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Abstract

1 Let E be an elliptic curve de ned over Q and without complex multiplication.
Let K be a xed imaginary quadratic eld. We nd nontrivial upper bounds for
the number of ordinary primesp  x for which Q( p) = K; where , denotesthe
Frobeniusendomorphismof E at p: More precisely under a certain generalizedRie-

mann hypothesiswe show that this numberis Og X1 logx ; and unconditionally

13
we shaw that this number is Og .k %ﬁ : We also prove that the number
og X) 24

of imaginary quadratic elds K; with discK  x and of the form K = Q( p);

is g logloglogx for x  Xo(E): Theseresults represen progresstowards a 1976
Lang-Trotter conjecture.

1 Intro duction

Let E be an elliptic curve de ned over Q and of conductor N; and let Sg be the set
of primes of bad reduction for E (that is, the prime divisorsof N). For a prime p of good
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reduction for E (i.e. p 2 Sg) we introduce the usual notation: E is the reduction of E
modulo p; a, ;= p+ 1 #E(F,) (here, # S denotesthe cardinality of a setS); ,isa
(complex) root of the polynomial X2 a,X + p2 Z[X]: Werecall that p is saidto be of
ordinary reduction for E if a, 6 0; and of sugersingular reduction for E otherwise. Also,
let Q denotethe algebraicclosureof Q and Ends(E) denotethe ring of endomorphisms
of E over Q:

If E is a curve with complex multiplication (denoted CM), then we know that, for
primes p of ordinary reduction for E,

Q( p) = Endg(E) 2z Q:

By cortrast, if E is a curve without complexmultiplication (denoted non-CM), then
we will provethat, whenp runs over primesof ordinary reductionfor E ; therearein nitely
mary distinct elds Q( ) (seeCorollary 1.5below). More generally we have the following
conjectureof Lang and Trotter [LT]:

Conjecture 1.1 (Lang-Trotter, 1976)
Let E be a non-CM elliptic curve de ned over Q: Let K be a xed imaginary quaditic
eld. We denoteby

Pe(K;x) = #fp x:pZSg;Q( p) =Ko

Then there exists a positive constant C(K; E); depending on K and E; such that, as
' .

x! 1; .

Xz

Pe (K x) C(K;E)Iogx'

In 1981[Se3 p.191], J-P. Serreassertedthat one could shav, under the assumption
of a GeneralizedRiemann Hypothesis(denoted GRH) and using Selkerg's sie\e, that

PE(K,X) = OE;K X (1)

for some < 1. This result doesnot appear anywherein the literature and, moreover,
we do not know of any progressconcerningthe conjecture of Lang and Trotter to have
beenmadeyet. Serrehad a proof for (1) which he did not publish. In [Se4,p. 715],Serre
made a brief remark indicating that in order to obtain (1), one could usethe cortext
of I-adic Lie groups, namely apply [Se3 Theorem 10] directly to a Galois represetation
r:Gal(Q=Q)! GL,(Z)) GLy(Z)); whereGal(Q=Q) denotesthe Galois group of Q=Q
and GL,(Z,) denotesthe group of 2 2 invertible matrices with ertries in the I-adic
integersZ,, and wherethe rst factor of r is given by the action of Gal(Q=Q) on the |-adic
Tate module and the secondfactor is a Hedke character of K. In private communication,

he hasindicatedto usthat this givesan estimateof Ox  x1=(logx)¢ , without specifying

the dependenceon K. Basedon his remark, this dependenceseemsio bqgat leastaslarge
as the classnumber of K; which grows like D if we write K = Q( D) for some
positive square-freeinteger D: Kumar Murty has obsened that one can dispensewith
the cortext of |-adic Lie groupsand apply the Chebotarev density the?,rem directly, with

the sameresult. The existenceof the extra factor (roughly similar to = D; asmentioned
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above) in the upper bound for Pg(K;x) annihilates the interest in this upper bound
aslogD=logx increasesand apparerily preverns us from deducinga result as good as
Corollary 1.5 below.

Our goal in this paper is to indicate how a simple device, that we call the squae
sieve can be usedto get non-trivial upper boundsfor Pg (K ;x). It will be noticed that
even though the exponert 17/18 (seeTheorem 1.2 belown) can be improved upon, our
bound is uniform in K: Thus, the “raisond'&tre' of this paper is two-fold. First to derive
a non-trivial and independen of K estimatefor Pg (K ; x) in a simpleway (sinceno sud
estimate hasever appearedin print) and secondto give a novel application of the square
sieve. No doubt, the technique will have wider applications.

In the last section, we record remarks madeby Serreto usin seweral e-mail comrmnu-
nications. Theseremarks may be usefulin future researa.

Preciseformulations of our results are as follows.

Thﬁorem 1.2 Let E be a non-CM elliptic curve de ned over Q and of conductor N: Let
Q( D) bea xedimaginary quadiatic eld. Letx 3 be a positive real numter.

With the notation introducad before we havethat:

a) if weassumeGRH for the Dedekind zetafunctions of the division elds of E; then

P D)%) w x¥ logx;

b) if we assumeGRH and Artin's Holomorphy Conjecture (denoted AHC) for the L-
functions of the irr educible characters of the Galois groups of the division elds of E;
then p__ N
Pe(Q( D);x) n x4 logx;

c) if we assumeGRH, as well as AHC and a Pair Correlation Conjecture (denoted
PCC) for the L-functions of the irr educible characters of the Galois groupsof the division
elds of E; then p__ .
Pe(QC D);x) n Xz logx:

The implied constantsalove degend on N; at most.

Theorem 1.3 There exists an absoluteconstant ¢ such that, for any non-CM elliptic
curve E de ned over Q and of conductor N; for everyreal numbker x 3, and for every
positive squae-free integer D 1; we have

x(log Iogx)%

PE(Q(ID  D);x)

(l0g )% 1+ (xD;0);
where
( (log x) 2« (log x) 7
(x;D;c) = # paprime:ij;cgi1 2097l
(loglogx) = (loglogx) 1=

In particular, under the sameconditions, we have

x(log Iogx)%

P55,
Pe@U DN W

1+ (D)):

where (D) denotesthe numler of (distinct) prime divisorsof D: The implied constants
alovedependon N; at most.



1 1
Remark 1.4 Sincethe number of primes betweenc—29*)* _ and 2c— 19X * _ g
(log log x) 12 (log log x) 12
(logx)2
(loglogx) '

we seethat the above upper bound is, in the worst case(i.e. when Bny_prime p of the
above interval divides D) just as weak as the trivial bound Pe(Q(' D);x) @:
Notice that for almost all square-freepositive integersD  4x; the above upper-bounds
are valuable and that the e ect of the term (x; D;c) could be diminished by averaging
over D belongingto an interval.

We are also concernedwith the valuesof the elds Q( ) asp runs over primes. We
denote by Dg(x) the set of (distinct) square-freeparts of 4p ag for primesp x of
ordinary reduction for E: SoDg(1 ) is thﬁ sequencg(l )D; < Dp < D3 < ::i:of
square-fregpositive integersD sud that Q(" D) = Q( ) for someprime p of ordinary
reduction for E (note the trivial inclusionDg(x) Dg(1 )\ [1;4x]). Using Theoremsl.2
and 1.3 we obtain conditional and unconditional lower boundsfor # (Dg(1 )\ [1;X]):

Corollary 1.5 Let E be a non-CM elliptic curve de ned over Q and of conductor N:
For x  3; we havethat:
a) if weassumeGRH for the Dedekind zetafunctions of the division elds of E; then

x#
N (logx)?’

b) if we assumeGRH and AHC for the L-functions of the irr educible characters of
the Galois groups of the division elds of E; then

# De (x)

X
N (logx)?’

c) if weassumeGRH, AHC and PCC for the L-functions of the irr educiblecharacters
of the Galois groupsof the division elds of E; then

# De (x)

1
X1z
#De(X) w W,
d) without any unproven hypothesis,
#Deg(1)=1":

More precisely, there exists Xg = Xo(N) suchthat, for any x > X,; at least one of the
following two events(2), (3) is true:

# (De(1)\ [L4x])  (logx)7; )
minf(Dg(1 )\ (4x;1))g exp (logx)®* : (3)
In any casewe have,for x  Xgo(N);
# (De(1 )\ [L;,x]) n logloglogx:

The implied constantsin theseestimatesdepend on N; at most.
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Remark 1.6 Note that in the statemen # Dg(1 ) = 1 of Corollary 1.5 the condition
for a prime p to be of ordinary reduction is essetial, for otherwiseD = p and the result
isatrivial consequencef atheoremof Elkies [El] telling usthat there arein nitely many
supersingular primes p for E.

Remark 1.7 The pair of exponers 2—14;26 appearingin (2) and (3) can be replaced
by others (to be more precise,by any pair of real numbers( o; ;) satisfying o, > 0 and
1> 24(1+ ); seethe proof in Section5). They illustrate our poor knowledge of the
set De (1 ); which is mainly dueto the e ect of the term (x; D;c); which may be quite
large.

In what follows, p; g; | will denoterational primes,k positive integers,and x; z positive
real numbers. Given an elliptic curve E de ned over Q and of conductor N; the prime
p will be sudh that p- N: Whenewer we write ;. or O, for somec; we indicate that
the implicit constant dependson c; at most; wheneer we write  ;  or O; we indicate
that the implicit constart is absolute.

Acknowledgements: We are grateful to ProfessorsKkumar Murty and Jean-Pierre
Serrefor their detailed useful commerts on a previousversion of the paper.

2 Preliminaries

2.1 The square sieve

The principal tool in the proofs of our main results is the squaresiewe, which seems
to originate in [H-B], and which can be stated asfollows:

Theorem 2.1 (The squake sieve)
Let A be a nite setof not necessarily distinct, nonzeo integers, and let P be a set of
(distinct) odd primes. Set

SAA) =#f 2A: isasquaeg:

Then
0 1,
#A X 2 X X 1 X % X §
A) —+m — o+ 1+ —— 1§ ;
S(A) P I;q%’x Iq #P (# P)2 ’
I6q 2A 2A 2P 2A 2P
(;1)861 (;1)61

whele denotesthe Jacobi symiol, ( ;1) denotesthe greatest common divisor of

Iq
and |; and max denotesthe maximum elementof the alove set of numlers.

Pro of. We obsenethat if 2 A is asquare,then

12P ! 12P ! 12P 12P 12P
(:1)=1 (:1)61 (31)=1 (;1)81



that is, X X

— + 1=#P
12P 12P
(i1)e1
Thus
0 1,
A) X 1 X X §
S(A — + 1
2A (# P)? 12P ! 12p
()61
0 | 0 1 O 1.1
X 1 X X "B X X
2A ( ) l;q2P q 12P 12p 12P
(:1)61 (;1)61
X 1 X X 1 X
= (# P)2 12 (# P)2 1a
2A (# P) 12P ! 2A (# P) I;|q§2P lq
0 | ‘0 1,1
X 1 X - X X
* #P)2 %2 [} 1+ % 1§ §
2A ( ) 12P 12p 12p
(:1)61 (;1)61
0 1,
#A X 2 X X 1 X %X §
—— + max — o+ — 1+ ——— Ix :
. 2
P |’|qg2§ 2A g #P 2A  12P (#P) 2A 12P
(;1)61 (;1)61

This completesthe proof of the lemma.

Remark 2.2 In the above proof, the fact that P was a set of primes did not play a
crucial role. Thus, the main idea of the proof hasthe potertial for wider applications.

2.2 The Chebotarev density theorem

Another important tool for the proofs of our main results is the Chebotarev density
theorem, which we recall below.

We let L=Q be a nite Galois extensionwith group G; of degreen, and discriminart
d.; and we denoteby | the Dedekindzetafunction of L: Welet C be a conjugacysetin
G; that is, C is a union of conjugacyclassef G: The set of conjugacyclassesonained
in C is denotedby C; and the set of conjugacyclassesorntained in G is denotedby G:
We denoteby P (L=Q) the set of rational primes p which ramify in L=Q and set

Y
M(L=Q) = (# G) p:
p2P (L=Q)

We de ne
c(x;L=Q) :=#fp x:punramied inL=Q; , Cag;

6



where  is the Artin symbol of p in the extensionL=Q:
The Chebotarev density theoremassertsthat, asx! 1 ;

c(X; L=Q) % li x;

whereli x = sz @ dt is the logarithmic integral.

E ectiv e versionsof this theorem (that is, versionswith explicit error terms) are what
we actually needin our calculations. They were rst derived by J. Lagarias and A.
Odlyzko in 1976(see[LQ]), re ned by J. -P. Serre(see[Sed), and subsequetly improved
by Kumar Murty, Ram Murty and N. Saradha(see[MMS] and [MM]). We state them

below.

Theorem 2.3 AssumingGRH for the Dedekind zetafunction of L; we havethat, for all
X 3
#C . - logjd.j
x;L=Q) = —lix+ O #C)x¥ ——= + logx
c(L=Q) = 22 (# C) S+ log

The implied O-constant is absolute.
This versionof the e ective Chebotarev density theoremis slightly more re ned than a
statemert givenin [LO] and is dueto Serre(see[Se3 p. 133]).

Unconditional versionsof the e ective Chebotarev density theorem are alsovery use-
ful, howewer the error terms obtained are not as good asthe conditional ones:

Theorem 2.4 There exist positive constants A; b and b, with A e ective and b;P abso-
lute, suchthat, if

logx  bn_(logjd. j)?

then
o _ #C . #C logx
c(L=Q) = #G“X+O #GII X exp ”bomaxfjdlezf‘L;Iogjdng
r
+ O #C xexp A Ic:]gx
L

The implied O-constantsare absolute.

This is a consequencef the unconditional Chebotarev density theoremin [LO, formulae
(1.6), (1.7), (1.8)] and of Stark's bound given in [St] for the exceptionalzero of | as
de ned in [LO, pp. 455-456]. Of course,the rst O-term can be dropped if there does
not exist sud an exceptionalzero.

By assuming,in addition to GRH, conjecturesAHC and PCC, one can improve the
error term in the asymptotic formula for ¢(x;L=Q): For formulations of conjectures
AHC and PCC we refer the readerto [RM3].

Theorem 2.5 1. AssumingGRH and AHC for the Artin L-functions attachel to the
irr educible characters of G; we havethat, for all x  3;

c(x;L=Q) = % lix+ O (#C)¥x¥log(M (L=Q)x) :



2. AssumingGRH, AHC and PCC for the Artin L-functions attached to the irr educible

characters of G; we havethat, for all x 3;
0 | 1

1=

c(x;L=Q) = % lix + O @# C)¥2x12 log(M (L=Q)x)A :

#G
The implied O-constantsare absolute.

Theseresults were obtained by Kumar Murty, Ram Murty and N. Saradha,and Kumar
Murty and Ram Murty, respectively (see[MMS] and [MM]).

The following result is often very helpful in estimating the error terms in the e ective
Chebotarev density theorem. Its proof is given in [Se3 p. 130]and is basedon a result
of Hensel(see[Se3,pp. 126-127]).

Lemma 2.6 Let L=Q be a nite Galois extensionof degree n, and discriminant d, :
Using the notation intr oduced alove, we havethat
ng X Cy - X
— logp logjd,j (n. 1) logp+ n_ logn,:
p2P (L=Q) p2P (L=Q)

2.3 Some group theory

For a positive integer k; let us denote by GL,(Z=kZ) the group of 2 2 invertible
matriceswith ertries in the cosetresiduesmodulo k; and by det and tr the determinart
and trace, respectively, of any matrix in this group.

Lemma 2.7 Letg> 2 beaprime andd;t2 Z=¢Z be xed. Then, for d 6 0;

t> 4d
#fg2 GLy(Z=¢¢) :detg=d;trg=tg=q Qq+ J ;
whele 3 denotesthe Legende symiwl modulo g
Pro of. The cardinality in questionis the number of solutions ; ; ; (modq) of the
systemof equations
= d, (4)
+ =t (5)
Sincethe last equationdetermines in termsof ;the numberofsolutions ; ; ; (modq)
of (4) and (5) is alsothe number of solutions ; ; (modq) of the equation
2 t+ +d=0 (6)
We seethat equation (6) hasdegree2 in , and sothe total number of solutionsis
X X 2 4 4d , X X t2 4 ad t2  4d
1+ — =g+ ———— +qQ
q q q

(modq) (modq) (modq) (moda)
60

Sincethe inner sumover is zero, we obtain the result.




Corollary 2.8 Let | and g be two distinct odd primes, and d;t 2 Z=IgZ be xed with
(d;lg) = 1: Then

t24dq+t24d.
I q '

#fg2 GLy(Z=IlgZ) : detg=d;trg=tg=1q |+

whee ; and 3 denotethe Legende symiwls modulo | and g, resgctively.

Pro of. This is an immediate consequenceof Lemma 2.7 and the ring isomorphism
GLy(Z=lgZ) ' GLy(Z=1Z) GLy(Z=¢):
Corollary 2.9 Let!| and g be two distinct odd primes. Then
# g2 GLy(Z=Z) : 4detg= (rr 9)* = ¢’(q 1)
# g2 GLy(Z=lgZ) : 4detg= (tr g)®> = 1°?(l 1)(q 1):

Pro of. We sum the formula of Lemma 2.7 over d and t modulo g satisfyingt? = 4d;t 6
0(mod g); and apply the ring isomorphismGL,(Z=lgZ) ' GL,(Z=1Z) GLy(Z=):

3 Pro of of Theorem 1.2

We Wanbto nd an upper bound for the number of primesp X;p 2 Sg; for which
Q( p) = Q( D); that is, for which

4p &= Dm?

for somenonzerointeger m: For this, it is enoughto nd an upper bound for the number
of squaresin the multi-set

A= D 4 a :p X :

We usethe squaresiewe (Theorem 2.1) with A as above and with the set P of primes
de ned by
P:=fqgaprime:z< q 2z9;

where .
z = z(x) > aN(loglogN):= (7

is a positive real number dependingon x andto be chosenlater, with a denotinga positive
absoluteconstart alsoto be speci ed later. For a nonzerointeger let

A )=#fl2P:1j g: (8)
Then, from Theorem 2.1 and the inequality ,( ) log ; we obtain

S(A)=#f 2A: Iisasquarg

9



X 1 X X

—— + max — —

#P |;|o(|52(§> oA Iq #P

We easily obsene that, by elememary estimates,we have

(log )* : 9)

X y4

#A —y —
logx logz

(10)

X X
2

log D 4p a;
X
(x)logD +  log 4p &
g( X
(x)logD +  log(4p)
p X

X; (11)

o
«Q
I

2A p X

x logD N
logx

and

X X X
(log )* = (logD)*+ 2(logD)  log 4p a; + (log(4p a&)))*
2A p X p X p X

x(logD)?

logx + xlogD + xlogx: 12)

Thus, in order to obtain an upper estimate for S(A); it suces to nd an upper bound

Letl;92 P;l 6 g be xed. We write

X X D@p &)

+ O(logN)
|0 ) Iq

D X X X 4 a2
lq t(modlg) dimodlg) p x;p-IgN lq
ap t(modlq)
p d(modlq)

X X 4d t2

+ O(logN)

ol0o

e(x1gt;d) + O(logN);  (13)
t(modlqg) d(modIq)
(dilg)=1
where
e(x;lgt;d):=#fp x:p-logN;a, t(modlg);p d(modlg)g: (14)
We shall usee ectiv e versionsof the Chebotarev density theoremto estimate g (x;1q;t; d)
for (d;1q) = 1: Beforegiving the details, we needto recall a few properties of E.
For any positive integer k we denote by E[k] the group of k-division points of E;
and by Q(E[K]) the eld obtained by adjoining to Q the x andy coordinates of the
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k division points of E: We know that Q(E[K])=Q is a nite Galois extension, whose
rami ed primes lie among the prime divisors of k and of the conductor N of E: We
denote by n(k); d(k) and G, the degree,discriminant and Galois group, respectively, of
Q(E[k])=Q: One cande ne a natural Galois represetation

k.G ! GLZ(Z:kZ),

which is easily seento be injective. Thus, using Lemma 2.6 and recalling that

Y 1 1
# GLy(Z=kz) = k* 1 = 1 5
bik p p
p prime

we deducethat

logjd(k)]
n(k)

and, consequetty, that

logn(k) + log(kN) 5logk + logN;

1

d(k)™®  k°N; logjd(k)j k*log k°N andn(k)(logjd(k)j)*> k*? log k°N

2 .

(15)
If E is a non-CM elliptic curve (as in our situation), then, by deep results of Serre,
there exists a positive integer A(E); depending on E; sud that | is surjective for any
(k;A(E)) = 1 (see[Se] and [acC2, Appendix]). Therefore for sudh k we have Gy =
GL,(Z=kZ): We also know that there exists a positive absolute constart a sud that if
p > aN(log IogN)%; then p - A(E) (see[acC2 Theorem2]). Therefore,with this choice
ofain (7) we havethat (Ig; A(E)) = 1for our xed primesl;qg; and sothe represetation

1q IS bijective. Another important property of  is that

tr «(p) @(modk)

and
det «( p) p(modk)

for any prime p - N and any integerk sud that (p;kN) = 1, where , denotesthe Artin
symbol of p in Q(E[K])=Q:
Now let uslook at |4 for our xed distinct primesl;q2 P and let us set

Cig(t;d) :=fg2 Gig:p-IgN;det 4(g) = d;tr 4(9) = tg:

Since, from the above, G| ' GL2(Z=lgZ); Corollary 2.8 provides us with preciseinfor-
mation about # Ci4(t; d): We alsoobsene that

e(lgtd)=#fp x:p-laN; i4( p) Cig(t; d)g; (16)

hencewe can now use the Chebotarev density theorem to estimate g(x;1q;t; d) for

(d;lgy= 1:

11



a) AssumingGRH for the Dedekind zeta function of Q(E[Iq]) and using Theorem2.3
and Corollary 2.8, we obtain that, for (d;lqg) = 1;

e(x;lgt;d) = %étl;d)lix+o (# Ciq(t; d)x%log(Iqu)
q
|+ G4 gy € 4

lix+ O 12g2xz log(IgN X)

q
¢ ez D@ H(@E 1)
Then (13) becomes

— = = i
o 1M A (2 D0 D@ D@ D g gmosa
0 (d,lq)—f
X X
+ 00 2 1 |1+CI2 1 li xA
t(modlq)d(modlq)( ) ) )a 1)
0 1
X X 1
+ 0@ 12¢Px 2 log(IgN X)A

t(modlqg) dimodlq)
X ad t2 t2 . .
We obsene that = e ; S0, by the Chineseremaindertheorem, we

(d:o)61 g
have that, for any integert;

X 2
4dI t 1
d(modIq) 9
(d;lg)=1
Therefore
o so Ll X G iyt oglaNx) (17)
L B | g logx 9 '

By plugging (10)-(12) and (17) into (9) we get

xlogz L X

zlogx  zlogx
xlogz logD + xlogz
zlogx
x(log z)?
z?logx

S(A) + 282 log(zN X)

x(log z)? logD + x(log x)(log 2)2:

z2 z2

(logD)? +

Now we choose .

Z:= X1
and notice that PE(Q(p ~ D);x) = Ofor (Bqu_are-free)D > 4x; which allows usto assume
logD  logx: This givesusthat Pe(Q(" D);x) S(A) n x'™8logx; completing
the proof of the rst part of the theorem.

12



b) We assumeGRH and AHC and usepart 1 of Theorem 2.5 to improve the error

term in the asymptotic formula for

e(x;1q;t; d) for (d;1g) = 1: We obtain

| + t2|4d q+ t> 4d
x;lgtd) = : lix+ O Igxz log(IgN X
61659 = D@ D@ D@ D et logllaN)
Proceedingasin part (a), we seethat (13) becomes
X 1 1 x 451
I T4 logx + O 13¢°xZ log(IgN x) (18)

2A

We plug (10)-(12) and (18) into (9) and get

xlogz X 1
S(A) Zlogx TToax * 25 log(zN x)
N XIOgZIogD N xlogz
zlogx
x(log z)? ,  X(logz)? x(logx)(log z)?
ZZlogx (logD)~ + 2 logD + 2 :

Now we choose

1
Z = X14]

Arguing asin part (a), this givesus PE(Q(p " D);x)  S(A) n X it logx; which com-
pletesthe proof of the secondpart of the theorem.
c) Let usassumeGRH, AHC and PCC and usepart 2 of Theorem2.5to obtain even

better error terms for

e(x;1q;t; d) for (d;l1g) = 1: We remark that for the primes| and

q under considerationwe have Zg:: = jgti(éjg?) = iz g Then
0 Iy 1
#Cyq . s # by s
" T = S =+ @ 2 9 2 A
e(x;1q;t; d) #Gi, lix+ O©@# Cy) # G, x2 log(IgN x)
| + t2 4d q+ t2 4d
| q . 11 1
= lix+ O l2g2x2 log(IgN x
D0 D@ D@ D @ logllaN)
Proceedingagainasin part (a), we seethat (13) becomes
X 1 1 X 5 5 1
. = _ -+ 202X 2
i @) it g logx O l2g2x2 log(IgN x) (19)

2A

Then, from (9)-(12) and (19), we get

xlogz X 1
S(A) Zlogx * Zlogx * 22X logzNx)
N xlogzI N xlogz
zlogx
x(log z)? , . X(logz)? x(logx)(log z)?
+ ZZlogx (logD)~ + 2 logD + 2 :

13



Now we choose

1

Z .= X1

N

As in part (a), this givesus PE(Q(p D);x) S(A) X 12 logx; which completesthe
proof of Theorem 1.2.

4 Pro of of Theorem 1.3

We use the notation introduced in the proof of Theorem 1.2 and we proceedsim-
ilarly, howewer this time we are not assuming GRH or any other hypotheses. More
precisely we apply the squaresiewe (Theorem 2.1) to the multi-set of integersA :=

D 4p af) 'p X andthe setof primesP :=fq:z q 2zg; where

(logx) 7
zZ=CcC—— " (20)
(loglogx) iz
for somepositive constart cto be xed later. We obtain
p__
Pe(Q(C  D);x) S(A)
xlogz
zlogx
D X X t2
+omax n e(X;1g;t; d)
I;q2P Iq I
16q t(modlqg) d(modIq)
(dlg)=1
0 1,
X X 2X X
M L 14 1092 % 1§ (21)
z z
p x z g 2z p X z q 2z
D (4p af) b (4p a2)

Here g(x;1qg;t; d) is de ned asin (14) and can be estimated by using the unconditional
e ective Chebotarev density theorem. Indeed, we rst obsene that g(x;1q;t; d) is also
given by (16) and that if x is large enoughsothat z N (IoglogN)%; then the Galois
represemation |4 is surjective for any distinct primes|;q 2 P: Thus the sizesof the
conjugacy sets Ci4(t; d) appearing in (16) can be estimated once again using Corollary
2.8. Then we obsene that, from (15) with k = Ig and from (20),

> logx
(o
for somepositive absolute constart ¢® depending on c: If ¢ is chosensu cien tly small,

then the hypothesisof Theorem 2.4 is satis ed. Thus from Theorem 2.4, Corollary 2.8
and again (15) we obtain that, for (d;lq) = 1; there exists a positive absolute constart

n(lg)(logjd(19))?® 2506)*2(log(IgN))2 25 4'2z%* log 42°N
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A% sud that

e(Xlgt;d) = #fp Xx:p-IgN; 1o( p) Cig(t; d)g
I g+ BM ix+0 X o Allogx
T 1)(12 1)(9 1)(92 1) [2¢? logx P (Ig)°N
Iogx"
+ O xexp A° i

Arguing asin the proof of Theorem 1.2 and keepingin mind our choice of z we further
get

max 1 e(x1gt; d)
16q t(modlqg) d(modIq)
(dilg)=1
r |
X X AClogx 4 o logx
+ —_— + A —
zlogx logx eXp Z10N Xz exp z8
X
: 22
zlogx (22)
It remainsto estimate the last two terms of (21). Using notation (8) we write
X X X X X X
1 1+ 1
p X z q 2z pxzq22 p X z q 2z
qb (4p a2) qD ai(4p a3)
X_ D)+ 1o
Iggx z logz g
+ # p x:p-oN;4p & O(modo) ; (23)
z q 2z
and
0 1, 0 1
X X X X X
1 1+ 1
p x -zq22 p X -zq22 z ;9 2z
aD(4p af) ab(4p ) |qu(|§;? )
X z2
—— ,(D)+ ,(D)* + ———logN
+ # p x:p-gN;4p a; O(modo)
z g( 2z
+ # p x:p-loN;4p a2 O(modlg) @ (24)
z :eq 2z
q

15



We usethe properties of the Galois represemations | and |4 recalledin Section3 to
write

# p x:p-aN;4p a5 O(modo) =#fp x:p-aN; q( p) Dgg

and
# p x:p-loN;4p a2 O(modlg) =#fp x:p-IgN; ig( p) Dig9;
where
Dy= g2 GLy(Z=Z) : 4detg = (tr g)?
and

Dig= g2 GLy(Z=lgzZ) : 4detg = (tr g)* :

We emphasizehat x is large enoughsothat the represetations | and 4 are surjective.
From Corollary 2.9we know that # D4 = ¢?(q 1)and#D,q= I?¢?(l 1)(g 1);andso,
by applying the unconditional e ective Chebotarev density theoremto Q(E[q])=Q and
Q(E[Iq))=Q; respectively, we nd that for somepositive absoluteconstarnt A%®we have

:p-aN; - a A%ogx
#fp x:p-aN; o p) Dgg = 7 1|IX+O %|nge')l(p &N
Iogx"
X exp 7
: ; = 9 : A%ogx
#fp x:p-loN; o( p) Digg = Z D@ 1) I|;<+O Talog P 5N
Iogx"
00
+ O lgxexp A e
We plug theseestimatesinto (23) and (24) and obtain
X X X y ]
px zaq2 logx (logx)(logz) * logz
qu(4p ag)
and 0 1,
X % X § X X 72
1 N 1\Sq v z(D)2+ + : (26)
px % 2 g2 logx (logx)(logz)  (logz)2
aD(4p 2f)

Combining (20), (21), (22), (25) and (26) and usingthe trivial bounds ,(D) % and

log z
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1+ ,(D) 1+ (D) wededucethat

xlogz logz

PE(Q(p_TjﬁX) N

Togx(1* 20 1+ =5 2(0)
|
v oy (1t #O);
o X099 Loy
(logx) 2
x(IogIogx)% _
—————@1+ (D))

(logx) 2

This completesthe proof of Theorem 1.3.

5 Proof of Corollary 1.5

Now we want to give a lower bound for # Dg (x): We recall that there are o @
supersingularprimesp x of E (see[Se3,p. 174]), thus we have

X p___
(x)= 0 @ " Pe(Q(" D);x);
D 2D g (x)

where (x) denotesthe number of primes x: This implies that

x=logx .
maxPe(Q(" D);x)’

#De(x) (1 o) (27)

By inserting the di erent upper boundsprovided by Theorem1.2into (27), we obtain
parts (a)-(c) of Corollary 1.5.

Inequality (27) is, howewer, too weak to allow us to deduce something interesting
by simply using Theorem 1.3. We proceeddi erently, as follows. Supposethat x is a
su cien tly large number sothat we have

# (De(1)\ [L4x]) < (logx)z: (28)
As in (20), we de ne, for any real y;

Z(y) = Ci(logy)i ;
(loglogy)

By Theorem 1.3 we have that, for any y > x and for somecy > 0;

X p___
(y) = % + Pe QC D)y
D2DEe(y)
loglogy) X
y(lg gi)lz 1+ 54(D) +0 on
(Ogy)24 DZDE(y) gy
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After division and after using (28), we get

1 (logy)z X
2o Mo 1+ zy(D)
Co (loglogy)i D2De (v)
X X
= 1+ (D) + 1+ 2¢)(D)
D%Da()/) EEDE(X)
X X xlg( y
1+ z(D) + 1+ 2z, (D)
D2De (1) D2D e (y)
D 4x 4x<D 4y
1 logx X
2(logx) 2« 007 ( )+ 1+ z»(D) ;
9-ly D2D e (y)
4x<D 4y

under the assumptiony  €*: Thus, if we have the strict inequality

1 (logy)x _  (logx)%
2¢; (loglogy):  logZ(y)'

(29)

we can deducethat Dg (1 ) cortains at least an elemen between4x and 4y: It is now
easyto ched that (29) is satis ed with the choice

y = exp (logx)*® :

The last point of Corollary 1.5 is an easyconsequencef the fact that, if (v,), is a
sequenceof positive numbers satisfying Vi1 exp((log v,)?%) for suciently large n;
thenforx Xxowehave# fn x:v, xg logloglogx: The proof of Corollary 1.5is
now completed.

Remark 5.1 Werecallthat [Se3,Theorem 20] provesthat for any integer h we have

X
#f X:pZSg;ay=hg=0 ——
p P&Se;ap g logx
Thus in the last statemert of Corollary 1.5 we can modify the de nition of Dg(x) by
inserting the extra conditions\ a, doesnot belongto a xed nite setof values" without
changingthe rate of growth of the sequencgD,), 1: We alsorecall that the casea, = 1
correspndsto what is known as anomalousprimes.

6 Concluding remarks

There is a cognateset of Lang-Trotter conjecturesconcerningthe frequencyof values
of the a,'s. A special caseof theseconjecturesconcernsthe distribution of supersingular
primes, which wasstudied by E. Fouvry and Ram Murty in [FM1] and [FM2]. It wasclear
to the authors that the methods usedto study thesequestionscould not be employed in
the study of the frequencyof the \F robenius elds" Q( ,), even though the conjectures
seemto be of the samespecies. Perhapsthis was also noticed by Serre (seeespecially
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the note on [Se3,p. 191]). In fact, it wasthis remark of Serrethat prompted the senior
authors of the presen paper to considerthe squaresiewe asa tool to attack this question
(more than 10 yearsago). Unfortunately, nothing was published. Thanks to the junior
author, our memorieswere revived, and the technique has beenstreamlinedwith e ect,
not only to the questionsconsideredhere, but to othersaswell (see[acCL1]). Certainly, it
canbe usedto study the Frobenius elds for non-CM elliptic curvesde ned over a number
eld, and not only over Q. The squaresiewe can also be applied to other questionsof
arithmetic-geometric interest, as descriked in the forthcoming book [CM].

We emphasizehat the squaresiee is a simpler technique than the more corvertional
sieve methods and that our results are uniform in D, whereasin remark 631in [Se4
p. 715]) no sudh uniformity was claimed. We are grateful to J-P. Serrefor his extensiwe
commens comparing his methods alluded to in [Se3 and [Se4 with ours, deweloped in
this paper. As theseremarks may be of value in future researt, we record here their
guintessence.

Firstly, if in our application of the squaresiewe we use PGL, instead of GL,, asin
[Se3],we canimprove the 17/18 exponert in Theorem1.2to 13/14. Similar improvemeris
can be obtained for parts (b) and (c) of Theorem 1.2 (11/12 and 9/10, respectively). A
minor improvemert canalsobe achievedin Theorem1.3. Under GRH, Serre'sapplication
of Selkerg's siewe (referredto in [Se3,p. 191]) will lead to the sameexponens.

Secondly with regard to the brief remark in [Se4,p. 715], the following elaboration
was given by Serre: Theorem 10 of [Sed is applicablein a wider cortext, which will be
illustrated through three examples.

Let L be a number eld and let E; E°be two non-CM elliptic curvesde ned over L
which are not isogenousover Q: Let C(x) be the number of prime ideals v of L with
Ni=q(v) x and for which E and E°have the sameFrobeniustrace. Then, under GRH,
C(x) = OgegoL X 12 (here, the O-constart dependsin an unspeci ed way on E;E°
and L). To seethis, considerthe Lie group PGL, PGL,, which is of dimension6 in
the setting of Theorem 10 of [Se3]. There is a natural classfunction t on PGL, given by
t(g) := tr(g)?>=detg: The equationt(g) = t(g% de nesadivisor D in PGL, PGL,; which
is invariant under conjugation. Now let us look at the I-adic represetations attached to
E and E% They give a homomorphism

Gal Q=L ! PGLx(Q) PGL2A(Q);

whereQ, denotesthe eld of I-adic rational numbers. For a prime v coprimeto |, whereE
and E °have the sameFrobeniustrace, the Frobeniuselemem of vin PGL»(Q,) PGL»(Q))
is a Q,-point of D. Applying Theorem 10 of [Se3]givesthe result stated above.
Keepingthe above setting, another application concernsthe problem of courting the

number of primes v which give rise to the sameFrobenius elds. That is, we want to
court the number of primes v with N -qo(v) X sud that the eld generatedby the
eigervalue of the Frobenius Frob, at v of E is the sameasthe eld generatedby the
eigervalue of Frob, of E% If we con ne our attention to rst degreeprimes v and and
if the eld generatedis neither Q(i), nor Q € =2 ; then the equality of the Frobenius
elds impliesthat tr(Frob,(E)) = tr(Frob,(EY): Thus, the classfunction de ned in the
previous paragraph takes the samevaluesand, as before, we can take the samedivisor
D and apply Theorem 10 of [Se3. The caseQ(i) leadsto t(g)? = t(g9)?; and the case
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Q & =3 leadsto t(g)® 3t(g) = t(g)® 3t(g) (note that the preciseform of the equation
does not matter). In any case,we are led to an estimate of Og.go_ XZ Again, the

O-constart dependsin an unspeci ed way on E;E®and L:

Finally, we can apply Theorem 10 of [Se3 to the Lang-Trotter conjecturediscussed
in this paper and improve the exponert 9=10 mertioned in Section1 to 7=8. Jo be
precise,let E be an elliptic curve de ned over a number eld L andlet K = D)
be an imaginary quadratic eld. Let G= PGL, N ; whereN is the normallzerof the
maximal torus of PGL,; be the Lie group required by Theorem 10 of [Se3. We de ne a
represemation

Gal Q=L ! PGL(Q) N(Q)

asfollows. The rst componert is given by the action of Gal Q=L on the |-adic Tate
module composedwith the natural map

Gal Q=L ! GL,(Q) ! PGLxQ):

To describe the secondcomponert, let h; w be the classnumber and the number of roots
of unity of K : For every non-zeroideala of K de ne f (a) asthe w-th power of a generator
of the principal ideal a": This is a well-de ned Hede character of K : It is ass@iated with

an |-adic represetation

Gal K=K ! K, =Q, Q;

whosetwo componerts we denote by f, and f,: The product f,f, is the hw-th power
of the cyclotomic character. As f, is a 1-dimensionalrepresetation of Gal K=K , the
inducedrepresetation of f 1 is a 2-dimensionalrepresetation of Gal Q=Q : That is, we
have a map

Gal Q=Q ! GL(Q):

By restriction to Gal Q=L ; we get a represemation

r:Gal Q=Q ! PGL(Q);

and hence -
r:Gal Q=L ! PGLy(Q):

The imageofr is cortained in the normalizerN of the diagonaltorus PGL,. Con ning our
attention to primesv of degreeone (as primes of degree2 or higher give a cortribution

of O xz to our estimate), we seekto construct a divisor D as in the previous two

examples. This meansthat we must nd an algebraicrelation betweent(g) and t(g9;
whereg and g° are the Frobeniuselemers de ned by v: We consider rst the casewhen
K is neither Q(i), nor Q € =3 ; sothat w = 2: In this casewe are interestedin those
v whoseFrobenius automorphism has eigervaluesa and b in K with ab= Nk -o(v) and
whoset-invariant is t(g) = (a+ b)?=ab:On the other hand, the eigervalues r (Frob,)
are a®:1?"; sothat t(g9) = a2+ " *=(ah?: For eah m > O there is a well-de ned
polynomial P (m; z) sud that

(a+ b2 _ (@ +b")?
Pm=% = (@

20



for all a;b, asit is easily cheked. We therefore have

t(g9) = P(2h;t(9));

which is the required algebraicrelation. The casesv = 4 and w = 6 are analogous.Now,
by applying Theorem10 of [Se3, we get an estimate of Og .« x& for our problem. Here,
asin the previousexamples,the error term dependson E and K in an unspeci ed way.
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