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Abstract

1 Let E be an elliptic curve de ned over Q; of conductor N and without complex multi-
plication. For any positive integer k; let ¢ be the Galois represeriation assaiated to the
k-division points of E. From a celebrated1972result of Serrewe know that | is surjective

for any su cien tly large prime |. In this paper we nd conditional and unconditional upper
boundsin terms of N for the primes| for which | is not surjective.

1 Intro duction

Let E bean elliptic curve de ned over Q and of conductor N : For primes p of good reduction
for E, that is, primes p - N; let E,, be the reduction of E modulo p and write

JEp(Fpi=p+1 &

for the number of Fp-rational points of Ep: We know from Hasse'sinequality that

a2 p: (1)
For a positive integer k; let E[k] denote the group of complex points on E whoseorder divides
k; called the group of k-division points of E, and let Ly = Q(E[k]) be the eld obtained by
adjoining to Q the x andy coordinates of the points in E[k]; called the k-division eld of E.
We know that E[k] is isomorphicto Z=kZ Z=kZ and that Lx=Q is a nite Galois extension
which is unrami ed outside kN (see[Si86]).
There hasbeengreat interest in determining the sizeof the degree[L  : Q] of the extensions
L «=Q: For example, this problem has applications in the study of certain diophantine equations
(see[Mer]) or in the study of the curve E, as p varies (see[acC]).
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A natural way of nding upper boundsfor [L : Q] is by observingthat the absolute Galois
group Gal(Q=Q), where Q is an algebraic closure of Q; acts on the k-division points E[K] for
any k: This allows us to de ne a represenation

k:Gal(Lsz) ! GLz(szZ);

calledthe Galois representationassaiated to E[K]; which is easily seento beinjective. Therefore
for any k we have

Y
L : Q] jGLa(Z=kz)j= k* 112 1 14:
ljk
| prime
Determining the size of the image of | is a challenging question.
By classicalresults in the theory of complex multiplication we know that if E has complex
multiplication (denoted CM), then

(k)2 [Lk:Q] K2

for any k > 2; where () denotesthe Euler function. Thus  cannot be surjective in this case.
In big contrast, if E does not have complex multiplication (denoted non-CM), a celebrated
result of J. -P. Serre [Se73 assertsthat there exists a nite set of primes Sg such that | is
surjective for any prime | 62Sg: Moreover, if we de ne

Y
A(E)=2 35 l;
12 Sg

we can deducethat | is surjective for any positive integer k coprime to A(E) (seeAppendix
1 of [acC]). We will referto A(E) as Serre's constant assaiated to E.

Now a natural questionto askis how large the prime divisors of A(E) can be. In his 1972
paper, and also later on in a 1981 paper, J.-P. Serreasked if A(E) is an absolute constart for
any non-CM elliptic curve E de ned over Q (see[Se72 p. 299] and [Se81 p. 199]). In 1978
[Maz], B. Mazur shaved that A(E) is indeed an absolute constart if E is a semistableelliptic
curve, that is, if the conductor N of E is square-free.Later on in 1997[DaMe], H. Darmon and
L. Merel proved that a similar result also holds for non-CM Frey curves, that is, elliptic curves
given by equationsof the form y? = x(x a)(x b) with a;b2 Z:

In this paper we considerthe more modest problem of nding upper bounds for the prime
divisors of A(E) in terms of the conductor N of E:

One approad to this problem was initiated by J. -P. Serrein 1981; we recall it in what
follows. In [Se81 p. 197] Serre shaved that if | is a prime and if we let G, denote the im-
age of | in GLy(Z=1Z) and PG, the image of G, in the projective group PGL,(Z=IZ) =
GL,(Z=12)=(Z=IZ) ; then, in order to prove that G, = GL,(Z=IZ); it su ces to show that:

PG, is not contained in a Borel subgroup of PGL»(Z=12);
PG, is not contained in a non-split Cartan subgroup of PGL »(Z=1Z);
P G is not isomorphic to the permutation groupsAg; Sy or As;

P G, is not cortained in the normalizer N, of a Cartan subgroup C, of PGL»(Z=IZ) such
that PG, * Ci;



(for the de nitions of the Borel and Cartan subgroupsof PGL 2(Z=IZ) the reader may consult
[Se72 Section 2, p. 278]or [La, Sections1 and 2 of Ch. XIl]). Serreshaved that the rst three
situations above hold if |  19and| 6 37 (see[Se81 Lemmas16,17,18, p. 197]). If there exists
a Cartan subgroup C, of PGL»(Z=1Z) such that PG, is cortained in the normalizer N; of C, in
PGL»(Z=IZ) and is not cortained in C;; then we identify 'é—l' with the groupf 1gandwelet
be the composition

N
[}

We seethat | is a quadratic character of Gal Q=Q ; which we can identify with a Dirichlet
character. Serre[Se72 p. 317] showed that

Gal(Q=Q) ! G, ! I f 1g:

| is unrami ed at the primes p which do not divide N; (2)
and
a, O(modl) for any prime p-N sud that (p) = 1 3)
Y
In other words, if | is a prime divisor of A(E); then either 1j37 g or (3) holds.
qqpriﬁ”lge
Now let po be the smallestprime p of good reduction for E such that ((p) = landa, 6 O:

Serreproved that if we assumeGRH for the Dedekind zeta functions of the division elds of E;
there exists a positive absolute constart ¢y sud that

Po  Co(logN)?(loglog(2N ))® (4)
(see[Se81 proof of Lemma 19, p. 198]). By (1) and (4) we then get the estimate
0 1 0 1
Y Y Y
A(E) 37% q§ | 37% q§ jap,j ci(logN)(log log(2N))3
q 19 |jap0 q 19
q prime rime q prime

(1,37 q 100)=1

for somepositive absolute constart c;: We record this result as:

Theorem 1 Let E be a non-CM elliptic curve de ned over Q and of conductor N: Let A(E)
be Serre's constant assaiated to E. If we assumeGRH for the Dedekind zeta functions of the
division elds of E; there exists a positive absoluteconstant ¢; suchthat

A(E) ci(logN)(log log(2N ))3:

Another approad to the problem of nding upper bounds for the prime divisors of A(E)
is due to D. W. Masserand G. Weustholz (see[MaWe, p. 247]) who showed that there exist
absolute positive constarts ¢, and ; with e ective, such that | is surjective for any prime |
satisfying

I > c2h(E) ; (5)

where h(E) denotesthe Faltings height of E (for a de nition, we refer the reader to [CoSi,
p. 248 of Chai's article]). We will referto  asthe Masser-Weistholz constant.

In this paperwewill rst derive an unconditional upperboundfor A(E). After obtaining this
estimate, we discovered that A. Kraus had already obtained a similar result a few yearsearlier
(see[Kr]). The proof we give is, conceptually, the sameasthe one of Kraus, but much simpler,
in that it is essetially self-cortained; for example, Kraus usescertain theoremsof Deligne [De]
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without proof. We will also derive a conditional upper bound for the prime divisors of A(E)
basedon a di erent hypothesisthan GRH.

Before stating the preciseresults that we are proving in this paper, let us point out that
one of the key facts usedin our proofs is the modularity of elliptic curvesde ned over Q; a
long-standing conjecture formulated by Shimura and Taniyama, eventually proven by Wiles,
Taylor-Wiles and Breuil-Conrad-Diamond-Taylor. One formulation of this conjecture is that
for any elliptic curve E de ned over Q and of conductor N; there exists a non-trivial surjective
morphism

:Xo(N) ! E;

de ned over Q; called a modular parametrization of E. Here Xo(N) is the modular curve
obtained by the action of the complex upper-half plane on the matrix subgroup of SL»(Z)
composedof elemens whoseleft lower entry is O modulo N:

The main results of our paper are as follows.

Theorem 2 Let E be a non-CM elliptic curve de ned over Q and of conductor N: Then, for
any prime | satisfying the inequality
P~ vy 1=2
I usN 1+ 1 + 1;
3 .
piN

p prime

the Galois representation | assaiated to E is surjective. Moreover,
A(E) N(loglogN)*¥?;
whetre the implied -constant is absolute.

Theorem 3 Let E be a non-CM elliptic curve de ned over Q and of conductor N: Let be a
modular parametrization for E of minimal degree deg: Assuming the degree conjecture for ;
that is, assumingthat for any " > 0;

deg = O~ N?*"
there exists an absolutepositive constant ¢z suchthat, for any prime | satisfying the inequality
I c3(logN) ;
with  denoting the Masser-Weistholz constant, the Galois representation | assaiated to E is
surjective.
2 Preliminaries

In this section we review the properties of modular forms that will be neededfor proving
the two results of the paper. For more details we refer the readerto [La].
Let k; N be positive integersand let

o(N) = 2 g 2SLy(Z):c O(modN)
Also, let Mg( o(N)) and S¢( o(N)) be the complex vector spacesof modular forms and cusp
forms of weight k on (N ); respectively.



On the spaceSy( o(N)) we can de ne an inner product, called the Peterssoninner prod-
uct. We can also de ne certain linear transformations on My( o(N)) and S¢( o(N)); called
Hecke operators. A cusp form f which is an eigenform for all the Hede operators is called
an eigenform; if its rst Fourier coe cient ai(f) is 1, then it is called a normalized form. A
nice property of an eigenformf is that its Fourier coe cien ts a,(f ) are multiplicativ e in n:
Moreover, for any prime - N and any positive integer t, the Fourier coe cien ts aq (f ) satisfy
the recurrencerelations

ag(Fag(f) = ag= (F) + ¢ tag 1 (6)

A natural question to ask is when two modular forms are equal. We have the following

answer:

Prop osition 2.1 Letf and f 9be two distinct modular forms of weightk and levelsN and N ©
resgctively. Let M := lcm(N;N9: Then there exists a positive integer n suchthat

K Y 1
noM | 1+ = +1
piM

p prime

and
an(f) 8 an(f9;

wher a, (f) and a,(f 9 are the n-th Fourier coe cients of f and f ©

Pro of. The following argument was given in [RM97]. We considerthe function

_ (9%
UL

where is the classicaldelta function de ned by

(z):=e2iz\1 1 gz .
n=1
We recall that is a cusp form of weight 12 on SLy(Z) = o(1); which is nonzero on the

complex upper-half plane and has a simple zeroat in nit y. Then is a meromorphic function
on Xo(M); for which we have

12mg k number of zeroes of
= number of polesof

k{SLa(2) = o(M)] 1)

1
Y 1
= k%M 1+ = 1§ ;
piM P
p prime

with mg denoting the order of the zeroat innit y of f  f© Thus

k Y 1
m —M 1+ -
° 127 p
piM
p prime

This completesthe proof of the proposition.



Another natural questionto askis how to generatenew modular forms from a given modular
form. One way of answering this question is to assaiate to a givenf 2 My( o(N)) and a
primitiv e Dirichlet character a function f~de ned by

R .
fz) = (nN)a, (f)e? M ;
n=0

called the twist of f by , where
P .
f(z)=  an(f)e? ™

n=0

is the Fourier expansionof f: We have the following useful properties (for a proof, seeflw,
p. 124)):

Prop osition 2.2 The twist f~ of a modular form f 2 My( o(N)) by a quadmtic character
of conductor r is a modular form in My ( o(M)); whee M = lcm N;r? : Moreover, if f is a

cuspform, sois =

We can also generate new modular forms by remarking that if N 4N; then a cusp form f 2
S«( o(N9) can be viewed as an elemen of S ( o(N)): More generally if jNﬂo; we have that
f(2z)2 Sk( o(N)): The C spanof

[

NN
N % N

f(2):f 2Sk( o(NY

PN
INo

is called the spaceof oldforms on (N ). The eigenformsin the orthogonal complemert (under
the Peterssoninner product) of the spaceof oldforms in Sc( o(N)) are called newforms.

We conclude our review with a few words on the modularity of the elliptic curvesde ned
over Q: The famous Shimura-Taniyama conjecture, now known to be true (see[BCDT]), gives
a one-to-one correspondencebetween isogery classesof elliptic curves de ned over Q and of
conductor N; and normalized newforms in Sy( o(N)) with integer Fourier coe cients. An
equivalent formulation is as follows:

Theorem 2.3 (Shimura-Taniyama conjecture)
For everyelliptic curve E de ned over Q and of conductor N there existsa surjective non-trivial
morphism : Xo(N) ! E; de ned over Q:

Regarding the size of the degreeof we have another conjecture, unsolved for the momert,
formulated by G. Frey:

Conjecture 2.4 (Degree conjecture)

Let E be an elliptic curve de ned over Q and of conductor N; andlet be a modular parametriza-
tion of E of minimal degree. Then, for any " > O; we havedeg = O- N2*" : Here, the
O--constant degendsonly on "

3 Proof of Theorem 2

As recalledin the Introduction, Serreshavedthat if | isaprime suchthat | 19andl 6 37,
then PG, cannot be contained in a Borel subgroup or a Cartan subgroup of PGL »(Z=IZ); nor



canit beisomorphicto the permutation groupsAa; Ss or As: In what follows we will shaw that
if

p = 1=2
4 Y 1
| ——N 1+ - + 1;
PiN P
p prime

then PG, cannot be cortained in the normalizer of a Cartan subgroup C, of PGL,(Z=IZ) suc
that PG, 6 C;: This will imply that | is surjective.

Let us supposethat there exists a Cartan subgroup C, of PGL»(Z=IZ) such that PG is
contained in the normalizer N of C; in PGL»(Z=1Z) and is not contained in C;: As explained
in the Introduction, this implies the existenceof a Dirichlet quadratic character | satisfying
(2) and (3). We also note that since | is a quadratic character, property (2) implies that the
conductor D of | is of the form Dg or 4D for somesquare-freeinteger D suc that DgjN:

We follow Serre'sidea of estimating I; that is, we rst look for a prime q of good reduction
for E for which ag 6 0 and ((q) = 1, and then we look for a non-trivial upper bound for q:
By (3) and Hasse'sbound (1) we obtain that | 2IO g; hencethe upper bound for g will give us
an upper bound for I:

Let EC be the elliptic curve de ned over Q and obtained by taking the twist of E with
respectto |: We denoteits conductor by N© Let f and f °be the weight 2 normalized newforms
with integer Fourier coe cien ts, of levelsN and N ¢ respectively, assaiated to E and E ®via the
Shimura-Taniyama Conjecture. Proposition 2.2 givesusthat N9 lcm N;D? : Thusthe primes
of bad reduction for E° are divisors of 2N; and so

ay = 1(p)ap for any prime p-2N; 7)

wherep+ 1 ag denotesthe number of Fy-rational points of the reduction of E ° modulo p:
We want to prove that there exists a prime g which doesnot divide N and which satis es

aq 6 ag; (8)
Q= 1 9)
Y
q gNZ 1+ 1 41 (10)
PiN P
p prime

To do this, we rst obsenethat f 6 f & sinceE is a non-CM elliptic curve. Indeed, if we
assumethat f = f & then by the de nition of f °we must have a, = 0 for any prime p such that
((p) = 1. But, on one hand, by Dirichlet's theorem, the number of primes p  x for which
(p) = 1is asymptotically equalto Zk;(T; on the other hand, the number of primesp  x for

which a, = 0 is, in the caseof a non-CM elliptic curve, 0 == (see[Se81] p. 189, Corollary

log x
2]); thus we are led to a cortradiction.
Now we twist f and f ° by a quadratic character which is zero only at the primes dividing
N; and obtain cusp forms
3792 Sy( o(M))

with M j16N 2 (seeProposition 2.2) and such that f~ f?vanishat all the primes of bad reduction
for E: By the sameargumert as the one used for shaving that f 6 f % we have 6 f© By
Proposition 2.1 this last assertionimplies that there exists a positive integer n sud that
1, Y 1
n =M 1+ = +1 (11)
6 . p
piM
p prime



and
a,  6a, 2 (12)

wherea, f~ anda, f? arethen-th Fourier coe cien ts of f~and f® respectively. In particular,

(12) tells us that we must have (n;N) = 1
Using (11) and that f~and f are twists of f and f ° by a quadratic character vanishing at
the primes of bad reduction for E; we obtain that

an(f) 6 an(f9

for some
1. Y 1 8 , Y 1
n =M 1+ - +1 =N 1+ - +1
6 . p 3 . p
piM piN
p prime p prime

with (n;N) = 1: Here, an(f ) and an(f 9 denote the n-th Fourier coe cien ts of f and f ©
Sincef and f %are normalized newforms, the coe cien ts a, (f ) and a,(f 9 are multiplicativ e
in n; hencethere exists a prime gjn sud that

aq (f) 8 aq (f9;

with the power sud that g jjn: Moreover, the recurrencerelations (6) for aq (f ) and their
analoguesfor ay (f 9: wheret is an arbitrary positive integer, give us that

ag = aq(f) 6 aq(f 9 = ag: (13)

Now we want to showv that |(g) = 1. Let us supposethat (g) 6 1. We notice that
1(q) 8 O; since | is unrami ed at the primes of good reduction for E and q is such a prime.
Then we must have (g) = 1; which implies

ad= (9ag = ag;
a cortradiction with (13).
We have therefore proven that there exists a prime g of good reduction for E satisfying
conditions (8), (9), (10). By (8) we deducethat aq 6 0; and by (10) and (3) we deducethat

ljag: Using Hasse'sbound and (10) we obtain
p = 1=2
46 Y 1
| < ——N 1+ = + 1
3 .
piN
p prime

which completesthe proof of the rst part of Theorem 2.

Let us remark that 0 1
Y o 1=2
A(E) 37% p§1aqj q 5 (14)
p 19
p prime
where g is the prime satisfying (8)-(10). We alsorecall from elemertary number theory that
Y 1
1+ - loglogN: (15)
piN P
p prime

Combining (10), (14) and (15) gives the secondassertion of Theorem 2. This completesthe
proof.



4 Pro of of Theorem 3

We recalled in the Introduction that for any prime | such that | > coh(E) ; with h(E)
denoting the Faltings height of E and with c; and asin (5), the represeniation | is surjective.
Now we want to relate h(E) to the conductor N of the elliptic curve E. To do so, we let
f 2 S( o(N)) bethe normalized newform asseiatedto E and : Xg(N) ! E beaminimal
modular parametrization of E given by Theorem 2.3. As shown in [RM99, pp. 181-182],we
have that
2h(E) + loghf ;fi = logdeg + O(1);

and that for any " > 0 and N su cien tly large,
(L ™)logN < logh ;fi < (1+ ")logN:
Here, h; i denotesthe Peterssoninner product and deg denotesthe degreeof : We obtain
(I ™)logN + 2h(E) < logdeg + O(1) < (1+ ")logN + 2h(E):
By the degreeconjecture for E; deg = O+ N?2*" : hence
h(E) logN; (16)

where the implied constart is absolute. We use (16) in (5) and deducethat there exists an
absolute positive constart ¢z such that, for any prime | satisfying

| > c3(logN) ( ch(E) );

the represertation | is surjective. This completesthe proof of Theorem 3.

5 Final remarks

The bound provided by Theorem 3 is weaker than the bound (4) obtained by Serre by
assumingGRH, sincethe Masser-Weistholz constart ; even though e ectiv e, is not yet deter-
mined (see[MaWu, p. 248]). On the other hand, the hypothesisof Theorem 3 is di erent, as
illustrated in [RM99], where it is showvn that the ABC conjecture is equivalent to the degree
conjecture for Frey curves. 2 It will be interesting to nd the value of the Masser-Weistholz
constart ; and, consequetly, to nd the preciseestimate A(E) N P provided by Theorem
3. As shown in Theorem 2, we have A(E) + N1*" for any small positive ": Currently, this is
the best (unconditional) estimate for A(E): We hope to addressthe problem of showing that
A(E) NP for someb< 1 in future researd.
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2Using the ‘unconditional ABC' proven in [StYu], we obtain that for a Frey curve E of conductor N; | is
surjective for any prime | N “3(log N)3:



A App endix: The Surjectivit y of mod m Galois Representa-
tions

Ernst Kani
Queen'sUniversity
Department of Mathematics and Statistics
Kingston, Ontario, Canada, K7L 3N6
kani@mast.queensu.ca

The aim of this appendix is to prove the following result.

Theorem A.1 If E is an elliptic curve de ned over Q and m is any integer with (m; 30) = 1,
then the Galois representation

“em Gal(Q=Q) ! Aut(E[m])' GL2(Z=mZ)

is surjective if and only if the Galois representations 7¢ ., are surjective for every prime pjm.
In particular, if E is a non-CM elliptic curve and A(E) is Serre's constant assaiated to E
(see the de nition in Section 1 of the paper), then ~¢., is surjective for every integer m with
(m;A(E)) = 1.

This theorem is essetially due to Serreand can be deducedfrom the Main Lemma in his
book [Se68 on p. IV-19. Howewer, sincethis fact doesnot seemto be widely known and since
there is a small gap in his argumert (similar to the gap which is merntioned on p. 715 of his
Collected Papers [Se89), it seemsusefulto presern the following (modi ed) proof.

As in Serre's book, the above assertion can be deducedfrom a purely group-theoretical
statemert about subgroupsof GL»(Z=mZ); which is perhapsalso of independen interest. To
state this result, we usethe following notation introducedin Serre[Se68 p. IV-25.

Notation. For any nite group G, let Oc¢(G) denote the set of isomorphism classesof non-
abelian nite simple groupswhich occur as a composition factor of somesubgroupH  G. Let
p and g denote rational primes.

Theorem A.2 Let G be a sulgroup of GL»(Z=mZ) wher (m; 30)= 1. Then:

(@) G = GLy(Z=mZ) if andonly if G SL»(Z=mZ) and (m)j[G : GT.

(b) G SLy(Z=mz) if and only PSLy(p) 2 Occ(G) for all primes pjm (here, PSLy(p) =
SLa(Z=pZ2)=( 1)).

In order to prove this theorem, we rst recall some basic facts about the matrix groups
SLy(Z=m2z).
The following (well-known) facts can be found in [Hu], Theoremsl1.6.13 and 11.8.14:

Lemma A.3 Letp and g be prime numbers. Then:
(a) PSLy(p) is a simple group for any p  5;
(b) PSLy(p) ' PSLy(q) if and only if p= q;
(c) If H is a proper sulgroup of PSLy(p), then H is solvableor H ' As;
(d) PSLo(p) " As if and only if p= 5.

Moreover, by Lemma 2 of [Se6§, p. IV-23, we have

Lemma A.4 Let H be a sulgroup of SLy(Z=pZ) suchthat H = SlLy(Z=pzZ). Then H =
SLy(Z=pZ).
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Corollary A5 If p 5is a prime, then the commutator sulgroup SL»(Z=pZ)° of SLy(Z=pZ)
is SLy(Z=p2) itself, i.e. SLy(Z=p2Z)%= SL,(Z=p2).

Pro of. Since PSLy(p) is non-abelian and simple (cf. Lemma A.3(a)), we have PSL,(p)° =
PSL,(p) and so  SLy(Z=pz)%= SL,(Z=pZ). Thus, the assertionfollows from Lemma A.4.

To extend the above result to SL,(Z=mZ) for an arbitrary integer m, let djm be a divisor
of m and considerthe (surjective) group homomorphism

pra = pr{™ : GLy(Z=mZ) | GLy(Z=d2);
which is induced by reduction modulo d. We then have:

Lemma A.6 Let H be a sulgroup of SLy(Z=pg' Z), where p 5 is a prime andr is a positive
integer. If pro(H) = SLy(Z=pZ), then H = SLy(Z=p Z).

This result can be deducedfrom the proof of Lemma 3 of [Se68. As pointed out in [Se6§, the
result is falsefor p= 2 and p= 3. The above lemma has the following consequences:

Corollary A.7 For any integer m with (m;6) = 1 we have that the commutator sulgroup
SLy(Z=mZ)%is SLy(Z=mZ).

Pro of. Since SLy(Z=mZ) = Qp,jjm SLy(Z=p Z), it is enoughto verify this for a prime power
m = p" with p 5. In that casewe can apply Lemma A.6 to H = SL,(Z=p Z)° because
by Corollary A.5 we have prp(H) = prp(SL2(Z=p Z))° = SLy(Z=pZ)°= SL»(Z=pZ). Thus, by
Lemma A.6 we obtain that H = SL,(Z=p Z), as desired.

Corollary A.8 Let m be a positive integer coprime to 6. If
SLy(Z=mZ) H GLy(Z=mZ);
then H%= SLy(Z=mZ). In particular, GL,(Z=mZ)%= SL,(Z=mZ).

Pro of. SinceH=SL,(Z=mZ) GL2(Z=mZ)=SL,(Z=mZ) is abelian, weseethat H® SLy(Z=m2).
On the other hand, by Corollary A.7 we also have that SL>(Z=mZ) = SLy(Z=mZ)® H and
soH %= SL,(Z=m2z).

As we shall seebelow, part (a) of Theorem A.2 follows readily from Corollary A.8. We
therefore turn now to preliminary preparations for part (b). Herewe rst note:

Lemma A.9 Let G bea nite group. Then:
(@) OcG) = ; if andonly if G is solvable.
(b) If H is a normal sulgroup of G, then Occ(G) = Occ(H) [ Occ(G=H).

Pro of. Let N (G) degote the set of isomorphism classesof non-abelian composition factors of
G, sothat Occ(G) = g N(H).

(@) If Oc(G) = ;, then alsoN (G) = ;, and soby [Hu], 1.11.9, G is solvable. Conversely if
G is solvable, then sois any of its subgroupsH G, and henceby [Hu], 1.11.9 again, we obtain
that Occ(G) = ;.

(b) From the de nition it follows that N(G) = N(H)[ N(G=H), and so we seethat
OcoG) OccH)[ Occ(G=H). For the reverseinclusion we let K G. Then H\ K isa
normal subgroupof K ,andsoN (K) = N(H\ K)[N (K=H\ K)) = N(H\ K)[N ((HK)=K)
Occ(H) [ Occ(G=H), which yields the other inclusion.

We now usethe above result to determine Occ(G) for our matrix groups.
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Lemma A.10 If m is a positive integer, then
[
OcGL2(Z=mz)) = Occ(SLy(Z=m2z)) = OccPSL2(p)) a7)
pjm
Moreover, if p 5 is a prime, then

fPSLo(p)g  OcoPSLz(p))  fPSLa(p);Asg: (18)

Pro of. Since(18) is just arestatemen of parts (a) and (c) of LemmaA.3, it is enoughto verify
(17).

The rst equality of (17) follows from LemmaA.10 and from the fact that GL ,(Z=mZ)=SL,(Z=mZ)
is abelian. For the secondequality we rst note that Lemma A.9(b) implies that

Occ(SLy(Z=m2Z)) = | Occ(SLy(Z=p 2))
priim
o _ . Q
ecauseSLy(Z=m2z) = o jim

Occ(Sly(Z=g Z)) = Occ(SLy(Z=pZ))

SLy(Z=p Z). Next we obsene that

becauseKer(prp) is a p-group (and henceis sohable). Sinceclearly

Occ(SLa(Z2=pZ)) = Oc(SL2(Z=pZ)=( 1));
this provesthe secondequality of (17).

Corollary A.11 If p> 5is a prime and m is an integer such that p - m, then PSL»(p) 2
Oc(GL2(Z=m2Z2)).

Pro of. Sincep > 5 we have by Lemma A.3 that PSL»(p) 6' A5 and that PSLy(p) 6' PSL»(q)
for any prime gim. Thus, the assertionfollows from Lemma A.10.

Lemma A.12 LetG GLy(Z=pgZ), wheep 5is aprime andr is a positive integer. Then
the following statementsare equivalent:

(i) PSLa(p) 2 OcG).

(i) SLy(z=p2) G.

(i) Sla(Z=pz) prp(G).

Pro of. (ii) ) (i): This is trivial, since PSLy(p) is a composition factor of SL,(Z=g Z).

(i) ) (iii): Sinceprp(G) ' G=H whereH  Ker(prp) is a p-group, we seeby Lemma A.9
that Occ(G) = Occ(prp(G)).

Now for any subgroupK  GL»(Z=pZ) we know by [La], Theorem XI.2.2 (p. 183), that

K SlLy(Z=pz), pjjKjandK is not cortained in a Borel subgroup.

Since the Borel subgroupsof GL,(Z=pZ) are solvable, this therefore shows that the condition
PSL2(p) 2 Occ(prp(G)) implies that pro(G)  SLo(Z=pZ).

(i) ) (ii): ConsiderH := G° GL(Z=gZ)%= SL,(Z=p Z) by Corollary A.8. Now since
SLa(Z=pZ)  prp(G) by hypothesis, we have SLo(Z=pz)°  pry(G)° = prp(GY = pry(H)
SLy(Z=pZ). But SLy(Z=pz)°= SL,(Z=pzZ) by Corollary A.5, and so SLy(Z=pZ) = pro(H). It
therefore follows from Lemma A.6 that SL,(Z=pZ) = H = G° G, and hencecondition (ii)
holds.
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We are now ready to prove Theorem A.2.

Pro of of Theorem A.2.

(@) If G= GLy(Z=m2), then clearly G  SLp(Z=mZ). Moreover, by Corollary A.8 we have
(m) = [GLo(Z=mZ) : SLy(Z=mZ)] = [GL2(Z=mZ) : GL»(Z=kZ)9 = [G : GY, soin particular
(m)ilG: GY.

Conversely if G SLy(Z=mZ) and (m)j[G : GY, then jGL,(Z=mZ)j = (m)jSLy(Z=m2Z)j
is a divisor of [G : GYjSLo(Z=mZ)j = jGj, wherethe last equality follows from the fact that G°=
SL,(Z=mZ) by Corollary A.8. ThusjGL»(Z=m2)j divides jGj, and henceG = GL(Z=m2).

(b) If G SLy(Z=mZ), then G=SLy(Z=mZ) is abelian and soOcc(G) = Occ(SL2(Z=mZ))
fPSLy(p) : pjmg by Lemma A.10.

Conversely supposethat Occ(G) fPSLx(p) : pjmg. For any prime pjm and any subgroup
H  GLy(Z=mZ) let HP = H\ Ker(pry=p), wherep'jjm. Note that H( E H is a normal
subgroup of H and that

H®  GLy(Z=mz)P ' GL,(Z=p 2):

We claim that PSL(p) 2 Occ(H (P). Indeed, sinceH=H® ' pr,_ (H), and since PSL,(p) 2
Occ(GLz(Z:g‘—,Z)) by Corollary A.11 (using the fact that p > 5 by our hypothesis), we have that

PSLy(p) 2 Occ(H (M) by Lemma A.9(b). Thus, by Lemma A.12 (applied to GL,(Z=mz)® '
GLy(Z=p Z)) we seethat SLy(Z=mZ)(® HP) becauseSL,(Z=mz)P) ' SL,(Z=p Z) (via the
above isomorphism). Sincethis is true for all pjm, we obtain
Y Y
SLy(z=mz)®™ HP  H:
pjm pjm
But by the Chineseremainder theorem we have

Y Y
GLo(Z=mZ) =  GL2(Z=mZ)® and SLy(Z=mZ) =  SLy(Z=mz)®P
pim pim

(as subgroupsof GL,(Z=mZ)) and sowe obtain SL,(Z=mZ) H, asdesired. This completes
the proof of Theorem A.2.

Remark. Part (b) of this theorem is closelyrelated to Lemma 5 of [Se6§, p. IV-26. Howewer,
the proof of that lemma has a small gap, for it is not true (or clear) that the subgroup H-
(as de ned on line 6) actually mapsinto SL,(F) (as is assertedon line 13). Nevertheless,the
argumert is easily repaired by the sameargumert asin the implication (i) ) (ii) of Lemma
A.12.

Pro of of Theorem A.l.

If "e.n is surjective, then clearly sois 7¢ ., = prém) “e.m for every pjm.

Conversely suppose ., is surjective for all pjm. Then GL(Z=pZ) is a quotient of G :=
ImM("g.m)  GLm(Z=mZ), and so PSLy(p) 2 Occ(G), for every pjm and henceG  SLy(Z=mZ)
by Theorem A.2(b).

Moreover, sinceG ' Gal(Q(E[m])=Q) and sinceQ( m) Q(E[m]), we seethat (mM)j[G :
GY. Thus, by Theorem A.2(a) we have that G = GL2(Z=mZ)Qi.e. that ~¢.,, is surjective.

The last assertionis clear, for by de nition A(E) = 30 p2se P where Sg is the set of
primes p such that ~¢ ., is not surjective.

Corollary A.13 Let E=Q be anon-CM elliptic curve and let m be a positive integer coprime to
A(E). Then Q( ) is the maximal akelian extensionof Q in Q(E[m]) and Gal(Q(E[m])=Q) '
GL2(Z=mZ).
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Pro of. Let G := Gal(Q(E[m])=Q) ' Im("g.y): By Theorem A.1 we know that ~¢.,, is surjec-
tive,soG "' Im(Tg.,) = GL2(Z=mZ). Thus, by Corollary A.8 we have [G : G9= (m) and
so the maximal abelian extensionin Q(E[m]) has degree (m). SinceQ( n) Q(E[m]), the
assertionfollows.
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