ¢. € H*(R) is a C'-mapping
and, for ¢ > 0, the function d : RT™ — R defined by

d(C) = g(¢c) + Cf(¢6)
is convex, which is to say d”(c) > 0.

The conclusion to be drawn from these hypotheses is that ¢. is orbitally
stable in the sense mentioned in (3.15), except relative to ds. It deserves
remark that theory exists giving checkable conditions under which (I) holds
(see e.g. [1]).

The approach taken here to the question of stability of cnoidal waves fol-
lows the same general lines as those that were successful in the just described
theory for solitary waves. Benjamin [6] in his wide ranging lectures on non-
linear waves also put forward an approach to the stability of cnoidal waves.
He claimed that the cnoidal wave, “with appropriate choices of (2, 33 and
¢, to make L the fundamental period”, realized the absolute minimum of
&(u) subject to F(u) = A where \ was restricted by A > 327%/L3 so as to
make ¢ > 472/L?. Benjamin went on to assert that, for such values of \,
the quantity £(u) — £(¢c) is bounded below in terms of dj(u,¢.) and the
invariance of £ then implies stability as previously indicated.

Benjamin did not provide a detailed justification of his assertions, and
several aspects seem problematic. The most important gap is the identifica-
tion of the minimizer of the constrained variational problem with the cnoidal
wave . one starts with. Certainly the variational problem has a minimum
as we show in Appendix B. However, the identification of ¢ with (. requires
a uniqueness theorem for the variational problem that seems troublesome.
Thus, the conclusion available by this analysis is just that the set of abso-
lute minimizers is stable. The fact that the cnoidal wave is in the set is
not certain without further argument. A related point concerns the spectral
analysis of the operator £ in the periodic case. This type of analysis was
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the core of Benjamin’s original proof of stability of the solitary wave, but he
makes no attempt to provide it in the periodic case.

Here, a complete theory is provided of the stability of cnoidal waves. While
inspired by Benjamin’s commentary, our analysis takes a different path than
he envisioned.

3.3. Stability of the constant solutions. Unlike the situation that arises
for solitary waves where the natural physically relevant assumption is that
¢c(2) — 0 as z — +oo (or what is the same, H(p.) = 0), for which the only
trivial solution is ¢(z) = 0, the cnoidal-wave problem throws up two trivial
solutions. This is easily appreciated from (3.4), for example. If a constant
solution taking the value A is sought, then one sees that A must satisfy a
quadratic equation. If we let ¢ = ¢, + r where r 4+ ¢ = /c? + 24,,_, then
1 satisfies (3.4) with A,, = 0. Note that according to the formulas below
(3.9) for c and A, in terms of (1, B2, B3,

A +2A,, = %[(@ —B)*+ (B3 — B1)* + (Bs — 52)2} > 0,

so this is a real-valued transformation. Thus, for 1, the two constant solu-
tions are ¢ = o = 0 and ¢ = ¢y = 2(c+ ).
The state g is clearly stable in H! . This follows immediately from the

per-*
time independence of £ and F. For if |l¢o — uollm1,, = lluollmy,, < 0, then

per

L L L
/ (u — po)?dx = / ulde = / ud dz < 62
0 0 0
and

L L 1 (L L 1
/ (ug — @0, )* do = / w2 dz = —/ u? da +/ (U(Q),. - —ug) dx
0 0 3 Jo 0 © 3

1 1 ,r1 3
< g||u||Lg.éT52 + 82408 < g52 [EHUH%?W + ||| 2 H%”Lfm} 21524088

per

Loorl o 2 2 3
These two inequalities imply the advertised stability result. Note that in the
second inequality, use has been made of the elementary result

1 L L L 1
sup |h(z)]? < —/ h? dx + </ h? dx/ h2 dx) , (3.17)
0<z<L L Jy 0 0

which will be needed again later.
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To study stability of the constant state 1y, we rephrase Benjamin’s argu-
ment as follows. Let u = ¢g+h where h € H},,. and suppose F(vg) = F(u)
for the moment. Then, by invariance of F,

1 L
0= Flu) ~ Flo) = 5 / (2o + h2) da. (3.18)
0
In consequence, it transpires that

AE = E(u) —E(Wo) = E(o + h) — E(1o)
1

_ = L 2 c— 2 .’L'—l g 3 T
= 5 [+ e—wpti =g [Wae @)

1 [t 1 [
= —/ [(he)? — ch?] dz — —/ h? dax.
2 Jo 6 Jo

A lower bound for the conditional second variation 62€ of &, the quadratic
portion of the right-hand side of (3.19), is obtained as follows. Define

1 L
hlzh—z/o h dx =h—H(h). (3.20)

Clearly, fOL htdx = 0, so it follows from Poincaré’s inequality that

/OL(h;)2 dz > (2%)2 /OL(hi)2 dz. (3.21)

Formula (3.18) implies that
M) = - [ w2 = - (3.22)
T acr fy VT T aer Mg ‘
It thus transpires that
L 2 L 15\2 2 L 15\2 1 4
/O h d:c:/o (W)2de + LH(h) :/0 (W e+ bl - (3.23)

As a consequence of (3.17) and Young’s inequality, for any A < 1, we have
that

L L
‘/ h3dx| < sup |h(x)|/ h2dx
0 0<a<L 0

st ([ ([

1 Lo, N3z 1—-x [F 1 Lo \5/3
—L1/2</0 hidz) L hxd:c+4(1)\)l/3</o Pt dz) .

IN

IN
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We are now in a position to obtain the aforementioned lower bound. Fix
¢ < (2r/L)? and choose A € (0,1) such that
27\ 2
A(—”) —e>1- A (3.25)
L
Starting with (3.19), argue as follows using (3.21), (3.22), (3.24) and the
choice of A in (3.25):

1 [E 1 /L
AE = —/ (hi—chQ)dx——/ h? dx
2 Jo 6 Jo
> L(1-) /L e /LWW — o(h)?) d — ——||h],
-2 0 2 Jo v 32cL" " rer
1 L 1 1 10
——(1-=2\ W2 dx — —||hl|2s — bl ?
5= [ el T,
1 L 17, /27 L
> 2(1-XN | rd —[A(—)—}/ K2 d
> 4( )/0 : x+2 7 c 0( )* dx
1 1 10 1
B, — ——— Rl — —— A
I L P L8
> 1(1—A)/L(h2+h2) de — — |3
- 4 0 z GL% L]Qner
1 10 1
- h 3 o h 4 .
M, gl

Proceeding just as in the argument following (3.13) allows the conclusion
of stability in H},,.([0,L]). The side condition F(u) = F(ty) is then easily
removed by a simple use of the triangle inequality. Reverting to the original
variables ¢, = ¢ —r with r = \/c? + 24, — c yields the following formal

conclusion.

Proposition 3.1. Let L > 0 and c > 0 be given. Let @g and g be the two
constant solutions of the cnoidal-wave equation (3.4). Then g is stable in
H).,, and vy is stable in H),, provided ¢ < (2m/L)?.

per?’

Remarks. Notice that the translation group acts trivially on (g and g, so
stability up to translation is simply stability in this case.

If ¢ > (2w /L)?, the second variation of £ at 1y can be negative. Indeed,
in this case, if hg = ecos(2mx/L), then hy has mean zero on [0, L] and a
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straightforward calculation reveals that

1

528 (ho) = %(ﬁoho,ho) =3 [(2%)2 - c] /OL h2 dz < 0,

where Lof = —fzx — c¢f is the operator appearing in the general stability
theory outlined previously. Thus the approach to stability just indicated
fails in this case. Even when ¢ = (2m/L)?,

kerLy = span{ sin(2rz/L), cos(27rm/L)}

is two dimensional. Thus, in this case, Condition I is not met. Of course,
neither of these implies instability, but the general theory of Grillakis, et al.
[25] does not apply because the spectrum of Ly has at least two negative
eigenvalues when ¢ > (27/L)?. We note also that the theory in [26] can not
be applied. Indeed, it seems likely that the constant solution 1y = 2c¢ loses
stability to a branch of cnoidal waves as ¢ crosses (2m/L)?.

4. EXISTENCE OF SMOOTH CURVES OF CNOIDAL WAVES

In Subsection 3.3 the issue of stability of cnoidal waves was connected
to checking hypotheses I and II in a periodic context. It will be shown in
Section 5 that if Condition II and something like Condition I hold in the
periodic situation, then stability obtains. Our purpose in this section is to
deal with smooth branches of cnoidal waves, passing through a given wave,
all having the same fundamental period.

Branches of cnoidal waves having mean zero are constructed here. The
condition of zero mean, namely that

L
/0 pel€) d =0,

physically amounts to demanding that the wavetrain has the same mean
depth as does the undisturbed free surface (this is a very good presumption
for waves generated by an oscillating wavemaker in a channel, for example,
as no mass is added in such a configuration). Wavetrains with non-zero mean
are readily derived from this special case as will be remarked presently.

Let a phase speed ¢ be given and consider three constants (1, 02, 83 and
k as in (3.7). The complete elliptic integral of the first kind (see Appendix
A) is the function K (k) defined by the formula

B e dt
K=K(k) = /0 N (4.1)
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The fundamental period of the cnoidal wave ¢ in (3.7) is

T, = Ty(61,02,03) = \/%K(k:), (4.2)

with K asin (4.1). The period of ¢n is 4K (k) and cn is antisymmetric about
its half period, from which (4.2) follows.
The mean value of ¢ over a period [0,T,] is easily determined to be

1 2K
Pt (B Plgg [ enleih) ds (13)

Demanding that ¢ have mean zero asks exactly that the expression in (4.3)
vanishes. The integral in (4.3) may be evaluated because

K 2 K 2 2 12
/0 en (&5 k) d§:2/0 en®(u; k) du:ﬁ[E(k)—k K(k)]

where k' = (1—k?)Y/2 and E(k) is the complete elliptic integral of the second
kind (see again Appendix A). This formula may be found in [16], page 193.
Thus the zero mean value condition is exactly

E(k) — KK (k)
k2K (k)

Because (03 — B2)k'* = (B2 — (1)k2, the relation (4.4) has the equivalent
form

B2 + (B3 — B2)

= 0. (4.4)

LK (k) + (Bs — 1) E(k) = 0. (4.5)
And since
dK(k)  E(k) — KK (k)
dk Lek!?
(see Appendix A), having mean zero also implies that
dK B k

dk BB k2
another formula that will find use presently.
From (4.5), the following result may be deduced.

Lemma 4.1. (Cnoidal Waves with Mean Zero) For every 33 > 3, there
are unique constants 31, B2 satisfying B < B2 <0 < B3 and B1+ P2+ F3 = 3,
such that the cnoidal wave o1 = 1(- ;i) in (3.7) has mean zero, speed ¢ = 1
and spatial period T,, . Moreover, the map B3 € (3,00) — B2 = [(2(f3) is
continuUous.
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Proof. Let 03 > 3, a = 632_3, 6= é and I = (—a,0). For x € I, define the

continuous function J on the interval I by

CK(k(z) A
T = R T3 m—w

where k(z) = ’/2621;{3‘ It will be proved that for every (3 > 3, there is a
unique 2 = f2(f3) € I such that J(f2) = 0. Let A be the function defined
for € I by the integral

L,

ot — B3 + (B3 — x)t?
A(x)—/o V1—12./285 —3+x — (B3 — x)t2

A calculation shows that J(z) = 0 if and only if A(z) = 0. If it is demon-
strated that A has at least one zero on I and is strictly monotone there, it
will follow that J has a unique zero, say xg, in I. The choices k = k(x¢), 53
as given, (2 as determined and then 3 = 3 — (33 — B2 will then satisfy (4.5).

Toward establishing this fact, note that there is at least one point xg € I
such that J(zg) = 0. In fact, using (4.1) and referring to the integral defining
FE in Appendix A, the existence of such a point is a consequence of the
relations

dt. (4.7)

Jim AGw) = Jim [ S K (k(o)~ /25~ 3+ @ B(k(2)] =+

1 2
1 t*—1
A(0) = / Bs( ) gt
0 VI—12\/28;5 -3 — G312
To prove uniqueness, make the change of variables s = (/3 — z)t in (4.7)
to obtain

< 0.

ViBs _ 2
Alz) = fs + 5 ds
0 B3—x—52/203 -3 +x—s? (4.8)
VPs=e 03 +5° '
/ ds.
VB VBs—x—s2\/205— 341 — s

Denote by N(z) and P(z) the first and second integrals, respectively, on
the right-hand side of (4.8). It will be ascertained that both are decreasing
functions of z on 1.

(7) Let f be the parabola

fla;s) = (B3 —x —s°)(203 — 3+ — s%).
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For z € (—«,0),

iy — L[V (Bt 57)0uf (215
N'(z)=—— ds.
2 Jo [f (5 5)]3/2
It is easily seen that for z € [—«,0] and s € [0,+/B3], f(z;5) > 0, O, f(x;5) <
0 and —33 + 52 < 0. In consequence, N'(x) < 0 in (—a,0) and thus N is
decreasing.
(ii) Letting t2 = —33 + s% in P(x), it follows that
( ) vV—z t3
P(x) = dt.
0 V—z—t2/B3—3+a— 2/ B3 + 12

If we make the change of variables s = ,/=-t, the integral defining P is

changed into an integral over the fixed domain [0, y/a]. The integrand, h(z, s)
that appears in this representation of P can be differentiated with respect to
x and the result shown to be negative for x in (—a, 0), thereby demonstrating
that P is also decreasing there.

Thus, A is a strictly decreasing function on I, and it is concluded that A
and, therefore, J, has a unique zero on I. Hence, if 3 € (3_25 2.0) is such
that J(f2) = 0 then by defining 31 = 3 — 52 — (3, we obtain (4.5) and so
establish the existence of a cnoidal wave ¢ of mean zero on [0, 7, ].

The continuity of the map f3 € (3,00) — (2 = (2(f3) is a consequence
of noticing that 9;A(B2(03), 83) < 0, where A(z,33) is as in (4.7), and the
implicit function theorem. O

Remark. It follows from Lemma 4.1 that if the fundamental period T;,, of
©1 = ¢1(+; 5;) is regarded as a function of the parameter (3, namely,

() = 4/3 K<\/ B3 — B2(53) >’

V285 + B2(Bs) — 3 2033 + 32(Bs) — 3

then T, (f#3) — +oo as 33 — 3, since K (k) — 400 as k — 1. On the other
hand, since J(f2) = 0 and 3_’8 3 < By <0, it also follows that

_4\/—v253+52 E(k(B)) < 2 \/*\/2534-52—

0 S T<p1 (ﬁ?:)

+p2—3 B3+ B2 — 3
<4\fVﬁ;+ﬁ§ 4fv2533,
3 — 3_

and so Ty, (3) — 0 as 33 — +o0.
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It is now demonstrated that for an arbitrary positive number L, there is
a smooth branch of cnoidal waves, ¢ € T — ¢1(+; 8i(c)), dependent on the
wave speed ¢ in an appropriate interval, to mean zero cnoidal waves with
spatial period [0, L+/c].

Lemma 4.2. Let L > 0 be fized and consider 3;, i = 1,2,3, an arbitrary
but fized trio as adduced in Lemma 4.1. Define co = (T,5,/L)?, where T, =
Ty, (83) as in Lemma 4.1. Then the following conclusions hold.

) There exists an open interval Z(co) about co, an open neighborhood

) in R3 ofﬁ = (1, B2, B3) and a unique smooth function

—

IT:Z(co) — B(p), d— (o1(d), az(d), as(d))

such that I1(co) = (61, B2, O3) and o = «;(d) satisfy the relations
4v3

Vs —ay

al + a4+ a3 =3, a2+(a3—a2)

¢
B(A

K(k) = LVd

E(k) — K2K (k) (4.10)

k2K (k)

:()7

where k? = (a3 — az)/(az — a1).

(2) The cnoidal wave p1 = @1(;04) given by (3.7), with «; instead of
B;, has fundamental period L\/d, mean zero over [0, L/d] and satisfies (3.4)
with ¢ = 1. Moreover, for all d € Z(cp)

1 [bvd 1
An(@ = 2= [ At = —5 S au(da (o)

(3) The interval Z(co) can be chosen to be (0,+00), independently of co.

Proof. The proof begins with an application of the implicit function theo-
rem. Define

Q={(a1,9,03,d) : 1 <az <0< a3, az>3andd >0} CR?
and @ : Q — R3 by

(I)(Oél, 2, a3, C)

12
= (‘I’l,q)g,q)g), (411)

with k2 = (a3 — a2)/(a3 — a1). Then, from Lemma 4.1, we see that

(I)(ﬁla /827 637 CO) = (07 07 O)
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To compute %@i(ﬁl,ﬁg,ﬁg, o), use (4.6)

A _ E(k) ~ K°K(k) Bk
dk kk'? (a1,a2,0i3)=(51,52,03) B3 — B2 k’12

and the relation

K (k1)

4v3

_ K(ky) =
with k% = (B3 — (2)/(Ps — (1) to obtain
0 B 43 B
aTq%(ﬁhﬁQﬁ:s,Co) T 2B - BB — Br) K (k1)
_ —biLy/cy
2(03 — B1) (B2 — B1)’

0 B 4v/3 By
8042@1(61”82’53760) - 2m (/62 —,61)(/83 —/62) K(kl)
_ B2L+/co

—2(B2— B)(Bs — B2)] (4.12)
0 B —4V/3 (33
%‘pl(ﬁlaﬂ%ﬁ&c@ = 2085 — 5285 — Ba) K (k1)

_ —B3L\/co
2(83 — B1)(Bs — B2)
From the definition of ®o, it follows immediately that
v(al,ag,ag,)q)Q (ﬂl, ﬂ2a /837 CO) = (17 1a 1)' (4'13)
Regarding @3, the formula

O3(a, a0, 03, ¢0) = ag + (3 — )

obtains from the fact that
E(k) —K’K(k)  K* dK
k2K (k) N kK (k) dk’

for all k. Since K satisfies the hypergeometric differential equation (see Ap-
pendix A)

d’K dK
kk’QW + (1= 3K%) - — KK (k) =0, (4.14)
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and
K? dK Bs

kK(k) % (o1,a2,03)=(B1,02,03) B _,83 — B2
(see again (4.6)), it is concluded that
V(e ,a3,05) P3(B1, B2, B3, o) (4.15)
( P23 — B1P2 — P1Bs  B2B3 — P1Bs + b1f2 P1P2 — BiPs — B2 )
2(82 = B1)(Bs — B1)” 2(Bs — B2) (B2 — B1) 2(Bs — B2)(Bs — B1) )
The Jacobian determinant of ®(-,-,-,d) at (51, B2, 83, o) is therefore
O(®1, g, P3) ‘ e B1B2 + 183 + P23 ,
O(a, ag, a3) 1(B1,82,8s,c0) 4(B2 — 1) (B3 — B2)(B3 — B1)
as a consequence of (4.12), (4.13) and (4.15). The properties of the cnoidal
wave 1 imply that
1 Ty 9
5/0 ¢1(§) d§ = Ap Ty = Apy Ly/co,
and so (4.16) yields
a(q)lv q)27 (I>3) -3

T‘Pl
2
= d¢ #£ 0.
(a1, a3, as) ‘(517527/33700) 4(B2 — B1)(B3 — B2) (B3 — B1) /0 #1(6) i # )
4.17
Therefore, the implicit function theorem implies the existence of neighbor-
hoods Z(cg) of ¢p in R and B(81, B2, 03) of (51,02, 03) in Q, and a unique
smooth function II : Z(cy) — B(f1, B2, F3) such that

O(I1(d),d) = (0,0,0)  forall d € Z(co), (4.18)

(4.16)

and this in turn implies (4.10).

Finally, from the remark following Lemma 4.1, for each 83 > 3, T, (03)
can take any value in (0,00) as (33 ranges over (3,00). So, we may choose
co = (T,,/L)* arbitrarily in (0,00). By the local uniqueness guaranteed
by the implicit function theorem, the mapping II can thus be defined on
(0,400). This proves the lemma. O

Our next goal is to obtain formulas for the derivatives %ai, 1<7<3.
Lemma 4.3. Let II : Z(co) — B(f1, 82, 03) be the smooth function defined
in Lemma 4.2. If we write I(c) = (a1(c), az(c), as(c)), then

d 1
—ai(c) =

clajon + aras + apas

dc ) <O‘§(O‘1 — ) + aj (o — 063)),
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d B 1 9 9 )

dcaz(c) a clajag + arjas + asas) <a1(a2 a3) +ag(oy —aa) ),

d 1 9 9 )

— = — — . (4.19
dcag(c) c(oqozg + aras + OégOég) <a1(a3 ag) * a2(a3 al) ( )

Proof. The formulas in (4.19) are obtained by differentiating (4.18) with
respect to ¢ and using (4.16), (4.17) ( changing f; to a;, i = 1,2, 3, and d to
c), viz.

—1 L
d Vadi 2%
d—H(C) = VQ(I)Q 0 s
¢ Va®s 0
with a = (a1, ag, as). O

The main theorem of this section is established next. In what follows, the
notation used will be that appearing in Lemma 4.2 except that we use ¢ to
connote the wave speed.

Theorem 4.4. Let L > 0 be a fired number and n any positive integer.
Then there exists a smooth branch ¢ € (0,+00) — ¢. € H},.([0,L]) of

cnoidal waves such that fOL ®c(§) d¢ =0 for every c, and

HE) + 500 66 = g, forall E€R,  (420)
where

L 02
Ao =57 | 90 de = =5 P autelas (o) (4.21)

1<j

Proof. Let ¢1 = ¢i1(-; ;) be the cnoidal wave determined in Lemma 4.2.
Define

6c(€) = cor(ve€),  forall €cR. (4.22)

Then, ¢. has the form (3.7) with 8; = ca; and > 5; = 3c. Moreover, ¢, has
period L, mean value zero on [0, L] and satisfies the equation

HUE) + 5626 — c6.(6) = A o).

Lemma 4.2 implies the relation

1 Ve, 1 [F 1
A0 = g7z [ ot = g [ ot = S0, 4)
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and therefore ¢, satisfies (4.20).
Finally, since the functions a1, @g and ag are smooth, the same property
is deduced for the curve ¢ — ¢.. This proves the theorem. g

Corollary 4.5. Let L > 0 and pu € R be fixed and n a positive integer.
Then there is a smooth branch e € (u,00) — 1. € H ([0, L]) such that

per
%foL Ye(§)dE = p for all e and

" 1
Ve (6) + 51E(€) — evhe(§) = Ay, (4.24)
where
Ay, = Ap —cn— 5, (4.25)

c=e—pu, and Ay, is as in Theorem 4.4.

Proof. This follows directly from the Galilean transformation (3.2)-(3.3).
More precisely, define

Ye(2) = @e(z) + 1,
where ¢ = e—p > 0 and @.(z) is as in Theorem 4.4. Obviously, 1. has mean

value p for all values of e. Then, a calculation reveals that 1, satisfies (4.24)
where Ay, is exactly as in (4.25). O

We close this section with a result about the monotonicity of the modulus
k as a function of the speed c.

Proposition 4.6. Consider ¢ € (0,00) and define the modulus-function

as(c) — as(c)

as(c) — ai(c)

k(c) =

Then %k(o) > 0.

Proof. Denoting A(c) = claqaz + aqas + agaz) and B(c) = 2(ag —

a1)3/2\/0¢3 — (9, it is seen that

= —m(ag — 042)(042 — al)(ag — 041)(041 —+ oo + 043)
3(0[2 — 041)

=— k(c) > 0.
clajog + ajas + apas)

The above computation makes use of the results of Lemmas 4.2 and 4.3. [
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5. STABILITY OF CNOIDAL WAVES

In this section, attention is turned to stability results for the cnoidal-wave
solutions ¢, determined by Theorem 4.4 or Corollary 4.5. The first objec-
tive is to obtain the basic inequality (3.13), predicated upon the constraints
F(u) = F(pe) and H(u) = 0. For this aspect, a modification of the general
theory is used. Stability of the orbit {¢.(- + y)}yer in the closed subspace
{f € H,..([0,L]) : [ fdx =0} is thereby obtained. Stability in H,,([0, L])
without this restriction will then follow readily by making a change of vari-
ables in equation (1.1) and using Poincaré’s inequality

/OL' ) do < 7 / )z + (1) /0L|h’<x>|2d:c. (5.1)

From Section 3, we know that the two basic hypotheses I and II are sufficient
conditions to apply the theory in [25] or [4] to solitary waves. The next two
subsections deal with these conditions in the periodic context.

5.1. Spectral Analysis of the Operator L., = —% +c— .. Asalready
mentioned, the study of the periodic eigenvalue problem considered on [0, L]
will allow us to mount a stability theory much as that outlined earlier for
solitary waves. The spectral problem in question is

d2

Lanx = (=75 +e= @)X = AX x(0) = x(L), x'(0) =x'(L), (5.2)

where ¢ > 0 is fixed and ¢, is the cnoidal wave solution given in Theorem
4.4. The following result obtains in this context.

Theorem 5.1. For c € (0,00), let . be the cnoidal wave given in Theorem
4.4 for some c € (0,00). Let

MEMSSA3S S

connote the eigenvalues of the problem (5.2). Then Ao < A1 =0 < A2 are all
simple whilst, for j > 3, the \; are double eigenvalues. The \; accumulate
only at +o0.

Theorem 5.1 is a consequence of Floquet theory (Magnus and Winkler
[41]) together with some particular facts about the Lamé equation. For the
reader’s convenience, we quickly outline the basic results that are needed in
the proof of Theorem 5.1.

Introduce the so called semi-periodic eigenvalue problem

Len€ = pg, £(0) = —¢(L), £'(0) =-¢(L). (5-3)
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It follows directly from the spectral theory of compact symmetric operators
that both (5.2) and (5.3) have a countable infinity of real eigenvalues,

NSNS s-- (5.4)

and
fo S p1 S pp S pg Sy

that accumulate only at +oo. As the operators are of second order, the
eigenvalues are either simple or double, and double eigenvalues are displayed
twice in the listings in (5.4). The eigenfunctions associated with A, and pup,
are denoted x, and &,, respectively, n = 0,1, 2, ---. The boundary conditions
in (5.2) on y, imply that y, can be extended to all of R as a continuously
differentiable function which is periodic of period L. Similarly, the boundary

conditions on &, allow it to be extended as a periodic solution of period 2L
of

»Ccnf = 7f (55)
with v = py, (define &,(L + x) = &,(L — ) for 0 < x < L). Indeed, the
theory goes on to assert that the only periodic solutions of (5.5) of period
L correspond to v = A; for some j whilst the only periodic solutions of
period 2L are either those associated with v = A;, but viewed on [0,2L],
or those corresponding to v = p;, but extended as just indicated, for some
7=0,1,---. We remind the reader that

(i)  xo has no zeros in [0, L],
(19)  Xon+1 and xonto have exactly 2n + 2 zeros in [0, L), (5.6)
(i7i) &2 and &op41 have exactly 2n + 1 zerosin [0, L).

Sturm’s oscillation theory then implies that the sequences in (5.4) are inter-
twined, viz.

M <poSpr <A S <pSpuz<Ags---

For a given value 7, if all solutions of (5.5) are bounded, then + is called a
stable value, whereas if there is an unbounded solution, v is called unstable.
The open intervals (Ao, o), (11, A1), (A2, p2), (3, Ag), - -, are called intervals
of stability. The endpoints of these intervals are generally unstable. This is
always so for v = A\ as \g is always simple. The intervals (—oo, \o), (1o, ft1),
(A1, A2), (p2, p3), -+, and so on are called intervals of instability. Of course, at
a double eigenvalue, the interval is empty and omitted from the discussion.
Absence of an instability interval means there is a value of v for which all
solution of (5.5) are either periodic of basic period L or periodic with basic
period 2L.
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Proof. (Theorem 5.1) We certainly know that A\g < A; £ Ag. Since
Lenpl, = 0 and ¢, has 2 zeros in [0, L), it follows that 0 is either A; or Ag.
We will show that 0 = A\; < Ag. First, define the transformation

12
Bs— B’
where the (; are as in (3.6) in the initial discussion of ¢, and they also
reappear in Theorem 4.4 (N.B. 3; = ca; where the «; are as in Lemma 4.2).
Then, using the explicit form (3.4) for ., the problem (5.2) is equivalent to
the eigenvalue problem

2

i%A+M—1%%#@ﬂA:Q.M@:A@KLA%D:N@KL (5.7)

for A = T;)x, where

Tyx(z) = x(nz), for n®=

12(c = B35 = N)

Bs—p1
The second-order differential equation (5.7) is the Jacobian form of Lamé’s
equation. Floquet theory ([41], Theorem 7.8) informs us that this equation
has exactly 4 intervals of instability, namely

(_007 p0)7 (:U’/07 :ull)v <P1, p2)7 (:u/27 /J,g)’

where the p, are the eigenvalues associated to the semi-periodic problem
determined by (5.7), (5.8) (see (5.3)). Therefore, the first three eigenvalues
00, P1, p2 are simple and the remainder of the eigenvalues for (5.7) are double,
S0, p3 = P4, P5 = P6,- " -, etc.

The first three eigenvalues pg, p1, p2 and their corresponding eigenfunc-
tions Ag, A1, Ag are known explicitly. Since p; = 4 + 4k? is a simple eigen-
value of (5.7) with eigenfunction

Ay (z) = en(z)sn(z)dn(z) = CT,p.(z),

it follows from (5.8) that A = 0 is a simple eigenvalue of problem (5.2) with
eigenfunction /. The functions Ay, Ao (sometimes called Lamé polynomials)
defined by

Ao(z) =dn(z)[1— (14 2k* — V1 — k2 + 4k )sn?(z)],
Ay(z) =dn(z)[1 - (1+2k* + V1 —k? + 4k )sn?(z)],

are the eigenfunctions associated to the other two eigenvalues, pg, p2. These
eigenvalues must satisfy the equation

p=- (5.8)

5k2

2
pm kg — 2%
1+ 92— 1p
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(see Ince [I]). This latter equation is quadratic in the variable p and so has the
two roots, pg = 2+5k? —2v/1 — k2 4 4k* and py = 24 5k% +2v/1 — k2 + 4k4.
Since Ag has no zeros in [0, 2K] and A has exactly 2 zeros in [0, 2K), it must
be the case that Ay is the eigenfunction associated to pg, the first eigenvalue
of (5.7). On the other hand, since pg < p; for every k € (0, 1), there obtains
from (5.8) and the relation —f1(1 + k?) = (2 — k?)as — 3¢, the inequality

B3 —c
k2+1

120 = 3 po+ 12(c — f33) < 0.

As a consequence, the first eigenvalue A\g of L., is negative and has the
eigenfunction xo(x) = Ao(%x’). It is also true that p; < po for every k €
(0,1), so it follows from (5.8) that

B3 —c
129 = 3——— 12(¢c —
)\2 3k2+1p2+ (C ﬁ3) >07

and so Ag is the third eigenvalue to L., with eigenfunction y2(z) = Ag(%x).
It is straightforward to ascertain that the first two eigenvalues of Lamé’s
equation in the semi-periodic case are

fo =542k —2v/4 — k2 + k4 and  pf =5+ 5k — 2v/4 — Tk2 + 4k4

The associated eigenfunctions are

&o(z) = en(x) [1 —(2+ k2 — V4 —k2+ K )snz(a:)},
& (z) = 3sn(x) — (2 + 2k% — /4 — Tk? + 4k4 )sn3(x),

respectively, both of which have exactly one zero in [0, 2K). Since pjy < pj <
4k? + 4, it is concluded from the relation

/ 12(c — B3 — i) .
= T for 20, 5.9
. B3 — b1 - (5.9)

that the first three instability intervals associated to L, are

(—OO, >‘0)a (M07 Nl)? (>\17 >\2)

The third and fourth eigenvalues are

py=54+2k>+2v/4 — k2 + k% and ph =5+ 5k 4 24 — Tk2 4 4k4
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with associated eigenfunctions

&(z) = en(x) [1 — 2+ K+ V4 - k2 + Kkt )an(az)},
&(z) = 3sn(x) — (2 + 2k% + /4 — Tk? + 4k4 )sn3(ac),

respectively, both of which have exactly three zeros in [0,2K). Finally, it
follows from (5.9) that the last instability interval of L, is (ua,u3). This
concludes the proof. O

5.2. Convexity of the Function d(c). Attention is turned to the convex-
ity property of the map d(c) = E(pc) + ¢F(pc), where the smooth branch
of cnoidal waves ¢ € (0,00) — @. € H,.,([0, L]) is that adduced in Theorem

4.4. Since ¢, satisfies (€' 4+ c¢F')p. = —A,,, there obtains immediately that
d 1 [F AL
d'(c) = (—Ayp., —pc) + Flpe) = —/ pe(w) de = ——= > ai(c)a(c),
dC 2 0 6 i<
(5.10)
where, in the last equality, use has been made of (4.21).

Theorem 5.2. For every c € (0,00) the function ¢ — d(c) is strictly convex.
More precisely,
dK dk

2304
- dk de

d'(c) = - (K(k) - E(k))E(k)K(k:) > 0. (5.11)

The equality in (5.11) is obtained via the explicit formulas for the functions
a; = aj(c) in (5.10). With the notation set out in Lemma 4.2, for every

c € (0,+00),
4V3
Vo
where k = k(c) = Y2=22_ An immediate consequence is that az — as =

Vvaz—ai

48k?K (k)?/cL? and, because of (4.10), there is derived the relation
E(k) - K*K(k)  48K(k)

K(k) = Ly/ec

_ o — . 12
a2 = ~(a3 — a2) = — [E(k) k K(k)] (5.12)
Using k2 + k'* = 1 and solving for a3 in (5.12) gives
48k K (k)? 48K (k)
a3 = ——5—+ay = — [K(k) - E(k;)] (5.13)



1350 JAIME ANGULO PAvA, JERRY L. BONA, AND MARCIA SCIALOM

The third equality in (4.10) implies as(E(k) — K(k)) = as(E(k) — (1 —
k*)K(k)) and so (ag — a3)(E(k) — K(k)) = ask? K (k). Using the definition
of k? yields

a3 aq E(k})

K(k)—E(k) = K(k hich impli — = . (5.14
()~ E() = % K (), which implies — 1 = 05, (5.14)

The values obtained in (5.12) and (5.13) imply the further relation

__ EF _48K(k)  E(k)
NS BR) -k T e B - Ko L) T EW)

48K (k)
= — E(k). 5.15
B (k) (5.15)
Note that formulas (5.12), (5.13) and (5.15) together with the condition
a1 + ag + az = 3 imply that the speed ¢ associated to the cnoidal wave ¢,

satisfies

16
c=—3 K(k)|3B(k) + K(k)(E* —2)]. (5.16)
A calculation using the MAPLE software shows that the unique root of 3E(k)+
K (k)(k? — 2) is approximately k = ko ~ 0.9804. Since ¢ — k(c) is a strictly
increasing mapping, the cnoidal wave solutions found in Theorem 4.4 are
determined by a modulus k > k.

We are in position to give a proof of Theorem 5.2.
Proof. (Theorem 5.2) The relations

dK  B(k) — k?K(k) dE _ E(k) - K(k)

- = _ 1
dk kk'? ’ dk k ’ (5.17)
and (5.10), (5.12), (5.13), lead to the formula
6L , o, 12 dK 5 2dK dE dE7 5
T d'(c)= K(k)*|kk E(k)%—kk k E%—Fkﬂ(k)% = K(k)*D(k).
(5.18)
It remains to determine the quantity
d d dk
2o D(k) = —-D(k)—.
We will show that
—-D(k) = = [Zk (E(k) — K(k)) — 2k*B(k)]. (5.19)
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Indeed, as K (k) satisfies (4.14) and E(k) satisfies the hypergeometric differ-
ential equation (see again Appendix A)

d’E  dE
kK== 4 K= + kE(k) =0 5.20
one comes to the formulas
dK 2 d’K
1—3k%)— " |E(k) = kK (k)E
(=383 5+ kS Bk = (0 E(R),
dK 2K dE 2dK dE
2k(1 — 2k%)— + kK" —— | — = |kk'"—— + KF*K (k)| —
[ ( )dk+ dk‘?}dk [ dk:jL ()dk’
(5.21)
pdE PE o K dK dE
Wk dk dk? k E(k)dk Wk dk dk’
d’E dK
kE(k)— = —E(k)—-,
where, in the last equation in (5.21), we used ‘fTQE = —%% (see again Ap-
pendix A). As a consequence of (5.21), it follows that
d 2dK dE dE
—D(k) =kK(k)B(k) +kk'"—— + K*K (k)——
D) (R)E(k) + Kk — = + kK (k) —
(5.22)
dK dE dEN2 dK
2
—k*Ek)— 4+ Ek)—+kl— ) —E(k)—.
BB G + B0 e+ b(G0) = B
Another collection of relations are obtained from (5.17), viz.
2dK dE 9\ dK 9 dK
il § Y 5 el 5 DK (k)
RO = (- )RR + (R~ DE(R) S
dK  (1-k*)K(k)>— K(k)E(k
dk k
(5.23)
2 dE 2
k K(k:)% =kK(k)E(k) — kK (k)=,
dE dEN2  2E(k)? —3E(k)K (k) + K (k)?
Bk 22 =) = .
( (k)dk+k<dk) k
Collecting the results from (5.23), (5.17) and (5.22), it is deduced that
de(k:) =2kE(k)K (k) — kK (k)* — 2k*E(k) i + (k* = 1)K (k) o
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2E(k)? - 3E(k)K (k) + K (k)?
k
= 2kK (k)E(k) — 2kK (k)2 — 2k2E(k)dK N K(k)? - f(k)K(k)

dk
2E(k)? — 3E(k)K (k) + K (k)?
k
_ 2
— 2[E(k) — K (k)] [E(k) : K(k)} —2k2E(k)

K
dk

_dK
- [2142( (k) — K (k) — 2I<:2E(k:)] : (5.24)
as claimed in (5.19).
The following expression for D(k) comes next
(5.25)

K(k) + k*K (k)] + K*E(k)K (k).
2
@B l% , there obtains

D(k) = [E(k) = K(K)|[BE(K) —

Using (5.17), (5.20) and the fact that 2= T h R
dE

kk’QE(k)% = kE(k) (W% + k:E(k:)) = kE(k) <% + kK(k)>

22K dE LB (5 dE
k“k Tk dr kdk (1 k)dk+kE(k)

W 1k(B(k) - K(k) + BE®)],

= dk [
(5.26)

which leads to
dE

D(k) = 22 [%E(k) +R(E(K) — K (k) + k?’K(k)} Y R2E(R)K(K), (5.27)

and this in turn gives (5.25) because of (5.17). Thus, (5.19) and (5.27) imply

the equality
6L 1
— 2 4
- 2K(k)62—flj% [D(k) + KK (k) <E(k) - K(k)) - sz(k)K(k)}
k)> <3E(k) — K (k) + K2K (k) + kz’QK(k:)ﬂ

_ 2K(k)62—]]§% KE(
dK dk
(5.28)

k) — K(
- 6(E(l<:) - K(k))E(k)K(k;)%%
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Since K (k) is a strictly increasing function, % > 0 (Theorem 4.6) and since
K(k) > E(k) for k € (0,1), the formula (5.28) implies the convexity property
of d(c). O

5.3. Stability of Cnoidal Waves. The stability theory for the branches
of cnoidal waves determined by Theorem 4.4 is developed in this subsection.
The periodic problem throws up points not arising in the considerations
concerning stability of solitary waves. We combine ideas present in [4] and
[25] with perspectives in [8] and [12] to obtain the following result.

Theorem 5.3. Let ¢ € (0,00) and let {pc} be the cnoidal wave branch of
period L given in Theorem 4.4. Then, for each c, the orbit O. = {pc(-+5)}ser
is stable in H ([0, L]) with regard to L-periodic perturbations and the KdV-
flow. More precisely, given any € > 0, there is a § = d(¢) > 0 and a
C?-function v : R — R such that if » € H).,([0,L]) and di(¢,0,.) < 6, then

di(u(-,1), Oc) < [lul- 1) = @el- + ()l my

ter((0,1]) S €
for all t € R, where u(x,t) is the solution of the KdV-equation with initial

value o and r' (t) = —c + O(e) as € | 0, uniformly for t € R.

Several preliminary results are needed to prepare for the proof of Theorem
5.3. These will occupy attention for the moment.

Focus on a mean-zero branch {y.} of cnoidal waves as guaranteed by
Theorem 4.4. As the correspondence ¢ € (0,00) — ¢. € HL ([0,L]) is a

per

C'-mapping, it must be the case that

d [* Ld
= — c d = — Qe d
0 dc/o Ye(x)dx /0 7o (x)dz

and, in addition, differentiating (4.20) with regard to ¢, it also transpires
that

d d
_,Ccn(%goc) = .+ %A%.
Thus, (4.20) yields the basic relations
d
d'(c) = (€' (pe) + ¢ F(pe), %‘PCM + F(ec)

=—-A fd dx + F( )—1 ' 2 dx (5.29)
= Pe dc‘Pc Pec) = 9 Pe AT, .
0 0

d d d
e\ a _ a a
d"(c) = (@e, dCSOC) (EcndCSOCa dC‘PC)'
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Lemma 5.4. Let ¢ € (0,00) and suppose d"(c) > 0 in the above context.
Define

L
A= v € m(0.2) 1) = 7 [ vde =0, (000 = () = 0

and |9l 2, (o,2)) = 1}'

Then, ¢ = inf{{(Lep, )1 : ¥ € A} > 0, and consequently (Lenth, )1 2
Sl for all  with H(W) = (¥, ¢c) = (1, ¢.) = 0.

Proof. The proof is standard. It is first shown that ¢ =2 0. The second
formula in (5.29) then insures that 0 < d"(¢) = —<L'm%<pc,%cpc>1. In
more detail, using Theorem 5.1, we may write %gﬁc = apxo + boyl. + po,
where L., xo = Aoxo with [|xol| = 1, Ao < 0, and (Lenpo, po)1 > 0. Hence,
(Lenpo,po)1 < —agXo. Let 9 € A and write 1) = ayxo + p with p in the
positive subspace of L.,. Since

d d

+ —ch, 7@1 = apaXo + <£cnp07p>17

0= _(Qpcﬂﬁ) = <£cn%§00 de

it follows that

cn 2 by 2
<£cnw7¢>1 = 02/\0+<Ecnp,p)1 z a2)\o+w > a2\ _M

=0.
(LenPo, Po)1 0 agXo

Therefore, ¢ 2 0. Now suppose ¢ = 0, then following the analysis in Albert

and Bona [4] for example, we obtain the existence of a ¢¥* € A such that

(Lenh*,1*)1 = 0, which is a contradiction. So, we conclude that ¢ > 0.
Finally, it follows easily from a homogeneity argument that (L., 1)1

>
Sl | for all ¥ with H(v) = (1, ¢c) = (¢, ¢,) = 0. O

The crucial inequality, an improvement on (3.13), is addressed next. Fix
an € > 0, ¢ > 0 and an element ¢. from the branch of cnoidal waves.
Without loss of generality, we may suppose € is small; the precise restriction
will appear later and will only depend on ¢, L and ¢.. Let ¢ € H},,.([0, L))
be an initial datum for the KdV-equation which is a small perturbation of
e, and let u € C(R; H;er([O,L])) be the solution corresponding to 1 by
imposing v = 9 at t = 0. By translating v if necessary, say by considering
(x4 1), it is assumed that

”1/1 - QOCH%I%ET([O,L]) = do(% 900) < dl(w7 900) < 50 (530)
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where 8y > 0 will be determined later. Define the function F' : R? — R by

F(rt) = /OL (u(x,t) — el + T))Qdm. (5.31)

Since ¢. € Hpe, ([0, L]), F'is a C°°-function of r and, as will appear momen-

tarily, a C''-function of t. Moreover, because of the first equality in (5.30),
the quantity

L / OF
—2/0 u(z, t)p (x +r)de = o= G(r,t) (5.32)

must vanish when (r,t) = (0,0). That is to say, (1, ,) = 0. The following
corollary to Lemma 5.4 thus applies to .

Corollary 5.5. Let p € H', . ([0,L]) be such that H(p) = %fOL p(x)dx =

per
0, F(p) = Flpc) and fOL pp.dz = 0. Then there are positive constants
Ag, By, A1 and By depending only on ¢ and p. such that

Ao di(p, 900)2 + By d1(p, 800)3 > E(p) — E(pe)
> Aillp = eelin, ooy = Bile = @ellzz, oy (5-33)
where F and & are the KdV-invariants defined in (3.9).

Proof. Write p in the form
p(x) = (1+a)pe(z) + w(z),

where (w,p.) = 0 and a is a scalar. Note that fOLw(x)d:z = 0. Since
F(p) = F(pe), it follows immediately that if h = p — ¢, = ap. + w, then

L L L L
/ ©2dr = / pPdr = / (e + h)?dr = / (2 + 2¢ch + h?)dx,
0 0 0 0

whence
L 1 [
a/ ©2dr = ——/ h2dz. (5.34)
0 2 Jo

Another calculation reveals that
E(p) — E(we) = E(p) — cF(p) — (E(pe) — cF(pe))

1 L
= (L h,h) — 6/0 h3dz. (5.35)
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Both £ and F are invariant under translation of the independent variables z,
which is to say, £(7sp) = E(p) and F(7sp) = F(p), where 1sp(z) = p(x + s).
In consequence, (5.35) implies

E(p) — E(pe) < Aodi(p,pe)? + Bodi(p, ¢c)® (5.36)

where Ay and By are constants depending only on ¢., ¢ and the period L,
all of which are fixed in the present considerations.
If w and h are as above, then because of Lemma 5.4,

(Le,w,w)1 = C”WHJQLI;ET([O,L]) (5.37)
where ¢ > 0 depends only on c and ¢.. Because of the elementary inequalities
(Le,w,w)1 = (Le, (h—ape),h—ape)1 < (L, h,h) + 2FQ2H('OC||§1;%8T([07L])

where I' depends only on ¢ and ., and

per per

3
||WHH1W (Jo,L]) = 2||h||H1 LD T 2||<Pc||H1 ([0,L])°

(5.37) can be expressed in terms of h, viz.

(Lenhy h)1 > (Le,w,w) —Ta? ||800||H1 (o.r)) = CHWHHleT([o,L]) —Ta’
(5.38)

1
> thHH;W .0~ T20” = 2CURNEL, .0y = TallblLz,, 0.0

where, in the last step, (5.34) is used and I's is a constant depending only
on ¢ and ..
Finally, the cubic term in (5.35) needs to be considered. Clearly, we have

5 1
3 2 2 2
/0 h’dx < ||h||ngT O,L])HhHLgeT([O,L]) = ||h||zger([o,1;])Hthzger([o’L])

10
) 10
< glhalizs,, o.cn + 0Bl 2, o0y

1 1
< g”th%fm([O,L}) + gCHhHig”([O,L]) + DHhH%;eT([O,L])
where b and D depend only on (. In summary,
di(p, pc)? +di(p, )’ = E(p) — Epe)

> ¢ ClIAllZ, 0.0y BIHhHLQQT ([0,L])

as advertised in (5.33) with A; = %C . The corollary is established. O
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Consider the polynomial

P(y) = A1y* — Biy*. (5.39)
The maximum positive excursion of P is i’%, taken on when y? = %%. If
2
0<y< %% and y is such that P(y) <+, then either
0<y*<z_(v) (5.40)
or
z(7) <y’ (5.41)
where

- A1 + \/A% — 4’}/31
a 2B '

1

z+(7)

Notice that as v | 0, x_(v) | 0 and z4(v) T %. For 0 < a < %%, let

v(a) > 0 be such that x_(v(a)) = a. A calculation reveals that if « is in
the range just mentioned, then

v(a) = Aja — B1o?. (5.42)
Thus, for such values of «, P(y) < v(«) and y > 0 implies that y < « or
v () = T —a> = () (5.43)
Returning to (5.32), note that
O Ot =2 [ Cutwela + e
=2 /OL [(tp;(x + 7)) = h(z, t)p, (z +r)| de, (5.44)

where h(z,t) = u(z,t) — p.(z + r(t)) and the C'-function r(t) is soon to be
specified. In particular, if

lelZ, o0
0,2]) < — L = My, (5.45)

17(- )l 2 7
e llzz,,.(o.Ly)

per

then
oG

s > 0.
I | (r(1),1)
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Evaluating at (r,t) = (0,0), we see that

8_G
or

00) > QH‘P;H%,%ET([O,L]) —2[|¢ — @cHLgeT([O,L])HSO/clHLger([o,L])

> 2 (lleel, 0.0y = Sollec ez, o.p) (5.46)

The following lemma concerning the regularity of the function G will be
helpful.

Lemma 5.6. Let u be a spatially periodic solution of the KdV-equation (1.1)
of period L lying in C(R; H}I;ET([O, L])) where k > 0 is an integer. Let . be
any cnoidal-wave solution of (1.1), also of period L. Then the function

L
G(r,t):/o u(ac,t)goé(w,t)dx

is an L-periodic, C™-function of r and a C*T'-function of t.

Proof. The fact that G is an infinitely differentiable function of r follows
immediately since, for each t, u(z,t) € L*([0, L]) and ¢. € H25,([0, L]). Since
the map t — u(-,t) is continuous from R to L?([0, L]), it follows at once that
G is a continuous function of ¢.

The higher-order smoothness in t is established by straightforward calcu-
lations indicated now, using the fact that u satisfies (1.1). In these compu-
tations, at intermediate stages, extra regularity appears to be needed, but
the final result does not reflect more regularity than is hypothesized. As
mentioned before, one justifies these calculations by regularizing the initial
data u(-,0), making the computations for the smoother solution emanating
from the smoother data, and then passing to the limit in the final result as
the regularization becomes weaker, making use of the well posedness of (1.1)
in H:,,.([0, L]) for s > 0.

per
Consider first the case £ = 0 and note that for smooth solutions w of (1.1),

oG L /
5= | e i

L " L "
/ u2gocdx+/ up, dr.  (5.47)
0 0

N —

L
= —/ (utty + Uggs )P dax =
0

Integrating in time leads to

q L ]. " mn
G(r,q) — G(r,s) = / / <§u2goc + uep, )da:dt. (5.48)
s JO
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Formula (5.47) continues to hold as the regularization vanishes, and this
formula together with the fact that u € C(R; L2.,([0, L])) implies G is C*! and
that (5.47) holds pointwise in R x R. In terms of h(x,t) = u(x,t) —p.(x+7),
and using the equation cp/cﬁ + %gp? = ¢y, satisfied by the cnoidal wave, this

formula may be rewritten as

aG L / 2 1 L ! 2 1"
E = —C [((pc) - h(pc]dx - h[(SDC) - h(pc]dx7 (549)
0 0

a formula that will be useful momentarily.
Again assuming temporarily that u is smooth, it is deduced after appro-
priate integrations by parts that

aQG L 3 2 " ]_ 3 " ]_ v
i :/0 <—Zum<pc — ugp®) 4 U e + 2uxg0£ )> dx. (5.50)
Assuming u € C(R, H},.([0, L])) and arguing as in the case k = 0 shows that

G is C? as a function of ¢ and that its second partial derivative with respect
to t is given by (5.50). A slightly tedious, but straightforward induction on
k concludes the proof. O

Returning to (5.45), notice that if
1
8o < 5 Mo, (5.51)
then %—f’(o 0) > 0 and so the implicit function theorem applied to G implies
there is a T > 0 and a C2-function r : [-T,T] — R with r(0) = 0 such that
G(r(t),t)=0 (5.52)

for all t € [-T,T]. (Because of Lemma 5.6, if u happens to be smoother,
say u € C(R; Hk ([0, L])) for some k > 1, then r will be a C**+! function of

per
t.) By choosing T" possibly smaller, it may also be presumed that
1R, ) 22, (o, = llu(,t) = (- + 7))z, (0,07 < Mo (5.53)

for t € [-T,T]. In consequence, for ¢ in this range, implicit differentiation
yields

, 9G (r(¢), 1) Joh (%@Z ~ (¢1)?) da
2 (1) = _ ot - ¢ :
=" 0w. - e helds o5

according to (5.44) and (5.49). Naturally, (5.54) holds as long as the C-
function r exists, satisfies G(r(t),t) = 0 and (5.45)-(5.53) continues to hold.
We are now in a position to prove Theorem 5.3.
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Proof. (Theorem 5.3) The proof commences with the special case wherein
the initial datum ) respects the additional constraints

1 L
Hw) = 7 [ vz =0
R L Y L
Flw)= /0 W = /0 P2de = F(go). (5.55)

These restrictions are easily removed after the result is established in case
(5.55) holds. First, restrict the dp appearing in (5.30) as in (5.51), which is
to say

1
1Y = @ellrz,, (0.2 < b0 < 51\407 (5.56)

where My is defined in (5.45). Let 7(¢) be the C%-function determined via
the implicit function theorem as above. Initially, r is only defined on a finite
interval [—T,T] and is such that

L /
0= G(r(t), 1) = —2 /O (@, ) ol(z + r(t))dz. (5.57)

We use the notation h(z,t) = u(z,t) — @c(x + r(t)). Since both ¢, and
1 have mean zero, so does h. Moreover, since F(¢)) = F(p.) and F is a
KdV-invariant, it must be the case that F(u(-,t)) = F(¢.). Coupling these
two points with (5.57) allows us to apply Corollary 5.5 and conclude that

4082 + Bod? ZA1Hh(‘,t)||§{5w([o,u)—Bl||h('7t)”4L%er([07W
(5.58)
> P (I 1)1z, 0.1

per

at least for —T < t < T where P(y) = A1y? — Byy* as before. Restrict g
further by requiring that

Ao65 + Body < () (5.59)

where u = ¢ AL and e itself is restricted by

2By
| A

Notice that, in consequence of the two conditions above, p lies in the interval
(0,141) and hence (5.58) and (5.59) imply that either

’§B_1
0< Hh(Vt)”%IQ,W([O,L]) < (5.61)
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or

2 (1) < RGO o (5.62)

per
As the mapping t — ||h(-,1)]3. (j0,z)) 1 continuous on [T,T] and p <
per )
x4+ (y(w)) (see (5.43)), one or the other of (5.61) or (5.62) must hold for all
t € [-T,T]. Hence, if
5 < 2 (v(w), (5.63)
then we conclude (5.61) holds at ¢t = 0 and hence for ¢t € [T, T]. Returning
to (5.58) armed with this information yields the inequality

Aod§ + Bodg > Aullh(, t)HJQq;ET([o,L]) — By, (5.64)

whence, , ,

Apd§ + Bod 1

IhC O, ooy < D=0 45 = (5.65)
for t € [-T,T]. Note that J; just determined does not depend on ¢, but only
on €, &g and constants depending only on ¢ and ..

To extend this argument to larger time intervals, it suffices to choose €
and dg so that &1 satisfies the same restriction as did dyg and then reapply the
implicit function theorem. The uniqueness aspect of the implicit function
theorem assures that the function 7 thereby determined remains C? and, as
remarked earlier, as long as (5.45) holds, the equation (5.54) for r continues
to be valid.

The needed restrictions on d; are that

A

S <e o< %MO (5.66)
and
Ao67 + Bod} < y(p). (5.67)

The restrictions (5.66) are easily managed, for example by insisting that, in

addition to the restriction (5.56) and (5.59),

Apd + A163
Ay

The inequality (5.67) is a little more complicated as € appears on both sides.

Because of (5.66)

1
€ < My and <3 . (5.68)

Agd? + Bod? < Age? + Byé®. (5.69)
On the other hand, because of (5.60), u < %% and so (5.42) implies
A 1
_ _ 2 _ e S
'y(,u) = AIM BIM €A1 2B, B € Al. (5.70)
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Thus, (5.67) is seen to hold as soon as € is small enough that

[ A 1
€Ay 2—311 — 5 62141 > A062 + 3063.

The theorem is thus established in case the restrictions (5.55) on 1 are valid.
Note the condition that ' (t) = —c+O(e) as € | 0 follows from the inequality

1A (5 0) 1

per

and the formula (5.54) for 7.
The restrictions in (5.55) on 1 are now lifted. Let ¢ > 0 and a cnoidal
wave @, from the branch constructed in Theorem 4.4 be given and suppose

||77Z)_<PCHH1 <9

per

(o.2)) = llu(t) = @e(- + ()l a, (o, <€

per

where § > 0 is to be determined. It follows immediately that

L _1 1
p=7 [ @)~ gea)ds < T4 — eelliagony < L7,
Let p(z) = ¢ (x) — p so that H(p) = 0. Note that
p = eellm,, <20

by the triangle inequality. Notice also that

L
F(p) - Fle)] = /O (0~ wo)lp— e+ 2pd)de

<26 [26 + 2||@cll 2o, ] < 0 [4 + 4lleellrzo,.))] = M1

provided § < 1, which we now presume. Because F(¢.) is a strictly mono-
tone function of ¢ (see (5.10), (5.11)), it follows that for ¢ small enough,
there is an e near ¢ for which F(p) = F(p.). Of course e has to be near to
c. Indeed,

M6 > |Flp) — F(pe)| = |F(pe) — Flye)| = d (&) |e - cl,

where ¢ lies between e and ¢. Because d (¢) is bounded below on compact
subsets of (0,00), we conclude that |e — ¢| < Mad, where My depends on M
and the formula (5.11) for d”. Since the mapping ¢ — . is C? from R to
HL ([0, L]), it follows that

per

e = ellm, (o)) < Msd

per

where M3 depends on My and a local upper bound on the derivative of the
curve of cnoidal waves.
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The existing theory applied to p viewed as a perturbation of ¢, assures
that if 0 is small enough, then

1
o 2) = el + ROy, 0.0 < 3¢

for all ¢, where v is the solution of (1.1) with initial data p. Here, the
C?-function R(t) is the solution of the ordinary differential equation

h < 1hg08> dx
foL ( h‘Pe)

where h(z,t) = v(x,t) — pe(z + R(t)).
By uniqueness, if u is the solution of (1.1) emanating from 1), then u(x,t) =
v(x — pt,t) + p. If we define S(t) = R(t) — ut, then it is straightforward to
ascertain that
lu(z,t) = pe(x + SE)) (0,1
= |lu(z + pt, t) = p+ p—pe(x + R(E))lm,,

< |lv(@,t) = e(@ + ROy, o,y + Ll

+llpe(x + R(t) = pe(z + R(1)]| 1

per

L

[0,L])

1
[OL])§§€+L%5+M3(5§6

provided that ¢§ is chosen small enough.
As for R, since HhHH;er (0,]) < te for all ¢, it follows that

R(t)=—c+(c—e)+O(e) = —c+ O8) + O(e) = —c+ O(e)

as € | 0, as required. ]

Corollary 5.7. Let L > 0 and let {1} be the branch of cnoidal waves
determined in Corollary 4.5. Then each 1. is stable to small Hp.. ([0, L])

perturbations. That is, given 1. and € > 0, there is a § = 0(€,.) > 0 such
that if

||¢ wCHHpM ([o,L]) <9,
then, for allt € R

dr(u(, ), ¢e) < |lu(,t) = el + ()|, (o.cn <€

where w is the solution of (1.1) with initial value » and r : R — R is a
C?-function such that

r(t) =—c+ O(e)
as € | 0, uniformly fort € R.
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Proof. This follows from Theorem 5.3 and the Galilean transformation
(3.2). O
Remarks. i) If the constant of integration A, in (3.4) is set equal to zero,
we can show the existence of a branch of positive cnoidal-wave solutions, ¢ €
(ZLLLQQ, 00) — ¢, of the form established in (3.7) with 0 < (2 < 2¢ < 33 < 3¢
and B2 < . < 3. A proof of the existence and the stability of these positive
solutions is analogous to the theory of stability of cnoidal-wave solutions to

the Hirota-Satsuma system

Ut — AQUgry + OULU = 2bVV,
V¢ + VUpgz + 3uvy =0,

established by Angulo in [3].

ii) The ideas in this paper have been applied to other nonlinear evolution
equations. For example, Angulo in [2] obtained a stability theory for peri-
odic travelling-wave solutions of the form u(z,t) = ¢!y, (z) to the cubic
nonlinear Schrodinger equation

Wy + Upy + ]u\2u =0,

where, for w > 272 /L2, ¢, is a real-valued function with fundamental period
L and with a profile defined via the Jacobian elliptic function dn.

iii) Our stability result for the orbit {pc(- + s)}ser in Hp,,.([0, L]) (Theo-
rem 5.3) under the flow of the periodic KdV-equation is obtained for initial
disturbances of ¢, having the same period L. It is a conjecture going back to
Benjamin' that cnoidal waves of period L are unstable to perturbations of
period 2L, for example. Some evidence in favor of this scenario is available
only in the case of the nonlinear Schrodinger equation at the moment (see
Angulo [2]), where, for a profile ¢, depending of the dnoidal function dn,
the existence of three simple negative eigenvalues for the linear operator

2
ﬁdn:_d 2 +w_3¢w
and the positivity of the function d’(c) = J; f 2L @2 dx imply that the

orbit {e%g, : y € R} is Hy,.([0,2L))- unstable We note that these same
background points obtain in the case of the KdV-equation, since the proof
of Theorem 5.1 and Theorem 5.2 imply that the linear operator L., defined
on ngr([O, 2L]) will have exactly three negative eigenvalues which are simple

and that d”(c) > 0.

IPersonal Communication to the second author.



STABILITY OF CNOIDAL WAVES 1365

6. STABILITY IN HIGHER ORDER SOBOLEV CLASSES

The preceding theory was developed in the space H.([0, L]) that arises
naturally in the context of the two invariants F and &£ of the KdV-flow.
Better control of high frequency components than would be afforded by
being small in H;er can be obtained if one works in the higher order classes
H]]je,,, k= 2,3,---. As pointed out long ago by Saut and Temam [47], the
mapping ¢ — u(-,t) of initial data to the solution at time ¢ # 0 of (1.1)
is a one-to-one mapping of Hﬁer([(), L]) onto itself, for any k = 1,2,3,- - -.
As a consequence, to have stability in HJ, ([0, L]), one must start with an
H;fer([(), L]) perturbation of a cnoidal wave. As it turns out, this is the only
additional restriction needed to infer stability in these smaller spaces. The
analysis presented in favor of this assertion follows closely the idea in the
recent paper [10].

Theorem 6.1. The cnoidal waves in Theorem 5.3 or Corollary 5.7 are stable
in HE ([0, L]) for any integer k > 1. More precisely, let L > 0 be fized and

per

let {pc} be any branch of cnoidal waves that are stable in H,,.([0,L]) as

asserted in Theorem 5.3 or Corollary 5.7. Then, for each speed ¢ and € > 0,
there is a 6 = 6(€,c) > 0 such that if ¢ € H;fer([O,L]) and

dk(¢a QOC) < 5a

then there is a C*T'-function r : R — R such that if u is the solution of the
KdV-equation (1.1) starting at 1, then for allt € R,

dy,(u(- 1), 0c) < [Ju-,t) = e =)l mx, ooy < €

per

Moreover,

/

r(t) =—c+ O(e)
as € | 0, uniformly fort € R

Proof. In fact, it will transpire that the same function r(¢) determined in
Theorem 5.3 or Corollary 5.7 suffices. In a little more detail, suppose € > 0
to be given and, for a given ¢ € H.([0, L]), let 6 = d1(e,v) > 0 be such
that

[l ) = @c(- + ()11, (0,27 < €1 (6.1)
if d1(v,pc) < 01, where r is determined by 5.57 and €; will be specified
below.

Suppose now that ¢ € HJ.([0, L]) and that

dn (¥, 0c) <
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where 0,, will be determined presently, but in any event d,, < d1(€épn, ¢c). In
particular, it follows from Lemma 5.6 that the function r lies in C"*! and
that (6.1) holds.

We show by induction on n that

di(u(:, 1), c) < |[ul-,t) = e + 1), (o.0) < €

per
for all t € R and k& < n, where the ¢ are chosen appropriately for k£ < n.
The case n = 1 is in hand so we consider next n = 2. For f € H}..([0, L]),
let

L9, 2, 1
1(F) = [ (560 =382+ 3" )do.

The functional I is invariant on H?-flows of the KdV-equation, which is to
say,

Iy(u(-, 1)) = 14(¥)
for all ¢ if u is the solution of (1.1) with initial value 1. Let ez > 0 be given.
If ||v — gchngr([o,L]) = 09, it is straightforward to see that

Li(y) = Is(e) < Cada + Cady,

where Cs and Cé are constants depending only on ¢ and .. Assume at the
outset that do < 01(€1) where €1 will be quantified shortly. As before, let

W, t) = u(z,t) — pe(x + (1))

and, without loss of generality, assume 1 has been translated so that r(0) =
0. Since d3 < 4y, it follows that (6.1) holds. At time ¢ # 0, note that

Coba + C165 > I4(¥) — Li(pe) = Ly(u(- 1)) — Iu(pe)
= Li(h(-,t) + pe(- +7(t))) — La(pe(- +7(1)))

L
9 18
= / {_hQ + _hgpcx:ca:ac - 6¢C(chh:v - ?’Soch;% - 3h§02x
0

5% 5
2 1.4 3 3.9 9 3
—6hhx<pcm—3hhx+1h +h cpc+§h s+ hey pdz. (6.2)

Because of (6.1), elementary considerations reveal that the quantity
Iy(u(z,t)) — Is(pc) in (6.2) is bounded below by

9 /
5||hxw||i2([0,L}) - D261 - D26%7 (6'3)

where Dy and D/2 also only depend upon ¢ and .. It follows that for all ¢,
320,17y < €1 Mo + 6o My
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if €1 and 9 are small. As My and Mé are bounded above for 0 < €1, §o < 1,
say, it simply remains to choose €1 < %62 so that e; My < %62. The quantity
01 is then determined and we choose d9 < 7 so that 62Mé < %62. It then
follows that

2 2
lu(z,t) — ez + T(t))HngT([O,L]) = ||h|‘ngr([0,L])
1 1
< HhH?{IgeT([o,L]) + ||hm’|%2([o,L}) < ZE% + 163 < G%a
thereby establishing the result for n = 2.
For n = 3 the argument relies upon the functional

L 108 36 1
B = [ {5 P~ Sttt 6P B - s 0

which is invariant under H;’e,,—ﬂows of the KdV-equation and the result just

established for Hg ~~-perturbations. One considers the constant

IB(U(‘vt)) - 15(900) (65)

and bounds this above at t = 0 by Csd3—C303 with d3 > || — .| ]ngr([QL]).
After writing u = ¢, + h and expanding the integrals in (6.4) defining I5, a
lower bound on (6.5) is obtained of the form

108 [*

g h2

35 . xxa:d$ — D362 — Dgeg.

The desired time-independent bound on ||Al| 3, ([o,z]) now follows from the
case n = 2 and appropriate choices for e; and d3.
In general, one uses the functional

Tah) = | RCT R v

(see [10] for example), which is invariant under Hy,.([0, L])-flows of the KdV-

equation. The difference I, 4o(u(-,t)) — In+2(¢e) is bounded above at t = 0
by Cpné, + C,672 and below at any time by

L
/ (87 h(x,t))dx — Dyen_1 — D, "2,
0

The desired inequality follows after choosing €,_1 and then §,, appropriately.
O
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APPENDIX A

In this Appendix, some basic properties of Jacobian elliptic integrals (see
[16]) are collected for the reader’s convenience. As before, the normal elliptic
integral of the first kind is

Y dt # df
[ w
0 \/(1—t)(1—kt) 0 1— k2 sin® 6

where y = siny, whereas, the normal elliptic integral of the second kind is

Y1 = k242 ®
/ ﬁdt:/ V1—k? sin®6 df = E(p, k)
0 -t 0

The number k is called the modulus and belongs to the interval (0,1). The
number &’ = /1 — k? is called the complementary modulus. The parame-
ter ¢ is called the argument of the normal elliptic integrals. It is usually
understood that 0 < y < 1 or, what is the same, 0 < ¢ < /2.

For y = 1, the integrals above are said to be complete. In this case, one
writes

F(r/2,k) = K(k)

/ \/ 1— t2 — k%t2) / val k2 sin?

/\/1_]“:526115 / V1 - k2 sin20 do = E(n/2,k) = E(k).

Clearly, we have K (0) = = m/2, whilst E(1) =1 and K (1) = +o0. For
ke (0,1), K'(k) > 0, K”(k:) >0, E'(k) < 0, E"(k) < 0 and E(k) < K(k).
Moreover, E(k) + K (k) and E(k:)K (k) are strictly increasing functions for
every k € (0,1).

An important property of the complete elliptic integrals K and E is that
they satisfy the equations

{kk’“QK +(1-3k) % kK =0,

dk?

kk?LE 4+ KP4+ kB =0,

respectively, which are special cases of the hypergeometric equation. In fact,
if we consider the binomial expansion of (1 — k28in2«9)_1/ 2 namely,

o (1
(1 — k2sin?0)~Y/2 = Z %k%sin%&

n=0
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where (a), denotes the shifted factorial defined by (a),, = a(a+1)---(a+n—1)
for n > 0, (a)o = 1 (note that since |k| < 1 this series converges absolutely),

and use the integral formula [i? sin®'0 df = (3),%/(1),, we obtain that

Kk =T% %’;—, = TR(1/2.1/2 1K)

Since the hypergeometric function F(1/2,1/2;1; ) satisfies Euler’s hyperge-
ometric differential equation

n=0

d?y dy 1
l—2)—+(1—-22)— —-y=
r1-0) 75+ (1 -20) % - sy =0,
the first differential equation above obtains immediately. It follows similarly
that E(k) = FF(-1/2,1/2;1; k%), from which follows the second differential
equation above.
Next we record some derivatives of the complete elliptical integrals K and

FE used in this work, namely

([ dK E - k’K

dk kk?

dE  E-K

dk ko

d’E 1dK E—k’K
a2 T T Edk k2R

The Jacobian elliptic functions are usually defined as follows. Consider
the elliptic integral

a dt /<P d
o VJO=-)1-k2) Jo /1—k2 sin20
which is a strictly increasing function of the variable y;. Its inverse function
is written y; = sin ¢ = sn(u; k), or briefly y; = sn(u) when it is not necessary
to emphasize the modulus k. So, sn is an odd function. The other two basic
elliptic functions, the cnoidal and dnoidal functions, are defined in terms
of sn by

u(yi; k) =u = = F(p, k),

en(usk) = /1=y =+/1—sn?(uk),
dn(uk) = /1 — k22 = /1 — k2sn2(u; k).
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Note that these functions are normalized by the requirement sn(0,k) =
0, ecn(0,k) = 1 and dn(0,k) = 1. The functions cn(-;k) and dn(-; k) are
therefore even functions. These functions are all periodic with
sn(u+ 4K (k); k) = sn(u; k), cen(u+4K(k); k) = en(u; k),
dn(u+ 2K (k); k) = dn(u; k).
Moreover, the relations
sn2u+cen?u=1, k2sn?u+dnu=1, k?snu+ cnu = dn’u,
—1<sn(uk) <1, —1<en(uk) <1, ¥? <dn(u;k) <1,
sn(u+2K; k) = —sn(u; k), en(u+2K;k) = —cn(u; k),
hold for all &k € (0,1) and u € R. Moreover, these functions take on the
following specific values:
sn(0)=0, en (0)=1, sn(K)=1, cn (K)=0.
Also, we have the limiting forms
sn(u;0) = sin(u), en(u;0) = cos(u), sn(u;1) = tanh(u), en(u; 1) = sech(u).
Finally, the formulas
0

—snu=cnudnu, —cnu=—snudnu, —dnu=—k?snucnu
ou ou ou

are straightforwardly deduced from the foregoing material.

APPENDIX B

In this Appendix, we sketch a theory of existence and stability of peri-
odic travelling waves solutions with mean zero to the KdV-equation via a
variational argument.

Consider the minimization problem

BO) = {E(): £ € Hy (0,L]), () = Aand H() =7 [ o =0}

with A > 0, and denote by G, the set of minimizers associated to B(\),
namely,

Gr = {v € Hpe, ([0, L]) : E(v) = B(A), F(¥) = A and () =0 }.

We claim that GG is a stable set of periodic travelling waves solutions to the
KdV-equation in the following sense: for every € > 0 there exists § > 0 such
that if

d Gy) = inf — 1)
1(uo, G») o luo = Yl <9,
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then the solution u(x,t) of (1.1) with u(z,0) = ug satisfies
wien('f;’A [u(t) = ¥llm,, <e forallteR. (%)

As a first step, it is ascertained that Gy # (. Indeed, since Sobolev’s
embedding theorem implies that H'([0, L]) < C([0, L]) is compact and the
functional £ is weakly lower semi-continuous, so every minimizing sequence
{fatnen C Hp,. ([0, L]) associated to B()) has a subsequence {fn, ren that
converges uniformly to a function ¢ € H,,.([0, L]) which is a minimizer to the
constrained problem in question. Of course, p(0) = ¢(L). In consequence,

there are Lagrange multipliers ¢(\) and a(\) such that

1
—¢" — 5902 =c(A)p + a()).

It follows from standard arguments and the fact that ¢ is a minimizer that
the minimizing sequence that converges weakly to ¢ in H;er([O,L]) and
strongly in C([0, L]) must also converge strongly in H]}er([O, L]). Moreover,
since B(A) = £(¢) < 0 and fOL @3dx > 0 it follows that c(\) < 0. Also, since
H(p) = 0, it follows that a(\) = —F+F(¢).

Now we prove that GG is a stable set. The proof follows classical arguments
(see Cazenave-Lions [19]). Initially we have that if {f,}nen is a minimizing
sequence for B()\), then lim,, .o di(fn, Gx) = 0. In fact, supposing that this
statement does not hold, there exists a subsequence { fy, }ren of { fn}nen and
a number € > 0 such that

di(fn,,Gx) =€ for ke N.

But, since {fy, }ren itself is a minimizing sequence for B(\), there exists
a 1o € Gy such that f,, — 9o in ngr([O,L])—norm, a contradiction that
implies the stated result.

Next, it is shown that (x) is true in the closed subspace x = {f €
H}..([0,L]) : H(f) = 0} of H},.([0,L]). Supposing this is false, there is
an € > 0, a sequence {gn}tneny C x and a sequence of times {¢,}nen such
that

1
di(gn,Gy) < - and  dy(up(tn),Gy) 2 €
for all n, where w,, solves (1.1) with u,(0) = g,,. Then, since

lim di(gn,G\) =0

and G is a bounded set in H,.([0, L]), it follows that {g,} is a bounded

per

set in H', ([0, L]). Moreover, since £(g) = B(\) and F(g) = X for g € G,

per
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it follows that £(gn,) — B(A) and F(gn) — A. Choosing {ay,}nen such
that F(angn) = A and defining ¢,, = a,u(ty,) it follows that {i, ey is a
minimizing sequence for B(\) and so there is a sequence {p,} € G, such
that |4, — ‘PnHH;ET < €/2 for large n. Because {g,} is bounded and £ and

F are invariant, it follows that {u,(t,)} is bounded, say, ||un (tn)l]] m, <M
for all n. Hence, we have
€

€ = [[ultn) = @nllag

per

which is a contradiction since «,, — 1.

Finally, by using Poincaré’s inequality (5.1) and the validity of () in ¥,
it is inferred that (+) holds in all of H.[0,L] and thus G} is seen to be a
stable set.

We note that this variational approach to stability gives only information
on the set of minimizers G without providing information on the structure
of this set, nor distinguishing among its possibly different orbits. In particu-
lar, without further information, an individual travelling wave might not be
stable in a sense that would be recognized in the laboratory.
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