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Cyclicity of CM elliptic curvesmaodulo p

Alina Carmen Cojocaru

ABSTRACT 1

Let E bean elliptic curve de ned over Q and with complex multiplication. For a prime p of
good reduction, let E be the reduction of E modulo p: We nd the density of the primesp x
for which E(Fp) is a cyclic group. An asymptotic formula for these primes had beenobtained
conditionally by J.-P. Serrein 1976, and unconditionally by Ram Murty in 1979. The aim of
this paper is to give a new simpler unconditional proof of this asymptotic formula, and also to
provide explicit error terms in the formula.

1 Intro duction

Let E be an elliptic curve de ned over Q and of conductor N: By a famousresult of
Mordell, the setE(Q) of Q-rational points of E isa nitely generatedabelian group. The
study of the free part of E(Q) is still oneof the major problemsin arithmetic geometry

Now, for a prime p of good reduction for E (that is, p - N), we denote by E the
reduction of E modulo p: This is an elliptic curve de ned over F;; the nite eld with p
elemerts. Naturally, asin the rational case,oneis interestedin the study of the structure
of the group E (F,) of Fp-rational points of E: From classicaltheory, E (F,) canbe written
as the product of two cyclic nite groups. Indeed, E(F,) E(Fp)k] Z=kz Z=kz;
whereF, denotesthe algebraicclosureof Fy; k is a positive integer suc that the order
# E(F,) of E(Fp) divides k; and E(F,)[k] denotesthe group of F,-rational points of E
annihilated by k: Early computationsof Borosh, Morenoand Porta ([BMP]) shoved that,
in fact, for ‘mary' primes p; the group E(F) is cyclic. One expectsthis to be true for
in nitely many primes p; assuggestedy the elliptic curve analogueof Artin's primitiv e
root conjectureformulated by Lang and Trotter in 1977(see[LT2]).

Our goalin this paper is to provide an asymptotic formula, with explicit error terms,
for the function

f(x;Q):=#fp x:p-N;E(F,) cyclicg;
in the caseof an elliptic curve E de ned over Q and with complexmultiplication.
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In 1976(see[Sel]),d. -P. Serreshovedthat C. Hooley's conditional method of proving
Artin's conjectureon primitiv e roots (see[Ho, ch. 3]) canbe adaptedto estimatef (x; Q):
More precisely let Q denotethe algebraicclosureof Q and let Q(E[k]) denotethe eld
obtained by adjoining to Q the coordinates of the Q-rational points of E annihilated by
k: Then, under the GeneralizedRiemann Hypothesis (denoted GRH) for the Dedekind
zetafunctions of the division elds Q(E[k]) of E; Serreprovesthat, asx! 1 ;

. X

f(Q) =felix+o @ ; (1)

wherelix := L dt is the logarithmic integral and fg := ). with ()
2 logt

oy [QELKD : QI
denoting the Meobius function.

We recall that for real valued functions f and g 6 0 we write f (x) = o(g(x)) to
mean that limy, % = 0. Also, if g has positive values, we write f (x) = O(g(x)) or
f g to meanthat there exists a positive constart A sud that jf (x)j]  Ag(x) 8x:
If the constart A dependson somequartity B; then we may write f (x) = Og(g(x)) or
f g @ In this paper, whenewer we write f (x) = O(g(x)) or f g; we meanthat the
implied O-constarts are absolute. If f g f;thenwewrite f g:

In 19792 (see[Mul, pp. 161-167]),Ram Murty removed GRH in formula (1) for elliptic
curveswith complex multiplication (denoted CM). His proof usesclass eld theoretical
properties of the division elds of CM elliptic curves, aswell asa number eld version
of the Bombieri-Vinogradov theorem (whoseproof is basedon the large siewe for number
elds). In 2000 (see[acC1]), the author proved formula (1) for elliptic curves without
complex multiplication (denoted non-CM) under the assumptionof a quasi-GRH (more
precisely a zero-freeregionof real part > 3=4 for the Dedekindzetafunctions of Q(E[K])).
For more history about f (x; Q) in both the CM and non-CM caseswe refer the reader
to [acC]], [acC] and [Mu3].

In this paper we give a new simpler unconditional proof for the asymptotic formula
for f (x; Q) in the complex multiplication case,and provide explicit error terms in this
formula. We are proving the following:

Theorem 1.1 Let E be a CM elliptic curve de ned over Q; of conductor N and with
oomplexignﬁplication by the full ring of integers Ok of an imaginary quadatic eld

K=Q D , where D is a positive squae-free integer. Then,asx! 1 ;
F(xQ)=felix+ O X @)
el TR N (logx)(log loglogx)
or, more precisely,
!
. X loglogx
(6 Q) = felix+ O B her (3)

(logx)(loglogr) log >

whetee the O-constantin (2) degendson N and the onein (3) is absolute.

2|t was communicated to the author by Ram Murty that this result was obtained in 1979, however it
appearedin print only in 1983.



Corollary 1.2 Let E be a CM elliptic curve de ned over Q; of conductor N and such
that Q(E[2]) 6 Q: Then the smalest prime p - N for which E(F;) is cyclic has size
O (exp(N?)) : The implied O-constant is absolute.

It is possiblethat the error termsin Theorem 1.1 can be improved, but this involves
more sophisticatedmethods than the onesusedin our paper. We relegatethis to future
researf.

Acknowledgemen ts The results of this paper are part of my doctoral thesis[acC3. |
expressmy deepest gratitude to my supervisor, ProfessorM. Ram Murty, for all his help
and support. | am also grateful to ProfessorErnst Kani for useful discussionson the
algebraicpreliminaries of the paper.

2 Preliminaries

2.1 Notation

Given an elliptic curve E de ned over Q; p will always denote a prime of good
reduction for E: We seta, := p+ 1 #E(F,) and sa that p is of ordinary reduction if
ap 6 0; and of supersingularreduction if a, = 0: We denoteby , and —, the roots of the
polynomial X2 a,X + p2 Z[X]:

If not otherwisestated, g will denotea rational prime and k a positive integer; (x)
will denotethe number of rational primes x; # S will denotethe cardinality of a setS;
Ker will denotethe kernel of a morphism

2.2 Algebraic preliminaries

The following preliminary lemmasare well-known, but, for the sake of completeness,
we include them here.

Lemma 2.1 Let E be an elliptic curve de ned over Q and of conductor N: Let E[k] be
the group of k division points of E: Then

1. the rami ed primes of Q(E[K])=Q are divisors of kN ;
2. assumingthat E has complexmultiplication and k > 2; we have
(k)>  [QEK]): Q] K
where (k) denotesthe Euler function.
For proofs of this lemmathe readeris referredto [Silvl, p. 179]and [Silv2, p. 135].

Lemma 2.2 Let E be an elliptic curve de ned over Q and of conductor N: Using the
notation introduced in Section 2.1 we have that, for a positive integer k and a prime
p - k of good reduction for E; p splits completelyin Q(E[K])=Q if and only if s an

algebaic integer.




Pro of. Werecallthat | isthe algebraicquadratic integercorresmpndingto the Frobenius
endomorphism

EF, ! EF

(X y) 7' (X" yP);
which we alsodenoteby ,:

Since(p;kN) = 1; we have that p is unrami ed in Q(E[K])=Q (seepart 1 of Lemma
2.1). By classicalresults in algebraic number theory, p splits completely in Q(E[k])=Q
if and only if pjgy; = 1 where 1 denotesthe idertity map. This last condition is
equivalert to saying that Ker([k]) Ker( , 1l)asmapsE F, ! E F, ; where
[K] is the multiplication by k map. Hencethere exists an elliptic curve endomorphism

'EF, ! EF, sunhthat [K]= , 1(see[Silvl, Corollary 4.11,p. 77]). This
is equivalert to saying that pTl is an algebraicinteger.

Lemma 2.3 LetE bea CM elliptic curvede ned over Q and with complexmultiplication
by an imaginary quadatic eld K: Then, for every prime p of ordinary good reduction
for E; wehaveQ( p) = K:

Pro of. First we obsene that

Q( ;) Ende(E) zQ End(E) 2Q:

Then we note that, since E has complex multiplication by K; we have an embedding
K Endg(ﬁ) z Q; and, moreover, sincep is a prime of ordinary reduction, we actually

have K = Endq(E) zQ: ThusQ( p) K for any prime p of ordinary reduction for E:
But K is a degree2 extensionof Q; and sois Q( ,): This givesus the desiredequality.

Lemma 2.3 descrilesa feature of CM elliptic curvesthat will play a very important role
in our unconditional estimatesof f (x; Q): It actually descrikesoneof the main di erences
betweenCM and non-CM elliptic curves(see[LT1]).

2.3 Analytic preliminaries

The next preliminary lemmais an application of the siewe of Eratosthenes,which we
recall below.

Theorem 2.4 (The sieveof Eratosthenes)

Let A be a setof natural numlers x; andlet P be a setof rational primes. To each
prime p 2 P weassaiate ! (p) distinguisheal residueclasseanodulo p: For any squae-free
integer d composel of primes of P we set

A(d) ;= fa2 A : abelongsto at least one of the ! (p) residueclassesmodulo p for all pjdg;

and Y
I(d) := | I (p):

pjd
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For a xed real numbker z; we let S(A; P;z) be the numler of elementsa 2 A which do

not belongto any of the distinguishel residueclassesmadulo p for all p2 P;p z; and
we set

Y .

W (z) = 1 —

p2P
p z

We assumethat

1. there existsa real number X suchthat, for all squae-free integersd composel of
primes of P,
! (d)

#A(d): XT-I- Rd

for someRy = O(! (d));

X |
2. M clogz + O(1) for somepositive constant c:
p2P P
p z
Then |
S(A;P;z) = XW(z) + O x(logz)*** exp %

whete the implied O-constantis absolute.
For a proof of this result, see[Mu4, p. 141].
Lemma 2.5 Letx 2 R and D; k be xed positive integerswith k < P X 1. Then

St = # p x:p=( k+1)2+D'2k2forsome; 22

P P '
X x loglogx
= 0 —+1 p——p—
k k' Dlog——*
2 2
S = # p x:p= §k+1 +Dzk2forsome; 27
|
P P '
- 0 Tx+1 x_loglogixl
k' Dlog—
The implied O-constantsare absolute.
Pro of.
1. Let us obsene that the conditionsp x andp = ( k+ 1)°+ D 2k2 for some
;2 Zimply
, 1 Pg 1+ Px .-
k ' k ’
2 255 \z so
k D'k D ’ '
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X o 1 p_ 1+p—
St # 2 . X. . X \ Z:( k+1)?+D %k?aprime ; (4)
X o h p p i
wherethe sum is over nonzeronumbers 2 p% %;%—k "5 \ Z: We set

p_ p_
1 X 1+ X

A = 2 Z

k ’ k \ ’

P := parational prime: (p;k) = 1; TD =1 ;

with 5 denoting the Legendresymbol modulo p: To ead prime p 2 P we assiate the

residueclasses
( 1 kD)k (modp);

whereD is an integersud that D? D(modp) (let usobsenethat ( k+ 1)+ D 2¢f =

p imposesthe conditions TD = 1 and (p;k) = 1; henceD and k (modp) are well-
de ned).
For a xed real number z we have
P P
# 2 1k X. 11 X'\ Z:( k+ 1%+ D 2 aprime S(A:P:2)+ (2)

S(A;P;z) + z(5)

with S(A;P;z) de ned asin the siew of Eratosthenes.
Now we warnt to verify that the hypothesesof Theorem 2.4 are satis ed. Elemertary
estimatesgive us
Px 1
#AM) =# 2A:( k+1?+D %* O0O(modd) =2 ——+ 1 gt 0(1)
for all square-freeintegersd composedof primes of P: Thus the rst hypothesisof the

siewe of Eratosthenesis satis ed with ! (d) = 2and X = sz+ 1: Using Mertens' theorem

and recalling that TD = 1; hencethat p splits completelyin Q(IO ~ D); we obtain

X X
' (P logp _, Io%): logz + O(1);

p2P P p2P
p z p z
thus the secondhypothesisof the siew of Eratosthenesis satis ed with ¢ = 1: Therefore

p_ p_ P ot

|
S(A;P;2z) = ZTX +1 W(2)+ O Xk+ 1(Iogz)2 exp olgog;




where
1

W(z) = 1 exp% 2 —§ exp( loglogz) = —z
p2P P p2P P 0g
p z

by using the elememary inequality 1+t exp(t) and, again, Mertens' theorem.
Let us choosez sud that

%927 Bioglogx
Then
I
p_ P 1™ p_
X+ 2 log 5~ = X+ 1 !
O — —(logz)“exp logz =9 logx(log logx)?
and so
|
P ' Ps
2° X loglogx X
AP — _ 1 —p— +
S(A;P;2) K O log xkl k logx(loglogx)?
|
o_ !
= —2kx+l @) —p_logloygxl
log —
From (5) we obtain
P P P
g2 L X 1Y X\ s (k+12+D %apime = 2 X+1 o 10900
K K k log ==

which, usedin (4), completesthe proof of the rst part of the lemma.
2. Similar to the proof above.

We remark that for S} and S? of the above lemma we actually have elemetary
estimateswhich are wealer than the onesgiven by Lemma2.5only by a 'OI%';EX factor.
The siewe hasbeeninvoked preciselyfor obtaining this saving.

Lemma 2.6 Keepingthe notation of Lemma2.5, we havethat, for any k and x;

S| :j— 2p_§+ 1 ;
“ KD k !
wheel i 2
Pro of. We justify this estimate for i = 1. The casei = 2 is resohed similarly. We

obser\e that the conditionsp x andp= ( k+ 1)>+ D 2k2 for some ; 2 Z giveus
22 + Lchoicesfor  and 3= choicesfor : The lemmafollows.



3 The proof of the theorem and corollary

As explainedin [Mul, pp. 153-154]we have that E(F,) is cyclic if and only if p does
not split completely in Q(E[q]) for any prime q 6 p: Also, we have that if p x and
p splits completely in Q(E[K]) for somek; then k?j(p+ 1 a,); and so, using Hasse's
bounda, 2" p;weobtain kK 2" x: Therefore, using the simple asymptotic siewe, we
can write D

fx;Q =N(Xy)+O0O M xy;2 x|

where

N(x;y) :=# fp x:pdoesnot split completelyin any Q(E[q])=Q;q VYg;
M Xy; 2p§ =# p x:psplits completelyin someQ(E[q))=Q withy ¢ 2p X
and wherey is a real number to be ch%enlater. In order to estimatef (x; Q) we needto
estimateead of N(x;y) and M (x;y; 2 X) and to choosethe parametery appropriately.

3.1 Estimate for N(x;y)

By the inclusion-exclusionprinciple we have

X o
N(x;y) = (k) 1(x; Q(E[K])=Q);
k

wherethe sum s over all square-freepositive integersk 2IO X whoseprime divisors are

y; and where

1(X; Q(E[KD=Q) := #fp x: psplits completelyin Q(E [k])=Qg:

We estimate this sum by using the unconditional e ective version of the Chebotarev
density theoremas stated in [Mu2, p. 243]or [acC1,p. 337]. To do so, let usrecall from
[Se2,p. 130]that if L=Q is a nite normal eld extensionwhich is ramied only at the

1 . . A

—logjdisc(L=Q)j loglL : Q]+  logp;;

Q] -

where [L : Q] and disqL=Q) denote the degreeand the discriminart, respectively, of
L=Q: We apply this result, togetherwith Lemma2.1,to the elds Q(E[k]); whosedegree
and discriminant over Q we denoteby n(k) and dy; respectively. We get

2

n(k)jdgj™™ kBN ?2

and
n(k) (logjdj)®> k® log k2N 2;

and so the maximum of the two quartities above is k8N?2: In order to apply the
unconditional e ective Chebotarev density theorem mertioned before we needto have
k8N?2  logx: Sincek exp(2y); it is enoughto choose
1
y = é(loglogx 2logN): (6)
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Then, by the unconditional e ective Chebotarev density theorem, we obtain
I s _ 1!l

X o (k) X o logx

: = 7 + —_~

N (X;y) k (k) lix+ O k xexp A (k)

for somee ective positive constart A: To handle the error term we usethat n(k) k2

and that there are at most 2¥ square-freenumbers composedof primes y: Then
|

X o (k) X
N(x;y) = —— |ix+ 0 ———— (7
y n(k) N #(logx)B

for any positive constart B:

3.2 Estimate for M (Xx;vy; 2IO X)
For real numbers ;; ,; we denoteby
MO (X; 1; 2)

the number of primesp x sud that p hasordinary reduction and splits completely in
someQ(E[q)) with ; g ,, andby

MS(X; 1; 2)

the number of primesp  x sud that p hassupersingularreduction and splits completely
in someQ(E[q]) with 1 q 2: Wewrite

p

M x;y;ZpY =M?° x;y;ZpY +M® xy;2 X (8)

and estimate ead of the two terms. For the rst onewe obsene that

o_ X
X 1(x; Q(E[d)=Q); (9)

y<q 2p X

M° x;y;2

where

°(x; Q(E[d)=Q) := #fp x:a, 6 0and p splits completelyin Q(E [d])=Qu:

By Lemmas2.2 and 2.3 we obtain

°x QE[D=Q) # p x: "qlzoK

Sincethe norm of , in K=Q is p; we get

p 1

# p x: 2 Ok Sy

whereSyis S;if D  2,3(mod4), andS7if D  1(mod4); with S;;S7 asin Lemma
2.5.



Let us x areal number u < P X 1: Using the elemenary estimate for Sy givenin

Lemma 2.6, we obtain

X X
1(x; Q(E[a)=Q) Sq
u<q P % u<q P x
x Py Pk
b= —+1
u<q Zqu D 9
= = = 2 =
D u<q 2pxqp D u<q Zqu
o X, Xloglogx. (10)
Dulogu D
On the other hand, using the estimatesfor S, givenin Lemma 2.5, we obtain
X
1(x; Q(E[d)=Q) Sq
y<gq u y<g u D
X X X  loglogx
P=T P= X 1
yqu @ D aD Igg q
xloglogx X 1 Xloglogx X 1
D log =1 @? i D log =t q
u y<q u D u y<q u
x loglogx x(loglogx)(log logu)
P =, Px 1 * P = Px 1 : (1)
D (log ——)ylogy D log—;
We choose
u = logx

and recall that y = %(Ioglogx 2logN) (see(6)) and that D is bounded, sinceE has

CM. Then, from (9), (10) and (11) we get
!

P_ x loglogx
M°°x:y;2 x)=0O 12
(6¥i2 %) = O iogx)(iog Bex)(log log B (12)
For the secondterm in (8) we have
p_ X

M® x;y;2 X 1(x; Q(E[A)=Q); (13)

p_

y<q 2" X

where

*(x; Q(E[)=Q) := #fp x:a, = 0and p splits completelyin Q(E[d])=Qg:

We obsene that if p is a prime of supersingular reduction which splits completely in
someQ(E[q])=Q; then g = 2: Indeed,for such primesp and g we have, on onehand, that
Fi(p+ 1 ay) = (p+ 1); and, on the other hand, that gj(p  1); thus ¢j2: Now we note
that in the sum of (13) we run over q > y; thus, by our choiceof y (see(6)), q6 2: This
implies that D
M® xy;2 x =0 (14)
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3.3 The nal formula
Putting together (7), (8), (12) and (14) we get

oy Lok X
f(x;Q) = ) W lix + O —Nl:4(|OgX)B
X
(log x)(log logx) |

X loglogx
(logx)(loglog %)  log 9%*

|
X 0.
where the implied O-constaris are absolute. It remainsto analyze % li x: We
k

e X o) _X (0 X o@,

n(k) n(k) n(k)’

k k k

P
where koomeansthat the sum is over those positive square-freeintegersk for which
there exists a prime divisor q > y: Using part 2 of Lemma 2.1 we get that

X 00 (k) . x X X 1
) (k) logx - oPt3=2
o
(logx)y logy |
X

(logx)(log ¥ )(log log %)

Thus !

. X loglogx
f (x; =fzlix+ O

This completesthe proof of Theorem 1.1.

(15)

3.4 The proof of Corollary 1.2

First, let usrecallthat it waspointed out by Serre(see[Mu3, p. 327])that the density
fe is positive if and only if Q(E[2]) & Q: Now, we note that a necessarycondition for
formula (15) to hold isthat x  exp(N?): Then, if x exp(N?); the main term of (15)
will be biggerthan the error term. This provesthe assertionof the corollary.

4 Concluding remarks

As mertioned in the proof of Corollary 1.2, the density fg is positive if and only if
Q(E[2]) 8 Q: For the sake of clarity, we explain this in what follows in the caseof a CM
elliptic curve E de ned over Q: Naturally, in order to have fg 6 0 we needto assume

11



Q(E[2]) 8 Q; for otherwisethe torsion part of E(Q) cortains the Klein four group and
soE(Fp) cannot be cyclic. The condition is alsosu cient. To seethis, let us rst note
that if Q(E[2]) & Q; then [Q(E[2]) : Q] is 2, 3 or 6. We let K, be the unique abelian
subextensioncortained in Q(E[2]): Also, we let K bethe CM eld of E: We recall that
K(E[q)) = Q(E[q]) for any prime g 3 (see[Mul, p. 165, Lemma 6]), and we obsene
that sinceK is a quadratic eld and K, is a cubic or a quadratic eld, we have either
Ko\ K =QorK,=K:If K;\ K =Q;thenusingthat K, Q(E[2])andK  Q(EI[q])
forany g 3; we deducethat the density of the primesp that do not split completelyin
any of the elds Q(E[q]) is greaterthan or equalto the density of the primes p that do
not split completelyin K, and K: In other words,

1 1 1

1 ko ! Ka @

If K, = K;thenK  Q(E[q]) for any prime g, and sothe density of the primesp that do
not split completelyin any of the elds Q(E[q]) is greaterthan or equalto the density
of the primes p that do not split completelyin K: In other words,

1 1

K:Q 2

This completesthe proof of the positivity of fg.

The main signi cance of our unconditional proof of the asymptotic formula for f (x; Q)
in the caseof a CM elliptic curve liesin the simplicity of the tools that are used. Ram
Murty's initial proof avoided the GRH by using a di cult application of the large sieve
for number elds, namely a Bombieri-Vinogradov type result for number elds. In our
new proof we useinstead an application of the siewe of Eratosthenes,one of the simplest
sievesin number theory. We point out that this application of the siewe of Eratosthenes
(Lemma2.5) could be viewed asa Brun-Titc hmarshtheoremfor quadratic number elds,
sinceit givesnon-trivial upper boundsfor the number of (principal) prime idealswhose
generator satis es congruenceconditions. A result of this kind had been obtained in
[Sd], but asan application o[othe large siewe for number elds, and could have beenused
in our treatment of M (x;y; 2" X):

Another signi cance of our new proof is that it providesexplicit error terms, with ab-
soluteO-constarts. As notedin Corollary 1.2, we canthen deducean unconditional upper
bound for the smallestprime p for which E(F,) is cyclic. Considerableimprovemerts of
this bound, under GRH, will be discussedn an upcoming paper.

Naturally, one can askif our ideascan be exploredfurther and usedin other related
situations. For example,one could considerthe question of determining the number of
prime ideals for which the reduction of a CM elliptic curve de ned over a number eld
gives a cyclic group. It seemsthat our tools can be usedin this situation. Another
guestionis that of usingthe ideasof this paper in the caseof a non-CM elliptic curve. At
presen, no unconditional proof for the asymptotic formula for f (x; Q) is known in this
situation, but, asmertioned in Section1, only a proof basedon a quasi-GRHassumption
(see[acC1). If we assumea variation of a conjectureof Lang and Trotter on the number
of distinct elds Q( ,) obtained when p runs over primes of ordinary reduction for a
non-CM elliptic curve (see[LT1]), then it turns out that we can follow the current CM

fe
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approad ewen in the non-CM case. The dependencep% on the discriminant D of the
estimatesprovided by Lemma 2.5 will be more advantageousthan the dependenceon D
provided by Sdaal's result mertioned above. This is, again, an assetof our new proof.
Yet another related questionis that of determining an asymptotic formula for the number
of primes p for which the order of E(F,) is square-free. The ideasof our paper can be
successfullyusedto answer this questionif E is a CM elliptic curve. The details of our
two last claimswill be givenin di erent upcoming papers.
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