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Abstract. Let L(f) = [log||Df||dus denote the Lyapunov exponent of a rational
map, f : P* — P! For any holomorphic family of rational maps {fa : A € X} of
degree > 1, we show that T'(f) = dd°L(f\) defines a natural, positive (1,1)-current on
X supported exactly on the bifurcation locus of the family. If X is a Stein manifold,
then the stable regime X — B(f) is also Stein. In particular, each stable component in
the space Ratq (or Poly,) of all rational maps (or polynomials) of degree d is a domain
of holomorphy.

We introduce an SLjy C-invariant homogeneous capacity in C?, and derive the fol-
lowing formula for the Lyapunov exponent of a rational map of degree d:

L(f) =Y _Grlc;) —logd + (2d — 2)log(cap Kr).

Here F : C? — C? is a homogeneous polynomial lift of f; |det DF(z)| =[]|z A¢j|; G
is the escape rate function of F'; and cap Kr is the homogeneous capacity of the filled
Julia set of F. We show, moreover, that the capacity of K is given explicitly by the
formula

cap Kp = | Res(F)|~Y/dd=1)

where Res(F) is the resultant of the polynomial coordinate functions of F.

For a general compact, circled and pseudoconvex set K C C?, we show that the
Levi measure (determined by the geometry of 0K) is the unique equilibrium measure
for the homogeneous capacity. Such K C C? correspond to metrics of non-negative
curvature on P!, and we obtain a variational characterization of curvature.
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1 Introduction

The study of the dynamics of rational maps on the Riemann sphere dates to
the early part of the 20th century and the work of Pierre Fatou and Gaston
Julia. Iterative dynamical systems had recently appeared at the forefront of
mathematics with the work of Henri Poincaré on planetary motion; however,
it was the announcement of a competition in 1915 in France that prompted
an examination of the iteration of rational maps [Al]. Only a few years before,
Paul Montel had begun his fundamental study of normal families of holomorphic
functions [Mo].

Julia won the prize in 1918, and Fatou published his own, nearly identical,
results a few years later. The two are credited for building the foundations
of complex dynamics, and particularly praised for their clever applications of
Montel’s theory of normal families [Ju], [Fal], [Fa2], [Fa3]. Their work generated
a flurry of excitement, but the subject soon fell out of favor.

Complex dynamics became popular in the last twenty years, due in part to
the advent of quality computer graphics showing the complicated and beautiful
objects which appear naturally through iteration [Hu]. It was quickly discovered
that as a branch of pure mathematics, complex dynamics is rich and tantaliz-
ing, most especially for its links to analysis in both one and several variables,
potential theory, algebraic geometry, and the theory of Kleinian groups and
Teichmiiller spaces.

The central result of this thesis is an explicit formula for the Lyapunov expo-
nent of a rational map, a dynamical invariant which quantifies expansion. The
variation of the Lyapunov exponent in any holomorphic family of rational maps
is shown to characterize stability. We construct a natural, positive (1,1)-current
on parameter space with support equal to the bifurcation locus of the family. As
a corollary, the stable components in parameter space are seen to be domains
of holomorphy, providing a concrete analog to the study of Teichmiiller spaces.
Along the way, we examine normality in families of holomorphic functions, re-
turning us in some sense to the original perspective of Fatou and Julia.

The formula for the Lyapunov exponent is potential-theoretic in nature, and
the derivation relies on the development of an SLg C-invariant potential theory
in C2. For a certain class of compact sets, we prove the existence and uniqueness
of an energy-minimizing equilibrium measure. The capacity of the filled Julia set
of a homogeneous polynomial mapping on C? is shown to be a simple algebraic
function of its coefficients: it is a power of the resultant of its polynomial coor-
dinate functions. The setting for the homogeneous capacity in C? corresponds
to the study of metrics of non-negative curvature on P!. We obtain, finally, a



variational characterization of curvature for such metrics.
The contents of this thesis are contained in the two papers, [Del] and [De2].

1.1 Summary of results

Let f : P! — P! be a rational map on the complex projective line of degree > 1.
The Lyapunov exponent of f is defined by

o) = [ 1os DS dny.

Here || - || is any metric on P! and s denotes the unique f-invariant probability
measure on P! of maximal entropy. The quantity eZ(f) records the average rate
of expansion of f along a typical orbit.

We study the variation of the Lyapunov exponent with respect to a holo-
morphic parameter. Let X be a complex manifold. A holomorphic family of
rational maps f : X x P! — P! is said to be stable at parameter \g € X if the
Julia set of f) moves continuously in a neighborhood of A\g. The complement of
the set of stable parameters is called the bifurcation locus B(f). The stable
regime is open and dense in X for any holomorphic family [MSS].

Manié proved that the Lyapunov exponent L(f)) is a continuous function of
the parameter A\ [Ma2, Thm B]. One of the main results of this thesis is:

Theorem 1.1. For any holomorphic family of rational maps f : X x P — P!
of degree > 1,
T(f) = dd°L(f)

defines a natural, positive (1,1)-current on X supported exactly on the bifurcation
locus of f. In particular, a holomorphic family of rational maps is stable if and
only if the Lyapunov exponent L(fy) is a pluriharmonic function.

We use the notation d = 9 4+ 0 and d° = i(0 — 9)/2r. We call T(f) the
bifurcation current on parameter space X. As an example, we will see that
the bifurcation current for the family of quadratic polynomials {f.(z) = 2% +c¢:
¢ € C} is harmonic measure on the boundary of the Mandelbrot set.

By general properties of positive currents (see §2.6), we have

Corollary 1.2. If X is a Stein manifold, then X — B(f) is also Stein.



Let Raty and Poly,; denote the “universal families” of all rational maps and
of all monic polynomials of degree exactly d > 1. We have Poly, ~ C?¢ and
Ratg ~ P21 — v where V is a resultant hypersurface (see §2.4). In particular,
Ratg and Poly,; are Stein manifolds.

Corollary 1.3. Every stable component in Raty and Poly, is a domain of holo-
morphy (i.e. a Stein open subset).

Corollary 1.3 answers a question posed by McMullen in [Mc2], motivated
by analogies between rational maps and Kleinian groups. Bers and Ehrenpreis
showed that finite-dimensional Teichmiiller spaces are domains of holomorphy
[BE].

The dimension of the measure of maximal entropy of a rational map f is
defined as

dim py = inf{dimy E : py(E) = 1},

where dimy is Hausdorff dimension. By [Ma2, Thm A], we have log(deg f) =
L(f)dim pi¢, from which we obtain the following immediate corollary.

Corollary 1.4. For any holomorphic family of rational maps, f : X xP! — P!,
the function X — (dim /J,f)\)_l 18 plurtharmonic on X if and only if the family is
stable.

The proof of Theorem 1.1 is based on an explicit formula for the Lyapunov
exponent of a rational map. In deriving this formula, we are naturally led to
the study of the SLy C-invariant homogeneous capacity of compact sets in
C?. Consider a compact, circled and pseudoconvex set K C C? (see §3.2).
Two measures are supported on OK: the equilibrium measure which minimizes
homogeneous energy and the Levi measure determined by the geometry of 0K
We prove:

Theorem 1.5. For any compact, circled and pseudoconver K C C2, the Levi
measure is the unique circled equilibrium measure for the homogeneous energy.

Theorem 1.5 is a two-dimensional analog of Frostman’s Theorem which implies
that harmonic measure on the boundary of a compact set in C is the unique
equilibrium measure for the usual logarithmic capacity (see e.g. [Ts], [Ra]).

Let F : C? — C? be a non-degenerate homogeneous polynomial map. The
map F' induces a unique rational map f such that m o ' = f omw, where 7 :
C? — 0 — P! is the canonical projection. Let

Krp={2€C?: F'(2) £ o0 as n — oo}



denote the filled Julia set of F. The set K is compact, circled and pseudo-
convex, and the corresponding Levi measure is ergodic for F' and of maximal
entropy [HP], [FS2]. The escape rate function of F' is defined as

1
Gp(z) = lim ——
P2 =, Cdeg 7
for any norm || - || on C2. The function G quantifies the rate at which a given
point z € C? tends to 0 or oo.
In Chapter 4, we establish our second main result, a formula for the Lyapunov
exponent of a rational map:

log [[F™(2)]l;

Theorem 1.6. Let f be a rational map of degree d > 1 and F : C?> — C? any
homogeneous polynomial such that mo F' = f oxw. The Lyapunov exponent of f
s given by

2d—2
L(f) = Z Gr(cj) —logd + (2d — 2) log(cap KF),
j=1

where cap K is the homogeneous capacity of the filled Julia set of F and the
cj € C? are determined by the condition |det DF(z)| = H?iﬁ |z A ¢l
We use the notation |z Aw| = |z1we — w1y 29| where z = (21, 22) and w = (w1, ws)
are points in C2.

Theorem 1.6 generalizes the formula for the Lyapunov exponent of a poly-
nomial p in dimension one,

L(p) = Y Gp(c;) + log(deg p), (1)

where G, is the escape rate function for p and the ¢; are the critical points of p
in the finite plane [Prz],[Mn],[Ma2] (see §2.2 and §4.3).

It turns out that the seemingly transcendental formula for the capacity has
a simple formulation for the filled Julia set of a homogeneous polynomial map
F : C? — C2. The resultant Res(F') of a homogeneous polynomial map is the
resultant of its polynomial coordinate functions (see §2.4). We observe that it
satisfies the following composition law:

Proposition 1.7. For homogeneous polynomial maps F' and G on C2, we have
Res(F o G) = ReS(F)degG ReS(G)(deg F)2.

In §4.2, we prove the following:



Theorem 1.8. For any non-degenerate homogeneous polynomial map F : C?> —
C? of degree d > 1, the homogeneous capacity of its filled Julia set Kp is given
by

cap Kp = | Res(F)|~1/dd=1),

Combining Theorems 1.6 and 1.8, we obtain as an immediate corollary an
explicit formula for the Lyapunov exponent of a rational map.

Corollary 1.9. The Lyapunov exponent of a rational map f of degree d > 1 is

given by
2d—2

L(f) = 3 Grles) ~ logd — log| Res(F)],
j=1

where F : C?> — C? is any homogeneous polynomial map such that toF = for
and points ¢; € C? are determined by the condition |det DF(z)| = II; 1z Aejl

Returning to the setting of Theorem 1.1, let f : X x P! — P! be a holo-
morphic family of rational maps. The technical details in the proof and the
implications of the theorem lead us to investigate normality in families of func-
tions defined on parameter space X. We give a characterization of this normality
in Theorem 5.4.

With these results in place, the proof of Theorem 1.1 proceeds as follows
(see §5.3). Suppose there exist holomorphic parameterizations ¢; : X — P! of
the critical points of f). We express the Lyapunov exponent as in the formula
of Corollary 1.9 and compute T'(f) = dd°L(fy). For any holomorphic choice of
homogeneous polynomial lifts { F) }, the resultant Res(F}) is a polynomial func-
tion of the holomorphically varying coefficients of Fy. Therefore, the function
A — log|Res(Fy)| is always pluriharmonic. The only term which contributes
to T'(f) is dd®}_; Gr,(¢;(A)). This current vanishes exactly where the family
{A = f(¢;(X)) }n>0 is normal for each j which holds if and only if f is stable.

In Chapter 6 we discuss the relation between circled, pseudoconvex sets in C?
and metrics of non-negative curvature on the Riemann sphere. The filled Julia
set K of a homogeneous polynomial F' is an example of a compact, circled and
pseudoconvex set. We show, in particular, that every rational map f determines
a Riemannian metric on P! with curvature given as the measure of maximal
entropy py. In the language of metrics on P!, Theorem 1.5 translates into a
variational characterization of curvature.



Theorem 1.10. Let h be a conformal metric on P! with curvature u; > 0 (in
the sense of distributions). Then the measure puy, uniquely minimizes the energy
functional,

1) == [ Ka(ew) du(z)duu),
PixPp?
over all positive measures on P with fPl w=4m.

The kernel K, is determined by the metric, symmetric in z and w, and in local
coordinates satisfies K, (z,w) =log |z — w| 4+ O(1) for z near w.
We conclude with a list of related open questions in Chapter 7.

1.2 The family of quadratic polynomials

To put the results into a familiar context, consider the family of quadratic poly-
nomials, {f. = 22+c: ¢ € C}. Parameter space is the complex plane. We define
the Mandelbrot set by

M={ceC: f0) / coasn— oo}

The Mandelbrot set can also be described as the connectedness locus for the
family; that is, M = {c¢ : J(f.) is connected}. See, for example [CG]. The
bifurcation locus is B(f) = dM [Mcl, Thm 4.6].

The boundary of the Mandelbrot set.



Theorem 1.11. The bifurcation current for the family of quadratic polynomials
18 harmonic measure on the boundary of the Mandelbrot set.

Proof. The formula (1) for the Lyapunov exponent of f. simplifies to
L(fc) = ch (0) + ]'Og 25

where G, is the escape rate function of f.. As a function on parameter space,
c — 2Gy,(0) is the Green’s function for the complement of the Mandelbrot set
with logarithmic pole at infinity [DH]. The operator dd€ is exactly the Laplacian
on C, so computing the derivatives in the sense of distributions, we find that
T(f) = dd°L(f.) is a multiple of harmonic measure on OM. O



2 Background material

To set the stage for the results in this thesis, this chapter presents well-known
material together with some familiar concepts in a less familiar setting. We
begin with fundamental facts on the iteration of a rational map on P! and
potential theory in C. We introduce the resultant of a homogeneous polynomial
map on C? as a means of understanding its dynamics. We close with necessary
background on Stein manifolds and currents.

2.1 Dynamics of rational maps f: P! — P!

We study the iteration of a holomorphic map f : P! — P!, In complex coor-
dinates, f can be expressed as a ratio of polynomials f(z) = p(z)/q(z), where
p and ¢ have no common factors, and the topological degree of f agrees with
deg f = max{degp,degq}. We assume throughout that deg f > 2. Excellent
introductions to the subject include [Mi] and [CG].

The Fatou set of f is defined as the largest open set on which the family
of iterates { f"} is normal. The Julia set J(f) is the complement of the Fatou
set. Equivalently, J(f) is the closure of the set of repelling periodic points of f,
or the smallest closed invariant set consisting of more than two points.

A point a € P! is non-exceptional for f if the set of all preimages | J,,-o{# :
f™(z) = a} is infinite. Any given rational map f can have at most two excep-
tional points. The distribution of preimages is the same for any non-exceptional
point of the sphere: the sequence of measures

1
e
d n
(deg )" 1 oo—ay

converges weakly to an f-invariant measure iy independent of the choice of non-
exceptional a € P'. The measure u 1 is ergodic with support equal to the Julia
set J(f). It is moreover the unique measure of maximal entropy, log(deg f) [Ly],
[FLM], [Mal].

The Lyapunov exponent of f at a point z € P! is defined by

) 1
L(f,2) = lim —log|[Df7]

for any metric on TP!. By the Birkhoff Ergodic Theorem, the limit exists
fp-almost everywhere and assumes the constant value

L) = [ Tox DSl diy.

8



By Ruelle’s inequality relating the Lyapunov exponent to the entropy of f, we
have log(deg f) < 2L(f) [Ru]. The estimate is sharp as equality holds for any
Lattes example.

The dimension of the measure p ¢ is defined by

dimpy = inf{dimg Y : ps(Y) = 1},

where dimy is Hausdorff dimension. Mané improved on Ruelle’s inequality by
showing that ([Ma2, Thm A))

log(deg f) = L(f) dim i. (2)

In the proof of this theorem, Mané shows that there exists a constant o > 0
so that us(B(z,7)) = O(r®) for all z € P! [Ma2, Lemma II.1]. Distances are
measured in the spherical metric on P'. He relies on the following statement
which we will use in the proof of Theorems 4.2 and 5.4. For a map ¢ : P! — P!,
let v(4|S) denote the maximum number of preimages in S C P! of any point in

¢(5).

Lemma 2.1. (Mané) Let K be a compact set in the space Ratq of rational
maps of degree d > 1. There exist constants sg and 8 > 0 so for each f € K,
z € P, and r < sg, either B(z,7) is contained in an attracting basin of f or
there exists an integer

m(r) > (log(1/r)

such that
v(f™B(z,r)) < 221

for all m < m(r).

2.2 Polynomials and potential theory in C

A rational map is conformally conjugate to a polynomial if and only if it has a
fixed exceptional point. In coordinates z so that the exceptional point lies at
infinity, we can write p(z) = agz? + ... + ag where d = degp. The filled Julia
set of the polynomial is given by K(p) = {z € C: p"(z) 4 o0 as n — oo} and
the Julia set is J(p) = 0K (p).

The escape rate function of a polynomial p is defined by

1 .
Gp(2) = lim —-log™ |p"(2)],

n—oo "



where log™ = max{log,0}. The function G, is continous on C and harmonic
on the complement of the Julia set. It vanishes identically on K(p) and as it
has a logarithmic pole at infinity, it is the Green’s function for C — K(p). The
invariant measure p, is simply harmonic measure on 0K (p); that is,

1
Hp = %AGP

in the sense of distributions [Br].
The Lyapunov exponent of a polynomial p has the following formulation:
d—1
L(p) = Z Gp(cj) +logd,

j=1
where the ¢; are the d—1 critical points of the polynomial [Prz], [Mn], [Ma2]. As
a consequence we see that L(p) > logd. Equality holds if and only if the Julia
set of p is connected; indeed, J(p) is connected if and only if K (p) is connected
if and only if the forward orbits of all critical points are bounded. From the
dimension formula (2), we see that dim p, < 1 for any polynomial with equality
if and only if J(p) is connected.

Given a probability measure p with compact support in C, the potential
function of p is defined as V#(z) = [5log|z — w|du(w). It is subharmonic on
C with Laplacian equal to u, and it satisfies V#(z) = log |z| + o(1) near infinity.
The energy of 4 is given as I(u) = — [ V#du. By definition, the capacity of a
compact set K C C is

cap K = e~ (1)

where the infimum is taken over all probability measures supported in K. Frost-
man’s Theorem states that for any set K of positive capacity, harmonic measure
ur on 0K uniquely minimizes energy. In fact, the potential function for har-
monic measure is constant on K (except possibly on a subset of capacity 0).
See, for example, [Ra], [Ts], and [Ah].

Given a compact set K of positive capacity, we can express the Green’s
function for K (with pole at infinity) as G(z) = V#£ (z) —log(cap K) = log || —
log(cap K) 4+ o(1) for z near infinity. When K is the filled Julia set of the
polynomial p, the Green’s function is the escape rate function and

Gp(z) = log|z| +

1 1
——log|ao| +o(1)

near infinity. We deduce from this the capacity of K:

Lemma 2.2. The capacity of the filled Julia set K(p) of a polynomial p(z) =
apz® + -+ aq is equal to |ag| /(@1

10



2.3 Homogeneous polyonomial maps F : C?> — C?

Let F : C2 — C? be a polynomial map, homogeneous of degree d > 1, and
7 : C? —0 — P! the canonical projection. F is said to be non-degenerate if
F~10} = {0}, d.e. exactly if it induces a unique rational map f on P! such
that m o F' = f ow. For any rational map f(z) = p(z)/q(z) of degree d, we can
define an I on C? lifting f by F(21, 22) = (p(21/22)24, q(21/22)2$). The map F
is unique up to a scalar multiple in C*.

The filled Julia set of F' is the compact, circled domain defined by

Kp={2€C?: F"(2) £ o0 as n — oc}.

The escape rate function of F' is defined by

Gr(z) = Jim - log | F"(2)],

n—oo "

for any norm || - | on C2, and quantifies the rate at which a point z € C?

tends towards 0 or co under iteration of F. The limit converges uniformly on

compact subsets of C2 — 0, and G(z) is plurisubharmonic on C? since log || - ||
is plurisubharmonic.

From the definitions, we obtain the following properties of K and G [HP]:

1) G is independent of the choice of norm || - || on C?;

3) Gar(z) = Gp(z) + 75 loglal for o € C*; and

(1)
(2) Gr(az) = Gp(z) +log |af for a € C*;
(3) G
(4) KF_{Z602 GF( )<0}.

In particular, Kp is the closure of a circled, pseudoconvex domain in C2. The
escape rate function satisfies

dd°Gr = 7"y,

where py is the measure of maximal entropy for f on P! [HP, Thm 4.1]. This
gives a potential-theoretic interpretation to uy, generalizing the fact that p, is
harmonic measure in the plane when p is a polynomial.

The measure on C? defined by

pp = (dd°GH) A (dd°G),

defines an F-invariant ergodic probability measure satisfying m.ur = pus [FS2,
Thm 6.3], [Jo, Cor 4.2]. The support of up is the intersection of 7=1(J(f))

11



with the boundary of Kr. In fact, up agrees with the pluricomplex equilibrium
measure of Kr C C2. See [KI] for general definitions.

Just as for the measure py on P!, the invariant measure pp can be expressed
as a weak limit,

1 *
dQ—nF” w— ur, (3)

for any probability measure w on C? which puts no mass on the exceptional set
of F' [RS], [HP], [FS2]. For a homogeneous polynomial, the exceptional set is
merely the cone over the exceptional set of f (at most two points in P!) and
the origin in C2. In particular, we can choose w to be a delta-mass at any
non-exceptional point in C? — 0.

By the Oseledec Ergodic Theorem [Os|, the map F' has two Lyapunov expo-
nents of F' with respect to pup. Their sum is given by

L(F) :/02 log |det DF|dur,

and it measures the exponential expansion rate of volume along a typical orbit.

2.4 Resultant of F': C? — C?

By definition, the resultant Res(F) of a homogeneous polynomial map F : C? —
C? is the resultant of its two polynomial coordinate functions. Explicitly, if
F(z1,22) = (ag2d + -+ + ag29,boz{ + - - + bgzg), then the resultant is given as
the determinant of a 2d by 2d matrix,

ag a ag—1 Qg o --- 0
0 ap ad—2 a4-1 a4 0
Res(F)=| 0 0 ap a1  as -+ aq
by b1 b1 bg O - 0
0 0 - b by by - by

The resultant is a polynomial expression in the coefficients of F', homogeneous of
degree 2d, which vanishes if and only if the coordinate functions have a common
linear factor (see e.g. [La]). In other words, Res(F) = 0 if and only if F is a
degenerate map. If the coordinate functions are factored as

F(z) = Hz/\ai,Hz/\ﬂj
i J

12



for some points o; and §; in C2, then the resultant is given by

Res(F) = Hai A Bj.
.3

Recall the notation z Aw = zjwy — zow; for points z = (z1, 22) and w = (w1, wa)
in C2.

The space of non-degenerate homogeneous polynomial maps of degree d is
identified with C2?+2 — {Res(F) = 0}, when parametrized by their coefficients.
The space of rational maps of degree d is thus the projectivization of this space,
Raty = P21 — V(Res).

Lemma 2.3. The variety V(Res) C P2+ is irreducible.

Proof. The variety V (Res) is the image of an algebraic map P! xP2¢~1 — p2d+1
given by (I, (p,q)) — (Ip,lq) where [ is a linear polynomial (defined up to scalar
multiple) and p and ¢ are polynomials of degree d — 1. O

The resultant satisfies the following composition law:

Proposition 2.4. For homogeneous polynomial maps F and G on C%, we have
Res(F o G) = ReS(F)degG ReS(G)(deg F)2.

Proof. Let d = deg F' and e = deg G. As a homogeneous polynomial on the space
C2d+2 x C2e+2 of coefficients of F' and G, the resultant Res(F o G) vanishes if
and only if either Res(F') or Res(G) vanishes. The polynomials Res(F) and
Res(G) are irreducible and homogeneous of degrees 2d and 2e, respectively. We
can factor Res(F o G) as aRes(F)* Res(G)! for some a € C and integers k
and [. The polynomial Res(F o (i) is bihomogeneous of degree (2de,2d?e), so
comparing degrees we must have k = e and [ = d2. Finally, computing the
resultant Res(F o G) for F(z1,22) = (2§, 2) and G(z1, 20) = (2%, 25), we deduce
that a = 1. O

If A:C? — C? is linear, then Res(A) = det A. In fact,
Corollary 2.5. The homogeneous polynomial maps F : C> — C? such that
Res(F) =1 form a graded semigroup extending SLg C.
As another immediate corollary, we observe that the resultant is a dynamical

invariant:

Corollary 2.6. For any homogeneous polynomial map F : C?> — C? and any
A and B in SLy C, we have Res(BF A) = Res(F).
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By induction and Proposition 2.4 we obtain a formula for the resultant of iterates
of F.

Corollary 2.7. For a homogeneous polynomial map F : C> — C? of degree d,

Res(F") = Res(F)@" ' —d""H/(@d-1),

2.5 Holomorphic families and stability

Let X be a complex manifold. A holomorphic family of rational maps
over X is a holomorphic map f : X x P — P!, For each parameter A € X, we
let fy denote the rational map f(J,-) : P! — P!, We assume that deg fy > 2.
The Julia sets J(fy) are said to move holomorphically at a point A\g € X if
there is a family of injections ¢y : J(fy,) — P!, holomorphic in A near Ay with
¢x, = id, such that ¢x(J(fx,)) = J(fx) and @y o f,(2) = fr 0 da(z). In other
words, ¢, provides a conjugacy between f), and f\ on their Julia sets. The
“A-Lemma” of [MSS] implies that each ¢, is the restriction of a quasiconformal
homeomorphism of the sphere.

The family of rational maps f over X is stable at A\g € X if any of the
following equivalent conditions is satisfied [Mcl, Theorem 4.2]:

1) The number of attracting cycles of f is locally constant at Ag.

2) The maximum period of an attracting cycle of fy is locally bounded at Ag.

3) The Julia set moves holomorphically at .

4) For all X sufficiently close to g, every periodic point of fy is attracting,

repelling, or persistently indifferent.

(1)
(2)
(3)
(4)

(5) The Julia set J(fy) depends continuously on A (in the Hausdorff topology)
in a neighborhood of .

Suppose also that each of the 2d — 2 critical points of f) are parametrized
by holomorphic functions ¢; : X — P!. Then the following conditions are
equivalent to those above:

6) For each j, the family of functions {\ — fY(c;(A)},>0 is normal in some
( J Yy A\G >
neighborhood of Ag.

(7) For all nearby A, ¢;(X) € J(fy) if and only if ¢;(Nog) € J(f,)-

14



We let S(f) C X denote the set of stable parameters and define the bifurcation
locus B(f) to be the complement X — S(f). Mané, Sad, and Sullivan showed
that S(f) is open and dense in X for any holomorphic family [MSS, Theorem A].
Because the conjugacies ¢, are quasiconformal, a stable component in parameter
space X plays the role of the Teichmiiller space of a rational map [McS].

As an example, the bifurcation locus for the family {f.(z) = 22+ ¢:c € C}
is B(f) = OM, where M = {c € C: f'(0) /4 oo as n — oo} is the Mandelbrot
set [Mcl, Theorem 4.6].

Lemma 2.8. If B(f) is contained in a complex hypersurface D C X, then B(f)

18 empty.

Proof. Suppose there exists A\g € B(f). By characterization (4) of stability, any
neighborhood U of A\g must contain a point A; at which the multiplier m(\) of
a periodic cycle for fy is passing through the unit circle. In other words, the
holomorphic function m(A) defined in a neighborhood N of A; is non-constant
with [m(A1)] = 1. The set {\ € N : |m(\)| = 1} lies in the bifurcation locus and
cannot be completely contained in a hypersurface. O

2.6 Stein manifolds and positive currents

Let X be a paracompact complex manifold and O(X) its ring of holomorphic
functions. Then X is a Stein manifold if the following three conditions are
satisfied:

e for any z € X there exists a neighborhood U of z and fi,..., f, € O(X)
defining local coordinates on U

e for any x # y € X, there exists an f € O(X) such that f(x) # f(y); and

e for any compact set K in X, the holomorphic hull

K={zeX:|f(zx)] <supl|f| for all f € O(X)}
K

is also compact in X.

An open domain 2 in X is locally Stein if every boundary point p € 9€2 has a
neighborhood U such that U N is Stein.

Properties of Stein manifolds. The Stein manifolds are exactly those which
can be embedded as closed complex submanifolds of C”. If ) is an open domain
in C™ then 2 is Stein if and only if  is pseudoconvex if and only if Q) is a

15



domain of holomorphy. An open domain in a Stein manifold is Stein if and only
if it is locally Stein. Also, an open domain in complex projective space P" is
Stein if and only if it is locally Stein and not all of P™. See, for example, [H]
and the survey article [S].

Examples. (1) C" is Stein. (2) The space of all monic polynomials of degree d,
Poly, ~ C%, is Stein. (3) P" — V for a hypersurface V is Stein. If V is the zero
locus of degree d homogeneous polynomial ' and {g;} a basis for the vector space
of homogeneous polynomials of degree d, then the map (g1 /F, ..., gn/F) embeds
P"—V as a closed complex submanifold of CV. (4) The space Rat, of all rational
maps f(2) = p(z)/q(z) on P! of degree exactly d is Stein. Indeed, parameterizing
f by the coefficients of p and ¢ defines an isomorphism Ratg ~ P21 — V' where
V is the resultant hypersurface (see §2.4).

A (k,l)-current T on a complex manifold of dimension n is an element of
the dual space to smooth (n — k,n — [)-forms with compact support. See [HP],
[Le], and [GH] for details. The wedge product of a (k,l)-current 7' with any
smooth (n — k,n — I)-form « defines a distribution by (T'A a)(f) = T(fa) for
f € C(X). Recall that a distribution ¢ is positive if 6(f) > 0 for functions
f >0. A (k, k)-current is positive if for any system of n —p smooth (1,0)-forms
with compact support, {a1,...,an—p}, the product

T A (ior ANo) A=+ A (to—p A Gp—yp)

is a positive distribution.

An upper-semicontinuous function h on a complex manifold X is plurisub-
harmonic if h|D is subharmonic for any complex analytic disk D' in X. The
current 7' = dd°h is positive for any plurisubharmonic h, and 7" = 0 if and only if
h is pluriharmonic. Recall that we use notation d = 9+ 9 and d¢ = (0 — ) /2.
The “00-Poincaré Lemma” says that any closed, positive (1,1)-current 7 on a
complex manifold is locally of the form dd°h for some plurisubharmonic function
h [GH].

The next three Lemmas show that the “region of pluriharmonicity” of a
plurisubharmonic function is locally Stein. See [Cel, Thm 6.2], [U, Lemma 2.4],
[FS2, Lemma 5.3, and [R, Thm I1.2.3] for similar statements.

Lemma 2.9. Suppose h is plurisubharmonic on the open unit polydisk D? in
C? and h is pluriharmonic on the “Hartogs domain”

Qs ={(z,w) : |z| < L, |w| <} U{(z,w): 1 =6 < |2| < 1,|w| < 1}.

Then h is pluriharmonic on D?.
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Proof. Let H be a holomorphic function on 5 such that h = ReH. Any
holomorphic function on 5 extends to D?, and extending H we have h < Re H
on D? since h is plurisubharmonic. The set A = {z € D? : h = Re H} is closed
by upper-semi-continuity of k. If A has a boundary point w € D?, then for any
ball B(w) about w, we have

h(w) = ReH(w

(w)
1
= Bw)] /B(w> fedt

.
> h
|B(w)| JB(w)

since Re H > h on a set of positive measure in B(w). This inequality, how-
ever, contradicts the sub-mean-value property of the subharmonic function h.
Therefore A = D? and h is pluriharmonic on the polydisk. O

Lemma 2.10. Let X be a complex manifold. If an open subset Q C X is not
locally Stein, there is a § > 0 and an embedding

e:D? » X
s0 that e(Qs) C Q but e(D?) ¢ Q.

Proof. Suppose 2 is not locally Stein at z € 0. By choosing local coordinates
in a Stein neighborhood U of « in X, we may assume that U is a pseudoconvex
domain in C™. Then Qy = U N Q is not pseudoconvex and the function ¢(z) =
—logdy(z) is not plurisubharmonic near x € 092. Here, dy is the Euclidean
distance function to the boundary of .

If ¢ is not plurisubharmonic at the point zg € U N 2, then there is a one-
dimensional disk o : D! — ) centered at z such that |, ap1 @ < #(20) (identifying
the disk with its image a(D?')). Let ¢ be a harmonic function on D! so that
Y = ¢ on OD'. Then 9(29) < #(20). Let ¥ be a holomorphic function on D!
with ¢ = Re .

Now, let p € 99 be such that dg(z9) = |20 — p|. Let e : D? — U be given by

e(z1,20) = afz1) + 22(1 — &)e V&) (p — 20).

That is, the two-dimensional polydisk is embedded so that at each point z; € D*
there is a disk of radius |(1 — €) exp(—¥(z1))| in the direction of p — zp. If
is small enough we have a Hartogs-type subset of the polydisk contained in
2 but the polydisk is not contained in 2 since do(zp,9€?) = exp(—¢(20)) <

exp(—(20)). m
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Lemma 2.11. Let T be a closed, positive (1,1)-current on a complex manifold
X. Then Q = X — supp(T) is locally Stein.

Proof. Let p be a boundary point of €2. Choose a Stein neighborhood U of p in
X so that T' = dd°h for some plurisubharmonic function h on U. By definition
of Q, h is pluriharmonic on U N 2.

If Q is not locally Stein at p, then by Lemma 2.10, we can embed a two-
dimensional polydisk into U so that a Hartogs-type domain {25 lies in £2, but the
polydisk is not contained in 2. By Lemma 2.9, h must be pluriharmonic on the
whole polydisk, contradicting the definition of 2. O

Corollary 2.12. If X is Stein, then so is X —suppT.
Example. If X is a Stein manifold and V' a hypersurface, then V' = supp T for
a positive (1,1)-current T' given locally by T" = dd°log|f|, where V is the zero

set of f. Lemma 3.3 shows that X —V is locally Stein, and thus Stein. Similarly,
P” — V is Stein for any hypersurface V.
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3 Homogeneous potential theory in C?

In this chapter, we introduce the homogeneous capacity in C2. It arises naturally
in the study of dynamics of homogeneous polynomial maps on C? as we will see in
the next chapter. The homogeneity refers to both the invariance of this capacity
under SLy C, the automorphism group of P!, and the logarithmic homogeneity
of the potential functions on C?. In §3.2, we prove a fundamental theorem on
the existence and uniqueness of an equilibrium measure for a certain class of
sets in C2.

3.1 Definitions and basic properties

In this section we define the homogeneous capacity of compact sets in C? and
prove some basic properties. The definitions are analogous to the logarithmic
potential and capacity in C. See §2.2. We use the notation

|2 A w| = |z1wa — w1 23],

for 2 = (21,22) and w = (wy,ws) in C2. A function g : C* — RU{—occ} will be
said to scale logarithmically if
glaz) = g(z) +log|al,

for any o € C*.
Let 4 be a probability measure on C? with compact support. Define the
homogeneous potential function V#*: C? — RU {—o0} by

Vi(w) = /log|z/\w|d,u(z).

Observe that V# scales logarithmically. The homogeneous energy of p is
given by

1) == [ V() dufw);
it takes values —oo < I(u) < oo. For a compact set K C C?, the homogeneous
capacity of K is defined as

cap K = e~ f1(n)

where the infimum is taken over all probability measures supported in K. Note
that a set K has homogeneous capacity 0 if and only if ;(K) = 0 for all measures
of finite energy. In particular, any set of positive Lebesgue measure has positive
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homogeneous capacity. If A : C?> — C? is any linear map, then it is immediate
to see that
cap AK = |det A| cap K,

and therefore, this capacity is SLy C-invariant.
A probability measure v is an equilibrium measure for K if it minimizes
energy over all probability measures supported in K.

Lemma 3.1. Equilibrium measures exist on every compact I in C2.

Proof. If cap K = 0, then a delta-mass on any point in K is an equilibrium
measure. Assume cap K > 0. By Alaoglu’s Theorem, there exists a sequence
of probability measures v,, converging weakly to a measure v supported in K
such that I(vy,) — inf I(x) as n — oco. Define the continuous function logp on
C? x C? by logp(z,w) = max{log |z A w|, —R}. For each n, we have

—I(vy) = / log |z Aw|d(vy, X vy) < /logR(z,w) d(vp, X vp).
C2xC?

Letting n — oo, we obtain —inf I(y) < [logg(z,w)d(v x v). By Monotone
Convergence as R — oo, we find that I(v) < inf I(u), so v is an equilibrium
measure. O

Lemma 3.2. For any probability measure p with compact support in C? — 0,
the homogeneous potential function V* is plurisubharmonic and

dd°VF = 1" (mp)

*

as (1,1)-currents, where ™ is dual to integration over the fibers of m: C* —0 —

Pl

Proof. We first show that V# is upper-semi-continuous. Choose r > 0 so that
log |z A w| < 0 for all |jw| <r and z € supp . Since V# scales logarithmically
on lines, it suffices to check upper-semi-continuity at points in the sphere {w :
|lw|| = r}. By Fatou’s Lemma, we have

limsup/log |z Aldu(z) < /limsup log |z A&l du(z) = VH(w),
§—w

E—w

so V*# is upper-semi-continuous.
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To compute dd°V*, let ¢ be any smooth (1,1)-form with compact support
in C? — 0. For fixed z € C? — 0, the current of integration over the line C - z
has potential function w +— log |z A w|. This shows,

) = [ty log]z A w) A 6w

Cz

= / log |z A w| dd°¢p(w).
C2

As a function of z # 0, this expression is bounded and constant on the fibers of
7m: C? —0 — P! Therefore we can write,

(ddV", ) / VH (w) dd° (uw)

_ / ( / log]z/\w]d,u(z)> dde(w)
— /(/log|z/\w|ddc¢(W)> du(z)
- ( [ ¢> (o) Q)

= (7 (mep), 0),

where the middle equality follows from Fubini’s Theorem and the hypothesis on
L Il

Just as for potential functions in C, the homogeneous potentials satisfy a
continuity property better than upper-semi-continuity. See also [Ra, Thm 3.1.3].

Lemma 3.3. Let u be a probability measure with compact support S in C? — 0.
For each (y € S,

liminf V#(2) = liminf V#(().

z—Go (2) 53¢—Co (©

Proof. By a straightforward computation, we see that for any a,b € C? — 0,
la Ab| = [lall[|bljo(m(a), 7 (b)),

where 7 is the projection C?> — P!, o the chordal metric on P!, and || - || the
usual norm on C2.

Fix a point ¢y € S. If V#({y) = —oo there is nothing to prove. We assume
VH((y) is finite. We must then have u(C - (y) = 0. For any given € > 0,
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we can choose a neighborhood N of 7(¢p) in P! so that u(r~'N) < e. Let
M = sup,¢g [lw].

For any point z € C2 — 0, choose a point ( € S minimizing o(7(z), 7(¢)).
For each w € S — C - 2z, we then have,

CAwl _ licllo (@), m(w)) _ licl(a(r (), (=) + o(n(2), n(w)) _ 2M

2 Al lz]lo(w(2), w(w)) ]l (7 (2), 7 (w)) =Tl

We compute,

¢ A wl
|z A w|

Vi) = V() - / log dps(uw)

2M |¢ A w]
> H —clog — — 1 d .
2 VAO —elog g /cz_ﬂl(m %8 | A )

As z tends to {y, we may choose ( so that ( — (. Thus,

2M
liminf V#(2) > liminf V#({) — elog —.
=—Go ¢—Go 1ol
Since € was arbitrary, we obtain the statement of the Lemma. O

3.2 Uniqueness of the equilibrium measure

In complex dimension 1, Frostman’s Theorem (see e.g. [Ts]) states that the
potential function V(w) = [5log|z — w|du(z) of a measure which minimizes
energy for a compact set K C C must be constant on K, except possibly on
a set of capacity 0. As a consequence, harmonic measure on 0K is the unique
equilibrium measure (see §2.2).

In this section, we give a two-dimensional version of Frostman’s Theorem.
We will introduce circled and pseudoconvex sets K C C?, an associated plurisub-
harmonic defining function Gg, and the Levi measure, determined by the ge-
ometry of K. We will prove:

Theorem 3.4. For any compact, circled and pseudoconvex K C C2, the Levi
measure i is the unique, S*-invariant equilibrium measure for K. The homo-
geneous potential function of g is constant on the boundary of K and satisfies

VHE = Gk + log(cap K).

A compact set K C C? is said to be circled and pseudoconvex if it
satisfies the equivalent conditions of the following Lemma.
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Lemma 3.5. The following are equivalent:

(1) K is the closure of an S'-invariant, bounded, pseudoconver domain in C?
containing the origin.

(2) K is the closure of a bounded, pseudoconvex domain in C? and aK C K
for all o € D',

(3) K = {z: Gg(z) < 0} for a continuous, plurisubharmonic function G :
C? — R U {—oc} which scales logarithmically and G (—oc) = {0}.

Proof. Clearly, (3) implies (1) since G is an S'-invariant, plurisubharmonic
defining function for K.

Assume (1). Let U denote the interior of K. The open set U contains a ball
By around the origin. Let ¢ € U. Choose any path (¢) in U from ¢ to a point
p € By. Consider the set

I'={(t): D-~(t) C U},

where D denotes the unit disk in C. The set I' is non-empty because it contains
the point p. Belonging to I' is an open condition because U is open. Belonging
to I' is also a closed condition by the Kontinuitatssatz characterization of pseu-
doconvexity (see e.g. [Kr|). Therefore ¢ € I'. As ¢ was arbitrary, K must satisfy
(2).

Assuming (2), let G be the unique function which vanishes on the boundary
of K and scales logarithmically. Gk is continuous and plurisubharmonic because
K is the closure of a pseudoconvex domain. Il

Any compact, circled and pseudoconvex K C C? will have positive capac-
ity because it has positive Lebesgue measure, as we saw in §3.1. In computing
cap K = e~ ™ 1(1) it suffices to consider only S'-invariant measures 1 on K be-
cause the kernel log |z Aw| is S'-invariant. In fact, if 4 and v are two probability
measures supported in 0K with m,u = v on P, then I'(u) = I(v).

For a compact, circled and pseudoconvex K, the logarithmic defining
function is given by

Gk (z) = inf{—log|a|: az € K}.

Alternatively, G can be defined as the unique function which vanishes on 0K
and scales logarithmically. Let G}; = max{G,0} and define the Levi measure
of K by

UK = ddCG} A dch}.
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Again, d = d + 0 and d° = i(0 — 9)/2m. When the boundary of K is smooth,
px is the Levi curvature. In fact, px is the pull-back from P! of the Gaussian
curvature of a metric determined by K (see Chapter 6).

Before giving the proof of Theorem 3.4, let us first understand the structure
of the Levi measure ux and the positive (1,1)-current dd°Gg. Because G
scales logarithmically, there is a unique probability measure fi on P! satisfying
dd°Gg = 7" i, where 7* is dual to integration over the fiber [F'S, Thm 5.9].

Lemma 3.6. Let fixc be the unique probability measure on Pt such that dd°G g =
7 i . For any smooth, compactly supported function ¢ on C?, we have

dug = dme | dig(C),
[ oduc= [ (/ﬂ(oqﬁ m<> (<)

where m¢ is normalized Lebesgue measure on the circle 0K N 7 1(C). In partic-
ular, mepur = ik and therefore,

dd°Gr = " (Tapii)-

Proof. The following computation can be found in [B, §III.1]:
/ pdug = /qﬁdch}Q A dd°G .
C2
= /Gj{( dd¢ A dd°G .
= lir% (max{Gx,e} — &) dd°¢p A dd“G;.
E—

On a neighborhood of the support of max{Gg,e} — e, we have G}'{ = Gk, and
therefore,

/2¢d,u1< = ;in%/(max{GK,e}—s) dd°¢ N dd°Gk
C —

- / Gl dd°¢ A dd°G

L (o)
= /P1 </7r1(o¢dch};> diig (€)
- /. </7r1(C)¢dm<> ixe(0)
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where m¢ is normalized Lebesgue measure on the circle K N 771(¢). In partic-
ular, we have m,ux = jix. O

Lemma 3.7. Any equilibrium measure v for circled and pseudoconver K is
supported in the boundary of K.

Proof. Suppose there exists a closed subset A of the interior of K — {0} with
v(A) > 0. Choose a > 1 so that «A C K. We define a probability measure

Vo = V(K — A) + mas(V|A),
where m,, denotes multiplication by «. For every fixed w € C? — 0, we have
/log |z A w| day(v|A)(z) > /log |z A w| dv|A(z),
so that VYo (w) > V¥(w), and therefore I(v,) < I(v). O
Proof of Theorem 3.4. By Lemmas 3.6 and 3.2, we have
dd°VHE = t*roui = dd°Gi.

The plurisubharmonic functions V#¥ and Gk differ only by a pluriharmonic
function h on C2, but as they grow logarithmically, h must be constant. Thus,

VI (w) = Gr(w) = I(px),

since —I(pug) = [ VPK dug must be the value of V% on K = {Gg = 0}.

Now suppose v is an S'-invariant equilibrium measure for K. We imitate
the proof of Frostman’s Theorem in one complex dimension (see e.g. [Ts]) to
show that the potential function V" is constant on 0K. We will conclude that
V= UK.

Let

B, = {z €K :V(2) > —I(v)+ %}
Suppose that E,, has positive homogeneous capacity; then there exists a proba-
bility measure p supported on E,, with I(u) < co. Choose a point zy € supp v
with V¥(z9) < —I(v). Since V¥ is upper-semi-continuous, there is a neighbor-
hood B(zp) on which V¥ is no greater than —I(v)+1/2n. Let a = v(B(zg)) > 0.
Define
o = aplEy — v|B(x0),
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and note that I(o) is finite. We consider probability measures
vi =v+to, for 0 <t <1,

and compute,

Iv)-1(v)) = 2t/VVdO'—tQI(U>

> 2ta (—I(V) + l) — 2ta <—I(u) + %) —t?1(0)

n

a
— ¢ (— — (o ) ,
& t1(0)
which is strictly positive for small enough ¢. This contradicts the minimality of

the energy of v and therefore E,, must have homogeneous capacity 0. Setting
E = UFE),, we obtain

VY < —-I(v)on K — FE and cap E = 0. (4)

Observe that sets of homogeneous capacity 0 have measure 0 for any measure of
finite energy. As [V”dv = —I(v), we immediately see that V¥ = —I(v) v-a.e.
and by upper-semi-continuity,

V¥ > —I(v) on suppvr.
By Lemma 3.3, we have for any (y € supp v,

liminf V¥ (2) > —I(v). (5)
z—(o
As in dimension 1, we would like to apply a maximum principle of sorts
to see that V" is constant on K. Let L C C? be any line not containing the
origin and set S = supp dd“V¥|L. Since V¥ scales logarithmically and by Lemma
3.7, Gx|suppv = 0, property (5) implies that v := V¥|L + I(v) is a harmonic
function on L — S such that

liminfv(z) > G((p)

z2—Co

for all ¢y € S. Restating this, we have a subharmonic function v = G|L — v on
L — S such that
limsupu(z) <0

z2—(Co
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for all {, € S. As u is bounded, we can apply the maximum principle to say that
u<0on L—S. Of course, u < 0 also on S. As L was arbitrary, we conclude
that

VY > Gg - I(v).

Finally, we combine this last inequality with statement (4) to obtain
VY =Gk —1(v),

except possibly on a set of homogeneous capacity 0. However, as sets of homoge-
neous capacity 0 have Lebesgue measure 0, upper semi-continuity gives equality
everywhere. Consequently,

dd°V" = dd°G,

and therefore by Lemmas 3.6 and 3.2,
TV = Ty bk -

Since px and v are both supported in 9K and S'-invariant, we have v = pug. O

3.3 Examples and comparison to other capacities

In this section we compute the homogeneous capacity of some circled and pseu-
doconvex sets in C2. We also relate the homogeneous capacity to the usual
capacity in C and Tsuji’s elliptic capacity on P!.

Support of the Levi measure. Given a compact, circled and pseudoconvex
set K in C2, the function G}g coincides with the pluricomplex Green’s function
of K and pg with the pluricomplex equilibrium measure. See [Kl] for general
definitions. Since the logarithmic defining function G is continuous, the set K
is said to be regular, and the support of px is exactly the Shilov boundary dy K
[BT, Thm 7.1].

Polydisks. The polydisk X = D, x D, C C? has homogeneous capacity ab.
Indeed, the Levi measure puy is supported on the distinguished boundary torus
Sl x Sl and the homogeneous potential function V#& evaluated at any point
in this torus is log |ab|.

Regular sets in C. A compact set £ C C is regular if its Green’s function

g (with logarithmic pole at infinity and = 0 on E) is continuous on C. The
function g satisfies gg(z) = log|z| + v + o(1) near infinity, and the value = is
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called the Robin constant of E. We associate to E a circled and pseudoconvex
set K = K(E) c C? with homogeneous capacity equal to the usual capacity of
FE in C as follows:

Define G on C? by

| gB(z1/22) +1og|za|, 2z2#0
Gr(z1,22) = { v + log|z1], 20 =10

where v is the Robin constant for E. The function Gk is continuous, plurisub-
harmonic, and scales logarithmically, so K(F) := {Gx < 0} is circled and
pseudoconvex. Observe that dd°Gx = n*up, where ug is harmonic measure on
E in C. If pug is the Levi measure of K(FE), then by Lemma 3.6,

T« UK = UE-

By choosing coordinates ( = z1/z2 on P!, we can express the homogeneous
energy of pux as

T) == [ [ 1081 = €l aus@uste) =2 [ 10g]zal dic(2),

We find that I(ux) = 7, since the support of pg lies in the set {z : 22| = 1}.
By Theorem 3.4, the homogeneous capacity of K(F) is equal to

cap K (E) = ¢ 1(h) = ¢,
which agrees with the usual capacity of £ in C.

Elliptic capacity on P'. A straightforward computation shows that for any
z,we C? -0,
|z Aw| = [|z][[[w][o(7(2), w(w)),

where ¢ is the chordal metric on P! and || - || the usual norm on C2. We can
rewrite the homogeneous energy of the equilibrium measure px as

To) == [ [ 020(¢.&) dmpurc(Qdmpnc(€) =2 | 1og 2] duc(2).

The first term is the energy functional for Tsuji’s elliptic capacity [Ts], while
the second term reflects the shape and scale of K. In particular, if the Shilov
boundary 9pK of a circled and pseudoconvex set K lies in S® C C2, then the ho-
mogeneous potential function VK restricted to S? defines the potential function
for elliptic capacity of m(99K) when projected to P. By the uniqueness of the
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equilibrium measure on P! for elliptic capacity [Ts, Thm 26], the homogeneous
capacity of K is the elliptic capacity of the set m(JoK) in P!,

Spheres. The closed ball of radius r in C? has homogeneous capacity r2e~1/2.
Indeed, Tsuji’s elliptic capacity agrees with Alexander’s projective capacity in
dimension one, and Alexander computes that P! has projective capacity e /2
[Ar, Prop 5.2]. The homogeneous capacity of S% is then also e Y2 and the
capacity scales as cap(rK) = 72 cap(K).

See also the logarithmic capacities in C" defined and discussed in [Ce2] or
[Be] and the references therein.
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4 Homogeneous polynomial maps F on C?

In this chapter, we turn to dynamics. Every rational map on P! is covered by a
homogeneous polynomial map on C2. Working with these polynomials, we gain
the advantage of applying results from potential theory, just as for polynomials
in dimension one [Br|, [HP], [FS2]. We give here a potential-theoretic formula
for the Lyapunov exponent of a rational map, in terms of a given lift F to C?.
We show that the homogeneous capacity of the filled Julia set of F' has a simple
formulation: it can be expressed as a rational function of the coefficients of F.
We close the chapter by applying the results to polynomials of one variable.

4.1 Formula for the Lyapunov exponent

In this section, we give the proof of the following formula for the Lyapunov
exponent of a rational map:

Theorem 4.1. Let f be a rational map of degree d > 1 and F : C?> — C? any
homogeneous polynomial such that mo F' = f ow. The Lyapunov exponent of f
s given by

2d—2

L(f) =) _ Grlc;) —logd+ (2d — 2) log(cap KF).
j=1

Here G is the escape rate function of F', cap K is the homogeneous capacity
of the filled Julia set of F and the c¢; € C? are determined by the condition
|det DF(2)] = [1%52 |2 A .

Let F : C? — C? be a non-degenerate polynomial map, homogeneous of
degree d > 1, and let 7 : C?>—0 — P! be the canonical projection. Recall that f
induces a unique rational map f on P! such that mo F = forx. The filled Julia
set of F is the compact, circled domain defined by K = {z € C? : F"(2) /4 oo}.
The escape rate function of F' is defined by

1 .
Gr(z) = lim —log|lF™(2)l),

n—oo

for any norm || - || on C?, and quantifies the rate at which a point z € C? tends
towards 0 or co under iteration of F. See §2.3.
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As G scales logarithmically, Kr = {z : Gr(2) < 0} is circled and pseudo-
convex. In the notation of the previous chapter, G is the logarithmic defining
function Gk, and the Levi measure of Kp,

pr = (dd°GE) A (dd°GF),

defines an F-invariant ergodic probability measure satisfying m.pup = ps [FS2,
Thm 6.3], [Jo, Cor 4.2]. By Theorem 3.4,

cap Kp = e 1wr),

Proof of Theorem 4.1. Let f be a rational map of degree d > 1 on P! and
F : C? — C? any homogeneous polynomial such that 7o F = f o 7. The sum
of the two Lyapunov exponents of F' with respect to pr is given by

L(F)= /02 log |det DF|dup.

See §2.3. The determinant of DF'(z) as a polynomial in the coordinate functions
of z splits into linear factors, vanishing on the 2d — 2 critical lines of F'. We can

write
2d—2

|det DF(2)| = [ Iz A gl
j=1

for some points ¢; € C2. Applying Theorem 3.4, we write the sum of the
Lyapunov exponents of F' as

L(F) = /C log | det DF(2)| dur (2
= Z/log|z/\cj|d,up(z)
= > VH(c))

J

= Y Grle) — (2d—2)I(up)
J

= Y Gr(c;) + (2d — 2)log(cap Kr),
J

Using the relation ([Jo, Thm 4.3])
L(F) = L(f) +logd,

we obtain the stated formula for the Lyapunov exponent of f (with respect to
fif)- O
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4.2 Homogeneous capacity and the resultant

In this section we prove an explicit formula for the homogeneous capacity of
the filled Julia set of a homogeneous polynomial map F on C?. The resultant,
Res(F), is the resultant of the polynomial coordinate functions of F. See §2.4.

Theorem 4.2. For any non-degenerate homogeneous polynomial map F : C?> —

C? of degree d > 1, the homogeneous capacity of its filled Julia set Kp is given

by
cap Kp = | Res(F)|~/dd=1),

We begin with a lemma relating the resultant of F' to its dynamics.
Lemma 4.3. For any non-degenerate homogeneous polynomial map F of degree
d,

Z Z log |z A w| = —d?log | Res(F)|,
{z:F(2)=(0,1)} {w:F(w)=(1,0)}

where all preimages are counted with multiplicity.

Proof. First, write F'(z) = ([[; # Aai, [[; 2 A bj) for some choice of points a; and
bj in C2. Observe that F(a;) = (0, [1; @i Abj) and F(bj) = (I]; ai Abj, 0). Thus,
the d? preimages of (0, 1) are of the form ai/([1; @i N b;)1/? for all i and all d-th
roots. Similarly for (1,0). We compute,

Z Z log |z A w|

{z:F(2)=(0,1)} {w:F(w)=(1,0)}
= d*) log
4,J

a; A bj
[Tx lai A bg[/4 " TT; lag A by| /4

1 1
= d*lo a; A bj
s\ gea Ly e

= —d? logH|ai/\bj|
1]
= —d*log|Res(F)|.

O

The idea of the proof of Theorem 4.2 is to apply Lemma 4.3 to iterates F™
and let n tend to infinity. We need to show that the left hand side in this equality
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will converge to the integral of log |z A w| with respect to pp x pp. By Theorem
3.4, we have

log(cap Kr) = / log |z A w|dup(2)dur(w).
C2xC?
To show convergence, we will apply Lemma 2.1 to a fixed rational map f.
For a point a € P!, define measures

MZ = din Z 0z,

{z:f"(z)=a}

where the preimages are counted with multiplicity. If a is non-exceptional for f
(i.e. its collection of preimages is infinite), recall that these measures converge
weakly to the measure of maximal entropy py as n — oo [Ly], [FLM]. Let p
denote the spherical metric on P! and set

A(r) = {(z,w) € P x P! : p(z,w) < r}.

We prove a lemma on the convergence of preimages of two distinct points on the
sphere. Compare [Ma2, Lemma II.1].

Lemma 4.4. For any non-exceptional points a # b in P, there exist constants
ro, ¢ > 0 such that

Hiy X i (A(r)) = O(r)

for r <o, uniformly in n.

Proof. Choose rg < min{p(a,b),so} where the sy comes from Lemma 2.1 for
the rational map f. Since f is uniformly continuous, there exists M > 0 such
that p(f(2), f(w)) < Mp(z,w) for all z,w in P!. For any z and w such that
f™(z) =a and f"(w) = b, we have

b
plew) > P00 o
In other words,
pl x b (A(rg/M*)) = 0 for all k > n. (6)

We apply Lemma 2.1 to radius 7 = ro/MP* to obtain an integer m(ry) >
kBlog M. We may assume that m(ry) < k (by choosing 5 < 1/log M if neces-
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sary). We have for each n > k and any z € P!,

a — dnim(,rk) a mi(T,
pa(B(zry) < 2% 1d—nlun—m(rk)(f " B(z, k)
2d—1
< 2
- gm(re)
22d71
< (d,@logM)k'

As pib is a probability measure, we obtain
@ 1l (A(ro/MY)) < S for all k <
i X i (A(r0/ ))_ﬁ orall k= mn,

where constants C' and D depend only on (3, d, and M. Combining this estimate
with (6) we have the statement of the Lemma with o = Slogd. O

Corollary 4.5. Let f be a rational map and a # b any two non-exceptional
points for f. For any € > 0, there exists r > 0 so that

/A( ) log p(z, w)| d(py x py) <e

and
[ Mog ple.w)] diu x ) <
A(r)

uniformly in n.

Proof. We apply Lemma 4.4 to obtain the second inequality. By weak conver-
gence po x pb — p x p, we have also p x u(A(r)) = O(r®), giving the first
inequality. O

We are now ready to prove that the homogeneous capacity of the filled Julia

set of a homogeneous polynomial map F : C?> — C? of degree d is equal to
| Res(F)|~/dd=1),

Proof of Theorem 4.2. Let F : C? — C? be a polynomial map, homogeneous
of degree d > 1 and let f be the rational map on P! such that mo F = f o .
Conjugate F' by an element of SLy C so that points (1,0) and (0,1) are non-
exceptional for F'. We begin by showing convergence of

1
7in Z Z log |z A w| —>/ log |z A w|dpp(z)dpr(w)
{F(2)=(0,1)} {F" (w)=(1,0)} CFxc?
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as n — 00, where all preimages are counted with multiplicity.
Fix ¢ > 0. For a point p € C?, define measures on C? by

oy, = d% Z 0z,

{z:Fn(2)=p}

where the preimages are counted with multiplicity. Note that m,u} = uz(p ) and
muptr = puy. Observe that supp pr C 0K is compact in C? —0 and all preimages
of a non-exceptional point of F' accumulate on this set. We can find constants
K1, K9 > 0 such that

Klp(ﬂ'(z),ﬂ'(’w)) < |Z /\w| < Ky,

for all preimages z of (0,1) and w of (1,0). Therefore, applying Corollary 4.5,
we can find an r > 0 so that

/ llog |z Awl|| d(ur x pr) < e
T~ 1A(r)cC2xC?

and
/ log = A w] () x u0) < e
T1A(r)cC2xC2
uniformly in n.
Define a continuous function on C? x C? by logg(z,w) = max{log|z A

w|,—R}. Choose R so that logp(z,w) = log|z A w| on a neighborhood of

OK x OK —n~'A(r). By weak convergence of u%o’l) X u%l’o) — pur X pp (see §4),

we have for all sufficiently large n,

/ log (2, w) d(p™) x pfH0) — / logp(z, w) d(pr x pr)| < e
C2xC? C2xC2
Combining these estimates, we have for large n,

/ log |z A w|d(pOY x pb0)y — / log |z ANw|d(up X pr)| < be.
C2x(C2 C2xC2

Now that we have established convergence, we recall the definition of homo-
geneous capacity and apply Theorem 3.4 to see that the integral to which the
sums converge is exactly the value log(cap Kr). Finally, we apply Lemma 4.3
to the iterates F™ and obtain

1

~ log | Res(F™)| — log(cap Kr)
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as n — o0o. By Corollary 2.7, the terms on the left converge to the value

*ﬁ log | Res(F')|, and therefore

cap K = | Res(F)|~1/4d=1),

4.3 Polynomials p: C — C

In this section, we show how the formula for the Lyapunov exponent given in
Theorem 4.1 reduces to a well-known expression when the rational map is a
polynomial. We show also how the homogeneous capacity of the filled Julia set
of any lift of a polynomial to C? can be seen directly to be the resultant, giving
an alternate proof of Theorem 4.2 in this case.

Let p(z) = agz? + --- + ag be a polynomial on C with ag # 0. The escape
rate function of p on C is defined by

Gplz) = Tim - log™ |p"(2)],

where log™ = max{log, 0}, and G, agrees with the Green’s function for the
complement of the filled Julia set K, = {# € C : p"(2) /4 oo}. The measure
of maximal entropy p, is simply harmonic measure on K, [Br|. The Lyapunov
exponent of p with respect to ), is equal to:

L(p) = Z Gp(c) +logd
{cp/ (c)=0}

where the critical points are counted with multiplicity [Prz],[Mn],[Ma2]. See
§2.2.

Let P(z1,22) = (29p(21/22),2%) define a homogeneous polynomial map on
C? with mo P = pom. We can express the homogeneous energy of the Levi
measure f(p as

) == | [ tomIc = €ldiy(Oamy(€) =2 [ o |l dian(:).

by choosing coordinates ¢ = z1/z2 on P!. The first term is the Robin constant
for the filled Julia set of p. The support of up is contained in {|z2] = 1}, so
the second term vanishes and the homogeneous capacity of Kp is exactly the
capacity of K, in C. By Lemma 2.2, we have

d—1

log(cap Kp) = log |ag|.
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Of course, the resultant of P is Res(P) = ad, so we obtain an alternate (and
much simpler) proof of Theorem 4.2 when the rational map is a polynomial.

IfcjeC,j=1,...,d—1, are the finite critical points of p, we can write
d—1
|det DP(2)| = d?[ag||2o|* " [ ] |21 — ¢j2al-
j=1

From Theorem 4.1, we obtain
d—1
L(p) = ZGP(C]', 1)+ (d—1)Gp(1,0) + log |ag| + log d — 2log |ay|.
j=1

To evaluate the value of Gp(1,0), we observe that P leaves invariant the circle
{lao| /(¢ 0) € C*: [¢] = 1},

so G'p vanishes on this circle. Since Gp scales logarithmically, we have

Gp(1,0) = Gp(jag) 4V, 0) +

log |ag| = log |ao|,

1
d—1 d—1

and therefore,
d—1
L(p) =) _Gp(c;,1) + logd.
j=1
Finally, by [HP, Prop 8.1], the escape rate functions Gp and G, are related by

Gp(21,22) = Gp(z1/22) + log | 22|,

and we obtain

L(p) = Z Gp(cj) + logd.
J
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5 Holomorphic families of rational maps

In this chapter, we prove that the variation of the Lyapunov exponent in any
holomorphic family of rational maps characterizes stability:

Theorem 5.1. For any holomorphic family of rational maps f : X x P — P!
of degree > 1,
T(f) = dd°L(fx)

defines a natural, positive (1,1)-current on X supported exactly on the bifurcation
locus of f. In particular, a holomorphic family of rational maps is stable if and
only if the Lyapunov exponent L(fy) is a pluriharmonic function.

We begin with a discussion of homogeneous capacity as a function of a holomor-
phic parameter and prove in §5.2 a theorem on normal families. The proof of
Theorem 5.1 is given in §5.3.

5.1 Capacity in holomorphic families

Let F : X x C?> — C? be a holomorphic family of non-degenerate homogeneous
polynomial maps. We examine the variation of cap Kr, as a function of the
parameter A € X. In particular, we observe that associated to any holomorphic
family of rational maps on P! there is locally a holomorphic family of canonical
lifts to C? of capacity 1.

Theorem 5.2. For any holomorphic family F : X x C?> — C? of non-degenerate
homogeneous polynomial maps, the function

A log(cap K,
1s plurtharmonic.

Proof. Let d be the degree of each of the maps F. By Theorem 4.2, we have

log(cap Kp,) = — log | Res(Fy)|.

1
d(d—1)

The resultant is a polynomial expression of the coefficients of F)\ and thus holo-
morphic in A € X. As the resultant never vanishes for non-degenerate maps,
the function log| Res(F} )| is pluriharmonic. O

For any fixed rational map f of degree d > 1, there exists a homogeneous
polynomial map F' of capacity 1 such that w o F' = f oxw. The map is unique
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up to F — e F. Indeed, take any non-degenerate homogeneous F lifting f. By
replacing F' with aF, a € C*, we have the following scaling property:

2
log(cap Kor) = log(cap Kr) — —— log|al.

We can therefore choose a € C* so that
cap Ko = 1.
As a corollary to Theorem 5.2, we can choose the scaling factor holomorphically.

Corollary 5.3. Let f : X x P* — P! be a holomorphic family of rational maps
of degree d. Locally in X, there exists a holomorphic family of homogeneous
polynomial maps F : U x C?> — C? such that mo F\ = fyon for all A € U and
cap K, = 1.

Proof. Let F : U x C?> — C? be any holomorphic family of homogeneous poly-
nomials lifting f over a neighborhood U in X. Shrinking U if necessary, we
can find a holomorphic function  on U such that Ren(\) = % log(cap K, ).
Putting a = e", we define a new holomorphic family {a(A) - F)\} lifting {f\} so
that cap K,r, = 1. O

5.2 Normality in holomorphic families

Let f: X x P! — P! be a holomorphic family of rational maps. In this section,
we prove a theorem on normality of families of functions defined on parameter
space X. We will use the equivalence of (i) and (iii) in the proof of Theorem 5.1,
letting p(A) parameterize a critical point of fy. The equivalence of (iv) explains
precisely how preimages of a point converge to the support of puf,. Compare
to Lemma 4.4. Distances on P! are measured in the spherical metric p. The
a,\ 1
measures i, on P are defined by

= din > 6

{z:/x(z)=a}

where the preimages are counted with multiplicity.

Theorem 5.4. Let p: X — P! be holomorphic and \g € X. The following are
equivalent:
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(i) The functions {\ — f{(p(N\)) : n > 0} form a normal family in a neigh-
borhood of Ag.

(ii) The function p : X — P! admits a holomorphic lift p to C*> — 0 in a
neighborhood U of Ao such that p(\) € OKp, for all X € U.

(111) For any holomorphic lift p such that mop = p, the function X — Gp, (p(N))
18 plurtharmonic near \g.

(iv) For some neighborhood U of Ao, there exist a point a € P, constants
ro, &« > 0, and an increasing sequence of positive integers {ny} such that
measures u%’k’\ satisfy

R (B(p(A), 7)) = O(r)

for all r < rg, uniformly in k and A € U.

The equivalence of (i), (ii), and (iii) was established in [FS2], [HP], and [U]
for the trivial family where f) is a fixed rational map. The proof is the same in
the general case, but we include it for completeness. See also [Del, Lemma 5.2].
The proof that (i) implies (iv) relies on the Mané Lemma 2.1 and is similar to
the proof of Lemma 4.4. Compare to [Ma2, Lemma II.1]. In proving that (iv)
implies (iii), we apply Theorems 3.4 and 5.2.

Proof of Theorem 5.4. We first prove (i) implies (iii). Select a subsequence
{X— fi*(p(\))} converging uniformly to some holomorphic function g on U 3
Ao Shrink U if necessary to find a norm ||-|| on C? so that log ||-|| is pluriharmonic
on 7 (g(U)). For example, if g(A\g) = 0 on P!, we could choose ||(z1,22)|| =
max{|z1], |z2|}. On compact subsets of U, the functions

A o [ (V)|
are pluriharmonic for sufficiently large k, converging uniformly to Gp, (p())),
proving (iii).

Assume (iii) and let p be any holomorphic lift of p in a neighborhood U of \g.
The function G(X) := G, (p(A)) is pluriharmonic on U. Let 7 be a holomorphic
function so that G = Ren. Set p(A) = e~"M . 5(A). Then p is a holomorphic lift
of p such that p € 0Kp,, because Gr, (p(\)) = G(A) — G(\) = 0, establishing
(ii).

Assuming (ii), the F)-invariance of 0K, implies that the functions

A= FX(p(N)
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are uniformly bounded in a neighborhood of Ag. These form a normal family
and so by projecting to P!, the family {\ — f2(p()\))} is normal, proving (i).
We show that (i) implies (iv). Let p denote the spherical metric on P!. By
a holomorphic change of coordinates on P!, we may assume that p = p()\) is
constant in a neighborhood of Ag. Choose a subsequence {A — f{*(p)} which
converges uniformly on a neighborhood U of Ag to the holomorphic function

g : U — PL. Choose U small enough so that g(U) # P! and let a ¢ g(U) be a
non-exceptional point for all f), A in U.
Select constant M so that

p(fa(2), fa(w)) < Mp(z,w)

for all z and w in P!. Iterating this, we obtain

p(fX(2), fX(w)) < M"p(z, w).

Take e < p(a, g(U)) so for all sufficiently large k and A € U we have p(f\*(p),a) >
e. Thus, the set f, "*(a) does not intersect a ball of radius ¢/M™ around p. In
other words, if we let

Bn = B(pa 5/Mn)a
there exists N so that

peAN(By) = 0 for all k > N,n > ny, A € U. (7)

For an estimate on u%’,:\(Bn) when ny > n, we apply Lemma 2.1. Shrink &
if necessary so that € < sg. For each n, we apply the Lemma to r = ¢/M™ and
obtain an integer

m(r) > nBlog M.

We may assume that m(r) < n. For each k such that ny > n and all A € U, we
have

22d_1dnk—m(r) a\

iy (Bn) - < i Mo (" Br)
dne—m(r)
2d—1
< Pt
22d—1
gm0
22d—1
< (dﬁ log M)n :
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This estimate combined with (7) above implies that there are constants N,
C >0, and D > 1 such that

uf{:‘(Bn) < % forallk > N,n>0,AeU.

In other words, we obtain result (iv) with o = flogd.
Finally, we show that (iv) implies (iii). Let p be any holomorphic lift of p
defined in a neighborhood of Ag. Set

»«A)::vwﬁQXA»::/ﬁ%ﬂzAMdu&.

We will show that V is pluriharmonic on a neighborhood of Ag. By Theorem
3.4,
GF,\ (ﬁ()‘)) = V()‘) + log(cap KFA)?

so by Theorem 5.2, GF, (p(A)) will be pluriharmonic.

Let a neighborhood U of Ao, constants rg,a > 0, and a € P! satisfy the
conditions of (iv). Let @ be any point in 7~ (a). Consider the pluriharmonic
functions Vi, on U defined by

Vi =—— ) loglanpl.

We will show that Vi(A) — V() uniformly on U as n — oo.
For each A\ € U and k > 0, define measures on C? by

{FyF(2)=a}

where the preimages are counted with mulitiplicity. Shrinking U if necessary, the
set K(U) = Uxep0KF, is compact in C? — 0 and all preimages of @ accumulate
on this set. We can therefore find constants Ky, Ko > 0 such that

Kip(n(z),p) < |2 Ap| < Ko, forall z€ F,"(a),n>0,AecU. (8)

Fix ¢ > 0. Note that 7. (u;) = ,u?;k)‘ for £, on PL. By condition (iv) and (8),
there exists an r > 0 so that

/ log |2 A pl| dup,, < e
7~ 1B(p,r)

42



and
/ llog |z A p|| dur, < e,
7= 1B(p,r)

uniformly in k and A € U. Define continuous function on C? by logp(z,p) =
max{log |z A p|, —R}, and choose R large enough so that logr(z,p) = log |z A p|
for all z in a neighborhood of K(U) — 71 B(p,r).

For each fixed A € U and all k sufficiently large we have by weak convergence
of pip, to ik,

’/ logp(2, ) din, —/ logp(z,p) dur, | <e.
C2 C2
Combining the estimates, we find that

[V(A) = Vi(N)] < be.

As e was arbitrary, we conclude that V, — V pointwise on U. By (8), the
pluriharmonic functions Vj, are uniformly bounded above on U. Therefore, their
pointwise limit must be a uniform limit and V is pluriharmonic, and (iii) is
proved. O

5.3 The bifurcation current and geometry of the stable compo-
nents

In this section we complete the proof of Theorem 5.1, which states that the
current T'(f) = dd°L(fy) is supported exactly on the bifurcation locus. As a
corollary, the stable components in the space of rational maps are domains of
holomorphy.

A holomorphic family of rational maps f : X x P! — P! is said to be stable
at parameter A\g € X if the Julia set J(fy) varies continuously (in the Hausdorff
topology) in a neighborhood of A\g. If holomorphic functions ¢; : X — P!
parameterize the critical points of fy, then f is stable if and only if the family
{A = f(cj(N)}n>0 is normal for every j [Mcl, Thm 4.2]. The bifurcation
locus of f is the complement of the stable parameters in X. See §2.5.

Proof of Theorem 5.1. Let f : X x P! — P! be a holomorphic family of
rational maps of degree d > 1. Let N(A) be the number of critical points of fy,
counted without multiplicity. Set

D(f) ={Xo € X : N(\) does not have a local maximum at A\ = Ao},
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a proper analytic subvariety of X.

If Ao ¢ D(f), there exist a neighborhood U of A\g in X and holomorphic
functions ¢j : U — P! parametrizing the 2d — 2 critical points of f\ (counted
with multiplicity). Shrinking U if necessary, there exists a holomorphic family
of homogeneous polynomial maps F : U x C?> — C? such that mo F) = fyon
for each A € U. Locally, there exist holomorphic lifts ¢;(\) € C? — 0 such that
mocj =cj and

|det DFy(2)] = [ [ 12 A & (V).
J
By Theorem 4.1, the Lyapunov exponent of fy can be expressed by

L(£\) =Y _Gr(&(N) —logd + log(cap K ). (9)

The last term on the right hand side is always pluriharmonic in A by Theorem
5.2. The first term is continuous and plurisubharmonic since G, (2) is defined
as a uniform limit of continuous, plurisubharmonic functions in both z and A
[FS2, Prop 4.5].

The family f is stable at g if and only if for each j, {A — f{(c;(A))} forms
a normal family in some neighborhood of Ay (see §2.5, and by Theorem 5.4, f
is stable if and only if G, (¢;()\)) is pluriharmonic for each j. Therefore, the
positive (1,1)-current

T(f|U) = dd°L(f)|U

has support equal to the bifurcation locus B(f) in U.

Now suppose \g € D(f). Formula (9) holds on U — D(f) for some neighbor-
hood U of Ag. The right hand side of (9) extends continuously to Ay since it is
symmetric in the ¢;, and the extension agrees with L(f),) by the continuity of
the Lyapunov exponent [Ma2, Thm BJ. If A\g is a stable parameter for f, then
by (9), the function L(f)) is pluriharmonic on U — D(f). As D(f) has complex
codimension at least 1, L(f)) must be pluriharmonic on all of U. Conversely,
if L(f\) is pluriharmonic in some neighborhood U of A, then each term on the
right hand side of (9) is pluriharmonic on U — D(f), so U — D(f) is disjoint from
the bifurcation locus. The bifurcation locus cannot be contained in a complex
hypersurface for any family (Lemma 2.8), and therefore f is stable on all of U.

We conclude that the globally defined current

T(f) = dd°L(fx)
has support equal to the bifurcation locus B(f). O

We close this section with two immediate corollaries of Theorem 5.1.
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Corollary 5.5. If parameter space X is a Stein manifold, then X — B(f) is
also Stein.

Proof. Corollary 2.12 applies directly to the bifurcation current 7'(f) on X. O

In particular, the spaces of all rational maps and all polynomials of degree d > 1
are Stein manifolds (see §2.6).

Corollary 5.6. Every stable component in Raty and Poly, is a domain of holo-
morphy (i.e. a Stein open subset).
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6 Metrics of non-negative curvature on P!

In this chapter, we present an alternative perspective on Theorem 3.4 and com-
pact, circled and pseudoconvex sets K C C? (see §3.2). Such K are in bijective
correspondence with continuously varying Hermitian metrics on the tautological
bundle 7 — P! of non-positive curvature (in the sense of distributions). These
Hermitian metrics in turn correspond to Riemannian metrics (up to scale) of
non-negative curvature on P!. The kernel log |z A w| for the homogeneous ca-
pacity in C? descends to a kernel on P! when restricted to K. We give an
intrinsic description of this kernel in terms of the metric determined by K. In
this setting, Theorem 3.4 translates into a variational characterization of curva-
ture (Theorem 6.1).

Given a compact, circled and pseudoconvex K C C2, define a continuously
varying Hermitian metric on the tautological line bundle 7 : 7 — P! by setting

o] = 5™ = inf{|a| ™ : av € K},

where Gk is the logarithmic defining function of K. If s is a non-vanishing
holomorphic section of 7 over U C P!, then the curvature form (or current)
associated to this metric on 7 is locally given by

O, = —dd°(Gk o s).

It is obviously independent of the choice of s. Identifying the tangent bundle
TP' — P! with the square of the dual to 7 — P!, we obtain a metric on TP!
with curvature form © g such that

0K = 2dd°G,

which is non-negative in the sense of distributions. Though the identification
between 772 and TP! is not canonical, the curvature is independent of the
choice. By Lemma 3.6, the curvature O is simply a multiple of the push-
forward of the Levi measure, m, 5.

Conversely, let h be a continuously varying metric on TP! with non-negative
curvature. Choosing an identification of TP' with 772, the unit vectors in this
metric define the boundary of a circled and pseudoconvex K (h) in C2. The set
K (h) is unique up to scale. Explicitly, if in local coordinates, h(z) is the length
of the section %, the curvature of the metric h is given by

O, = —dd‘log h.
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A metric on 7 — P! can be defined in local coordinates by setting [|(z,1)| =
1/h(z)"/? with curvature form

0, = %dalC log h.

The set K(h) C C? consists of all vectors of length < 1.

Example. If p is the spherical metric on TP!, we can choose K(p) to be the
closed unit ball in C?. In local coordinates, p is defined by the length function
h(z) = 1/(1 + |2|?). The section z — (z,1) of 7 then has length (1 + |2|>)'/2,
the standard norm in C2.

Variational characterization of curvature. We begin with a description of
a canonical C-bilinear pairing of tangent vectors, TP! x TP! — C. For the
moment, let us fix two points 0 and co in P! and identifications TyP! ~ C ~
TooPl. For any two points p # ¢ in P!, apply a Mdbius transformation ~ so
that yp = 0 and vq = oo. For vectors u € TpP1 and v € Tqu, the product
V<t -0 (in the identification of the tangent spaces) is independent of the choice
of . This pairing is in fact uniquely determined up to scale, and it can be made
canonical upon choosing two vectors with product 1 [Mc3].

Now, let A be a Riemannian metric of non-negative curvature. For distinct
points p,q € P!, we define

1
kn(p,q) = 3 log [veu - yxv),

where u € T,P! and v € T,P! are unit vectors in the metric h, and v is any
Mobius transformation sending p to 0 and ¢ to oo.

Theorem 6.1. Let h be a conformal metric on P! with curvature pj, > 0 (in
the sense of distributions). Then the measure pup, uniquely minimizes the energy
functional,

1) = [ ) du(p)auta).

over all positive measures on P! with Jp1 1= 4m.

Proof. We will reduce the statement of the theorem to that of Theorem 3.4.

Let p denote the spherical metric and o the chordal distance between points.
Fix an identification between TP! and 772 so that the associated circled, pseu-
doconvex set K (p) C C? is the closed unit ball. Choose identification of ToP!
and T, P! so that the pairing of unit vectors (in metric p) at points 0 and oo is
1.
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Let p and ¢ be distinct points of P! and let u and v be tangent vectors at p
and g, respectively. By a straightforward computation, we see that

|’Y*u|p|7*v‘p _ ‘u|p|v|p

o(yp,v9)?  o(p,q)?

for all Mébius transformations . Now choose 7 sending p to 0 and ¢ to co. By
the choice of the pairing of tangent vectors, we have |y, - v.v| = |yxulp]v:v]p-
Since o(0,00) = 1, we obtain

[ulplvlp

Vel - Y] =
- 70] a(p,q)?

Observe that vectors of length [ in the spherical metric on TP! correspond
to vectors of norm 1/1'/2 in C? under the chosen identification. Let K = K (h)
be the circled, pseudoconvex set identified with the given metric h. If z lies
in the boundary of K, then a unit vector at 7(z) in the h-metric will have
spherical length ||z||=2. For all points z and w in C? — 0, we have |z A w| =
o(m(z), m(w))|z||||w]]. Therefore, for all z and w in 0K and unit tangent vectors
u and v (in h-metric) at points m(z) and 7w (w), respectively, we deduce that

o(m(2), m(w))

(|U’p|U’p)l/2
1

= —5loglnu- |

= —kp(m(2),m(w)).

log|z Aw| = log

That is, the kernel k;, on P is precisely the kernel for the homogeneous capacity
in C? restricted to the boundary of K. By Lemma 3.7, the energy minimizing
measure for the homogeneous capacity is always supported in K. The theorem
thus follows immediately from Theorem 3.4. O

As a consequence of the proof, we see that in local coordinates on P!, the
kernel ky, satisfies kp,(p, q) = log |p — ¢q| + O(1) for p near q.

Convex surfaces in R3. Theorem 6.1 applies only to metrics of non-negative
curvature on P!. These metrics correspond precisely to induced metrics on
convex surfaces in R? homeomorphic to a sphere. Indeed, given such a convex
surface, the induced metric from R? can be uniformized to define a conformal
metric of non-negative curvature on P'. Conversely, any metric of non-negative
curvature on the sphere can be realized as a (possibly degenerate) convex surface
in R3 by a theorem of Alexandrov [Av, VII§7].
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Theorem 6.1 then states that given any convex surface in R? which is home-
omorphic to a sphere, there is a well-defined energy functional which is uniquely
minimized by the curvature distribution. Despite the potential theoretic nature
of the proof, the distribution is distinctly different from the minimal Newtonian
distribution on this surface, as flat pieces are never charged.

Metric associated to a rational map. Given a rational map f : P! — P!
let F: C? — C? be any homogeneous polynomial map such that 7o F = for.
The filled Julia set K of F' is circled and pseudoconvex, thus determining
a continuously varying Riemannian metric of non-negative curvature on the
sphere, unique up to scale.

As an example, consider f(z) = 22. The filled Julia set of the lift (21, 29) =
(22, 23) is the unit polydisk. The corresponding metric on the sphere is flat on
D and C — D with curvature uniformly distributed on S'. The sphere with this
metric can be realized as a (degenerate) convex surface in R3: a doubly sheeted
round disk.

49



7 Open questions

We conclude with a list of open questions, of varying difficulty and of varying
degrees of vagueness, which have arisen from the topics investigated in this
thesis.

1. Lyapunov exponent on stable components. By Theorem 5.1, we know
that the Lyapunov exponent is a pluriharmonic function on each stable com-
ponent in the space of rational maps. It is, therefore, locally the real part of
a holomorphic function. What is the dynamical significance of a pluriharmonic
conjugate to the Lyapunov exponent?

2. Other holomorphic families. Bedford and Smillie showed that for polyno-
mial diffeomorphisms of C?, the Lyapunov exponents vary pluriharmonically on
hyperbolic components in parameter space [BS]. Conversely, what does plurihar-
monic variation of the Lyapunov exponents imply? Given a holomorphic family
of holomorphic maps on P", does pluriharmonic variation of the Lyapunov ex-
ponents imply some sort of stability of the family? What would it say about
the interaction of the critical locus with the support of the invariant measure of
maximal entropy?

3. Homogeneous capacity in C™. The formulation given for the homoge-
neous capacity in Chapter 3 is special to C?. What is a reasonable formulation
in arbitrary dimension? Can we give a formula analogous to Theorem 4.1 for
the (sum of the) Lyapunov exponents of a holomorphic map of P"?

4. The bifurcation current on Rat; C P2%*+1, Does the bifurcation current
extend naturally to the resultant variety?

5. Minimal Lyapunov exponent. In the space of polynomials of degree
d, the Lyapunov exponent is no smaller than logd and the locus {L = logd}
is exactly the set of polynomials with connected Julia set. On the space of
rational maps, the Lyapunov exponent is bounded below by (logd)/2. What
is the significance of the locus {L = (logd)/2}? It contains, for example, any
Lattes map of degree d.

6. Alexandrov realization. As mentioned in Chapter 6, any metric of non-
negative curvature on the sphere can be realized as a (possibly degenerate)
convex surface in R3 [Av, VII§7]. Every rational map determines such a metric,
by choosing a lift F' to C? and letting the filled Julia set Kr correspond to the
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“unit ball” in a metric on the tautological line bundle over P!. In the sense
of Alexandrov, what does the rational map look like? Since the metric is flat
on the Fatou components, we obtain a geodesic lamination of each component
corresonding to the bending lines of the surface in R3. What is the significance
of these lines?

In fact, for any regular compact set K C C, we can construct a metric on the
sphere with curvature (as a positive (1,1)-current) equal to harmonic measure
on the boundary of K. If K has interior, the metric on K is simply the flat
Euclidean metric on the plane. The Alexandrov theorem implies, for example,
that we can cut any shape out of a piece of paper and fold it in such a way as
to become part of a convex surface. The rest of the surface could also be cut
from a piece of paper, as the curvature of the resulting convex surface would be
concentrated on the original shape’s boundary. Given a shape K, what does the
“dual” shape look like (the complementary piece of paper)?

Returning to dynamics, how do these metrics degenerate in a family of ra-
tional maps tending to the resultant variety? Can the points at infinity in Raty
be described concretely in terms of these metrics? This question is motivated
by concrete descriptions of the compactification of Teichmiiller space.
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