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Cyclicity of CM elliptic curvesmodulo p

Alina CarmenCojocaru

ABSTRA CT 1:
Let E be an elliptic curve de�ned over Q and with complex multiplication. For a prime p of

good reduction, let E be the reduction of E modulo p: We �nd the density of the primes p � x
for which E(Fp) is a cyclic group. An asymptotic formula for theseprimes had beenobtained
conditionally by J.-P. Serre in 1976, and unconditionally by Ram Murt y in 1979. The aim of
this paper is to give a new simpler unconditional proof of this asymptotic formula, and also to
provide explicit error terms in the formula.

1 In tro duction

Let E be an elliptic curve de�ned over Q and of conductor N: By a famousresult of
Mordell, the setE(Q) of Q-rational points of E is a �nitely generatedabelian group. The
study of the free part of E(Q) is still oneof the major problemsin arithmetic geometry.

Now, for a prime p of good reduction for E (that is, p - N ), we denote by E the
reduction of E modulo p: This is an elliptic curve de�ned over Fp; the �nite �eld with p
elements. Naturally, asin the rational case,oneis interestedin the study of the structure
of the group E(Fp) of Fp-rational points of E: From classicaltheory, E(Fp) canbe written
as the product of two cyclic �nite groups. Indeed, E(Fp) � E(Fp)[k] � Z=kZ � Z=kZ;
whereFp denotesthe algebraicclosureof Fp; k is a positive integer such that the order
# E(Fp) of E(Fp) divides k; and E(Fp)[k] denotesthe group of Fp-rational points of E
annihilated by k: Early computationsof Borosh,Morenoand Porta ([BMP]) showed that,
in fact, for `many' primes p; the group E(Fp) is cyclic. One expects this to be true for
in�nitely many primes p; assuggestedby the elliptic curve analogueof Artin's primitiv e
root conjectureformulated by Lang and Trotter in 1977(see[LT2]).

Our goal in this paper is to provide an asymptotic formula, with explicit error terms,
for the function

f (x; Q) := # f p � x : p - N; E(Fp) cyclicg;

in the caseof an elliptic curve E de�ned over Q and with complexmultiplication.
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In 1976(see[Se1]),J. -P. Serreshowed that C. Hooley'sconditional method of proving
Artin's conjectureon primitiv e roots (see[Ho, ch. 3]) canbeadaptedto estimatef (x; Q):
More precisely, let Q denote the algebraicclosureof Q and let Q(E[k]) denotethe �eld
obtained by adjoining to Q the coordinatesof the Q-rational points of E annihilated by
k: Then, under the GeneralizedRiemann Hypothesis(denoted GRH) for the Dedekind
zeta functions of the division �elds Q(E[k]) of E; Serreprovesthat, as x ! 1 ;

f (x; Q) = fE li x + o
�

x
logx

�
; (1)

where li x :=
Rx

2
1

log t dt is the logarithmic integral and fE :=
1X

k=1

� (k)
[Q(E[k]) : Q]

; with � (�)

denoting the M•obius function.
We recall that for real valued functions f and g 6= 0 we write f (x) = o(g(x)) to

mean that limx!1
f (x)
g(x) = 0: Also, if g has positive values, we write f (x) = O(g(x)) or

f � g to mean that there exists a positive constant A such that jf (x)j � Ag(x) 8x:
If the constant A dependson somequantit y B ; then we may write f (x) = OB (g(x)) or
f � B g: In this paper, whenever we write f (x) = O(g(x)) or f � g; we mean that the
implied O-constants are absolute. If f � g � f ; then we write f � g:

In 19792 (see[Mu1, pp. 161-167]),Ram Murt y removedGRH in formula (1) for elliptic
curves with complex multiplication (denoted CM). His proof usesclass�eld theoretical
properties of the division �elds of CM elliptic curves, as well as a number �eld version
of the Bombieri-Vinogradov theorem(whoseproof is basedon the largesieve for number
�elds). In 2000(see[acC1]), the author proved formula (1) for elliptic curves without
complexmultiplication (denoted non-CM) under the assumptionof a quasi-GRH (more
precisely, a zero-freeregionof real part > 3=4 for the Dedekindzetafunctionsof Q(E[k])).
For more history about f (x; Q) in both the CM and non-CM caseswe refer the reader
to [acC1], [acC2] and [Mu3].

In this paper we give a new simpler unconditional proof for the asymptotic formula
for f (x; Q) in the complex multiplication case,and provide explicit error terms in this
formula. We are proving the following:

Theorem 1.1 Let E be a CM elliptic curve de�ned over Q; of conductor N and with
complex multiplication by the full ring of integers OK of an imaginary quadratic �eld
K = Q

� p
� D

�
, where D is a positive square-free integer. Then, as x ! 1 ;

f (x; Q) = fE li x + ON

�
x

(logx)(log loglogx)

�
; (2)

or, more precisely,

f (x; Q) = fE li x + O

 
x

(log x)(log log log x
N 2 )

�
loglogx

log log x
N 2

!

; (3)

where the O-constant in (2) dependson N and the one in (3) is absolute.

2It was communicated to the author by Ram Murt y that this result was obtained in 1979,however it
appeared in print only in 1983.
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Corollary 1.2 Let E be a CM elliptic curve de�ned over Q; of conductor N and such
that Q(E[2]) 6= Q: Then the smallest prime p - N for which E(Fp) is cyclic has size
O (exp(N 2)) : The implied O-constant is absolute.

It is possiblethat the error terms in Theorem 1.1 can be improved, but this involves
more sophisticatedmethods than the onesusedin our paper. We relegatethis to future
research.

Ac knowledgemen ts The results of this paper are part of my doctoral thesis [acC2]. I
expressmy deepest gratitude to my supervisor, ProfessorM. Ram Murt y, for all his help
and support. I am also grateful to ProfessorErnst Kani for useful discussionson the
algebraicpreliminaries of the paper.

2 Preliminaries

2.1 Notation

Given an elliptic curve E de�ned over Q; p will always denote a prime of good
reduction for E: We set ap := p + 1 � # E(Fp) and say that p is of ordinary reduction if
ap 6= 0; and of supersingularreduction if ap = 0: We denoteby � p and � p the roots of the
polynomial X 2 � apX + p 2 Z[X ]:

If not otherwisestated, q will denotea rational prime and k a positive integer; � (x)
will denotethe number of rational primes � x; # S will denotethe cardinality of a set S;
Ker � will denotethe kernel of a morphism � .

2.2 Algebraic preliminaries

The following preliminary lemmasare well-known, but, for the sake of completeness,
we include them here.

Lemma 2.1 Let E be an elliptic curve de�ned over Q and of conductor N: Let E[k] be
the group of k� division points of E: Then

1. the rami�e d primes of Q(E[k])=Q are divisors of kN ;

2. assumingthat E hascomplexmultiplication and k > 2; we have

� (k)2 � [Q(E[k]) : Q] � k2;

where � (k) denotesthe Euler function.

For proofs of this lemma the readeris referredto [Silv1, p. 179]and [Silv2, p. 135].

Lemma 2.2 Let E be an elliptic curve de�ned over Q and of conductor N: Using the
notation intr oduced in Section 2.1 we have that, for a positive integer k and a prime
p - k of good reduction for E; p splits completelyin Q(E[k])=Q if and only if � p � 1

k is an
algebraic integer.
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Pro of. Werecall that � p is the algebraicquadratic integercorrespondingto the Frobenius
endomorphism

E
�
Fp

�
� ! E

�
Fp

�

(x; y) 7! (xp; yp) ;

which we alsodenoteby � p:
Since(p;kN ) = 1; we have that p is unrami�ed in Q(E[k])=Q (seepart 1 of Lemma

2.1). By classicalresults in algebraicnumber theory, p splits completely in Q(E[k])=Q
if and only if � pjE [k] = 1; where 1 denotes the identit y map. This last condition is
equivalent to saying that Ker([k]) � Ker(� p � 1) as maps E

�
Fp

�
� ! E

�
Fp

�
; where

[k] is the multiplication by k map. Hencethere exists an elliptic curve endomorphism
� : E

�
Fp

�
� ! E

�
Fp

�
such that � � [k] = � p � 1 (see[Silv1, Corollary 4.11,p. 77]). This

is equivalent to saying that � p � 1
k is an algebraicinteger. �

Lemma 2.3 Let E be a CM elliptic curvede�ned over Q and with complexmultiplication
by an imaginary quadratic �eld K : Then, for every prime p of ordinary good reduction
for E; we haveQ(� p) = K :

Pro of. First we observe that

Q(� p) � EndFp (E) 
 Z Q � EndFp
(E) 
 Z Q:

Then we note that, since E has complex multiplication by K ; we have an embedding
K � EndFp

(E) 
 Z Q; and, moreover, sincep is a prime of ordinary reduction, we actually
have K = EndFp

(E) 
 Z Q: Thus Q(� p) � K for any prime p of ordinary reduction for E:
But K is a degree2 extensionof Q; and so is Q(� p): This givesus the desiredequality.
�

Lemma 2.3 describesa feature of CM elliptic curvesthat will play a very important role
in our unconditional estimatesof f (x; Q): It actually describesoneof the main di�erences
betweenCM and non-CM elliptic curves(see[LT1]).

2.3 Analytic preliminaries

The next preliminary lemma is an application of the sieve of Eratosthenes,which we
recall below.

Theorem 2.4 (The sieveof Eratosthenes)
Let A be a set of natural numbers � x; and let P be a set of rational primes. To each

prime p 2 P weassociate ! (p) distinguished residueclassesmodulo p: For any square-free
integer d composed of primes of P we set

A (d) := f a 2 A : a belongsto at least one of the ! (p) residueclassesmodulo p for all pjdg;

and
! (d) :=

Y

pjd

! (p):
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For a �xed real number z; we let S(A ; P; z) be the number of elementsa 2 A which do
not belongto any of the distinguished residueclassesmodulo p for all p 2 P; p � z; and
we set

W(z) :=
Y

p2P
p� z

�
1 �

! (p)
p

�
:

We assumethat

1. there exists a real number X such that, for all square-free integers d composed of
primes of P,

# A(d) = X
! (d)

d
+ Rd

for someRd = O(! (d));

2.
X

p2P
p� z

! (p) logp
p

� clogz + O(1) for somepositive constant c:

Then

S(A ; P; z) = X W(z) + O
�

x(log z)c+1 exp
�

�
logx
logz

� �
;

where the implied O-constant is absolute.

For a proof of this result, see[Mu4, p. 141].

Lemma 2.5 Let x 2 R and D; k be �xed positive integerswith k <
p

x � 1: Then

S1
k := #

�
p � x : p = (� k + 1)2 + D� 2k2 for some� ; � 2 Z

	

= O

 � p
x

k
+ 1

� p
x loglogx

k
p

D log
p

x� 1
k

!

;

S2
k := #

�
p � x : p =

� �
2

k + 1
� 2

+ D
� 2

4
k2 for some� ; � 2 Z

�

= O

 � p
x

k
+ 1

� p
x loglogx

k
p

D log
p

x� 1
k

!

:

The implied O-constantsare absolute.

Pro of.
1. Let us observe that the conditions p � x and p = (� k + 1)2 + D� 2k2 for some

� ; � 2 Z imply

� 2
�

� 1 �
p

x
k

;
� 1 +

p
x

k

�
\ Z;

� 2
�
�

p
x

k
p

D
;

p
x

k
p

D

�
\ Z; � 6= 0:

5



Thus

S1
k �

X

�

0
#

�
� 2

�
� 1 �

p
x

k
;
� 1 +

p
x

k

�
\ Z : (� k + 1)2 + D� 2k2 a prime

�
; (4)

wherethe sum
X

�

0
is over nonzeronumbers � 2

h
�

p
x

k
p

D
;

p
x

k
p

D

i
\ Z: We set

A :=
�

� 2
�

� 1 �
p

x
k

;
� 1 +

p
x

k

�
\ Z

�
;

P :=
�

p a rational prime : (p;k) = 1;
�

� D
p

�
= 1

�
;

with
�

�
p

�
denoting the Legendresymbol modulo p: To each prime p 2 P we associate the

residueclasses
(� 1 � � kD)k� 1(mod p);

whereD is an integersuch that D2 � � D(mod p) (let usobserve that (� k+ 1)2+ D� 2q2 =

p imposesthe conditions
�

� D
p

�
= 1 and (p;k) = 1; henceD and k � 1(mod p) are well-

de�ned).
For a �xed real number z we have

#
�

� 2
�

� 1 �
p

x
k

;
� 1 +

p
x

k

�
\ Z : (� k + 1)2 + D� 2k2 a prime

�
� S(A ; P; z) + � (z)

� S(A ; P; z) + z;(5)

with S(A ; P; z) de�ned as in the sieve of Eratosthenes.
Now we want to verify that the hypothesesof Theorem2.4 are satis�ed. Elementary

estimatesgive us

# A(d) := #
�

� 2 A : (� k + 1)2 + D� 2k2 � 0(mod d)
	

= 2
�

2
p

x
k

+ 1
�

1
d

+ O(1)

for all square-freeintegersd composedof primes of P: Thus the �rst hypothesisof the
sieve of Eratosthenesis satis�ed with ! (d) = 2 and X = 2

p
x

k + 1: Using Mertens' theorem

and recalling that
�

� D
p

�
= 1; hencethat p splits completely in Q(

p
� D); we obtain

X

p2P
p� z

! (p) logp
p

= 2
X

p2P
p� z

logp
p

= logz + O(1);

thus the secondhypothesisof the sieve of Eratosthenesis satis�ed with c = 1: Therefore

S(A ; P; z) =
�

2
p

x
k

+ 1
�

W(z) + O

 p
x + 1
k

(log z)2 exp

 

�
log

p
x� 1
k

logz

! !

;
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where

W(z) =
Y

p2P
p� z

�
1 �

2
p

�
� exp

0

B
B
@� 2

X

p2P
p� z

1
p

1

C
C
A � exp(� loglogz) =

1
logz

;

by using the elementary inequality 1 + t � exp(t) and, again, Mertens' theorem.
Let us choosez such that

logz =
log

p
x� 1
k

3loglogx
:

Then

O

 p
x + 1
k

(log z)2 exp

 

�
log

p
x� 1
k

logz

!!

= O
� p

x + 1
k

1
logx(log logx)2

�
;

and so

S(A ; P; z) =
�

2
p

x
k

+ 1
�

O

 
loglogx

log
p

x� 1
k

!

+ O
� p

x
k logx(log logx)2

�

=
�

2
p

x
k

+ 1
�

O

 
loglogx

log
p

x� 1
k

!

:

From (5) we obtain

#
�

� 2
�

� 1 �
p

x
k

;
� 1 +

p
x

k

�
\ Z : (� k + 1)2 + D� 2k2 a prime

�
=

�
2
p

x
k

+ 1
�

O

 
loglogx

log
p

x� 1
k

!

;

which, usedin (4), completesthe proof of the �rst part of the lemma.
2. Similar to the proof above. �

We remark that for S1
k and S2

k of the above lemma we actually have elementary
estimateswhich are weaker than the onesgiven by Lemma 2.5 only by a log log x

log x factor.
The sieve hasbeeninvoked preciselyfor obtaining this saving.

Lemma 2.6 Keeping the notation of Lemma2.5, we havethat, for any k and x;

Si
k �

p
x

k
p

D

�
2
p

x
k

+ 1
�

;

where 1 � i � 2:

Pro of. We justify this estimate for i = 1: The casei = 2 is resolved similarly. We
observe that the conditions p � x and p = (� k + 1)2 + D� 2k2 for some� ; � 2 Z give us
2
p

x
k + 1 choicesfor � and 2

p
x

k
p

D
choicesfor � : The lemma follows. �
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3 The pro of of the theorem and corollary

As explainedin [Mu1, pp. 153-154],we have that E(Fp) is cyclic if and only if p does
not split completely in Q(E[q]) for any prime q 6= p: Also, we have that if p � x and
p splits completely in Q(E[k]) for somek; then k2j(p + 1 � ap); and so, using Hasse's
bound ap � 2

p
p; we obtain k � 2

p
x: Therefore,using the simple asymptotic sieve, we

can write
f (x; Q) = N (x; y) + O

�
M

�
x; y; 2

p
x

� �
;

where

N (x; y) := # f p � x : p doesnot split completely in any Q(E[q])=Q; q � yg;

M
�
x; y; 2

p
x
�

:= #
�

p � x : p splits completely in someQ(E[q])=Q with y � q � 2
p

x
	

;

and wherey is a real number to be chosenlater. In order to estimatef (x; Q) we needto
estimateeach of N (x; y) and M (x; y; 2

p
x) and to choosethe parametery appropriately.

3.1 Estimate for N (x; y)

By the inclusion-exclusionprinciple we have

N (x; y) =
X

k

0
� (k)� 1(x; Q(E[k])=Q);

wherethe sum is over all square-freepositive integersk � 2
p

x whoseprime divisors are
� y; and where

� 1(x; Q(E[k])=Q) := # f p � x : p splits completely in Q(E[k])=Qg:

We estimate this sum by using the unconditional e�ective version of the Chebotarev
density theoremas stated in [Mu2, p. 243]or [acC1,p. 337]. To do so, let us recall from
[Se2,p. 130] that if L=Q is a �nite normal �eld extensionwhich is rami�ed only at the
primes p1; p2; : : : ; pm ; then

1
[L : Q]

logj disc(L=Q)j � log[L : Q] +
mX

j =1

logpj ;

where [L : Q] and disc(L=Q) denote the degreeand the discriminant, respectively, of
L=Q: We apply this result, together with Lemma2.1, to the �elds Q(E[k]); whosedegree
and discriminant over Q we denoteby n(k) and dk ; respectively. We get

n(k)jdk j
2

n ( k ) � k8N 2

and
n(k) (log jdk j)2 � k6

�
log

�
k2N

�� 2
;

and so the maximum of the two quantities above is � k8N 2: In order to apply the
unconditional e�ective Chebotarev density theorem mentioned before we need to have
k8N 2 � logx: Sincek � exp(2y); it is enoughto choose

y =
1
8

(log logx � 2 logN ): (6)

8



Then, by the unconditional e�ective Chebotarev density theorem,we obtain

N (x; y) =

 
X

k

0� (k)
n(k)

!

li x + O

 
X

k

0
x exp

 

� A

s
logx
n(k)

!!

for somee�ective positive constant A: To handle the error term we usethat n(k) � k2

and that there are at most 2y square-freenumbers composedof primes � y: Then

N (x; y) =

 
X

k

0� (k)
n(k)

!

li x + O
�

x
N 1=4(logx)B

�
(7)

for any positive constant B :

3.2 Estimate for M (x; y; 2
p

x)

For real numbers � 1; � 2; we denoteby

M o (x; � 1; � 2)

the number of primes p � x such that p has ordinary reduction and splits completely in
someQ(E[q]) with � 1 � q � � 2, and by

M s(x; � 1; � 2)

the number of primesp � x such that p hassupersingularreduction and splits completely
in someQ(E[q]) with � 1 � q � � 2: We write

M
�
x; y; 2

p
x
�

= M o
�
x; y; 2

p
x

�
+ M s

�
x; y; 2

p
x

�
(8)

and estimateeach of the two terms. For the �rst onewe observe that

M o
�
x; y; 2

p
x

�
�

X

y<q � 2
p

x

� o
1(x; Q(E[q])=Q); (9)

where

� o
1(x; Q(E[q])=Q) := # f p � x : ap 6= 0 and p splits completely in Q(E[q])=Qg:

By Lemmas2.2 and 2.3 we obtain

� o
1(x; Q(E[q])=Q) � #

�
p � x :

� p � 1
q

2 OK

�
:

Sincethe norm of � p in K =Q is p; we get

#
�

p � x :
� p � 1

q
2 OK

�
� Sq;

whereSq is S1
q if � D � 2; 3(mod4); and S2

q if � D � 1(mod 4); with S1
q; S2

q as in Lemma
2.5.
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Let us �x a real number u <
p

x � 1: Using the elementary estimate for Sq given in
Lemma 2.6, we obtain

X

u<q � 2
p

x

� o
1(x; Q(E[q])=Q) �

X

u<q � 2
p

x

Sq

�
X

u<q � 2
p

x

p
x

q
p

D

�
2
p

x
q

+ 1
�

=
2x

p
D

X

u<q � 2
p

x

1
q2

+
p

x
p

D

X

u<q � 2
p

x

1
q

�
x

p
Du logu

+
p

x loglogx
p

D
: (10)

On the other hand, using the estimatesfor Sq given in Lemma 2.5, we obtain
X

y<q � u

� o
1(x; Q(E[q])=Q) �

X

y<q � u

Sq

�
X

y� q� u

�
x

q2
p

D
+

p
x

q
p

D

�
loglogx

log
p

x� 1
q

�
x loglogx

p
D log

p
x� 1
u

X

y<q � u

1
q2

+
p

x loglogx
p

D log
p

x� 1
u

X

y<q � u

1
q

�
x loglogx

p
D(log

p
x� 1
u )y logy

+
p

x(log logx)(log logu)
p

D log
p

x� 1
u

: (11)

We choose
u = logx

and recall that y = 1
8(log logx � 2 logN ) (see(6)) and that D is bounded, sinceE has

CM. Then, from (9), (10) and (11) we get

M o(x; y; 2
p

x) = O

 
x loglogx

(log x)(log log x
N 2 )(log log log x

N 2 )

!

: (12)

For the secondterm in (8) we have

M s
�
x; y; 2

p
x

�
�

X

y<q � 2
p

x

� s
1(x; Q(E[q])=Q); (13)

where

� s
1(x; Q(E[q])=Q) := # f p � x : ap = 0 and p splits completely in Q(E[q])=Qg:

We observe that if p is a prime of supersingular reduction which splits completely in
someQ(E[q])=Q; then q = 2: Indeed,for such primesp and q we have, on onehand, that
q2j(p + 1 � ap) = (p + 1); and, on the other hand, that qj(p � 1); thus qj2: Now we note
that in the sum of (13) we run over q > y; thus, by our choiceof y (see(6)), q 6= 2: This
implies that

M s
�
x; y; 2

p
x
�

= 0: (14)
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3.3 The �nal form ula

Putting together (7), (8), (12) and (14) we get

f (x; Q) =

 
X

k

0� (k)
n(k)

!

li x + O
�

x
N 1=4(log x)B

�

+ O
�

x
(log x)(log logx)

�

+ O

 
x

(log x)(log log log x
N 2 )

�
loglogx

log log x
N 2

!

;

where the implied O-constants are absolute. It remains to analyze

 
X

k

0� (k)
n(k)

!

li x: We

write X

k

0� (k)
n(k)

=
X

k

� (k)
n(k)

�
X

k

00� (k)
n(k)

;

where
P

k
00meansthat the sum is over those positive square-freeintegersk for which

there exists a prime divisor q > y: Using part 2 of Lemma 2.1 we get that

X

k

00� (k)
n(k)

li x �
x

logx

X

q>y

1X

t=1

1
q2t3=2

�
x

(logx)y logy

= O

 
x

(log x)(log log x
N 2 )(log log log x

N 2 )

!

:

Thus

f (x; Q) = fE li x + O

 
x

(log x)(log log log x
N 2 )

�
loglogx

log log x
N 2

!

: (15)

This completesthe proof of Theorem1.1.

3.4 The pro of of Corollary 1.2

First, let us recall that it waspointed out by Serre(see[Mu3, p. 327]) that the density
fE is positive if and only if Q(E[2]) 6= Q: Now, we note that a necessarycondition for
formula (15) to hold is that x � exp(N 2) : Then, if x � exp(N 2) ; the main term of (15)
will be bigger than the error term. This provesthe assertionof the corollary.

4 Concluding remarks

As mentioned in the proof of Corollary 1.2, the density fE is positive if and only if
Q(E[2]) 6= Q: For the sake of clarity, we explain this in what follows in the caseof a CM
elliptic curve E de�ned over Q: Naturally, in order to have fE 6= 0 we needto assume
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Q(E[2]) 6= Q; for otherwisethe torsion part of E(Q) contains the Klein four group and
so E(Fp) cannot be cyclic. The condition is also su�cien t. To seethis, let us �rst note
that if Q(E[2]) 6= Q; then [Q(E[2]) : Q] is 2, 3 or 6. We let K 2 be the unique abelian
subextensioncontained in Q(E[2]): Also, we let K be the CM �eld of E: We recall that
K (E[q]) = Q(E[q]) for any prime q � 3 (see[Mu1, p. 165, Lemma 6]), and we observe
that sinceK is a quadratic �eld and K 2 is a cubic or a quadratic �eld, we have either
K 2 \ K = Q or K 2 = K : If K 2 \ K = Q; then using that K 2 � Q(E[2]) and K � Q(E[q])
for any q � 3; we deducethat the density of the primes p that do not split completely in
any of the �elds Q(E[q]) is greater than or equal to the density of the primes p that do
not split completely in K 2 and K : In other words,

fE �
�

1 �
1

[K 2 : Q]

� �
1 �

1
[K : Q]

�
�

1
4

:

If K 2 = K ; then K � Q(E[q]) for any prime q, and sothe density of the primesp that do
not split completely in any of the �elds Q(E[q]) is greater than or equal to the density
of the primes p that do not split completely in K : In other words,

fE �
�

1 �
1

[K : Q]

�
�

1
2

:

This completesthe proof of the positivit y of fE .
The main signi�canceof our unconditional proof of the asymptotic formula for f (x; Q)

in the caseof a CM elliptic curve lies in the simplicity of the tools that are used. Ram
Murt y's initial proof avoided the GRH by using a di�cult application of the large sieve
for number �elds, namely a Bombieri-Vinogradov type result for number �elds. In our
new proof we useinstead an application of the sieve of Eratosthenes,oneof the simplest
sieves in number theory. We point out that this application of the sieve of Eratosthenes
(Lemma 2.5) could be viewed asa Brun-Titc hmarshtheoremfor quadratic number �elds,
sinceit givesnon-trivial upper bounds for the number of (principal) prime idealswhose
generator satis�es congruenceconditions. A result of this kind had been obtained in
[Sch], but asan application of the largesieve for number �elds, and could have beenused
in our treatment of M (x; y; 2

p
x):

Another signi�cance of our newproof is that it providesexplicit error terms, with ab-
soluteO-constants. As noted in Corollary 1.2,wecanthen deducean unconditional upper
bound for the smallestprime p for which E(Fp) is cyclic. Considerableimprovements of
this bound, under GRH, will be discussedin an upcoming paper.

Naturally, onecan ask if our ideascan be exploredfurther and usedin other related
situations. For example,one could considerthe question of determining the number of
prime ideals for which the reduction of a CM elliptic curve de�ned over a number �eld
gives a cyclic group. It seemsthat our tools can be used in this situation. Another
questionis that of using the ideasof this paper in the caseof a non-CM elliptic curve. At
present, no unconditional proof for the asymptotic formula for f (x; Q) is known in this
situation, but, asmentioned in Section1, only a proof basedon a quasi-GRHassumption
(see[acC1]). If we assumea variation of a conjectureof Lang and Trotter on the number
of distinct �elds Q(� p) obtained when p runs over primes of ordinary reduction for a
non-CM elliptic curve (see[LT1]), then it turns out that we can follow the current CM
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approach even in the non-CM case. The dependence 1p
D

on the discriminant D of the
estimatesprovided by Lemma 2.5 will be more advantageousthan the dependenceon D
provided by Schaal's result mentioned above. This is, again, an assetof our new proof.
Yet another related questionis that of determining an asymptotic formula for the number
of primes p for which the order of E(Fp) is square-free.The ideasof our paper can be
successfullyusedto answer this question if E is a CM elliptic curve. The details of our
two last claims will be given in di�erent upcoming papers.
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