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Abstra ct. If M is aclosed, orientable hyperbolic 3-manifold such that dimz H1(M;Zp), 5
for some prime p, then M contains a hyperbolic ball of radius (log 5)=4. There is also a related
result in higher dimensions.

Intr oduction

In [8, Proposition 5.4] it was shown that if M is an orientable hyperbolic 3-manifold,
and if for someprime p the Z,-vector spaceH (M ;Z,) has dimension at least 4, then M
contains a ball of radius (log 3)=4. This implies that the volume of M is greater than 0.11.
In this paper we shall prove:

Theorem A. Let M be a closal, orientable hyperbolic 3-manifold. Suppmsethat for some
prime p, the dimension of the Z,-vector space H1(M ;Z,,) is at least 5. Then M contains
a hyperbolic ball of radius (log 5)=4. In particular, the volume of M is greater than 0:35.

By a hyperbolic ball in a hyperbolic n-manifold M we mean an open subsetof M which
is path-isometric to an open ball in hyperbolic n-spaceH". The volume estimate in the
theorem can be deducedfrom the existenceof a hyperbolic ball of radius (log 5)=4 by using
density estimatesfor sphere-pakings asin [7] (seealso [3]).

Theorem 6.1 of this paper assertsthat the conclusionof Theorem A remainstrue under
the hypothesisthat any three elemers of ¥4 (M) generatean in nite-index subgroup of
Y2 (M). The latter hypothesisis actually weaker than that of Theorem A; this is because,
according to [8, Proposition 1.1], if k is a positive integer and M is a closed, orientable
3-manifold sudh that dimz,  H1(M;Zp,) , k+ 2 for someprime p, then any k elemerts of
% (M) generatean in nite-index subgroupof ¥4 (M). Thus Theorem A is in fact a special
caseof Theorem 6.1.

Wewill alsoprove arelated result in higher dimensions. Recall that the rank of a nitely
generatedgroup F is de ned to be the minimal cardinality of a generating set for F. A
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group j is saidto be k-free, wherek is a non-negative integer, if every subgroup of j with
rank at most k is free. We have:

Theorem B. Let M be a closal hyperbolic manifold of dimensionn ;| 3. Suppse that
Y2 (M) is 3-free. Then M contains a hyperbolic ball of radius

log5
2(nj 1)

The rst v e sectionsof the paper are dewted to the proof of Theorem B. One regards
the hyperbolic n-manifold M asa quotient H"=j, where is a discrete, torsion-free group
of isometriesof H". For ead maximal cyclic subgroup X of j and eadr, > 0 one consid-
ersthe setZ (X) consisting of all points of H" that are moved a distance lessthan , by
somenon-trivial elemen of X . It is an elemenary obsenation (Proposition 3.2) that if M
contains no hyperbolic ball of radius ,=2 then the non-empty setsof the form Z (X)) con-
stitute an open covering of H". The nerve of this covering is a simplicial complexK . The
geometric properties of the setsin the covering|whic h are fairly well-behaved neighbor-
hoods of the axesof the correspnding cyclic subgroups|imp osetopological restrictions
on K : it is connected,and the link of every vertex is connected.

As the setsin the covering are determined by certain maximal cyclic subgroupsof i,
the vertices of K have a natural labeling by maximal cyclic subgroups. As  is 3-free,
the vertices of any 2-simplex of K generatea free group. Howewer, if | = (log5)=(nj 1),
the discretenessof | can be usedto shaw that this free group is never of rank 3: this
depends on Proposition 3.5, which is an elemenary geometric argumert basedon ideas
that appearedin [4] and [8]. Thus in the labeling of the vertices of K by cyclic groups,
the three cyclic groups labeling the vertices of any given 2-simplex generatea free group
of rank 2. Using the topological properties of K and elemenary facts about free groups,
one can conclude that the group generatedby all the labeling cyclic groupsli.e. by all
cyclic groups X for which Z (X) 6 ;|is locally a free group of rank 2. By pushing the
group theory a bit further one canthen deducethat j is itself a free group of rank 2, and
this is impossibleas is the fundamental group of a closedaspherical manifold.

In Section 1 we prove someelemerary properties of the setsZ (X)), for X any cyclic
group of loxodromic isometriesof H". In Section 2 we prove a purely topological result
about nervesof coveringsof topological spaces.In Section3 the results of the two preceding
sectionsare combined to establish the relevant topological properties of the complex K .
The proof of the geometricresult alluded to above, Proposition 3.5, is alsogiven. In Section
4 we establish the relevant facts about free groups and labeled complexesof groups. In
Section 5 the results of Sections3 and 4 are conbined to give the proof of Theorem B.

Actually this is all donein a somewhatmore re ned setting, and givesa result, Theorem
5.1, which is more technical than Theorem B but includesit as a special case.In Section
6 we will combine Theorem 5.1 with the speci cally 3-dimensionalresults of [3] to deduce
Theorem 6.1 and henceTheorem A.

The following cornvertions will be usedthroughout the paper. The hyperbolic distance
in H™ will bedenoteddist. If Sisasubsetof H" andr is a positive number, nbhd; (P) will
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denote the open r-neighborhood of S, i.e. the set of all points whose minimum distance
from S is strictly lessthan r.

If 34is a simplex in the simplicial complex K, the link of %4in K, denoted by link ¢ (33,
consistsof all simplices¢, sud that (i) 3%\ ¢ = ; and (i) ¥%and ¢ spana simplex of K .
The support of a simplex %in K is the subcomplex of K consisting of %and all its faces;
it will be denoted by j%j.

If S is a subsetof a group i, we denote by hSi the subgroup of | generatedby S. (If

We are very grateful to Sa‘ar Hersonskyfor helping us with our 3-dimensionalhyperbolic
trigonometry.

Section 1. Loxodr omic isometries
and displa cement cylinders

1.1. Recallthat anisometry x of H" is loxadromic if there is an x-invariant line A(x) in
H", and x acts on A(x) as a translation through somedistance lengthx > 0. The line
A(X) is unique, and is called the axis of x.

If x is an isometry of H" we de ne a cortinuous non-negative-valued function Dy on
H" by D« (P) = dist(P;x ¢P). Note that Dy = Dy, 1.

1.2. Supposethat x is loxodromic with length |I. Let P be any point of H" | A(X), and
let Q denote the point of A(x) closestto P. SetP®%= x ¢P and Q%= x ¢Q. We have
\ PQQ% = \ PIQWQ = ¥&2, dist(Q; Q% = I, and dist(P; Q) = dist(P%Q% = r, where
r = ry(P) denotesthe perpendicular distance from P to A(x). Let u= pu(P) denote the
dihedral angle betweenthe planes PQQ°and PQ%Q. Setting D = D (P) = dist(P;P9),
one seeshby elemerary hyperbolic geometry that

coshdist(P; P% = coshl + (sinh?r)(coshl j cos);
i.e.
(1.2.1) coshDy (P) = coshl + (sinh?r, (P))(coshl j cosp(P)):

This formula is clearly valid for P 2 A(x) if we assignan arbitrary valueto g (P). In
particular we recover the familiar fact that dist(P;x ¢P) , | for every point P 2 H", with
equality if and only if P 2 A(x).

1.3. Note that py is constart on every ray which is perpendicular to A(x) and hasits end-
point in A. If Y2is sudh a ray, the function ryj¥2maps ¥2homeomorphically onto [0; 1 ) and
thusde nesacoordinate r on%z It followsfrom (1.2.1) that Dj%4s a strictly monotonically
increasing function of r and goesto in nit y with r.
(In the casewheren = 3 and x presenesorientation, L is constart on all of H3. This
fact will not be usedin the preser paper.)
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1.4. Now for any loxodromic isometry x of H" we de ne a non-negative-valued function
Ex on H" by setting Ex(P) = ming 1 Dy«(P) for every P 2 H".

Prop osition. Letx be aloxodromic isometry of H". Then Ey is continuous, and minp oy Ex(P) =]}
length x. Furthermore, for every C > 0 there exists R > 0 suchthat E4(P) > C for every
point P suchthat ry(P) > R.

Proof. Setl = lengthx. Then lengthx? = dl for every integer d > 0. Hencefor ead d we
have minp,yn Dy (P) = dlI, and so

Pryhnn Ex(P) = gllg dl = 1I:

To show that Ey is cortinuouson H" it sutcesto show that it is cortinuouson the set
He = D} ([0;®)) for eath ® > 0. For any integer d > I@ we have D,«(P) , dl > ® for
every P 2 H". It followsthat for any p2 He we have Ex(P) = miny. 4. (2] Dxa (P); since
ead of the functions D« (P) is cortinuouson H", it followsthat Ey is cortinuouson Hg.

Now let C be any positive constart, and let R be a constart sudc that (sinh? R)(coshl
1) > coshC. Sincex? has translation length dl, it follows from (1.2.1) that D,«(P) > C
for every positive integer d > 0 and for every P with ry(P) , R. HenceE,«(P) > C
whenewer ry(P), R. ©

1.5. Prop osition. Let x be a loxadromic isometry of H". Let %be any ray in H" which
hasits endpint in A(x) and is perpendicular to A(x); let us identify Y“isometrically with
[0;1 ). Then f = Ej%is monotonically increasing, and f (P) tendsto in nity with P.

Proof. According to 1.3, the function D,qj%2is strictly monotonically increasingfor every
d> 0. Hencef = E4j%= ming 1 Dyaj¥%is alsostrictly monotonically increasing. The nal
assertion of Proposition 1.4 implies that f (P) tendsto 1 with P. =©

For any loxodromic x and any , > OwesetZ (x) = E} 1[0;,).

1.6. Prop osition. Let x be a loxadromic isometry of H". For any , - lengthx we have
Z (x) =, . For any, > lengthx the set Z (x) is an open contractible neighlorhood of
A(x) and is contained in nbhdg A(x) for someconstant R > 0. Furthermore, the frontier
of Z (x) in H" is the setQ (x) = Ej (f, g), and Q (x) is homeomorphic to S"i 2 £ R.

Proof. Setl = lengthx. Sinceminp,yn Ex(P) = | by Proposition 1.4, we have Z (x) = ;
for any , - |. On the other hand, since Dy is identically equal to | on A(x), we have
A(x) ¥2Z (x) for any , > I; in view of the cortinuity of E4 it follows that Z (x) is an
open neighborhood of A(x). To show that Z (x) is cortractible in this case,we consider
any ray %% H" which hasits endpoint in A(x) and is perpendicular to A(x). It follows
from Proposition 1.5that Z (x)\ Yais a half-open line segmen with the sameendpoint as
Y sincethis holds for every sud ray ¥z the contractibilit y of Z (x) is clear.

It followsimmediately from Proposition 1.4that Z (x) %2 nbhdr A(x) for someconstart
R> 0.
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The continuity of Ex implies that the frontier of Z (x) in H" is contained in the set
Q (x) = E| Y(f, g). To prove the reverseinclusion, we considerany point P 2 Q (x), and
we let % denote the unique ray in H" which hasits endpoint in A, is perpendicular to
A(x) and contains P. According to 1.5, the function f = E4j% is strictly monotonically
increasing. Sincef (P) = , , the monotonicity of f implies that P liesin the frontier relative
to % of the setfi 1[0;,) = Z (x)\ %. In particular, P liesin the frontier of Z (x) in
H".

It remains to show that Q (x) is homeomorphicto S"i 2 £ R. For this purpose we
considerthe set Q%(x) ¥2 H" consisting of all points whose perpendicular distance from
A(x) is 1. If P is any point of Q (x), and % is de ned asabove, then ¥%» \ Q"(x) consists
of a single point which we denoteh(P). This de nesacontinuousmaph:Q_ (x)! Q“(x).
It follows immediately from Proposition 1.5that h is a bijection. On the other hand, since
we have shown that Z (x) Y2 nbhdr A(x) for someconstart R > 0, it is clear that every
compact subset of Q“(x) has bounded pre-image under h. But Q (x) is closedin H"
sinceit is the frontier of Z (x). Thus Q (x) is locally compact and h is a proper map. It
follows that h is a homeomorphism. Since Q°(x) is clearly homeomorphicto S"i 2 £ R,
this completesthe proof. =

We remark that in the casethat n = 3 and x presenes orientation we have Z (x) =
nbhdr A(x) for someR > 0. This fact will not be usedin the presen paper.

1.7. For any loxodromic isometry x of H", it follows from 1.1that D,« = D,; « for every
d > 0. This implies that Ex = E,: 1, and hencethat Z (x) = Z (xi 1) for every , > 0.
Henceif X is any in nite cyclic subgroup of j with a loxodromic generator x we may
unambiguously write Z (X) = Z (x) for any positive number , . This notation will be
usedextensively in the next two sections.

Section 2. Nerves and connectedness

2.1. By an open covering of atopologicalépaceH we shall meanan indexedfamily (U;)2,
of non-empty open setsin H sud that ,,, U; = H. Note that we may have U; = U,
for distinct indicesi and j. The nerve of the covering (U;)i2; is an abstract simplicial
complexwith an indexed vertex set(v;)i2;, wherev; = v; if andonly if i = j. A collection

only if Ui, \ ¢¢t\ U;, 6 ;.
If H is connected,any open covering of H has connectednerve. (This dependson our
requiremert that the setsin an open covering be non-empty.)

2.2. Prop osition. Let (U;j)i2; be a covering of a topological space H. Suppose that
(i) for everyi 2 | the setU; is connected and has connected frontier, and

(if) for any two distinct indicesi;j 2 | we have U; 6%4J;.

Then the link of every vertex in the nerve of (U;)i2, is connected.

Proof. Let K denote the nerve of (U;)i2,. Supposethat we are given a vertex of K, say
vs for somes 2 |. SetC = linkk vs. We are required to showv that C is a connected
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simplicial complex. Let us write the set of vertices of C as an indexed set (v;j)i»j, where
J is a subsetof . We havej 2 J if and only if vs and v; spana 1-simplex of K ; by the
de nition of the nerve, this is equivalert to saying that j 6 sand U; \ Us 6 ;.

We denote by Q the frontier of Us in H. By hypothesis (i), Q is a connectedspace.
Consider the indexed family (U; \ Q);.; of open setsin Q. We claim that this family is
an open covering of Q.

First we must shav that U; \ Q 6 ; forany j 2 J. Sincefor j 2 | we havej 6 s,
hypothesis (ii) implies that U; 6%4)s. Since U; is connectedby hypothesis (i), and since
U\ Us 6 ; whenj 2 J dt follows that U; meetsthe fontier Q of Us as required. Next
we must show that Q = J-ZJ(Q\ U;), i.e. that Q Y j2J(Uj). Given any point g2 Q,
we have g 2 U; for somej 2 I; sinceq 2 Us we have s 6 j. But sinceq 2 Us we must
have U; \ Us 6 ;. This shavsthat j 2 J, and completesthe proof that (U; \ Q);2; is an
open covering of Q.

Let E denote the nerve of the covering (U; \ Q);25. Let w; denote the vertex of E

shows that E is simplicially isomorphic to a subcomplex of C cortaining all the vertices
of C.

SinceQ is connected,the nerve E of the covering (U; \ Q);2; is connected. Thus there
is a connectedsubcomplex of C containing all the vertices of C. It followsthat C is itself
connected. =

Section 3. Discrete gr oups
and coverings of hyperbolic space

3.1. In this section,M will denote a closedhyperbolic manifold of somedimensionn | 2.
We may regard M as the quotient of H" by a co-compact, discrete, torsion-free group
i of isometries. We recall someelemernary properties of j. Sincej is co-compact, eah
non-trivial elemen x of j is loxodromic. The certralizer C(x) of x is cyclic and consists
of all elemeris having the sameaxis asx. In particular C(x) is the unique maximal cyclic
subgroup cortaining X. For two non-trivial elemeris x and y of ;| we have C(x) = C(y)
if and only if x and y commute, or equivalertly if and only if A(x) = A(y). Thus there
is a natural one-onecorresppndencebetween maximal cyclic subgroupsof i and axes of
elemernts of j.

3.2. Prop osition. Supposethat , is a positive number suchthat M contains no hyperholic
kall of radius 5. Then we have [
HY" = Z (X);

X
where X rangesover all maximal cyclic sulgroupsof j .
Proof. Let P be any point of H". The hypothesisthat M contains no hyperbolic ball of
radius 5 implies that dist(P;x ¢P) < , for somexg 2 j j 1. (Indeed, if dist(P;x ¢P) , ,
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for every x 2 j j flg then by the triangle inequality B = nbhd - ,(P) is disjoint from
Xx@ = nbhd - ,(x®) for everyx 2 j j f1g; hencethe covering projection mapsB injectively
into M, and its image is a hyperbolic ball of radius 5.) Now by 3.1, X1 = C(Xo) is a
maximal cyclic subgroupof j, and Xq is a positive power of somegeneratorx; of X;. By the
de nitions wehave E,, (P) - Dy, (P) = dist(P;xot) < ,, sothat P 2 Z,,(P) = Zx,(P).
SinceP 2 H" was arbitrary, the conclusionof the lemma follows. =©

3.3. Prop osition. Supmsethat X and X °are maximal cyclic sulgroupsof j , and supmse
that for some, > Owehave; 6 Z (X)%Z (X9. Then X = X°

Proof. Let x and x°be generatorsof X and X °respectively, and setA = A,, A°= A,o. By
Proposition 1.6 we have Z (X 9 % nbhdg A° for someR > 0. HenceZ (X) % nbhdg A°.
Now let H' denote the union of H" with the sphereat innity S 1. We give H' the
natural topology, in which it is homeomorphicto a closedn-ball. Let Z denotethe closure
of Z (X)in H'. SinceZ (X) % nbhdg A°, we have Z\ S}il 15 A%\ SPil= {P;Qg,
where P and Q are the xed points of xin S . Thus fP;Qg is invariant under x.
Hencex? xes P and Q. Sincex? is loxodromic with axis A it follows that P and Q are
the endpoints of A and hencethat A = A% By 3.1 this implies X = X% =

3.4. Supposethat , is a positive number sud that M contains no hyperbolic ball of
radius ,=2. Let X = X (M) denote the set of all maximal cyclic subgroupsX of j sud
that Z (X) 6 ;. Proposition 3.2 implies that the indexed family (Z (X))x2x is an open
covering of H" (see2.1). We will denote the nerve of this covering by K (M).

Prop osition. Let, be a positive numbker suchthat M contains no hyperbolic ball of radius
,=2. ThenK = K (M) is a connected complexwith more than one vertex, and the link of
every vertex of K is connected.

Proof. Since H" is connected, the nerve of any open covering of H" is connected. Set
X =X (M)and K = K (M). If K had only one vertex, we would have H" = Z (X)
for someX 2 X. This is impossiblesince by Proposition 1.6 we have Z (X)) %2 nbhdg (A)
where A is the axis of a generatorof X and R is somepositive number. To shawv that the
link of every vertex of K is connectedwe apply Proposition 2.2. According to Proposition
1.6, for eah X 2 X the setZ (X) is cortractible and henceconnected,and its frontier is
homeomorphicto S"i 2 £ R and is therefore connectedsincen | 3. Thus hypothesis (i)
of Proposition 2.2 holds. That hypothesis(ii) holdsis preciselythe content of Proposition
33. ©

3.5. As we explained in the introduction, the following result is the basic geometric fact
underlying the proofs of Theorems A and B. The proof is a slight variant of the proof of
[8, Proposition 5.2 and Corollary 5.3]; seealso [4].

Prop osition. Let x1;:::;X, beindependentelementsof j . Set

_ log(2ri 1),
" nj 1 °
7
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Then Z (x1)\ ¢\ Z (x;) = ;.

then dist(P;° ¢P) < m, ©°.

Foreadim , 1,let S, denotethe setof all elemerns of j that are expressibleasreduced
words of length m in yq;:::;y,. Sincey;;:::;y, are independen, S,, has cardinality
exactly (2r)(2r j 1)™i 1. Let b be an open ball about P sud that ° ¢b\ b= ; for every
°©2ji flg. Let Y2denotethe radius of b, and v its volume. Then the balls ° ¢bfor ° 2 S,
are pairwise disjoint and are contained in nbhdn, o.1(P). Hence

@r)@ri )™ v volnbhdy o (P) < Cexp(ni 1)(m, °+ ¥;
where C is a constart depending only on the dimensionn. Hence
@ri D™ < C%xp(ni 1)m, "

where C%is a constart dependingon n and %but independert of m. If in the last inequality
we take logarithms of both sides, divide by m and take limits asm ! 1 , we obtain
log(2rj 1)- (nj 1), % which is impossiblesince

o< :w-
’ ’ ni 1 °

Section 4. Str ucture of 3-free gr oups

4.1. Let W be asubgroupof agroup i, andlet k be positive integer. We shall say that j
is k-free over W if every subgroupof i which contains W and hasrank - k is free (of some
rank - k). Note that a group is k-free if and only if it is k-free over the trivial subgroup;
and that a k-free group is k-free over every subgroup.

A group j will be said to have local rank - k, where k is a positive integer, if every
“nitely generatedsubgroup of j is cortained in a subgroupof rank - k. The local rank is
the smallestinteger k with this property, and is de ned to be 1 if no sud integer exists.
Note that for a nitely generatedgroup, the local rank is equal to the rank.

The following result plays the role of an induction step in the proofs of the two main
results of this section, Propositions 4.3 and 4.4.

4.2. Lemma. Let x, y and z be elementsof a group j . Supmsethat x and y do not
commute, and that x, y and z are not independent. Let A be a sulgroup of j which contains
8



x andy and haslocal rank 2. Suppsethat j is 3-free over some nitely genemated sulgroup
J of A. Then the group hA [ fzgi is also of local rank 2.

Proof. SincebA [ fzgi cortains the non-comnuting elemens x and y, it must have local
rank > 1. We must show that it haslocal rank - 2.

SetB = hA[ fzgi. Let Bg be any nitely generatedsubgroup of B. Then there is
a nitely generatedsubgroup A; of A sud that By is contained in the subgroup B; =
hfzg[ A:i. After possibly replacing A; by a larger nitely generatedsubgroup we may
assumethat x;y 2 A; andthat J - A;. SinceA haslocal rank - 2, we may assumeafter
further enlarging A; that A; hasrank - 2. HenceB; hasrank at most 3. SinceJ - Bj,
and since is 3-freeover J, it follows that B, is free of somerank at most 3. We claim
that B, cannot have rank 3. This will imply that B; , Bg hasrank - 2, and will complete
the proof that B haslocal rank - 2.

Assumethat B is free of rank 3. SinceA; hasrank - 2 it is generatedby two elemeris
u and v. Then u, v and z generatethe rank-3 free group B;. Henceby [6, p. 59], B
is freely generated by these three elemens. Thus we may regard B; as a free product
Aiolei. Now T = hx;yi - Bj is free by the Nielsen-Strreier theorem, and has rank
- 2; sincex and y do not commute, T must be free of rank exactly 2, and must therefore
be free on x and y. But since B; has beenidenti ed with a free product A; o tei, the
subgrouphx; y;zi = HT[ fzgi isidenti ed with afreeproduct T atei, and is therefore freely
generatedby x, y and z. This is a cortradiction sincex, y and z are not independen. =

4.3. Let | beagroup. By aj -labeled complexwe shall mean an ordered pair (K; (Xy)v),

whereK is a simplicial complexand (X )y is a family of cyclic subgroupsof j indexed by
the verticesof K. If (K;(Xy)y) is a j-lab eled complex then for any subcomplex L of K

we shall denoteby £( L) the subgroupof j generatedby all the groups X, wherev ranges
over the verticesof L.

Prop osition. Let (K;(Xy)y) be a j -labeled complex. Supmse that K is connected and
has more than one vertex, and that the link of every vertex of K is connected. Suppse
that for every 1-simplexe of K the group £( jgj) is non-akelian and j is 3-free over £( j€g)).
Suppmse also that there is no 2-simplex % of K suchthat £(j%) is free of rank 3. Then
£( K) haslocal rank 2.

Proof. We shall say that a subcomplex L of K is gaod if (i) L is connectedand cortains
more than one vertex, (i) £(L) haslocal rank 2, and (iii) j is 3-free over some nitely
generatedsubgroup of £( L).

If eis any 1-simplex of K, then £( jgj) is by de nition generatedby two elemerts, and
the hypothesis of the lemma implies that £( jej) is non-abelian; in particular £( jg) has
local rank 2. The hypothesisalso implies that | is 3-freeover £( jg). Thus jg is a good
subcomplex of K. It now follows from Zorn's Lemma that there exists a maximal good
subcomplex Ly of K. We shall complete the proof by shawing that Lo = K.

4.3.1. Claim. The complexLg is a full sulcomplexof K. (This means that any simplex
whoseverticeslie in Ly is itself a simplex of Lg.)
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To provethis claim, supposethat %is a simplexwhoseverticeslie in Lo. SetL = Lo[ j%.
It is clearthat L satis es condition (i) of the de nition of a good complex, sincelL ¢ does,
and that £(L) = £(Lo). Hencel is good; by the maximality of Lo we have Lo = L, so
that %2 Lo. This provesClaim 4.3.1.

4.3.2. Claim. If eis any 1-simplexof Lo, then linkk (€) % Ly.

To prove this claim, let u and v denotethe vertices of e, and let w be any vertex in the
link of e. Let xy, Xy and x,, be generatorsof X, X, and X, respectively. The vertices
u, vand w spana 2-simplex% WesetL = Lo[ j¥%. We shall show that L is good; by the
maximality of L this meansthat L = Lo, sothat w 2 L. SinceLg is full in K, the claim
will then follow.

Condition (i) of the de nition of a good complex is clear. Condition (iii) is also clear
since£(L), £(Lo). To verify condition (ii), note that £(L) = hE(Lo) [ fxwgi. We shall
apply Lemma 4.2, with A = £(Lg) and with X = Xy;y = Xy;Z = X, to show that £(L)
haslocal rank 2.

By the hypothesis of the proposition, the group £( jg) = Xy;X,i is non-abelian; that
is, X, and x, do not commute. Sincelg is good, j is 3-free over some nitely generated
subgroupJ of £( Lo). Finally, sinceu, v and w span a 2-simplex % the hypothesis of the
proposition implies that £( %) = hxy;Xy;Xwi is not free of rank 3, and so x,, Xy and Xy
are not independert. It now follows from Lemma 4.2 that £(L) = hE(Lo) [ fxw0i has
local rank at most 2, and the proof of Claim 4.3.2is complete.

We now proceedto the proof that Ly = K, which will complete the proof of the
proposition. Note that since K is connected by the hypothesis of the proposition, and
sincel g is full and non-empty(!), we needonly prove that for any vertex vy of Lo we have
linkk (Vo) %2 Lo. SetC = linkk (Vo) and D = C\ Lg; we must show that D = C. Since
Lo is connectedand contains more than one vertex, we must have D 6 ;. Note also that
D is a full subcomplex of C sincelLg is a full subcomplex of K. But C is also connected
by the hypothesis of the proposition. Hencein order to prove that D = C we needonly
prove that for any vertex v2 D we have linkc (v) ¥2D. If e denotesthe 1-simplex joining
Vo to v, we have linkc (v) = linkk (e) %2 Lo by Claim 4.3.2, and hencelinkc(v) 2 D as
required. =©

4.4. Prop osition. Let £ be a normal sulgroup of a nitely generted group j . Supmse
that £ haslocal rank 2, and that j is 3-free over some nitely genemted sulgroup of £.
Supmsealsothat £ contains an elementx, with the property that for everyelement® 2 j

which is not a power of Xg, the element°xq°i 1 does not commute with xo. Then  is a
free group of rank 2.

By hypothesis, this claim holds for k = 0. We proceedby induction on k. Supposethat
0< k- r and that £¢; 1 haslocal rank 2. Since£ is normal in j and cortains Xg, the
10



elements xo and °xXo° | ! belongto £ and henceto £i, 1. We now wish to apply Lemma
4.2, taking X = Xo, Y = °kXo°} L z=° andA = £k; 1. By hypothesis is 3-free over
some nitely generatedsubgroupJ of £. It is obvious that x, y and z are not independert.
Thus if x and y do not commute, Lemma 4.2 guaranteesthat £, = hEy; 1 [ f°k0i has
local rank - 2, and the induction is completein this case.

There remains the casein which x = xo andy = °Xxo°} 1 comnute. In this case,the
property of xo givenin the hypothesisof the theorem implies that °y is a power of xo. But
in this casewe have °y 2 £ - £y, 1, sothat £, = £, 1, and the induction step is trivial.

The proof of Claim 4.4.1is therefore complete.

It is clear from the de nition of the £ that £, = j. Applying Claim 4.4.1with k= r
we conclude that j haslocal rank at most 2. Sincej is nitely generatedthis means
rankj - 2< 3. But by hypothesisj is 3-free over some nitely generatedsubgroup of £.
Hencej is a free group. Sinceits local rank is 2, it is in fact free of rank 2. ©

Section 5. The proof of Theorem B
5.1. The goal of this sectionis to prove the following theorem.

Theorem. Let M be a closal hyperbolic manifold of dimension n 3. Let us write

5

M = H"=, where | is a co-compact, discrete, torsion-fr ee group of isometriesof H". Set

_ log5

> nj 1’
and supmsethat the following condition holds:
(?) If x andy are non-commuting elementsof i suchthat Z (x)\ Z (y) 6 ;, thenj is
3-free over hx; yi.
Then M contains a hyperbolic ball of radius ,=2.

5.2. As we obsened in 4.1, a group which is k-free is k-free over any subgroup. Hence
condition (?) of Theorem 5.1 always holdsif | 2 ¥ (M) is 3-free. Thus Theorem B of the
Introduction is a special caseof Theorem 5.1. In Section 6 we will shov how to deduce
Theorem A of the Introduction from Theorem 5.1.

Proof of Theorem5.1. Supposethat M satis esthe hypothesesof Theorem5.1but contains
no ball of radius ,=2, where
log5
* T nj 1
Then in the notation of 3.4 we have a covering (Z (X))x2x of H" with index set X =
X (M) and nerve K = K (M). By de nition the vertices of K are in natural one-one
correspndencewith the maximal cyclic subgroupsin the set X. If we denoteby X, 2 X
the maximal cyclic subgroup corresponding to a vertex v, then (K; (Xy)y) is a j- labeled
complexin the senseof 4.3.
We shall shaw that (K;(X,)y) satis es the hypothesesof Proposition 4.3. By Propo-
sition 3.4, K is a connectedsimplicial complex with more than one vertex, and the link
11




of every vertex of K is connected. Now let e be any 1-simplex of K, and let v and w
denote its vertices. Let x, and x,, be generatorsof X, and X,,. We havev 6 w and
henceX, 6 X, ; henceby 3.1 the elemens x, and x,, do not comnute, and the group
£(jg) = hxy;xwi is non-abelian. On the other hand, by the de nition of the nerve K we
have Z (Xy)\ Z (Xw) 6 ;, and sothe hypothesisof the Theorem implies that  is 3-free
over X, ; Xyi. Finally, let %be any 2-simplex of K, and let u, v and w denoteits vertices.
Let x,, Xy and x,, be generatorsof X, X, and X,,. By the de nition of the nerve K we
have Z (Xy)\ Z (Xy)\ Z (Xw) 6 ;. Henceby Proposition 3.5, the elemerts x,, xy, and
Xw are not independert. By [6, p. 59] this meansthat £(j%)) = xy;Xy;Xwl is not a free
group of rank 3.

Thus Proposition 4.3 applies and we concludethat £( K) haslocal rank 2. We claim
that £ = £(K) in fact satis es all the hypothesesof Proposition 4.4. To show that £ is
normal, obsene that by de nition £ is generatedby all the maximal subgroupsin X. If a
maximal cyclic subgroup X belongsto X, i.e. if Z (X) 6 ;, then for any ° 2 | we have
Z (°X°ily="°¢Z (X)6 ;. Thus£ is anormal subgroup of j.

We saw above that for any edgejg of K the group j is 3-free over the 2-generator
subgroup £(jg) of £(K). The only hypothesis of Proposition 4.4 left to ched is the
existenceof the elemen xy. We take xq to be a generatorof any group Xo 2 X. If ° isan

elemen of | sudhthat x = xp andy = °xXo°} 1 commute, then by 3.1, the elemers Xxg

and °Xo°} L generatethe samemaximal cyclic subgroup of j, S0 °kXo°} 1= x(§, 1 Hence
°2 commutes with Xo. Thus °x and xo belongto C(°2), which by 3.1 is a maximal cyclic
subgroup containing Xo and is therefore generatedby xo. Hence®y is a power of Xg.

It now follows from Lemma 4.4 that | is a free group of rank 2. Howewer, this is
impossible,becausej, asthe fundamenal group of a closedhyperbolic n-manifold, must
have cohomologicaldimensionn | 3, whereasa free group has cohomologicaldimension

1. This cortradiction completesthe proof of Theorem5.1. =©

Section 6. The proof of Theorem A
6.1. We shall prove the following result.

Theorem. Let M be a closal orientable hyperbolic 3-manifold. Suppose that every sub-
group of % (M) whoserank is at most 3 is of in nite index in ¥ (M). Then M contains
a hyperbolic ball of radius (log 5)=4.

6.2. Now recall the statement of [8, Proposition 1.1]. Let M be a closed 3-manifold, let
p be a prime number, and let k be a positive integer. Supposethat either M is orientable
or p= 2. Supposethat the Z,-vector spaceH (M ;Z,) hasdimensionat leastk + 2. Then
every subgroup of ¥4 (M) having rank - k is of in nite index.

In particular, if M is a closed,orientable, hyperbolic 3-manifold, and if H{(M ;Z,) has
dimensionat least 5 for someprime p, then every subgroup of ¥4 (M) having rank - 3 is of
in nite index. Combining this with Theorem 6.1 we obtain Theorem A of the Intro duction.

6.3. It remainsto give the
12



Proof of Theorem 6.1. Wecanwrite M = H3=j, wherej is a co-compact,discrete, torsion-
free group of orientation-preserving isometries of H2. Recall that since is co-compact,
every non-trivial elemer of j isloxodromic. In particular j contains no parabolic elemerts.
Set
_ logs,

5 - 2 -
We wish to apply Theorem 5.1 to concludethat M corntains a hyperbolic ball of radius
,=2. It suxcesto show that condition (?) of 5.1 holds.

Supposethat x and y are non-comnuting elemens of | sud that Z (x)\ Z (y) 6 ;.
We must show that | is 3-freeover hx;yi. Let £ be a subgroup of rank - 3 cortaining x
and y. We are required to prove that £ is free.

The hypothesisof the theorem guararteesthat £ hasin nite indexin j 2 ¥ (M). Thus
£ is not co-compact.

Let us choosea point Pp 2 Z (x)\ Z (y). By the de nition of Z (x) and Z (y) there
exist positive integersa and b sudh that Dya(Po) < , and Dy»(Po) < , ; that is,

max(dist( Po; x*(Po)); dist(Po; y°(Po))) < ,:

We obsene that x® and y° do not commute. Indeed, it follows from 3.1 that C(x?) =
C(x) and that C(y°) = C(y). Henceif x& and y® were to commute then x and y would
also commute, which they do not.

Before shawing that £ is free we will show that it is freely decomposable,i.e. that it
is a free product of two non- trivial subgroups. Assumeto the cortrary that £ is freely
indecomposable. According to [1], if £ is any freely indecomposable,discrete, torsion-free
group of orientation- preserving isometries of H 3, then £ is topologically tame, that is,
the quotient hyperbolic 3-manifold H3=£ is homeomorphicto the interior of a compact
3-manifold with boundary. Furthermore, according to [2, Proposition 3.2], if £ is any
non-co-compact,topologically tame, discrete, torsion-free group of orientation-preserving
isometriesof H 3, then any Tnitely generatedsubgroup of £ is topologically tame.

In particular, tx2;yPi is topologically tame. Of course, since £ is non-co-compact,
tx2: yPi is also non-co-compact. We now recall the statemert of the main theorem of [3].
Let »and”~ be non-comnuting orientation-preserving isometriesof H 3. Supposethat h»; " i
is discrete, torsion-free, topologically tame and non-co-compact,and cortains no parabolic
elemeris. Then for any point P 2 H3 we have

max(dist(P; »(P)); dist(P;” (P))) , log3:
As we have cheded the hypothesesof this statemert for » = x® and ~ = y® we now have
max(dist(Po; x*(Po)); dist(Po; y°(Po))) , log3:

Since



we have a cortradiction. This provesthat £ is freely decompsable.

Thus we may write £ = £, o £,, wherethe £; are non-trivial. By Grushko's theorem
[9] we haverank£ 1 + rank£ , = rank£ - 3, and henceeat £; hasrank at most 2. But
eah £; hasin nite index in j = ¥ (M), sincef£ does;and it follows from [5, Theorem
VI.4.1] that any in nite-index subgroupofrank - 2in the fundamertal group of the closed,
orientable hyperbolic 3-manifold M is free. It followsthat £ and £, are free, and hence
that £ is free also. This completesthe proof. ©
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