MATH 417 Homework 7
Instructor: D. Cabrera Due July 28

1. Find all singular points of the given function. For each isolated singular point, classify
the point as being a removable singularity, a pole of order N (specify N), or an essential

singularity.

(a) f(2) = ——
Coz(z—1)

() £2) = -

(© 7 =sin ()

Solution:

(a) The isolated singular points of f(z) = Z(z—l_l) are z = 0 and z = 1. The Laurent
Series of f(z) about z = 0 in the region 0 < |z| < 1 is

1 1
f(z):_;.l—z
fl&) =2tz 40)
fle)=—Z =1+

Since the series begins at the 0*71 term, the singular point z = 0 is a pole of
order 1 or a simple pole.

The Laurent Series of f(z) about z = 1 in the region 0 < |z — 1| < 1 is

1 1
1@ == 1731
1
f(z) = o 1—(z=1)+(z=1)+---]
1
= 14
fe) = s — 1
Since the series begins at the <=t term, the singular point z = 1 is a simple

pole.

(b) The only isolated singular point of f(z) = ezzgl is z = 0. The Laurent Series of

f(2) about z =0 is

f2) = (e~ 1)
1 22
f(Z)_;<1+Z+§+ —1)
1 1
f(Z)_g—FE‘F



Since the series begins at the 02—22 term, the singular point z = 0 is a pole of
order 2.

(¢) The only isolated singular point of f(z) = sin (1) is z = 0. The Laurent Series of
f(z) about z = 0 in the region 0 < |z| < 0o is

jo-n(2)
RONOE

z 3! 5!

1 1
5 31 1
f(Z):"'+5—5—3—?;+—
z z z

—n

There are infinitely many terms of the form < where n is positive. Therefore,
z =0 is an essential singularity.

1
(z+4)(z—1)%

2. Find all residues of f(z) =

Solution: The singular points of f(z) are z = —4 and z = 1. If we let ¢1(z) = ﬁ,

then ¢;(2) is analytic and nonzero at z = —4 and
_ ¢i(2)
f(Z) - (Z + 4)1
Therefore, z = —4 is a simple pole and
Res f(:) = on(~4) = — 1| =—1
G P ) R D
If we let ¢o(z) = ﬁ, then ¢(z) is analytic and nonzero at z = 1 and
_ $(2)
f(Z) - (Z - 1)3
Therefore, z =1 is a pole of order 3 and
1, 12 1
- ()= = —
Res /() = 5;02(1) A (z+43|,_, 125

1 2
3. Evaluate / (z+1) dz where C'is the circle |z| = 3 oriented counterclockwise.

c#(z=1)



Solution: The singular points of f(z) = Z(fél_)f) are z = 0 and z = 1. Both points are

interior to the circle |z| = 3 so the value of the integral is

(2 +1)? o
[ =gy =2 [Rey )+ R 10

(i) If we let ¢1(2) = (ZH , then ¢;(2) is analytic and nonzero at z = 0 and

o1(2
f(2) = ;(2 :
Therefore, z = 0 is a pole of order 2 and
1, 22 —22-3 B
Res f(z) = 1;61(0) = e -3

(i) If we let ¢o(z) = (ZH , then ¢5(z) is analytic and nonzero at z = 1 and

_ $(2)
f(Z) - (Z _ 1)1
Therefore, z = 1 is a simple pole and
1+1
Res f(2) = 6o(1) = 1 =4

The value of the integral is then

P 2
/C % dz =2mi |Res f(z) + Res f(2)| = 2mi(4 — 3) = 2

e* .
4. Evaluate / —— dz where C'is the circle |z — 7| = 1 oriented counterclockwise.
o sinz

Solution: The function f(z) = % has singularities at z = kw where k = 0, £1, +2, .. ..
The only singular point that is in the interior of the circle |z — 7| = 1is z = m. There-
fore, the value of the integral is

/ © 4z = 2miRes f(z)
o sSmz Z=T

To find the residue at z = 7 we will let p(z) = e* and ¢(z) = sinz. We recognize that
both functions are analytic at z = 7 and that

—~
—_

~—

i~

()
()
(3) ¢'(m) =

er
=0
co

w



Therefore, z = 7 is a simple pole and

Res /() = p(m) o

The value of the integral is

/ ¢ 42 = 2niRes f(z) = —2mie”
c Z=T

sin z

dx T

. Show that _ = .
a /o:v4+1 2v2

Solution: Let’s consider the contour integral

/ dz
CZ4+1

where C' is the contour shown below, consisting of the path along the real axis from
z =0 to z = R, the path along the quarter circle from z = R to z = iR, and the path
along the imaginary axis from z = ¢R to z = 0. Then we have

/dz_/ dz+/ dz+/ dz
CZ4+1_ Clz4+1 CRZ4+1 02Z4+1

\ &S]

(i) The integral over the simple closed contour C' can be evaluated using residues.

The function f(z) = - has four singular points but only z = e™/* = Y2(1414)

is interior to C' so the value of the integral is

d
/Cz4j1 :27TiZR:e£ f(2)

To find the residue, we’ll let p(z) = 1 and q(z) = z*+1. Notice that both functions
are analytic at z = z1, p(z1) # 0, q(21) = 0, and ¢'(z1) # 0. So we know that z;
is a simple pole of f(z) and that

1 :
Res /() = Gy = 3 = 1501




Therefore, the value of the integral over C' is
(ii) The integral along C is
[
o At +1 o rt+1
(iii) The integral along C5 is
dz O idy (R dy
e A

(iv) Finally, we use the M L-Bound formula to show that the integral over C'r goes to
0. We have

d 1
[ | sy Ty 0 as Ao
Cr -

Therefore, as R — oo we have

/dz_/ dz+/ dz+/ dz
CZ4+].— Clz4+1 CRZ4+1 sz4+1

T s / > dx L0 / < dy
— ——— = — —1
V2 2v2 Sy at+1 o Y1
Taking the real part of both sides of the above equation we find that

/ * dr o

o zt4+1 22

Taking the imaginary part of both sides we find that

/ Cdy 7T
o Y+l 2V2

which is expected since the integrals are exactly the same.

& dz 37

. Show that | 0 =T
Show a/oo(x2+4)3 256

Solution: Let’s consider the contour integral

where C' is the contour shown below, consisting of the path along the real axis from
z = —R to z = R and the path along the semicircle circle from z = R to z = —R.

Then we have
/ dz B / dz n / dz
c (22 +4)3 o (22 +4)3 op (22 44)3



L

R C

1

R

(i) The integral over the Simple closed contour C' can be evaluated using residues.
The function f(z) = (27 has two singular points but only z = 2i is interior to
C so the value of the integral is

/ (L —2mRes f(2)

o (2244)3 2=2i

To find the residue, we’ll let ¢(z) = . Then ¢(z) is analytic and nonzero at

(z+2i)3 +2z
z =21 and 5(2)
z
0=y
So we know that z = 27 is a pole of order 3 and the residue there is

1 1 12 31
R /! 2 - = -
Rey J2) = 50" = 5 Grap| L, ~ 512

Therefore, the value of the integral over C' is

/ = _on(3L) 37
o (2rap - T\ Ts12) T 256

(ii) The integral along C is
/ dz /R dzx
o 21 g (a2 +4)?

(iii) Finally, we use the M L-Bound formula to show that the integral over C'r goes to

0. We have
/ dz
Cr (22 + 4)3

Therefore, as R — oo we have
/ dz _ / dz n / dz
c(Z+4P  Jo (244 Jop (22 +4)°
3—7T = lim /R 7d$ +0
256  R—oo J_p (22 +4)3

3 > dx
=P.V. ——
256 /_oo (22 +4)3

1
< .
= (R2—4)3

mTR—0 as R — o




We note that the Principal Value exists and that f(z) =
Value is the actual value of the integral.

/°° _dr 37
o (22 4)3 256

1 o
@A 1s even so the Principal




