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1 Intro duction

The certral result of this paper, Theorem 6.1, gives a constraint that must
be satis ed by the generatorsof any free, topologically tame Kleinian group
without parabolic elemens. The following result is case(a) of Theorem®6.1.

Main Theorem Letk, 2 bean integerand let © be a purely loxadromic,
topolagically tame discrete sulgroup of Isom. (H *) whichis freely geneated by
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The last serience of the Main Theorem, in the casek = 2, is equivalert to
the main theoremof [14]. While most of the work in proving this generalization
involvesthe extensionfrom rank 2 to higher ranks, the main conclusionabove
is strictly strongerthan the main theoremof [14] evenin the casek = 2.
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Like the main result of [14], Theorem 6.1 has applications to the study of
large classeof hyperbolic 3-manifolds. This is becausanany subgroupsof the
fundamertal groupsof sud manifolds can be shavn to be free by topological
argumens. The constrairts on these free subgroupsimposequartitativ e ge-
ometric constrairts on the shape of a hyperbolic manifold. As in [14] these
can be applied to give volume estimatesfor hyperbolic 3-manifolds satisfying
certain topological restrictions. The volume estimatesobtained here, unlike
those proved in [14], are strong enoughto have qualitative consequencesas
we shall explain below.

The following result is proved by combining the casek = 3 of the Main
Theoremwith the techniquesof [15].

Corollary 9.2 LetN be a closa orientable hypertolic 3-manifold. Supmse
that the rst betti numker (N) is at least 4, and that %(N) hasno sulgroup
isomorphicto the fundamentalgroup of a surface of genus2. Then N contains
a hyperholic ball of radius % log5. Hence the volumeof N is greater than 3:08.

There is no reasonto expect these estimatesto be sharp. For instance,
empirical evidencebasedon Weekscensug39 suggestghat the conclusionof
the corollary may hold under the hypothesisthat ;(N) is at least 2, with no
assumptionon the surfacesubgroupsof ¥4(N). Howeer, the signi cance of
our results lies elsewhere.The point is that theseresults imply that certain
topological conditions on the manifold follow from an upper bound on the
volume. More speci cally, the volumesof hyperbolic 3-manifolds are known
to form a well-orderedset of ordinal type! ' . If onelists the closedhyperbolic
manifolds in ascendingorder of volume, the topological complexity of the
manifolds tends to grow as one progresseshrough the list. We are interested
in understandingthis phenomenonin an explicit way.

The above result provides explicit information of this type. The volume
of a cusped manifold is larger than that of any of its Dehn Tlings, and is a
limit point of the set of volumesof sudh Tlings. There are 8 distinct volumes
lessthan 3:08 amongthe volumesof orientable cusped manifoldsin the Weeks
census. Thus the result implies that ead of the manifolds realizing the rst
8! volumeseither has betti number at most 3 or has a fundamertal group
cortaining an isomorphiccopy of a gerus-2 surfacegroup. (This conclusionis
statedasCorollary 9.3.) It wasnot possibleto deducequalitative consequences
of this sort in [14] becausethe lower bound of 0:92, obtained there for the
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volume of a closedhyperbolic 3-manifold of rst betti number at least 3, is
smallerthan the least known volume of any hyperbolic 3-manifold.

Corollary 9.4 is similar to the above corollary but illustrates the applica-
bility of our techniquesto the geometric study of in nite-volume hyperbolic
3-manifolds. It assertsthat a non-compact, topologically tame, oriertable
hyperbolic 3-manifold N without cuspsalways cortains a hyperbolic ball of
radius %Iogs unless4(N) either is a free group of rank 2 or cortains an
isomorphic copy of a gerus-2 surfacegroup.

Another application of Theorem 6.1 to non-compact nite-v olume man-
ifolds is the following result, which usesonly the casek = 2 of the Main
Theorem, but doesnot follow from the wealer form of the conclusionwhich
appearedin [14].

Theorem 11.1 LetN = H3= be a non-compact hyperbolic 3-manifold. If
N hasbetti numter at least 4, then N hasvolumeat least %

Theorem 11.1 is deducedvia Dehn surgery techniques from Proposition
10.1and its Corollary 10.3, which are of independer interest. Theseresults
imply that if a hyperbolic 3-manifold satis es certain topological restrictions,
for exampleif its rst betti number is at least 3, then there is a good lower
bound for the radius of a tube about a short gealesic, from which one can
deducea lower bound for the volume of the manifold in terms of the length of
a short gealesic. This lower bound approahes¥asthe length of the shortest
gedesictendsto 0. Corollary 10.3will be usedin [13]asoneingrediert in a
proof of a new lower bound for the volume of a hyperbolic 3-manifold of betti
number 3. This lower bound is greater than the smallestknown volume of a
hyperbolic 3-manifold, and thereforehasthe qualitative consequencg¢hat any
smallest-wlume hyperbolic 3-manifold has betti number at most 2.

The proof of the Main Theoremfollowsthe samebasicstrategy asthe proof
of the main theorem of [14]. The Main Theorem is deducedfrom Theorem
6.1(d), which givesthe sameconclusionunder somewhatdi®eremn hypotheses.
In 6.1(d), rather than assumingthat the free Kleinian group © is topologi-
cally tame and has no parabolics, we assumethat the manifold H 3=© admits
no non-constan positive superharmonicfunctions. As in [14], the estimate is
proved in this caseby using a Banath-Tarski-style decompsition of the area
measurebasedon a Patterson construction. The deduction of the Main Theo-
rem from 6.1(d) is basedon Theorem5.2, which assertsthat, in the variety of
represemations of a free group Fy, the boundary of the set CC(Fy) of convex-
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cocompact discrete faithful represetations cortains a denseG. consisting of
represemations whoseimagesare \analytically tame" Kleinian groupswithout
parabolics. This was proved in [14]in the casek = 2.

By de nition, a rank-k free Kleinian group j without parabolics is ana-
lytically tame if the corvex core of H3=j can be exhaustedby a sequenceof
geometrically well behared compact submanifolds(a more exact de nition is
given in Section5). The casek = 2 of Theorem 5.2 was establishedin [14]
by combining a theorem of McMullen's [29] on the density of maximal cusps
on the boundary of CC(Fy) with a special argumert involving the canonical
involution of a 2-generatorKleinian group. The argumerts usedin the proof
of Theorem5.2 make no useof the involution. This makespossiblethe gener-
alization to arbitrary k, while also giving a new proof in the casek = 2. The
ideasneededfor the proof are deweloped in sections2 through 5, and will be
sketched here.

In Section 3 we prove a generalfact, Proposition 3.2, about a sequence
(&) of discrete faithful represetations of a nitely generated,torsion-free,
non-abelian group G which convergesto a maximal cusp! . (For our purposes
a maximal cuspis a discretefaithful represetation ! of G into PSL,(C) sud
that ! (G) is geometrically nite and every boundary componernt of the corvex
coreof H3=! (G) is a thrice-punctured sphere.) After passingto a subsequence
one can assumethat the Kleinian groups¥2(G) corverge geometricallyto a
Kleinian group j, which necessarilycortains ! (G) asa subgroup. Proposition
3.2 then assertsthat the corvex coreof N = H3=! (G) enbedsisometrically
in H3=j. To prove this, we use Proposition 2.7, which combines an algebraic
characterization of how conjugatesof ! (G) canintersectin the geometriclimit
(Lemma 2.4), and a description of the intersection of the limit sets of two
topologically tame subgroupsof a Kleinian group (Theorem 2.5).

In Section 4 we construct a large submanifold D of the corvex core of
N which is geometrically well-behaved in the sensethat @ has bounded
area and the radius-2 neighborhood of @ has bounded volume. We use
Proposition 3.2 to shav that if %2is a discrete faithful represetation near
enoughto ! , then H3=%G) cortains a nearly isometric copy of D. This copy
is itself geometrically well-behared in the samesense.

In Section 5 we specializeto the caseG = Fx. We show that if a dis-
crete faithful represetation %zis well-appraximated by in nitely many maxi-
mal cusps,then its ass@iated quotient manifold cortains in nitely many ge-
ometrically well-behaved submanifolds. In fact, we shaw that the resulting
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submanifoldsexhaustthe corvex core of the quotient manifold and hencethat
the quotient manifold is analytically tame. We then apply McMullen's theo-
rem to prove that there is a denseG. in the boundary of CC(Fy) consistingof
represemations which can be well approximated by maximal cusps.

In the argumert givenin [14], the involution of a 2-generatorKleinian group
is usednot only in the deformationargumen, but alsoin the calculation based
on the decompsition of the areameasurein the casewhereH *=© supports no
non-constan superharmonicfunctions. The absenceof an involution in the k-
generatorcaseis compensatedfor by a newargumert basedon the elemenary
inequality establishedin Lemma6.2. This leadsto the stronger conclusionof
the main theoremin the casek = 2.

Section6 is dewted to the proof of Theorem6.1.

We have mertioned that the application of Theorem 6.1 to the geometry
of hyperbolic manifolds dependson a criterion for subgroupsof fundamenal
groups of suh manifolds to be free. The rst sud criterion in the caseof a
2-generatorsubgroupwas proved in [19] and independertly in [37]. A partial
generalizationto k-generatorsubgroups,applying only whenthe given mani-
fold is closed,wasgivenin [3]. In Section7 of this paper we give a criterion that
includesthe above results as special casesand is adapted to the applications
in this paper.

In Section 8 we introduce a generalization of the notion of a Margulis
number. We say that a positive number , is ak-Margulis number for aKleinian

casek = 2 the group h»;»i would have to be abelian; thus the notion of
a 2-Margulis number coincideswith that of a Margulis number as de ned
in [14] and [33. This notion, and the related notion of a k-strong Margulis
number provesusefulfor organizingthe applicationsof the resultsof the earlier
sectionsto the study of hyperbolic manifolds. The applications are presered
in Sections9, 10 and 11.

The pictures of limit setsof maximal cuspswhich appearin Section3 were
created by Yair Minsky, and were basedon some earlier pictures by Chris
Bishop. We are grateful to them for allowing us to usethem here.

We close the introduction by mertioning a few notational corvertions
which are usedthroughout. We useH - G to denotethat H is a subgroupof
G, and H < G to denotethat H is a proper subgroupof G. The translate of
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a set X by a group elemen ° is denoted® ¢X. Finally, we usedist(z;w) to
denotethe hyperbolic distancebetweenpoints z and w in H 2.

2 On the sphere at innit vy

In this sectionwe intro ducethe notion of the geometriclimit of a sequenceof
Kleinian groups. We will considera corvergen sequenceof discrete faithful
represemations into PSL,(C) whoseimagescorvergegeometrically In general,
the geometriclimit of the imagescortains the imageof the limit asa subgroup.
The results in this section characterize the intersection of two conjugatesof
this subgroup,and the intersection of their limit sets.

The group PSL,(C) will be consideredto act either by isometrieson H3
or, via extensionto the sphereat innit y, by MAbius transformations on the
RiemannsphereC. The action of a discretesubgroupj of PSL,(C) partitions
C into two pieces,the domain of discontinuity -(j) and the limit set a(j).
The domain of discortinuity is the largest open subsetof C on which j acts
properly discortinuously If &(j) cortains two or fewer points, we sa | Is
elementary If | hasan invariant circle in C and presenes an orientation of
the circle then we say that j is Fuchsian

By aKleinian groupwe will meana discretenon-elemetary subgroupj of
PSL,(C). Wewill say that a Kleinian group i is purely paralolic if every non-
trivial elemen is parabolic, or purely loxadromic if every non-trivial elemen
is loxodromic.

Givena nitely generatedgroup G, let Hom(G; PSL,(C)) denotethe vari-
ety of represetations of G into PSL,(C). A choiceof k elemerts which gener-
ate G determinesa bijection from Hom(G; PSL,(C)) to an algebraicsubsetof
(PSL,(C))X. We give Hom(G; PSL,(C)) the topology that makes this bijec-
tion a homeomorphismonto the algebraicsetwith its complextopology. This
topology on Hom(G; PSL,(C)) is independen of the choice of generatorsof
G.

For the rest of this section,and throughout section 3, we will assumethat
G is a nitely generated,non-akelian, torsion-freegroup.

Let D(G) denotethe subspaceof Hom(G; PSL,(C)) which consistsof those
represemations which are injective and have discreteimage. It is a fundamen-
tal result of J¢ rgensen'$2(] that D(G) is a closedsubsetof Hom(G; PSL,(C)).
The proof of J¢ rgensen'sesult is basedon an inequality for discretesubgroups
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of PSL,(C). A secondconsequencef this inequality is the following lemma.

Lemma 2.1 (Lemma3.6in [21]) Let (¥2) be a convegentsequene in D(G).
If (g,) is a sequene of elementsof G such that (¥2(g,)) convemgesto the
identity, then there existsngy suchthat g, = 1 for n, ny.

A sequenceof discrete subgroups(i ») is said to corvergegeometrically to
a Kleinian group i if and only if

(1) for every © 2 |, there exist elemens °, 2 j, sud that the sequence
(°n) corvergesto °, and

(2) whenever (j ;) is a subsequencef (j ,) and °,, 2 j », areelemers sudh
that the sequence’ ;) corvergesto a MAbius transformation °, we have
[ 2 IA

We call | the geometric limit of (j »).
The following basicfact is proved in J¢ rgensen-Marderj21].

Prop osition 2.2 (Proposition 3.8 in [21]) Let (*4) be a sequene of elements
of D(G) convemingto %2 Then (“2(G)) hasa geometrically convelgent subse-
qguene. If j is the geometric limit of any suchsubsquene, then A4G) - .

The following fact will alsobe used.

Lemma 2.3 Let (Y4) be a convegent sequene in D(G) such that (Ya(G))
convelgesgemetrically to j . Then j is torsion-free.

Proof of 2.3: Supposethat ° 2 | has nite orderd. Let (g,) beasequence
of elemetts of G sud that % (g,) corvergesto °. Then %(gd) convergesto
the identity. Henceby Lemma 2.1 we have g¢ = 1 for large n. SinceG is
torsion-free,we have g, = 1 for large n and therefore® =
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The following lemma characterizesthe intersection of two conjugates of
£G) in the geometriclimit j.

Lemma 2.4 Let (%) bea sejuene of elementsof D(G) convegingto %2 Sup-
posethat the groups¥a (G) conveigegeometrically to j . Then£G)\ °4£G)°! 1
is a (possiblytrivial) purely paralolic group for each® 2 j | AG).

Proof of 2.4: Supposethat %a) is a nontrivial elemen of 4G)\ °4G)°i !
for some® 2 i | %G). We will shav that %£a) is parabolic.

Assumeto the cortrary that £a) is loxodromic. We may write “fa) =
°14b)°i 1 for someb2 G. Chooseg, 2 G sud that (¥4(g,)) corvergesto °. We
then have that (%a(g,bd, 1)) corvergesto “£a), and hencethat (Ya(a' ‘g,bd,'))
convergesto 1. It followsfrom Lemmaz2.1that there existsan integerng sudh
that a= g,bg,* for all n, ne. Henceg; 'g, is cortained in the certralizer of
bfor all n, ng. Applying % and passingto the limit, we have that 1/égri]01)°
comnutes with %4b).

Sincethe Kleinian group i is torsion-freeby Lemma 2.3 and the elemen
%h) 2 | is loxodromic, the certralizer of ¥4b) in | is cyclic. Thus there
are integersj and k sud that (1/ég,i]01)°)j = Y%bk. A secondapplication of
Lemma2.1shows that for somen; , no we have (g,i]olgn)j = K foralln, n.
But since G is isomorphicto a torsion-free Kleinian group, ead elemen of
G has at most onej™ root. Hencel has a unique j™ root ¢ and we have
0i;9, = cforn, M. Thusg, = gy,c for large n, sothe sequence(g,) is
ewertually constart. Since(Ya(g,)) corvergesto °, this implies that ° is an
elemen of 4G), which cortradicts our hypothesisthat ° 2 | | %4G).

Next we considerthe intersection of the limit set of AG) with its image
under an elemen of the geometriclimit ;.

The following de nition will be useful. Let j 1 and j , be subgroupsof the
Kleinian group j. We will say that a point p2 a(j 1)\ &a(j ) isin P(j 1;i ») if
and only if Stab, ,(p) 2 Z, Stab, ,(p) 2 Z, and hStab. , (p); Stab. ,(p)i 2 ZO©Z.
In particular, it must be that p is a parabolic xed point of both j ; and j ».

We will make use of the following result, due to Soma[34] and Anderson
[1], which providesthe link betweenthe intersection of the limit setsof a pair
of subgroupsand the limit set of the intersection of the subgroups.
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Recallthat a Kleinian group j is topologically tameif H3=j is homeomor-
phic to the interior of a compact 3-manifold.

Theorem 2.5 Letj, and |, be nonelementary,topolagically tame sulgroups
of the Kleinian group j . Then

a(i )\ 2 2) =026 1\ i2) [ PG1io2):

The next lemmashows that the term P(j 1;j ) may beignoredin the case
wherej 1 and j ; aredistinct conjugatesof *4G) by elemers of the geometric
limit j.

Lemma 2.6 Let (%2) be a sequene in D(G) conveming to %2 Supmwse that
the groups %4 (G) convege geometrically to j . Then for each® 2 | | AG),
the set P(4G); > £G)° 1 1) is empty.

Proof of 2.6: The argumert runs along much the sameline asthe proof of
Proposition 2.4. Supposethat p 2 P(AG); °4G)°i 1), that Stabyg)(p) 2 Z
is generatedby %£a) and that Stab-yg)-: :(p) 2 Z is generatedby °%b)°i *.
Note that ead of the elemens a and b generatedts own certralizer.

Chooseg, 2 G sothat (¥2(g,)) corvergesto °. Since4a) commnutes with
°14h)°i 1, we concludeasin the proof of LemmaZ2.4that there existsan integer
N suc that a commutes with g,bg,* for all n | ny. Sincea generatesits
certralizer in G, eat of the elements g,bg,* for n , ny must be a power of
a. But theseare all conjugate elemens, while distinct powers of a are not
conjugate. Thereforewe must have that g,bg,* = g, bg,! forall n, no.

Thus g 'g, comnutes with bfor all n, no. Sincethe certralizer of bis
cyclic, we may now argueexactly asin the proof of 2.4 that the sequencdg,)
must be constart for n , n; , ng, obtaining a cortradiction to our hypothesis

that ° 2 i | %G).

As an immediate consequencef Lemma 2.4, Theorem 2.5, and Lemma
2.6, we have the following proposition.

Prop osition 2.7 Let (%2) be a seguene in D(G) conveming to %2 Supmse
that the groups¥4 (G) convergegeometrically to j andthat “£G) is topologically
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tame. Thenfor any° 2 i | %G) the group*4G)\ °%G)° * is purely paratplic
and
a(#G))\ ° ta(#4G)) = B(AG)\ *HG)° ' 1):

Hene if a(4£G))\ ° t(%4G)) is non-emptythen it must contain only the xed
point of %4G)\ °AG)°i L,

3 In the convex core

We cortinue to assumethat G is a nitely generatednonakbelian torsion-free
group. We considera sequencd¥4) in D(G) which corvergesto a represeta-
tion ! which is a maximal cusp(de ned below). If we assumethat the groups
¥a(G) corvergegeometricallyto i then the hyperbolic manifold N = H3=! (G)
is a covering spaceof N = H3=j. The main result of this sectionsays that in
this situation the restriction of the covering projection givesan enbedding of
the corvex coreof N into N.

It may be helpful to recall the most basic situation in which the convex
core of a manifold does not embed in a manifold which it covers. Let N be
a hyperbolic 3-manifoldand let f : S! N be a totally gealesicisometric
immersion of a nite areasurfaceS. Let N be the cover of N assaiated to
4(S), sothat f lifts to a totally geadesicenbeddingf :S! N. Sincef (S)
is totally gealesic,a(%4(S)) is a circle and f (S) is the corvex coreof N. The
convex coreof N embedsin N if and only if f is an embedding. Notice that f
is not an enmbeddingif and only if there existsan elemen ° of 1/zl(I\IA) sud that
°(a(%4(S))) intersectsa(Y4(S)) transversely hencein at leasttwo points.

We will be dealing with the casewhere the algebraiclimit is a maximal
cuspand henceeat boundary componert of the convex core of our algebraic
limit is a totally gealesicthrice-punctured sphere(Lemma 3.1). We will see,
asin the exampleabove, that if the convex coreof the algebraiclimit doesnot
emrbed then there must be an elemen ° of j | ! (G) sud that °(a(! (G)))
intersectsa(! (G)) in at least two points. An application of Proposition 2.7
will completethe proof.

Given a Kleinian group j, dene its convexhull CH(j) in H® to be the
smallestnon-empty corvex setin H3 which is invariant under the action of j.
Thus CH(j) is the intersection of all half-spacesin H?2 whoseclosuresin the
compacti cation H3[ C cortain a(j). (Recall that a Kleinian group is, by
de nition, non-elemetary sothat its limit sethasmore than two points.)
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The convexcore of N = H3=j is C(N) = CH(j) =j. We say that N, or
equivalertly j, is geometrically nite if j is nitely generatedand C(N) has
“nite volume.

The injectivity radiusinj, (x) of N at the point x is half the length of the
shortest homotopically non-trivial closedloop passingthrough x. Note that
injectivity radius increasesunder lifting to a covering space. That is, if N is
a cover of N with coveringmap ¥%: N ! N, and x is any point of N, then
inj (), injg(¥4x)). B

Given a hyperbolic 3-manifold N, de ne the 2-thick part of N as

2

Ninickzy = FX 2 Njinjy(X) , 59

and the 2-thin part of N as
2

Ninin(zy = FX 2 Njinjy (X) - ég:

We recall that C(N) \ Nickzy is compactfor all 2 > 0 if and only if N is
geometrically nite (seeBowditch [7]). Hence,for a geometrically nite hy-
perbolic 3-manifoldN, the setsC(N )\ Nicka=m) form, 1form anexhaustion
of C(N) by compactsubsets.

We say that arepresetation ! in D(G) is amaximal cuspif N = H?3=! (G)
is geometrically nite and ewvery componert of the boundary @C(N) of its
corvex coreis a thrice-punctured sphere. We will further require that ! (G)
not be a Fuchsian group. (This rules out only the casethat ! (G) is in the
(unique) conjugacy classof nite co-areaFuchsian groups uniformizing the
thrice-punctured sphere.) Maximal cuspsare discussedat length by Keen,
Maskit and Seriesin [22], where the image groups are termed maximally
parabolic.

A proof of the following lemma appearsin [22]; sincewe will be usingthe
lemmaheavily, we include a sketch of the proof here.

Lemma 3.1 Let! 2 D(G) be a maximal cusp,andlet N = H3=! (G). Then
each compnent of @C(N) is totally gendesic.

Proof of 3.1: Sincethe universalcover of C(N) is CH(! (G)), it suzcesto
show that ead componert of @CH(! (G)) is a totally gealesichyperplaneor,
equivalertly, that eat componert of -( ! (G)) is a disk boundedby a circle on
the sphereat in nit y.
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Figure 1. The domain of discontinuity of a maximal cuspis a union of round disks

Recall, for example from Epstein-Marden [17], that @C(N) is homeo-
morphic to -( ! (G))=! (G). Moreover, by the Ahlfor's Finiteness theorem
-( ! (G))=! (G) has nite area. Thuseat componert S of-( ! (G))=! (G) must
be a thrice-punctured sphere. Write S = ¢ =j ¢, where¢ is a componert of
-( ' (G)) and j ¢ isthe subgroupof! (G) stabilizing ¢.

Since¢ =j ¢ is athrice-punctured sphere,the groupj ¢ must be a Fuchsian
groupand ¢ must be a disk boundedby a circle on the sphereat in nit y. (For
a proof, seeChapter IX.C of Maskit's book [26]; for a picture see gure 1

below.)

We are now ready to prove the main result of this section. A map between
locally compact spaceswill be called an emledding if it is proper and one-to-
one.

Prop osition 3.2 Let (%a) be a sequene of elementsof D(G) conveging to a
maximal cusp! . Supmsethat the groups ¥ (G) convelge geometrically to j .
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LetN = H3=! (G), N = H3=, andlet%: N | N bethe coveringmap. Then
Yic(ny is an emtedding.

Figure 2. The limit setof a maximal cusp may intersect its translatein at most one
point.

Proof of 3.2: We rst note that if (X;) is a sequencén C(N) leaving every
compactset, then lim;7; injy (xi) = 0. Hence,lim;7; inj¢(%4x;)) = O, which
impliesthat (¥4x;)) leavesevery compactsubsetof N. Thus, %jc(n) is aproper
mapping.

It remainsto shav that Y4is injective. The universal cover of C(N) is
CH(! (G)). Thusit suxcesto shav that CH(! (G)) \ ° ¢CH(! (G)) is empty
foreah ® 2 i ! (G). For notational convenience,set X = CH(! (G)).

Since! is assumedto be a maximal cusp, eath componert of @C(N) is
totally geadesic. Henceeah componert of @ is a plane H in H® whose
boundary at in nit y is a circle C which liesin a(! (G)).

If X'\ °¢X is not empty, there are two possibilities. Either there is a point
in @\ °¢@X, oracomponert of @X liesertirely within ° ¢X (or vice versa).

We beginwith the casethat there is a point x in @X \ ° ¢@X. There then
exista planeH in @ andaplaneH?in ° ¢@ with x 2 H\ H? If two planes
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Figure 3: The convex hull of the limit set of a maximal cusp cannot intersect its
translate

in H3 meet, either their intersectionis a line or they are equal. If we let C
denotethe boundary at innit y of H and C°the boundary at in nity of H
then either C\ CP°cortains exactly two points or C = C°% Howewer, C\ CPlis
cortained in a(! (G))\ ° ¢a(! (G)), sothat a(! (G))\ ° ¢a(! (G)) cortains at
least two points, which cortradicts Proposition 2.7.

The secondpossibility is that a componert H of @ lies ertirely within
° ¢X. In this case,the boundary at in nity C of H lies in the boundary
at in nity of ° ¢X, which is exactly ° ¢a(! (G)). Howewer, C also lies in
a(! (G)); hencer(! (G))\ ° ¢(a(! (G))) cortains C. This also cortradicts
Proposition 2.7. See gures 2 and 3 for an illustration of how =(! (G)) can
meetits translate by °.

Remark 3.3 The conclusionof Proposition 3.2holds, by the sameargumen,
wheneer N is topologically tame and @C(N) is totally geadesic.

In general,the convex core of the algebraiclimit neednot enbed in the
geometriclimit. Howewer, onecande ne the visual hull of a Kleinian group i
to be the set of all points in H3 sud that the visual areaof every componert
of -(j) is at most % The visual coreis then de ned to be the quotient of the
visual hull. Notice that if j is a maximal cusp, then its visual core and its
convex core coincide.
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Andersonand Canary [2] usetechniquessimilar to those deweloped in this
sectionto prove that the visual core embedswhene\er the algebraiclimit has
connectedlimit setand no accidenal parabolics. They alsoshow that, under
the sameassumptions,there is a compact core for the algebraiclimit which
embedsin the geometriclimit. It hasrecenly beendiscoseredthat the visual
core of the algebraiclimit neednot enbed in the algebraiclimit ewen if the
algebraiclimit has connectedlimit set.

4 Near a maximal cusp

In this section,we will prove that if a represemation in D(G) is near enough
to a maximal cusp,then its assaiated hyperbolic 3-manifold cortains a nearly
isometric copy of an 2-truncated corvex core of the maximal cusp. We rst
de ne this 2-truncated object and descrite someof its useful attributes.

We recall that it follows from the Margulis lemmathat there existsa con-
stant |, o, sud that if 2 < g and N is a hyperbolic 3-manifold, then every com-
ponert P of Nin(2) is either a solid torus neighborhood of a closedgeadesic,
or the quotient of a horoball H by a group £ of parabolic elemens xing H
(seefor example[4]). In the secondcase,£ is isomorphic either to Z or to
Z © Z. Moreover, H is preciselyinvariant under £ < j, by which we mean
that if °2 i and°¢H\ H 6 ;,then® 2 £ and°¢H = H. If £ 2 Z, we
call P arank-onecusp andif £ 2 Z© Z, we call P a rank-two cusp. Recall
alsothat there existsL(?) > 0, sud that any two componerts of N, 2y are
separatedby a distanceof at leastL (?).

The next lemma givesthe structure of Ny 2y for suciently small 2. For
a proof seesection6 of Morgan [31].

Lemma 4.1 Let N be a gemetrically nite hyperbolic 3-manifold. There
existsH(N) < |, o, suchthat if 2- #N) and P is a component of Ny (2), then

(i) P is non-compact,
(i) @ meetsC(N) orthogonaly alongeach component of their intersection.

(i) E = @ \ C(N) is a Euclidean surfaee with geodesic boundary, and
diamE - 1;

(iv) if P is a rank-onecuspthen E is an annulus, and if P is a rank-two
cuspthen E is a torus; and
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(v) C(N)\ P is homemorphicto E £ [0;1 ).

In particular, for any2 - HN) the setNuicke\ C(N) is a compact 3-manifold
with piecewisesmath boundary.

Given a geometrically nite hyperbolic 3-manifold N we may de ne its
2-truncated corvex coreD:(N) to be the intersection of its corvex core C(N)
with the 2-thick part Nck 2y Of N. The above lemmacompletelycharacterizes
C(N)j D:(N) whenz < £(N).

Recall that a compact submanifold of N is said to be a compact core for
N if the inclusion map is a homotopy equivalence.

Lemma 4.2 Supmsethat N is a geometrically nite hyperbolic 3-manifold,
and+N) > 2> 0. Then D:(N) is a compact core for N.

Proof of 4.2: First recall that the inclusionof C(N) into N is a homotopy
equivalence.Moreover, eadh componert of C(N)j D:(N) is homeomorphicto
E £ (0;1 ) for someEuclidean surfaceE. Thus, the inclusion of D:(N) into
C(N) is a homotopy equivalence. The result follows.

For any subsetX of a hyperbolic manifold N we will denoteby N, (X) the
closedneigrborhood of radius r of X. In the caseN = H?3=!(G), where!
is a maximal cusp, Proposition 4.4 will provide bounds for both the area of
@-(N) and the volume of N,(@D:(N)). Theseboundswill depend only on
the topological type of N and not on 2. We rst recall the following special
caseof Lemma8.2in [8] (seealso Proposition 8.12.10f Thurston [36]).

Lemma 4.3 There is a constant - > 0, such that for any maximal cusp
I 2 D(G) and any collection S of components of the boundary of the convex
core of N = H3=! (G), the neighwrhood N3(S) hasvolumelessthan - areaS.

If N = H3=!(G), where! (G) is a maximal cusp, we will denoteby ¥{N)
the number of componerts of @C(N), and by ¢(N) the number of rank-two
cuspsof N. We set

B(N) = ZYHN) + 2/4(N)
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and
T(N) = 29%%(N) + Vet ¢(N);

where - is the constart given by Lemma4.3.

Lemma 4.4 Let! beamaximalcuspandletN = H3=!(G). If #N) > 2> 0,
then

() area@-:(N) - ®N), and
(i) vol(N2(@-:(N))) - (N).

Proof of 4.4: Notice that @-:(N) = S[ E whereS = @C(N)\ Nuick)
and E = C(N)\ @uickz)- SinceS Y2 @C(N) and sinceeat componert of
@C(N) is athrice-punctured sphere we have areaS - area@C(N) = 2V#(N).
By Lemma4.1, eah componert of E is a Euclidean manifold of diameter at
most 1, soeat componert of E hasareaat most ¥4 Sinceead componert of
@C(N) cortains three componerts of @ there areg?/(N) annular componerts
of E. Moreover, there are ¢(N) toroidal componerts of E. The rst assertion
follows.

Let S denotethe union of S with the annular componerts of E. Sinceeadh
annular componert of E hasdiameter lessthan 1,

N>(S) %2 N3(S) %2 N3(@C(N)):
Thus Lemma4.3 guararteesthat
voIN,(S) - - aregd@C(N)) = 2v4%(N):

Now, if T is a toroidal componert of E, then N,(T) is (the quotient of) a
regionisometricto T £ (j 2;2) with the metric ds? = € 2ds? + dt?, which has
volume lessthan 2¥/g*. The secondassertionnow follows.

Our next result, Proposition 4.5, asserts(among other things) that the
hyperbolic manifold asseiated to a represetation which is near enoughto a
maximal cusp cortains a biLipschitz copy of the 2-truncated cornvex core of
the manifold assaiated to the maximal cusp.
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We rst outline the argumert. Supposethat (%2) is a sequenceof repre-
serations in D(G) which convergesto a maximal cusp! and that the groups
14(G) corverge geometricallyto j. Let N = H3=I(G) and N = H3=j. If
YN ! N isthe covering map, Proposition 3.2implies that %5 (v is an em-
bedding. Since(¥4(G)) cornvergesgeometricallyto i, larger and larger chunks
of N are nearly isometric to larger and larger chunks of N, = H3=14(G).
In particular, for all large enoughn there exists a 2-biLipsciitz embedding
fn:Va! Np where”4D:(N)) % V, % N. The desiredbiLipschitz copy of
D:(N) is f,(Y{D=(N))).

In order to carry out the program outlined above, it will be necessaryto
make consisten choicesof basepoints in di®eret hyperbolic 3-manifolds. We
will usethe following corvertion. If z is a point in H® and j is a Kleinian
group, we will let z; denotethe imageof z in the hyperbolic manifold H 3=;.
In the casethat | = £G) for somerepresetation %22 Hom(G; PSL,(C)) we
will write z,,= zyg).

If a codimension-Osubmanifold X of a hyperbolic manifold N is connected
and haspiecewisesmaoth boundary, then it hastwo natural distancefunctions.
In the extrinsic metric the distancebetweentwo points of X is equalto their
distancein N, while in the intrinsic metric the distanceis the in-m um of the
lengths of recti able pathsin X joining the two points. Obsene that if X and
Y aresubmanifoldsof hyperbolic manifoldsandif f : X ! Y isaK -biLipschitz
map with respect to the extrinsic metrics, then f is also K -biLipschitz with
respect to the intrinsic metrics.

Prop osition 4.5 Supmsethat ! 2 D(G) is a maximal cuspand setN =
H3=!(G). Let2 > 0 be given with the property that 2 < #N) and let z be
a point of H3 suchthat z lies in the interior of D:(N). Then there is a
neightorhood U(2%; z;! ) of I in D(G) suchthat for each %22 U(3; z;! ), there
existsamapA: D:(N)! NO%= H3=%G), with the following properties:

(1) AmapsD:(N) homemorphially onto a manifold with piecewisesmaoth
boundary, and is 2-biLipschitz with respct to the intrinsic metrics on
D.(N) and A(D:(N)),

2 Az) = z,
(3) voIN{(@A(D:(N)))) - 8 (N), and
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(4) A(Nincs \ D2(N)) ¥2N2 . for any +< -2 (where | o is the Margulis
(9 thin (2+) 2
oonstant).

Proof of 4.5: Let (*4) be a sequencen D(G) that convergesto ! , and set
N, = H3=%(G). It sutcesto prove that (¥3) hasa subsequencé¥ ) suh
that there exist mapsA : D-(N) ! N,, which have properties (1)|(4).

Given any sequencg¥z) in D(G) corvergingto ! , Proposition 2.2 guar-
anteesthat there exists a subsequencg’z,(G)) of (1/;4(6)) which corverges
geometrically to a group j sud that ! (G) %2 j. Let N = H35 and let
Y%: N | N be the assiated covering map. Proposition 3.2 guarartees
that Yjcny is an embedding and hencethat Yjp vy is an enbedding. Let
D = ¥D-(N)). SinceVais a local isometry we nd using Lemma 4.4 that

VOIN2(@) - voIN(@-(N)) - ~(N):

Since(¥4,(G)) corvergesgeometricallyto i, it followsfrom Corollary 3211
in [10 or TheoremE.1.13in [4] that there exist smooth submanifoldsV; 2N,
numbersr; and ®, and mapsf; : Vi ! N, sud that

() V; contains B(ri;ziA), the closedradius+; neighborhood of z-,

(i) fi(z) = 2.,
(i) r; corvergesto 1 , and ® corvergesto 1,

(iv) fi mapsV; di®eomorphicallyonto f (V;) andis ® -biLipschitz with respect
to the extrinsic metricson V; and f (V).

Choosed sothat D %2 B(d;ziA). Set! = maxfl;, (=2g. We may assume
that the subsequencé¥z,) hasbeenchosensothat ® < 2andr; > d+ 2¢ for
all i. This condition on r; implies that N, (D) is cortained in the interior of
V.

We claim that N.(f;(D)) Y2 fi(V). To prove the claim, we considerthe
frontier X of N (D) in N and the frontier Y; of f;(Nx (D)) in Nn,. Since
f; is a homeomorphismonto its image it follows from invariance of domain
that f;(X) = Y;. Sincef, ! is extrinsically ®-Lipschitz with ® < 2, and since
ewvery point of X hasdistance2! from D, ewery point of f;{(X) = Y; must bea
distancegreaterthan * from f;(D). ThusY; is disjoint from N. (f;(D)). Since
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fi(N,: (D)) contains f{(D) andis disjoint from the frontier Y; of N. (f;(D)) we
have fi{(N,: (D)) % N (f;(D)), and the claim follows.

In particular, N1(f;(@)) % fi(V). Again usingthat fi ! is extrinsically
2-Lipsditz we concludethat N(f;(@)) Y2 f;(N,(@)). On the other hand,
sincef; is extrinsically 2-Lipsditz, it is intrinsically 2-Lipsditz and canthere-
fore increasevolume by at most a factor of 8. Therefore

VoIN,(@i(D)) - 8voINR(@) - 8 (N): 1)

We now de ne A:D:(N) ! N, to bef; +% We will completethe proof
of the proposition by shaving that A, has properties (1)|(4).

Since¥is a local isometry and ¥%p (v is an embedding, the map %o (n)
is an isometry betweenD:(N) and ¥4D:(N)) with respect to their intrinsic
metrics. Sincef;:D ! f;(D) is an extrinsically (and henceintrinsically) 2-
biLipschitz homeomorphismiit follows that A; hasproperty (1).

Wehave A(z) = fi1(¥4z)) = fi(ziA) = zy, . This is property (2). Property
(3) follows from equation (1) sinceA;(D:(N)) = f;(D).

It remainsto ched property (4). Supposethat X 2 Niin¢+\ D=(N) and+<
2. Then there existsa homotopicalIy’non-trivial loop C (in N) basedat x'and
having length at most+. Notice that A;(C) haslength at most2+. HenceA (x)
must lie in the 2+thin part of N,,. unlessA/(C) is homotopically trivial. But
sinceA; (C) haslength at most 24, it is cortained in the closed+-neighborhood
of A(x) in N,,. Thusif A(C) werehomotopically trivial in N, it would lift to
aloopin aball of radius = in H® whosecerter projectsto A (x). HenceA (C)
would be null-homotopic in B (£ A(x)) ¥2 N.(A(D)) ¥ N: (A(D)) % (V).
This would imply that f; *(A(C)) = %C) is homotopically trivial in N, in
cortradiction to the fact that ¥4is a covering map. Thus, A, has property (4),
and the proof is complete.

Remark 4.6 Lemmas4.3and 4.4 have analoguedor generalgeometrically
“nite hyperbolic 3-manifolds,but the constarts would alsodepend on the min-
imal length of a compressiblecurve in @C(N). Proposition 4.5 remainstrue,
by similar argumens, whenewer N is geometrically nite and ewery compo-
nert of @C(N) is totally gealesic. One may useargumerts similar to those
in section3 of [11] to prove that, if Y%is suxciently nearto a maximal cusp! ,
then A(D:(N,)) is a compactcorefor N,
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5 All over the boundary of Schottky space

We now restrict to the casewhere G is the free group F¢x on k generators,
wherek , 2. We set Dy = D(Fx). Recall that Dy is a closedsubset of
Hom(Fy; PSL,(C)). Let CC, denotethe subsetof Dy consistingof represeta-
tions which are convex-ocompact, i.e. are geometrically nite and have purely
loxodromic image. Moreover, let B, = CG(j CC, %2 Dy. It is known (seeMar-
den [24]) that CC, is an open subsetof Hom(Fy; PSL,(C)). (The quotient of
CC under the action of PSL,(C) is often called Scottky space.)

Let M ¢ denotethe setof maximal cuspsin Dy. It is a theoremof Maskit's
[28]that M ¢ %2 Bx. McMullen has further proved that M  is a densesubset
of Bx. This result, though not written down, is in the spirit of McMullen's
earlier result [29] that maximal cuspsare densein the boundary of any Bers
slice of quasi-Fuchsian space.

The main result of this section, Theorem5.2, assertsthat there is a dense
G.-set of purely loxodromic, analytically tame represetations in Bx. This
theorem generalizesand provides an alternate proof of Theorem8.2in [14].

The proof of Theorem 5.2 makes use of Proposition 4.5 and McMullen's
theorem. We useProposition 4.5to shawv that if 22 By is well-appraximated
by anin nite sequencef maximal cusps,then its corvex corecanbe exhausted
by nearly isometric copiesof the truncated convex coresof the maximal cusps;
this implies that %zis analytically tame. McMullen's theorem guararteesthat
the G.-setof points in By which are well-appraximated by anin nite sequence
of maximal cuspsis dense.

We now recall the de nition of an analytically tame hyperbolic 3-manifold.

De nition: A hyperbolic 3-manifold N with nitely geneated fundamental
group is analytically tame if C(N) may be exhaustd by a sequene of compact
submanifoldsf M;g with piecewisesmath boundary suchthat

(1) M; % I\7I,- if i <j, whee I\7I,- denotesthe interior of M; considesed as a
subsetof C(N),

(2) [M; = C(N),

(3) there existsa numlker K > 0 suchthat the boundary @; of M; hasarea
at mostK for all i, and
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(4) there existsa number L > 0 suchthat N,(@/;) hasvolumeat most L
for everyi.

While the de nition of analytic tamenessis geometricin nature, it does
have important analytic consequencedn particular, for an analytically tame
group j one can cortrol the behavior of positive j-in variant superharmonic
functions on H3. Specically, we will make extensive use of the following
result, which is cortained in Corollary 9.2 of [8].

Prop osition 5.1 If N = H3=j is analytically tame and a(j) = C then all
positive sugerharmonic functions on N are constant.

We are now in a position to state Theorem5.2.

Theorem 5.2 For all k ;| 2, there exists a denseG.-set G, in By, which
consists entirely of analytically tame Kleinian groups whoselimit set is the
entire sphee at in nity.

The proof of Theorem 5.2 involves the following three lemmas. The rst
lemmais cortained in Chuckrow [12].

Lemma 5.3 The set Uy of purely loxadromic representationsin By is a dense
G.-setin By. Moreover, if %22 Uy, then o(%4F,)) = C.

The secondemmais an adaptation of Bonahon'sboundeddiameterlemma

[5].

Lemma 5.4 For every £ > O, there is a numker ¢ (+) with the following
property. Let 2 > 0 be given, let ! be any maximal cuspin Dy, and set
N = H3=I(F,). If #N) > 2, then any two points in @-(N) may be joined
by a path — in @-:(N) suchthat \ Nk haslengthat most ¢ ().
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Proof of 5.4: Let +> 0 be given. In order to de ne c((+) we considera
hyperbolic 2-manifold P which is homeomorphicto a thrice-punctured sphere;
there is only onesud hyperbolic 2-manifold up to isometry. SincePuic() IS a
compactsubsetof the metric spaceP, it hasa nite diameterd(z). It is clear
that any two points in P may bejoined by a path ~ sud that \ Pyick) has
length at most d(£). We setce () = (2kj 2)d(x) + 3k 3.

Now let ! be any maximal cusp in Dy, and set N = H3=I(F,). We
consideran arbitrary componert S of @C(N). Then S is a totally gealesic
thrice-punctured sphere.HenceS, with its intrinsic metric, is isometricto P.
Furthermore, the inclusion homomorphism%4(S) ! % (N) is injective, and
henceSiin (+) ¥2 Niin¢ 4. It follows that any two points in S may be joined by
apath — in S sud that \ Nuyick) haslength at most d(+).

Now, sinceD-(N) is a compact core for N and ¥4(N) is a free group of
rank k, we seethat D-(N) is a handlebody of gerus k. In particular, there are
exactly 2k j 2 componerts of @C(N) and exactly 3k j 3 annular componerts
of @-:(N)j @C(N). Also recall, from Lemma 4.1 that ead componert of
@-(N) i @C(N) hasdiameterat most 1. Thus, since@-(N) is connected,
we seethat any two points in @-(N) may be joined by a path  sud that
~\ Nuick) haslength at most (2k j 2)d(¥) + 3k i 3= c(3).

In the following lemma, and in the rest of the section,we arbitrarily x a
basepoint z° 2 H2, and we let X, denotethe setof all represemations %22 By
sud that z° liesin the interior of CH(¥4Fy)) relative to H 3.

Lemma 5.5 The set Xy is an open densesubsetof By.

Proof of 5.5: Given a represemation %2 X,, we have that z° liesin the
interior of CH(¥4Fy)). Hencez® liesin the interior of someideal tetrahedron
T with verticesin a(%F)). Sincethe xed points of elemens of £F) are
densein o(%£F,)), we may assumethat the verticesof T are attracting xed

tetrahedron having z° as an interior point. HenceZz® lies in the interior of
CH(*AFy)). This shavsthat Xy is an open subsetof B.

If 122 Uy, then %2 X, sincen(%4F,)) = C. Hence,Lemma 5.3 implies
that Xy is dense.
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Proof of 5.2: By the result of McMullen's discussedat the beginning of
this section,M | is a densesubsetof By. In view of Lemma5b.5it follows that
M\ X is alsodensein Bx. Foreat®h! 2 M (\ X, and ead 2 > 0 we will
de ne a neighborhood V(3! ) of ! in Xy %2 By.

Set N, = H3=I(F,). Since! 2 Xy, we have z° 2 CH(! (Fy); in the
basemint corvertion given in Section4 we have z° 2 C(N,). Henceeither
z? 2 D:(N,), or 2? liesin the interior of the 2-thin part of N, . Let " (3! ) =
minf2; (N, )g. If z2 2 D:(N,) thenwesetV(%!) = U("(3!);2%!)\ X,
where U(" (2;!);2%!) is the open set given by Proposition 4.5. If z? lies in
the 2-thin part of N, , we take V(3;! ) to be a neighborhood of ! in Xy sud
that for every %22 V the point z, lies in the interior of the 2-thin part of
H3=%F,). (Sud a neighborhood exists becausethere is an elemen g 2 Fy
sud that dist(z%! (g) ¢z°) < 2. For any Yesuzciently closeto ! we have
dist(z°; %q) ¢z°) < 2.)

We now setWy(2) = [ 12m ox V(& !). SinceM \ X is densein By, the
set W, (?) is an open densesubsetof X for every 2 > 0. SincelU is a dense
G.-setin By it follows that

G=U\ N Wk(%)

m2Z.

is a denseG.-setin X. In orderto completethe proof, we needonly to shav
that ead elemen of G is analytically tame and hasthe ertire sphereasits
limit set.

Let %: F, | PSLy(C) be a represemation in G. SetN = H3=%F)).
Lemmab5.3 guararteesthat C(N) = N.

By the de nition of G, for every m 2 Z. there exists a maximal cusp
I'm : Fe ! PSLy(C) sud that ¥22 V(%;! m). Let Ny, = H3=!,(F) and let
Mo be a positive integer sud that ﬁ is lessthan the injectivity radius of N
at z9, In what follows we consideran arbitrary integerm , mj.

By the de nition of mg the point zJ, liesin the %-thick part of N. By the
de nition of the setsV(;! ), it follows that %22 U(" (+;+(Nm)); 2% ! m).
Let D = D,(%;i(Nm))(Nm). Proposition 4.5 guararteesthat there is a map
An :Dm! N, sud that
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(1) An, mapsD,, homeomorphicallyonto a manifold with piecewisesmooth
boundary, and is 2-biLipschitz with respect to the intrinsic metrics on

Dm and An (D),
2) An(2,) = 25,
(3) VoIN1(@An(Dm))) - 8 (Nm) = 3% (ki 1), and

(4) An((Nm)tin#) \ D) %2 Nipinz 5 for any £< -2,

(Here - is the constart given by Lemma4.3. Notice that since¥a(N,,) isa
free group we have ¢(N,,) = 0 and hence (Np) = 2¥4%(Ny,) = 4% (ki 1).)

Weset+, =  o=83and M, = A, (Dm).

Then by (4) we have

Mm\ An(Dm \ (Nm)thin (z0)) ¥2 Ninin 250):

Hence,by Lemma5.4, any two points in @/1,, may be joined by a path — in
@1, sudh that — \ Nuin 21) haslength at most 2¢ ().

Let r > 0, and let X (r) denotethe set of points x 2 N for which there
existsa path ~ beginningin B(r; zJ) and endingat x suc that ~ \ Ninick(2s)
has length at most 2¢.(+). Since AFy) is purely loxodromic, eadhy compo-
nert of Niine +) IS compact. Moreover, the componerts of Ny, 2+,) are sep-
arated by a distanceof at least L (24,), sothere exist only a nite number of
componerts of Ninin 24,) cortained in X (r). Therefore X (r) is compact. Set
3(r) = minyax (1) INjy (X), and setmy; = max(mo; 2=3(r)).

If m > my then @, \ B(r;z)) = ;, sinceany point in @1, may be
joined by a path of length at most 2¢, (%) to a point of injectivity radius - %
(namely any point in A, (@ i @C(Npy))). Sincezd 2 My, by (2), and since
@n\ B(r;zd) = ;, we seethat B(r;z2) 2 M, for every m > m;.

We thereforehave [ m>m 1I\7I m = N = C(N). Wg may passto a subsequence
Mpm, sud that My, %My, ,, forallj and[ 2z, My, = N = C(N).

By (3) we have

VOIN{ (@) - 32 (ki 1)

for all m > m,. Moreover, by (1) and Lemma4.4 we have
area@y, - 4®(Ny) = 14Y3(N.,) = 284k 1):

Thus N is analytically tame.
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6 Free groups and displacemen ts

This sectionis dewted to the proof of the following theorem, which includes
the Main Theorem stated in the introduction.

Theorem 6.1 Letk , 2 beanintegerandlet © be a Kleinian group whichis

(a) © is purely loxadromic and topologically tame, or
(b) © is geometrically nite, or
(c) © is analytically tame and a(©) = C, or

(d) the hyperkolic 3-manifold H*=© admits no non-constant positive suger-
harmonic functions.

ko1 1
2ive 2

i=1

ko1 1
§1+edi>k¢ﬁ_

NI =

Thus the last sertence of Theorem 6.1 doesindeedfollow from the preceding
sertence.
Conditions (a){(d) of Theorem®6.1are by no meansmutually exclusiwe. In
particular, accordingto Proposition 5.1, condition (c) implies condition (d).
The following elememary inequality will be neededor the proof of Theorem
6.1.
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Lemma 6.2 Let x andy be non-negyative real numters with x + y - 1. Set
p= 3(x +y). Then wehave

(1i X)<1i y> (1i p)2.
X y /> \p /-

Proof of 6.2: We canwrite x = p+ ®andy = pj ® for some® 2 R.
We nd by direct calculationthat p?(1i x)(1j y)i (1i p)?xy = (1j 2p)®*.
But p- 1=2sincex+vy - 1. Hencep?(1i x)(1i vy). (1i p)?>xy, and the
assertionfollows.

A basic step in the proof of Theorem 6.1 is the obsenation that if the
inequality in the the conclusionholds on the boundary By of CG; then it also
holds on CG. This obsenation is cortained in the following lemma.

Lemma 6.3 For k > 1 let Fy denote the free group on the k genertors
X1:::Xg and let 2F¢ ! PSL,(C) be any representationin CC,. Given any
point z in H? there existsa representation¥s 2 B, suchthat

dist(z; ¥£x;) ¢z) = dist(z; %2(x;) ¢z)

Proof of 6.3: We considerthe set
R, = %2 Hom(Fy; PSL,(C))j dist(z; ¥x;) ¢z) = dist(z; %x;) ¢z)g:

It sutces to shov that R, is connected and cortains a point of
Hom(Fy; PSL,(C)) i CC. The connectednessfollows immediately from
the easy obsenation that for any positive number d the set f» 2
Isom, (H?3)jdist(z;» ¢z) = dg is path-connected. Since R, cortains a rep-
reseration with an invariant line passingthrough z, R, i CC is clearly non-

empty.
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Proof of Theorem 6.1: We rst prove that condition (d) implies the con-
clusion of the theorem.

We usethe terminology of [14). We set2 = f»;»i 1 :iiimn;» g % ©
According to Lemma 5.3 of [14], there exists a number D 2 [0; 2] suth that
for any zo 2 H?3, there exists a ©-invariant D-conformaldensity m = (%) for
H3 and a family (°a)a.= of Borel measureon S; sud that

(i) *2(S1) =1,
(i) Y2, = >ase °a; and

(i) for eahr A2 2 we have

/(, A;ZO)DdOAi 1= 1 /dOA:

If condition (d) of the theoremholds, it follows from Proposition 3.9 of [14]
that any ©-invariant conformal density for H? is a constant multiple of the
areadensity A. In view of condition (i) above we must in fact have M = A. In
particular D = 2.

Fori=1;:::; 'k weset® =°, and°%= ° ;.. Wedenoteby ® and ~; the
total massesof the measure§. and°i°respectilvely After possiblyinterchang-
ing the roles of » and » * we may assumethat ® - ~;. (Interchanging the
roles of » and » 1 doesnot a®ectthe truth of the conclusionof the lemma,
sinced, = dist(zo;» ¢z0) = dist(zo; » * ¢z0).)

By conditions (i) and (ii) above we have >k, (® + ;) = 1. In particular
foreahhi wehaveO- ;- 1,andsince® - ; wehaveO- ® - 1=2. Since
M = A, condition (ii) alsoimpliesthat °; - A,,, where A,, denotesthe area
measureon Sl certered at Zo. By applylng condition (iii) aboveto A » 1 we
getthat [5 , %1, d° = 1i ;. And by de nition we have®;(S; ) = ®. Thus

the hypothesesof Lemma5 5of [14] hold with © = °;, a= ® and b 1i .
Henceby Lemma 5.5 of [14] we have

b(li a),

di = dist(zp;» * ¢z0) , =log ali b
|

(This is a corrected version of the conclusionof Lemma 5.5 of [14]. In the
published version of [14] the inequality appearedwith the rolesof a and b
reversed.)
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Thus 1 (1 i @)
i )i .
d, élog o :
Since® + ; - Zik=1 (® + ;) = 1, it follows from Lemma 6.2 that
Li ®)2i ) (11 pi)z.
® ’ pi ’
wherep; = (® + ;)=2. Hence
d, Iog1i IC)i:
i
It follows that L
1+ e P
Hence

ko1 K 1& _._1
;1_'_612. ! ;pl_ 2;(@"' |)— >

This completesthe proof that condition (d) implies the conclusionof the
theorem. In view of Proposition 5.1, it follows that condition (c) alsoimplies
the conclusionof the theorem.

Next we assumethat condition (a) holds and deducethe conclusionof the
theorem.

Since© is purely loxodromic and free of nite rank, either a(©) = C or
© is a Sdottky group (see Maskit [27]). In the casethat &(©®) = C, we
use Theorem 8.1 in [8], which statesthat a topologically tame hyperbolic 3-
manifold is analytically tame.

Thus in this casecondition (c) holds, and hencethe conclusion of the
theoremis true.

Now supposethat © is a Sdottky group. Let Fy denote the abstract
free group generatedby fxq;:::;xkg. Let %5 : Fx ! © denote the unique
isomorphismthat takesx; to » fori = 1;:::;k. We may regard ¥ as a
represemation of Fy in PSL,(C). Since®© is a Scdottky group we have ¥ 2
CC.

We de ne a cortinuous, non-negatiwe real-valued function f, on the repre-
sertation spaceHom(F; PSL,(C)) by setting

k 1
F2(A = gl: 1+ expdist(z; ¥x;) ¢2)
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We must shav that for any point z in H® and any represetation Y2in CG;
we have f, (% - % Let z and “2be given. By Lemma 6.3 there exists a

represemation ¥; 2 By sud that the point z is displacedthe samedistanceby

that f,(%} - %for any represetation Y22 By. To seethis we considerthe dense
G.-set G Y2 By given by Theorem5.2. Recall that ewvery represetation in G

mapsFy isomorphically onto an analytically tame Kleinian group whoselimit

setis the ertire sphereat in nit y. Thusfor any 22 G, the group “4Fy) satis es
condition (c) of the presen theorem, and we therefore have f ,(¥} - % Since
G is densein By and f is cortinuous, we have f (%} - 3 for every %22 Bi.

Finally, we prove the conclusionof the theoremunder the assumptionthat
condition (b) holds.

We cortinue to denote by Fy the abstract free group on k generators.
We X an isomorphism¥z: F, ! ©, which we regard as a discrete, faithful
represetation of Fy in Isom, (H3). In view of the geometric niteness of
© = 4Fy), a theoremof Maskit's [28] guararteesthat there existsa sequence
of discrete faithful represetations f% : F ! Isom, (H?)g suc that (for all
j) ¥(F) is geometrically nite and purely loxodromic, and % corverges(as a
sequencef represemations) to ¥2 Givenz 2 H3, we set

" k
1 1
mj = > 1+ edist(%(x)&2) and  m= ; 1+ e’

i=1

Sinceeat % satis es(a), we have m; - % But clearly f m; g corvergesto m,

som - % This is the conclusionof the theorem.
Theorem6.1

7 Topology and free subgroups

The results of the last section can be used in studying the geometry of a
hyperbolic manifold N. Onewrites N in the form H3=j wherej is a torsion-
freeKleinian group, and appliesthe estimate given by Theorem6.1to suitable
free subgroups®© of | to deducegeometricinformation about N. Of course,
sud applications require that one be able to produce free subgroupsof j. In
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this sectionwe conceirate on the problem of giving suzcient conditions for
a subgroupof j 2 %(N) to be free.

This problem can be attacked with purely topologicaltechniques. Results
which use 3-manifold theory to deduce,from topologicalhypothesesthat cer-
tain subgroupsof ¥4(N) are free have appearedin [37], in Section VI.4 of
[19] and in the appendix to [3]. The rst two sourcesconsiderthe caseof
a 2-generatorsubgroup, while the results of the third apply to higher rank
subgroups,but require that N be closed. In this sectionwe give a systematic
treatment of this topic. We prove a result that includesthe results of [3] as
special casesand is suitable for the applicationsin this paper.

We shall follow a couple of corvertions that are widely used in low-
dimensional topology.  Unlabeled homomorphisms between fundamerial
groups are understood to be induced by inclusion maps. Base points will
be suppressedvhener it is clear from the cortext how to chooseconsistem
basepoints.

Recall that an orientable piecewisdinear 3-manifold N is said to be irr e-
ducibleif every PL 2-spherein N boundsa PL ball. We shall say that N is
simpleif N is irreducible and if for every rank-2 free abelian subgroup A of
Y4 (N), thereis aclosedPL subspaceE of N, piecewisdinearly homeomorphic
to T?2£ [0;1 ), sudh that A is cortained in a conjugateof im(Y4(E) !  Y4(N)).
(The subgroupim(¥4(E) ! % (N)) of ¥%(N) is itself well-de ned up to con-
jugacy)

We shall say that an orientable PL 3-manifold N without boundary has
cusp-likeendsif it is PL homeomorphicto the interior of a compactmanifold-
with-boundary M sud that (i) every componert of @/ is a torus and (ii) for
every componert B of @M, the inclusion homomorphism%(B) ! Y4 (M) is
injective. In particular, note that if N is closedthen it hascusp-like ends.

Recallthat the rank of a group j is the minimal cardinality of a generating
setfor j.

A group j is termed freely indecomposableif it is non-trivial and is not a
free product of two non-trivial subgroups.

For any non-negativeintegerg we denoteby S, the closedoriertable surface
of gerus g.

Theorem 7.1 LetN be a simpleorientable PL 3-manifold without boundary.
Supmsethat k = rank%(N) < 1 , that ¥%(N) is freely indecomposable,and
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that ¥4(N) has no sulgroup isomorphic to any of the groups %(S,) for 2 -
g- kj 1. Then either %(N) is a free akelian group, or N hascusp-likeends.

Proof of 7.1. According to [32], there is a compact PL manifold-with-
boundary M %2 N sud that “4(M) ! Y%(N) is an isomorphism. Among all
compact PL manifolds-with-boundary with this property we may supposeM
to have beenchosenso asto minimize the number of componerts r = ry, of
@1 . We may assumeif we likethat r > 0, for if r = Othen N = M s closed,

hasrank k, the rst betti number of M is at most k.

It followsfrom Poincam-Lefstetz duality and the exacthomologysequence
of (M; @) that the total gerus > g of @/ is at mostthe rst betti number
of M. ThusY g - k.

We must have g > O for i = 1;:::;r. Indeed, if B; is a 2-spherefor
somei, then sinceN s irreducible, B; boundsa PL ball K ¥2 N. We have
eitherK %M or K\ M = Bj. If K 3% M then since’4(M) ! % (N) is an
isomorphismwe have¥4(N) = 1, in cortradiction to the freeindecomposability
of “4(N). If K\ M = B; then M°= M [ K hasfewer boundary componerts
than M and (M9 ! % (N) is an isomorphism;this cortradicts our choice
of M.

Let us considerthe casein which %(B;j) ! Y (M) hasa non-trivial ker-
nel for somei - r. According to the Loop Theorem [35], M cortains a
properly embeddeddisk D sud that @ is homotopically non-trivial in @M.
If D separatesM, both componerts of M | D have boundary componerts
of positive gerus and are therefore non-simply connected. This cortradicts
the free indecompsability of ¥4(M). HenceD does not separateM, and
% (M) is a free product of an in nite cyclic group with a group isomorphicto
Y% (M i D). The latter group must be trivial in view of the free indecomps-
ability of 4 (M) 2 % (N). Thus%(N) 2 %4 (M) is in nite cyclic in this case,
and in particular free abelian.

From this point on we assumethat Y4(B;) ! %(M) is injective for i =
1,:::;r. Sinceby the hypothesis of the theorem, ¥4(M) 2 % (N) has no
subgroupisomorphicto ¥4(Sy,) for 2- g - ki 1, ead g is either - 1 or
. k. We have seenthat the g are all strictly positive and that their sumis
at most k. Hencewe must have either (i) r = 1 and g; = k, or (ii) g = 1 for
=1,
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Supposethat (i) holds. Then @ is a connectedsurfaceof gerus k. Hence
the Euler characteristic A(@) is equalto 2 2k. Wehave A(M) = 1A(@) =
1; k. Now asacompactPL 3-manifoldwith non-empty boundary, M admits a
simplicial collapseto a 2-complexL. In particular M is homotopy-equivalert
to L, and henceto the CW-complex L° obtained from L by idertifying a
maximal tree in the 1-skeleton of L to a point. If ¢ denotesthe number of
i-cellsin Lo wehavecy = 1and1j ¢+ ¢ = ALY = AM) = 1 k, so
that c; i ¢ = k. But %(LY 2 ¥ (M) 2 ¥ (N) has a presenation with ¢,
generatorsand ¢, relations,and k = ¢; i ¢, is by de nition the de ciency of
the presemation. On the other hand, k is by hypothesisthe rank of ¥4(N).
It is a theorem due to Magnus [23] that if a group j hasrank k and admits
a presetiation of de ciency k, then j is free of rank k. Since¥4(N) is freely
indecompsable,we must havek = 1, and ¥4(N) must bein nite cyclicin this
caseas well.

homomorphisms¥(B;) ! (M) are injective, the groupsA; = im(¥4(B;) !
Y4 (M)) are free abelian groupsof rank 2. SinceN is simple, there are closed

fori = 1;:::;r. Hencewe may supposethe E; to have beenchosenso that
@, = B;. Foreah i - r we have either M %2 E; or M \ E; = B;.

If M\ E;=B;fori=1:::;r, wehaveN = M [ E;:::[ E,. It follows
that in this caseN is PL homeomorphicto the interior of M, and hencethat
N hascusp-like ends.

There remainsthe casein which M % E; for somei. In the sequenceof
inclusion homomorphisms

Ya(Bi) ! Ya(M)! Ya(Ei)! Ya(N)

the composition of the rst two arrows (from the left) is the isomorphism
Y(Bj) ! Y%(E;), and the composition of the last two arrows is the isomor-
phism¥%(M)! Y (N). It followsthat the ertire sequenceonsistsof isomor-
phisms,and hencethat ¥4(N) is a rank-2 free abelian group in this case.

We shall say that agroupis semifreeif it is a free product of abelian groups.
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Corollary 7.2 Let N be an orientable hypertolic 3-manifold of in nite vol-
ume. Supmsethat k = rank%4(N) < 1 , and that ¥4(N) has no sulgroup
isomorphic to any of the groups¥4(Sy) for 2 - g - ki 1. Then Y(N) is
semifree.

Proof of 7.2: Let us write N = H3=j, wherej 2 Y(N) is a discrete
torsion-free subgroup of Isom, (H3). Sincej is nitely generatedit can be
written as a free product j, @ ::: o, of freely indecompsable subgroups.

The rank k; of j j 2 Y4(N;) is at most k. Hencethe hypothesisof the corollary
implies that j; has no subgroupisomorphicto any of the groups¥4(Sy) for
2- g- ki 1. Applying Theorem 7.1 with N; in place of N, we conclude
that for ead i - n, either j; is free abelian or N; hascusp-like ends. But the
latter alternative is impossiblebecausea hyperbolic manifold with cusp-like
endshas nite volume (see[4], D.3.18). Thus all the j; are free abelian and
hencej is semifree.

Recall that a group j is termed k-free, where k is a cardinal number, if
ewery subgroupof i whoserank is at most k is free. We shall say that | is
k-semifree if every subgroupof j whoserank is at most k is semifree.

Corollary 7.3 Let N be an orientable hypertolic 3-manifold and let k be a
non-negative integer. Supmsethat ¥4(N) hasno sulgroup isomorphic to any
of the groups¥%(Sy) for 2- g- ki 1. In addition supmwsethat either

() N hasin nite volume,or

(ii) everysulgroup of ¥4(N) whoserank is at mostk is of in nite indexin
Y4(N).

Then ¥ (N) is k-semifree.

Proof of 7.3: Let ¢ be any subgroupof ¥4(N) whoserank is at most k.
Let N' denote the covering spaceof N assaiated to ¢. If either (i) or (ii)
holds, N" hasin nite volume. Henceby Corollary 7.2, ¢ is semifree.
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Hypothesis(ii) of 7.3 clearly holdsif the rst betti number of N is at least
k + 1. According to Proposition 1.1 of [33], it also holds if H,(N;Z=p) has
rank at leastk + 2 for someprime p. Thus we have:

Corollary 7.4 Let N be an orientable hypertolic 3-manifold and let k be a
non-negative integer. Supmsethat ¥4(N) hasno sulgroup isomorphic to any
of the groups¥%(Sy) for 2- g- ki 1. In addition supmwsethat either

() the rst betti numker of N is at leastk + 1, or
(i) Hy(N;Z=p) hasrank at least k + 2 for someprime p.
Then ¥4(N) is k-semifree.

Remark 7.5 If the orientable hyperbolic 3-manifold N has no cusps,then
ewery abelian subgroupof ¥4(N) is in nite cyclic; thus¥4(N) is k-semifreefor
a given k if and only if it is k-free. Thus if N hasno cuspswe may replace
\semifree" by \free" in the conclusionsof Corollaries7.3 and 7.4.

8 Strong Margulis numbers and k-Margulis numbers

In orderto unify the di®eren applicationsof the resultsof the last two sections
it is useful to introduce a little formalism. Let | be a discrete torsion-free
subgroup of Isom, (H?3). Recall from [33] and [14] that a positive number ,
is termed a Margulis numker for the group j, or for the orientable hyperbolic
3-manifold N = H3=j, if wheneer » and ~ are non-commuting elemetts of
i, and z 2 H?3, we have maxf dist(» ¢z; z); dist(" ¢z;z)g, .. We shall say
that , is a strong Margulis numker for j, or for N, if whenewer » and ~ are
non-commuting elemerts of j, we have

1 N 1 2
1+ edist(»®;z) 1+ edist(” &:z) 1+ e
Notice that if , is a strong Margulis number for j, then , is alsoa Margulis
number for j.

More generally let k , 2beaninteger,andlet , bea positive real number.
We shall say that , is a k-Margulis numker for the discretetorsion-freegroup
i - Isom. (H?3), or for N = H3=j, if for any k elemets »;:::;» 2 i, and
for any z 2 H2, we have that either
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(i) maxt, dist(» ¢z;z), ,,or

Note that , is a (strong) 2-Margulis number for j if and only if it is a
(strong) Margulis number for j. Note alsothat if , is a strong k-Margulis
number for j, then , is alsoa k-Margulis number for j.

In this sectionwe will useTheorem®6.1andthe corollariesof Theorem7.1to
prove that under various conditions a hyperbolic 3-manifold haslog(2k i 1) as
a strong k-Margulis number. In the following three sectionstheseresults will
be usedto obtain lower boundsfor the volume of various classeof hyperbolic
3-manifolds.

Our rst resultis an easyconsequencef Theorem6.1(a). We shall say that
a Kleinian group i is k-tame, wherek is a positive integer, if every subgroup
of i having rank at most k is topologically tame.

Prop osition 8.1 Letk , 2 be an integerand let j be a discrete sulgroup of
Isom. (H3). Supmsethat i is k-free, k-tame and purely loxadromic. Then
log(2k j 1) is a strong k-Margulis numter for j .

by Theorem6.1(a). If h»;:::;»i hasrank - ki 1, then in particular it is
generatedby at mostk j 1 abelian subgroups.
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Corollary 8.2 Letk , 2beanintegerandlet N be a non-compact, topologi-
cally tame orientable hyperlolic 3-manifold without cusps. Supmsethat ¥4 (N)
has no sulgroup isomorphic to any of the groups %(S,) for 2 - g - ki 1
Then log(2k j 1) is a strong k-Margulis numler for N.

Proof of 8.2: Let us write N = H3=, where is a discrete, non-
cocompact, purely loxodromic subgroup of Isom. (H3). According to Propo-
sition 3.2in [8], every nitely generatedsubgroupof j is topologically tame.
In particular j is k-tame. On the other hand, since N has in nite vol-
ume and ¥%;(N) has no subgroupisomorphicto any of the groups¥4(S,y) for
2 g- ki 1, Corollary 7.3 and Remark 7.5 guarartee that j 2 %(N) is
k-free. The desiredconclusiontherefore follows from Proposition 8.1.

It is worth pointing out that the following corollary can be deducedfrom
Proposition 8.1, although a more generalresult, Corollary 8.7, will be proved
below by a slightly di®erem argumen.

Corollary 8.3 Letk , 2 bean integerandlet N be a closal orientable hy-
perbolic 3-manifold. Supmsethat the rst betti numbker of N is at leastk + 1
and that ¥4(N) has no sulgroup isomorphic to any of the groups %(Sy) for
2:- g- kj 1. Thenlog(2k i 1) is a strong k-Margulis numker for N.

Proof of 8.3: Let uswrite N = H3=j, wherej is a discrete, cocompact,
purely loxodromic subgroupof Isom, (H?). By Corollary 7.4 and Remark 7.5,
i 2 Y4(N) is k-free. On the other hand, sinceN has betti nhumber at least
k + 1, any subgroupj °of j having rank at most k is cortained in the kernel
of a surjective homomorphism : j ! Z. According to Proposition 8.4 of
[9], it follows that j ©is topologically tame. Thus i is k-tame and the desired
conclusionfollows from Proposition 8.1.

The following result gives information not cortained in Proposition 8.1
becausethe group j is allowed to have parabolic elemelts.
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Prop osition 8.4 Letk , 2 be an integerand let j be a discrete sulgroup of
Isom. (H?®). Supmsethat j is k-semifree. Supmsein addition that for every
sulgroup j °of | havingrank at mostk, either

(i) i%is geometrically nite, or
(i) N°= H3= ®admits no non-constant positive sugerharmonic functions.

Then log(2k j 1) is a strong k-Margulis numker for j .

of the proposition holds, it follows from Theorem 6.1(b) that for any z 2 H?
we have

K :
1+ gog(2ki 1)°

If condition (ii) holds, the sameconclusionfollows from Theorem6.1(d).

1

1 —
Z 1+ ediSt(»iGZ;Z) ' é -

If a torsion-free Kleinian group j is geometrically nite and has in nite
covolume, then a theorem of Thurston's (seeProposition 7.1 in Morgan [31])
guararteesthat every nitely generatedsubgroupof i is geometrically nite.
This yields the following corollary to Proposition 8.4.

Corollary 8.5 Let k , 2 be an integer and let | be a discrete sulgroup of
Isom, (H3) whichis geometrically nite and k-semifree and hasin nite covol-
ume. Then log(2k i 1) is a strong k-Margulis numker for j .

This result can alsobe conbined with the resultsfrom Section7 asin the
following corollary.
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Corollary 8.6 Let k , 2 be an integer and let N be a geometrically nite
orientable hyperkolic 3-manifold of in nite volume. Supmsethat ¥4(N) has
no sulgroup isomorphic to any of the groups¥4(Sy) for 2- g- ki 1. Then
log(2k j 1) is a strong k-Margulis number for N.

Proof of 8.6: We write N = H3=j, where is a geometrically nite
Kleinian group. Since N has in nite volume and ¥ (N) has no subgroup
isomorphic to any of the groups %(Sy) for 2 - g - ki 1, Corollary 7.3
guararteesthat i 2 Y%(N) is k-semifree. The assertionnow follows from

Corollary 8.5.

The next corollary generalizeorollary 8.3.

Corollary 8.7 Letk , 2 beanintegerandlet N be an orientable hypertolic
3-manifold of nite volume. Supmsethat the rst betti numker of N is at least
k + 1 andthat ¥4(N) hasno sulmroup isomorphicto any of the groups¥4(S,)
for2.- g- kj 1. Thenlog(2kj 1) is a strongk-Margulis numker for N.

Proof of 8.7: We write N = H3=j, wherej is a Kleinian group of Tnite
covolume. It follows from Corollary 7.4 that | 2 %(N) is k-semifree. To
completethe proof it su+cesto show that for every subgroupj ° of j whose
rank is at most k, one of the hypotheses(i) or (ii) of Proposition 8.4 holds.

SinceN hasbetti number at leastk + 1, the subgroupi °is cortained in the
kernel of a surjective homomorphism :%(N) ! Z. Therefore,by Corollary
E in [9], i %is either geometrically nite, or N hasa nite cover N which b ers
over the circle and j 0is topologically tame and cortains the b er subgroup
i of N. In the latter casewe have a(j 9 = C, sincen(; °y = C. Corollary
9.2in [8] then guararteesthat N°= H3=j ® admits no non-constan positive
superharmonicfunctions.

Finally, by specializing someof the results stated above to the casek = 2
we obtain somesuzcient conditions for log3 to be a Margulis number for a
hyperbolic 3-manifold.
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Corollary 8.8 Let N = H3= be an orientable hyperbolic 3-manifold, such
that either

() N is geometrically nite and hasin nite volume,
(i) N is topologically tame, purely loxadromic, and hasin nite volume, or

(i) N has nite volumeand its rst betti numkber is at least 3.

Then log3 is a strong Margulis numker for j .

Proof of 8.8: As we obsened at the beginning of this section,a Margulis
number is the samething asa 2-Margulis number. Under the hypothesis(i),
(i) or (iii), the assertionfollows respectively from Corollary 8.6, Corollary
8.2, or Corollary 8.7. The generalversionof ead of thesecorollariesincluded
the assumptionthat % (N) has no subgroupisomorphicto any of the groups
Y4(Sy) for2- g- ki 1. For k = 2this condition is vacuouslytrue.

Remark 8.9 Givencorollary 8.8it seemgeasonableto conjecturethat log
3 is a strong Margulis number for any in nite volume hyperbolic 3-manifold.
We notice that our conjecture would follow from the conjecture that ewery
free 2-generatorKleinian group is a limit of Sdottky groups. There appear
to exist closedhyperbolic 3-manifolds for which log3 is not even a Margulis
number: computations by Hodgsonand Weeksgive strong evidencethat the
Weeksmanifold [40] doesnot cortain a ball of radius (log 3)=2.

9 Geometric estimates for closed manifolds

In this sectionwe will prove the results promisedin the introduction concern-
ing balls of radius % log5 and volume estimatesfor closedmanifolds of betti

number at least 4. This will be done by combining the results of the last
section with the following result, which illustrates the use of the notion of a
k-Margulis number for k > 2.

Theorem 9.1 Let N be an orientable hypertolic 3-manifold without cusps.
Supmwsethat ¥4(N) is 3-free. Let , be a 3-Margulis numler for N. Then
either N contains a hyperlolic ball of radius ,=2, or ¥4(N) is a free group of
rank 2.
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Before giving the proof of Theorem9.1 we shall point out how to useit to
prove the corollariesstated in the introduction.

Corollary 9.2 Let N be a closa orientable hyperlolic 3-manifold. Supmse
that the rst betti numbker (N) is at least 4, and that %(N) hasno sulgroup
isomorphic to ¥4(S,;). Then N contains a hyperholic ball of radius %IogS.
Hence the volumeof N is greater than 3:08.

Proof of 9.2: Accordingto Corollary 7.4and Remark 7.5, the group %4 (N)
is 3-free. According to Corollary 8.3, log5 is a strong 3-Margulis number, and
a fortiori a 3-Margulis number, for N. It therefore follows from Theorem
9.1 that either N cortains a hyperbolic ball of radius %Iogs or %4(N) is a
free group of rank 2. The latter alternative is impossible,becausej, asthe
fundamertal group of a closedhyperbolic 3-manifold, must have cohomological
dimension 3, whereasa free group has cohomologicaldimension1l. Thus N
must cortains a hyperbolic ball of radius % log5.

The lower bound on the volume now follows by applying Béréczky'sdensity
estimate for hyperbolic sphere-pakings asin [14].

Let W denote the set of all nite volumes of orientable hyperbolic 3-
manifolds. Then W is a set of positive real numbers, and by restricting the
usual ordering of the real numberswe canregard W asan orderedset. It isa
theoremof Thurston's, basedon work due to Jorgensenand Gromov, that W
is a well-orderedset having ordinal type ! ' and that there are at most a nite
number of isometry typesof hyperbolic 3-manifoldswith a givenvolume. (See
[4], E.1) Thusthere is a unique order-preservingbijection betweenW and the
set of ordinal numbers lessthan ! ' . Let us denote by v, the elemen of W
correspnding to the ordinal number c.

Corollary 9.3 Let ¢ be any ordinal numkber lessthan 8! and let N be any
orientable hyperbolic 3-manifold with voIN = v.. Then either the rst betti
numker of N is at most 3, or ¥4(N) contains an isomorphic copy of %4(S,).

Proof of 9.3: Assumethat N has rst betti number at least4 and cortains
no isomorphic copy of ¥4(S;). Then by Corollary 9.2 we have v, = voIN >
3:08. On the other hand, Weeks census(see[18] and [39]) lists 8 distinct
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volumeslessthan 3:08 for orientable manifolds with one cusp. The volume of
sud a cusped manifold is the limit, from below, of the volumesof its Dehn
Tings (seeTheoremE.7.21in [4]). The result follows.

Corollary 9.4 Let N be a non-compact, topologically tame, orientable hyper-
bolic 3-manifold without cusps. Supmse (i) that ¥4(N) is not a free group of
rank 2, and (i) that ¥4(N) has no sulgroup isomorphic to ¥%(S;). Then N
contains a hypertolic ball of radius % log5.

Proof of 9.4: Accordingto Corollary 8.2and Remark 7.5, the group %4 (N )
is 3-free. Accordingto Corollary 8.3, log5 is a strong 3-Margulis number, and
a fortiori a 3-Margulis number, for N. It therefore follows from Theorem 9.1
(and hypothesis(ii)) that N cortains a hyperbolic ball of radius % logb.

The rest of this sectionis dewoted to the proof of Theorem9.1. The essetial
ideas of the proof appear in the proof of Theorem B in [15]. We begin by
reviewing and extending a few notions from [15].

if they freely generatea (free, rank-r) subgroupof j. Recallthat the rank of
a nitely generatedgroup G to be the minimal cardinality of a generatingset
for G.

As in [15], a j -labeled complex where j is a group, is de ned to be an
orderedpair (K; (Xy)v), whereK is a simplicial complexand (X,), is a family
of cyclic subgroupsof j indexed by the verticesof K. If (K;(X,)y) is a j-
labeled complex then for any subcomplex L of K we denote by £(L) the
subgroupof j generatedby all the groupsX,, wherev rangesover the vertices
of L.

In this paper we shall use one notion which appearedonly implicitly in
[15]. Let i be a group and let (K;(X,)y) be a j-lab eled complex. By a
natural action of j on (K; (X,)y) we shall meana simplicial action of j on K
sud that for ead vertex v of K we have X-4 = °X,°i 1. The following result
could have beenstated and usedin [15.
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Prop osition 9.5 Let i be a nitely geneated 3-free group in which every
non-trivial elementhasa cyclic centralizer. Let (K; (X,)y) be a i -labeled com-
plex which admits a natural j -action. Supmsethat X, is a maximal cyclic
sulgroup of | for everyvertexv of K. Supmsethat K is connected and has
more than one vertex, and that the link of every vertex of K is connected.
Supmsethat for every 1-simplexe of K the group £(j€g) is non-akelian, and
that there is no 2-simplex%.of K suchthat £(j%}) is free of rank 3. Then
£(K) is a free group of rank 2.

Proof of 9.5: The hypothesesof the above proposition include those of
Proposition 4.3 of [15]. According to the latter result, £( K) has local rank
2: accordingto the de nitions given in [15], this meansthat ewery nitely
generatedsubgroup of £( K) is cortained in a subgroup of rank - 2, but
that not ewvery nitely generatedsubgroupof £( K) is cortained in a subgroup
of rank - 1. On the other hand, the existenceof a natural action of j on
(K; (Xy)y) clearly impliesthat £( K) is a normal subgroupof j.

Now chooseany vertex vo of K and let X, denotea generatorof Xo = X,,.
Since X, has a cyclic centralizer and X is a maximal cyclic subgroup of i,
the elemen x, generatesits own certralizer in j. Now it is a special caseof
Proposition 4.4 of [15] that if £ is a normal subgroupof a nitely generated
3-freegroup i, if j is 3-freeover some nitely generatedsubgroupof £, and
if £ haslocal rank 2 and cortains an elemen x, which generatesits own
certralizer in j, thenj is a freegroup of rank 2.

This completesthe proof.

Proof of Theorem 9.1: As in [15), for any in nite cyclic group X of isome-
tries of H 3, generatedby a loxodromic isometry, and for any , > 0, we denote
by Z (X) denotethe setof points z 2 H? sud that dist(z;»¢z) < , for some
non-trivial elemern » of X.

Supposethat N satis es the hypothesesof Theorem 9.1 but cortains no
ball of radius ,=2. We shall prove the theorem by shawving that ¥4 (N) is a
free group of rank 2. Let uswrite N = H3=j, wherej is a purely loxodromic
Kleinian group. Then accordingto the discussionin subsection3.4 of [15], the
indexedfamily (Z (X))x2x , whereX = X (N) denotesthe setof all maximal
cyclic subgroupsX of j sudhthat Z (X) 6 ;, is an open covering of H3, and
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the nerve K = K (N) of this covering is a simplicial complex. By de nition
the vertices of K are in natural one-onecorrespndencewith the maximal
cyclic subgroupsin the set X. If we denoteby X, 2 X the maximal cyclic
subgroupcorrespnding to a vertex v, then (K; (X,)y) is a j-lab eledcomplex.

We shall shav that the group i and the j-lab eled complex (K; (Xy)y)
satisfy the hypothesesof Proposition 9.5. By the hypothesisof the theorem,
i is 3-free. Sincej is a purely loxodromic Kleinian group, it hasthe property
that ead of its non-trivial elemens hasa cyclic certralizer.

In order to construct a natural action of j on (K;(X,),), we rst de ne

the verticesof an m-simplex of K we have

N Z (°Xe°ithy= (l °¢Z (X)=°¢ (] Z (X)6 ;;

0-i-m 0 i-m 0-i-m

of | on the vertex set extendsto a simplicial action on K. It is immediate
from the de nitions that this is a natural action on (K; (X,)y).

By Proposition 3.4 of [19, K is a connectedsimplicial complexwith more
than one vertex, and the link of ewvery vertex of K is connected. Now let e
be any 1-simplexof K, and let v and w denote its vertices. Let x, and X,
be generatorsof X, and X,,. We have v 6 w and henceX, 6 X,,; that
is, the elemens x, and x,, generatedistinct maximal cyclic subgroupsof j.
Sincethe abelian subgroupsof j are cyclic, it followsthat £(jg) = hxy; Xyl is
non-abelian.

Finally, we claim that if %is a 2-simplex of K, the group £(j%}) cannot
be free of rank 3. To prove this, let u, v and w denote the vertices of ¥
and let »,, », and », be generatorsof X, X, and X,,. By the de nition of
the nerve K we have Z (X,)\ Z (Xy)\ Z (Xy) 6 ;. Let z be any point of
Z (Xy)\ Z (Xy)\ Z (Xy). By de nition there are non-trivial elemers of
Xy, Xy and Xy, say "y = M+, ", = »»and ", = »», sud that dist(z; ", ¢z),
dist(z; ", ¢z) and dist(z; ", ¢z) arelessthan , . Since, is a 3-Margulis number
for i, it followsthat h ;" ; Wi is generatedby at mosttwo abelian subgroups.
Now if £( j34) werefreeof rank 3 then »,, », and », would be independen, and
so”y, v and”,, would alsobe independen. This would meanthat h ;" ; wi
would be free of rank 3, and thus could not be generatedby two abelian
subgroups. This provesthe claim.
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Thusi and (K; (X,)y) satisfy all the hypothesesof Proposition 9.5. Hence

i is afreegroup of rank 2, asrequired.
Theorem9.1

Remark 9.6 It is possibleto drop the hypothesisthat N hasno cuspsin
Theorem9.1. Because%s(N) is 3-free,N could only have rank 1 cusps. The
construction of the j-lab eled complexin the proof of 9.1 can still be carried
out, although the argumerns in [15] must be extendedto accour for the fact
that someof the setsZ (X) will be horoballsinstead of cylinders.

10 Volumes and short geodesics

Let C be a non-trivial closedgealesicin a closedhyperbolic 3-manifold N.
Let uswrite N = H3=j, wherej is a cocompact,torsion-free,discretegroup of
isometriesof H3. Then C is the imagein N of the axis A- of somenon-trivial
(and henceloxodromic) elemenm ° 2 j which is uniquely determined up to
conjugacy Let us set

R= % m+in dist(A.; £ CA-);
where £ rangesover all elemens of j which do not comnute with °. If we
denoteby Z the set of all points in H® whosedistancefrom A- is lessthan
R, it follows from the de nition of R that Z\ +¢Z = ; for every £2 j not
commuting with °; hencethe quotient Z=i enbedsin N. The resulting
isometric copy of Z=*i in N is called the maximal emtedded tube about the
gedaesicC, and the number R is called the radius of the tube. If the gealesic
C haslength | then the volume of the maximal enmbeddedtube about C is
given by the formula

Y sink? R; (2)

which is therefore a lower bound for the volume of N.
In this sectionwe prove the following result.

Prop osition 10.1 Let N be an orientable hypertolic 3-manifold havinglog3
as a strong Margulis numter. Let C be a closal geodesicin N, andlet | denote
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its length. If R denotesthe radius of the maximal emledded tube alout C, we

have
e +2d+5

(coshl)(e | 1)(€ + 3)’

cosh2R |

Combining this with Corollary 8.8 we immediately obtain:

Corollary 10.2 LetN be an orientable hypertbolic 3-manifold of nite volume
whose rst betti numter is at least 3. Let C be a closal geodesicin N, and
let | denoteits length. If R denotesthe radius of the maximal emhedded tube
alout C, we have

e?+2d+5 _
(coshi)(é i 1)(€ + 3)

cosh2R |

The above resultswill alsobe usedto give volume estimatesfor hyperbolic
3-manifoldscortaining short gealesics(see10.3,10.5and 10.6 below).

Proof of 10.1: By the de nition of R there is an elemen * of j, not
comnuting with °, sud that the distancefrom A. to £¢A- = A.-.i1 IS 2R.
Let B denotethe commonperpendicular to the lines A- and £¢A-, and let z
and w denotethe points of intersectionof B with A. and + CA- respectively.
Then dist(z;w) = 2R. Let uswrite w = =¢u whereu is a point of A-. Since
° acts on A. as a translation of length |, there is an integer m sud that
dist(u;°™ ¢z) - 1=2. Hencedist(w;£>™ ¢z) - |=2. The triangle with vertices
z, w and £*™ ¢z hasa right angleat w. Writing ® = dist(z;+°™ ¢z) for the
hypotenuse of this right triangle and applying the Hyperbolic Pythagorean
Theorem, we obtain

. I
cosh® = cosh2R coshdist(w;+* ™ ¢z) - coshé Cosh2R: 3)

Since® and + do not comrute, the elemens °© and +*™ of | alsodo not
comnute. Applying the de nition of a strong Margulis number with » = °
and” = +*™ andusingthat ® = dist(z;+°™ ¢z) and that | = dist(z;° ¢z), we
obtain

1 1 1

+ . —
1+e® 1+ 2
which we rewrite in the form
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e+3
© ; 4
On the other hand, using (2) we nd that
€® = cosh®+ sinh®

cosh®+ \/cosH®; 1

| |
cosh2R coshé + \/ coslf 2R coslf 5 1:

Combining this with (3) we get

| | g+ 3
— + _ :
cosh2R cosh2 \/cosh2 2R coslt 5 1, a1 (5)
The equation
I I e+ 3
— 4 2 _ =
xcosh2 \/X cosh’-zl 1 a1

hasthe solution
e +2d+5

" (coshD)(d | 1)+ 3)’

Sincethe function x cosh'E + ,/x2 cosht '5 i 1lis monotoneincreasingfor x , 1,
it follows from (4) that

Xo

cosh2R | Xg:
This is the conclusionof Proposition 10.1.
Let us de ne a function V (x) for x > 0 by
Yx e+ 28+ 5 Yx
V=5 1(2(coshé)(eX ¥ 3)) b
I 2
Note that
)I(i!mOV(x) =Y
Sincesink?R = %(coshZR i 1), Proposition 10.1 and the above formula

(1) for the volume of a maximal tube now imply:
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Lemma 10.3 Let N be an orientable hypertolic 3-manifold havinglog3 as a
strong Margulis numkber. Let C be a closal geodesicin N, and let | denoteits
length. Then the maximal emtedded tube alout C hasvolumeat least V().

The following result will permit us to put the information given by the
above lemmain a more useful form.

Prop osition 10.4 The function V(x) is monotoniclly decreasingfor x > O.

Proof of 10.4: For x , 0 we set

f(x) = V(lij():
We have
(costt x)(e™ + 2e® | 3)’f qx) =
(coshx j xsinhx)(e®™ + 2% 3)(e™ + 2 + 5)
i (costtx)(e™ + 2e* | 3)?
i 32x(coshx)(e™ + €):
Hence

(coshx)(e™ + 2% i 3% qx) - (™ + 2e® | 3)(e™ + 2¢* + 5)
i (6% + 2% 3% 3x(e* + &)
= 8(e™(1lj 4x)+ 26”1 )i 3):

But the function e* (1 4x) + 2e*(1j 2x)i 3is negative-valued for x > 0,
becausdt vanishesat 0 and its derivative j xe®™ | 4xe® is negative for x > 0.

Thus f qx) < 0 for x > 0.

Combining Lemma 10.3with Proposition 10.4,we immediately obtain the
following result.
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Corollary 10.5 Let N be an orientable hyperbolic 3-manifold havinglog3 as
a strong Margulis numter. Let , be a positive number, and supmsethat N
contains a closel geodesic of length at most, . Then the maximal emledded
tube alout C hasvolumeat least V(, ). In particular the volume of N is at
least V(, ).

Corollary 10.6 Let N be an orientable hypertolic 3-manifold which has rst
betti numter at least3. Let, bea positive numbker, and suppsethat N contains
a closel geodesicof lengthat most, . Then the volumeof N is at least V (, ).

Proof of 10.6: We may assumethat N has nite volume, asotherwisethe
assertionis trivial. It then follows from Corollary 8.8 that log3 is a Margulis
number for N. The assertionnow follows from Corollary 10.5.

We obsened above that lim,, oV(X) = % Thus Corollary 10.6 implies
that if an orientable hyperbolic 3-manifold N hasbetti number at least3 and
contains a very short gealesic,the volume of N cannot be much lessthan %
Explicitly, we can say for examplethat if N cortains a gealesicof length at
most 0:1, then the volume of N is at leastV (0:1) = 2:906:::. We already get
non-trivial information from 10.3and 10.4if N cortains a closedgealesicof
length at most 1: in this casethe results imply that N has volume at least
V(1) = 0:956:::. This is greaterthan the smallestknownvolume0:943::: of a
closedorientable hyperbolic 3-manifold, which is in turn greaterthan the lower
bound 0:92 establishedin [14] for the volume an arbitrary closedoriertable
hyperbolic 3-manifold of betti number at least 3.

In [13], Corollary 10.6 will be usedas one ingrediert in a proof that any
orientable hyperbolic 3-manifold with betti number at least 3 has a volume
exceedingthat of the smallestknown example,and hencethat any smallest-
volume orientable hyperbolic 3-manifold hasbetti number at most 2.

11 A volume bound for non-compact manifolds

Theorem 11.1 LetN = H3= be a non-compact hyperkolic 3-manifold. If N
has betti numker at least 4, then N hasvolumeat least ¥4
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Proof of 11.1: We may assumethat N has nite volume. In this caseN
is homeomorphicto the interior of a compact 3-manifold M with non-empty
boundary @/ which consistsof a nite collectionof tori. Let T, be atorus in
@/ andlet M,, be the result of the (1;n) Dehn Tling of M along T, in terms
of some xed systemof coordinateson T; . Notice that M,, hasbetti number
at least 3, sinceN had betti nhumber at least 4.

Thurston's Hyperbolic Dehn Surgery Theorem (see[36]) guararteesthat
the interior of M,, admits a hyperbolic structure for all largeenoughn (seealso
TheoremE.5.1in [4].) Let N, = H3=j , be a hyperbolic manifold homeomor-
phic to the interior of M,,. Then we have voIN, < volN for all n and voIN,,
convergesto volN (seeTheoremE.7.2in [4].) Moreover, we may assumethat
i n corvergesgeometricallyto j (seeTheoremE.6.2in [4].)

Let °, denotean elemen of | , represeting the shortestclosedgealesicin
N,. Then, sincej , corvergesgeometricallyto j, N hask cuspsand N, has
ki 1 cusps(for every n), we seethat |, = I1(°,) corvergesto O (seeTheorem
E.2.4in [4]). By Corollary 10.3we have

7\ ( e?n+ 2dn + 5 ) Y |
1 |

VvoIN, , V(lh) = Zon
e 2(coshiz)(en + 3)

ni 2l

Recallthat V(l,) convergesto % sincel,, corvergesto 0. We therefore have

VOIN |, Y
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