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Abstract

Let V' C PR" be an algebraic variety, such that its complexifi-
cation Vo C P" is irreducible of codimension m > 1. We use
a sufficient condition on a linear space L. C PR" of dimension
m + 2r to have a nonempty intersection with V', to show that
any six dimensional subspace of 5 x 5 real symmetric matrices
contains a nonzero matrix of rank at most 3.

1 Introduction

Let p(z) = 2% + a12"' 4+ ... + a, € R[z]. Then the odd degree theorem
states that p(z) has a real root if k is odd. Let PR™ and P" := PC" be
the real and the complex projective space of dimension n respectively. For
F = R,C we view a linear space L C PF"” of dimension m as an element
of the Grassmanian manifold Gr (m + 1,n + 1,F). Let V C PR" be an
algebraic variety, such that it complexification Vo C P" is irreducible and
has codimension m > 1. If d = deg Vo is odd then for any linear space
L C PR" of dimension m the intersection V N L # (). Indeed, we have
B(V) =V, where B : P"* — P" is the involution z — z. The set Vo N L¢
consists of exactly d points. As this set is invariant under the involution B,



we deduce that there exists z € VoML such that B(z) = z = z € PR™. The
continuity argument yields that VN L # ) for any L € Gr (m+1,n+ 1,R).

Consider now the case when d is even. Then it is not difficult to find
nontrivial examples where V N L' = () for some L' € Gr (m + 1,n + 1,R).
We are interested in this paper in cases when V is a determinantal variety,
i.e. finding nonzero real matrices of rank at most k£ in linear families. The
examples such that for any integer k € [0,p) there exists L' € Gr (m + k +
1,n+ 1,R) satisfying VN L' =0, while VN L # () for any L € Gr (m +p +
1,n+ 1,R) can be found among determinantal varieties. (see §2).

Let S, (F) be the space of n x n symmetric matrices with entries in
F =R, C. Let V} ,,(F) be the variety of all matrices in .S, (F) of rank & or less.
Then the projectivization PV}, ,,(F) is an irreducible variety of codimension
(”_’§+1) in the projective space PS,(F). Note that Vj_1,(F) is the variety
of the singular points of V; ,,(F) (e.g. [1, II]). Let d(n, k,F) be the smallest
integer ¢ such that every ¢ dimensional subspace of S, (F) contains a nonzero
matrix whose rank is at most k. Then

d(n, k,C) = <”_I;+1> +1, (1.1)

and the problem is to determine d(n,k,R). The degree of PV}, (C) was
computed by Harris and Tu in [9]

n—k—1 n+j)

Ok = deg PV p( H n2ji1j . (1.2)
7=0

It was shown in [5] that d,,—g, is odd if
n = +q (mod 2/1°&2241), (1.3)

Then d(n,n — q,R) = d(n,n — q,C) for these values of n and ¢. It is conjec-
tured in [5] that if 6,4, is odd then (1.3) holds.

In this paper we show that not only the degree of complexification but
also the Euler characteristic of the intersection of PV} ,,(C) with a generic
linear space of dimension ("_SH) + 2r can be used to get an additional
information about d(n, k,R). Our estimate of d(n, k, R) from above uses the
following result proved in §2.

Corollary 1.1 Let V C PR™ be an algebraic variety such that its complex-
ification Vo C P" is an irreducible variety of codimension m. Assume that



deg Vo is even and let r be a positive integer. Suppose that the codimension
of the variety of the singular points of Vo in Vi is at least 2r + 1. Suppose
furthermore that for a generic L € Gr (m+2r+1,n+1,C) the Euler charac-
teristic of VeNL is odd. Then VNL # 0 for any L € Gr (m+2r+1,n+1,R).

This corollary applies whenever one has an answer to the following prob-
lem:

Problem 1.1 Assume that d,, is even. Find an integer r > 1, preferably
the smallest possible, such that

2T<(n—12<:+2>_<n—l2<:+1>7 (1.4)

and the Euler characteristic of PV, ,(C) N L is odd for a generic
LeGr((" MY +2r+1,("h,0).

For k = n — 1 there is no r which satisfies the conditions of Problem 1.1,
hence Corollary 1.1 is not applicable. This follows from the result that the
Euler characteristic of a smooth hypersurface of an even degree is even. Let
k = n — 2. The smallest n of interest is n = 5 [5]. In §6 we show that the
minimal solution to Problem 1.1 is = 1. Hence d(5,3,R) < 6. A numerical
evidence supports the conjecture that d(5,3,R) =6 [5].

The contents of the paper are as follows. In §2 we give a generaliza-
tion of the odd degree theorem. It is a straightforward consequence of the
Lefschetz fixed point theorem, the Hodge decomposition and the Poincaré
duality. We also recall the exact value of the gap d(n,n—1,R)—d(n,n—1,C).
In §3 we recall some known results about the projectivized complex bun-
dles and the corresponding Chern classes of their tangent bundles. Next
we discuss a resolution of the singularities of Vj ,(C) and PV} ,(C). Let
7,k — Gr (k,n,C) be the tautological k-bundle and its quotient bundle
respectively. Then Sym? 7, Sym? k are resolutions of Vien(C), Vi n(C) re-
spectively. The projectivized bundle P(Sym? 7), P(Sym? &) are resolutions
of PV n(C), PV;,_k(C) respectively. In §4 we discuss P(Sym? 7) for k = 1.
In §5 we discuss P(Sym? 7) for k = 2 and mostly for n = 4. In §6 we discuss
P(Sym? k) for k =2, n = 5 modulo 2.

2 Generalizations of the odd degree theorem

Lemma 2.1 Let W C PR™ be an algebraic variety such that its complex-
ification W C P™ is a smooth irreducible variety of (complex) dimension



m > 1. Then for any nonnnegative integer r

trace(B*|H* *H(W¢, R)) = 0,
trace( B*|H* (W, R)) = trace(B*|H™" (W¢)) =
(—1)"trace(B*|H™™ """ "(W¢))

(2.1)

where B is conjugation in P".
Proof. Since B*(HP4(W)) = H¥? (W) we have for p # ¢
trace(B*|(HP?(W¢) @ HYP(W)) = 0.

The Hodge decomposition of H k(W(C, R) yields the claim since B* reverses
the orientation of W if m is odd and preserves the orientation of W if m
is even. O

Corollary 2.1 Let the assumptions of Lemma 2.1 hold. Then the Lefschetz
number \(Wg) of B|W¢ is given by

AWg) =0, if misodd,
m—2
5

A(We) = trace(B*[H™(Wg)) + 2 Z trace(B*|H* (W¢)) € Z,
r=0

if m is even.

(2.2)
If \(Wg) # 0 then W NPR™ # ().

Proof. This is a consequence of the last lemma and the Lefschetz fixed
point theorem. O

Corollary 2.2 Let W be as in Lemma 2.1. Suppose that m is even and
b (W) (equivalently the Euler characteristic x(W¢)) is odd. Then W N
PR"™ # ().

Proof. Since the eigenvalues of B*|H™ (W) are =1 we have that
bm(W((:) = )\(Wc) mod 2. O



Theorem 2.1 Let V C PR" be an algebraic variety such that its complexi-
fication Vo C P is an irreducible variety of codimension m. Suppose that
the codimension of the variety of the singular points of Vo in Vo is at least
k. Then for a generic L € Gr (m+k,n+1,R) AM(Vp N L) is equal to zero
if k is even and is equal to by_1 (Vo N L) mod 2 if k is odd. In particular,
if k =2r+1 and by, (Vo N L) is odd, or more generally \(Ve N Le) # 0,
then VN L #0 for any L € Gr (m+2r +1,n+ 1,R).

Proof. For k = 1 VN L consists of deg V- distinct points for a generic
L and the theorem follows. Assume that k > 1. Let W =V N L, W =
Vo N Le. The assumptions of the theorem yield that for a generic L W
is a smooth irreducible variety. Hence A(B|W() is given by Corollary 2.1.
Other claims of the theorem follow from Corollaries 2.1 and 2.2. O

Clearly Corollary 1.1 follows from Theorem 2.1. The values of d(n,n —
1,R) were computed by Adams, Lax and Phillips in [3] using the work of
Adams [2] on the maximal number of linearly independent vector fields on
the n — 1 dimensional sphere S"~1. Write n = (2a + 1)2°*4¢| where a and
d are nonnegative integers, and ¢ € {0,1,2,3}. Then p(n) = 2+ 8d is the
Radon-Hurwitz number. Let p(xz) = 0 if = is not a positive integer.

Then

d(n,n—1,R) = p(g) +2.
Let
p=d(n,n—1,R) —d(n,n—1,C) :p(g). (2.3)

Note that either p is even or p = 1. Assume that n is even. Let V =
PVp—1n(R). Then Vo = PV, _1,(C). The codimension of the variety of
singular points of Vo in Vo is 2. Then for any k < p there exists a linear
space L' € Gr (2 + k, (";rl),]R) such that VN L' = (). Tt is shown in [3] that

VNL#Qfor any L € Gr (2+ p, (n;rl),R).
Let us consider d(n,k,R) for k = 1. We have PV;,(C) C PS,(C) ~
("3)-1. The variety PV} ,,(C) is biholomorphic to P"~!. Indeed, identify
P"~! with the lines in C" spanned by the nonzero column vectors x € C™.

Then

q: P = PV,(C), q(x) =22 (2.4)

is a biholomorphism.



In [6] the linear subspace Ly C PS,,(C) (of codimension 1) of matrices of
trace 0 was considered. Clearly PV; ,(R) N Lo = (. Hence [6]

d(n, 1,R) — <”‘2”)

Corollary 1.1 yields that for any generic complex linear subspace L C PS,,(C)
of codimension m, 1 <m <n — 1 the middle Betti number of L NPV} ,,(C)
is even. (Since L NPV} ,(C) is biholomorphic to a nonsigular quadric this
Betti number is either 0 or 2 depending on parity of n.) Similarly for n > 1
PVi ,(R) N Ly = 0 yields that deg PV; ,(C) is even. (This fact follows also
from the formula (1.2).)

Since for an odd n the middle Betti number of PV; ,,(C) is 1, we see that
the parity of the Euler characteristic of smooth variety in P" is independent
of the parity of its degree. Though a complete intersection of even degree
has an even Euler characteristic.

3 Chern classes for desingularizations of determi-
nantal varieties.

In this section we shall collect the formulas for the Chern classes of projec-
tivizations of certain bundles. The main reference is [7]. We also specify
how such projectivizations come up as desingularizations of determinantal
varieties.

Let E be an ¢-bundle over smooth complex manifold M with the Chern
classes ¢1(E), ...,ci(E). Let u;, i = 1,...,£ be the roots of the Chern poly-
nomial

of F, i.e.

=1
We have (cf. [4, §4.20])
c(Sym? E;t) = [ (14 (ui+uy)). (3.1)
1<i<j<t



Let P(E) be the projectivization of E. (As a set it consists of the pairs
(x,[v]), where x € M and [v] is a line in F over x spanned by a nonzero
point v € E over x.) Let E be the tautological line bundle over P(E) (given
by the line [v] over the point (z,[v])). Let E* be the pull back of E to P(E)
induced by the projection m : P(E) — M. E is a subbundle of E* (cf. [7,
B.5.5]).

Lemma 3.1 Let M be a complex manifold of dimension n. Let E — M
be a complex vector bundle vector of rank £ > 1 and m : P(E) — M be
its projectivization. Let E be the tautological line bundle over P(E), and
q = c1(E) be its first Chern class (resp h = —q is the first Chern class
of E', which is the dual to E). Then the cohomology ring H*(P(E),C) is
H*(M, C)[q] together with the relation

¢t + Z(-1)%,-(E)qf—i = 0. (3.2)

Let
C(TM,t) = Zci(TM)tiy CO(TM) =1
i=0
be the Chern polynomial of the tangent bundle of M. Then the Chern poly-
nomial of the tangent bundle of P(E) is given by

~

c(Tp(g) ) = (Tar, 1) (D ¢ (E)H (1 — )" ). (3.3)
5=0

Proof. For the proof of (3.2) see [10], [8, §4.6, pp. 606] or [4, §4.20].
On the other hand for the relative tangent bundle T]p( B)/M> which fits into
exact sequence:

we have

Tpgy = £ ©Q, (3.4)

where Q is the universal quotient bundle: E*/E. (cf. [7, B.5.8]). This yileds
(3.3). O



For example if E is trivial and has rank m then P(E) = M x P™~! and
(3.3) becomes:

c(Tp(g)) = c(Tn)(1 —qt)™, ¢"™ =0. (3.5)
In the next sections the following situation will arise:

Lemma 3.2 Let M be a complex manifold of dimension n and E — M
be a trivial complex vector bundle vector of rank m > 2. Denote by E' the
dual to the tautological bundle E. Let U C P(E) be a connected complex
submanifold of dimension d. Consider hypersurfaces Hy i =1,....k in P(E)
each being the zero set of a generic section of E'. Let W = U ﬂﬁi’f H; and .
be the embedding W in U. Then

o(Tyw,t) = e(Ty W, t)(1 — tq) ", (3.6)

and
X(W) = hée(Tr) (1 — tq) (U], (3.7)

where [U] is the fundfzmental class of U and h is the restriction on U of the
first Chern class c1(E").

Proof. (3.6) is a consequence of the exact sequence:

k
0— Ty — Ty|W — > ONg [W — 0.
i=1
(3.7) is similar to [10, 9.3]. O
Let £ — M a trivial m-bundle, and F — M is an f-subbundle of E.
As above gg (resp. gr) be the first Chern class of the tautological bundle
E (resp. F) on P(E) (resp. P(F)). Then P(F) C P(E) and if ¢ is the
embedding then:
qr = "qE. (3.8)
We describe now a smooth resolutions of Vj, ,,(C) and PV}, (C) for 1 <
k < n — 1. This construction is similar to the one described in [1, II]. We
have the following exact sequence of three bundles over Gr (k,n,C):

0—-7—-C"—k—0. (3.9)

Here 7 is the tautological k-bundle, C" is the n-trivial bundle and x := C" /7
the n — k quotient bundle.



Lemma 3.3 Let 1 < k < n. Then the bundles Sym? 7 and Sym? k are
smooth resolutions of Vi, ,(C) and Vy,_j ,,(C) respectively. Furthermore the
projectivized bundles P(Sym? 7) and P(Sym? k) are smooth resolutions of
PVin(C) and PV,,_k »(C) respectively.

Proof. Viewing A as a linear operator A : C" — C" yields the two linear
subspaces: Range A and Ker A of C", which are the range and kernel of the
operator A respectively. Note that if a € C* then Range A =Range aA and
Ker A =Ker aA. Let

X := 8,(C) x Gr (k,n,C), X :=PS,(C) x Gr (k,n,C),
Y :={(A,V)e X: Range ACV},
Y:={(A,V)eX: RangeAcCV}, (3.10)
{(B,V)e X: Kernel BDV},
{(B,V)€ X: XKernel BDV}.

Z :
Z

Let m : X — S,(C), m2 : X — Gr (k,n,C) be the projections on the
first and second coordinates respectively. Clearly

7T1(Y) = Vkm((C), 7T2(Y) = Gr (k, ’TL,(C),
m(Z) = Vi n(C), m(Z) = Gr (k,n,C).

The map 71 is a resolution. Indeed it is birational of degree one since it
is1—1on

T (Vin(C\Vi1.0(C) €Y and 717 (Vi gn(C\Vii—1.0(C)) C Z.

Similar situation takes place for mo

Finally the fiber of the projection of Y on Gr (k,n,C) over V can be
identified with the space of symmetric transformations of V' which yields the
identification of Y with Sym?2r. Similarly Z can be identified with Sym? .
Hence P(Sym? 7) and P(Sym? k) are smooth resolutions of PV} ,(C) and
PVy—kn(C) respectively. O

We review now some known facts about the cohomology of Grassma-
nians used in the rest of the paper. Let c¢i,...,c; and sq,...,5,_; be the
Chern classes of 7 and & respecively. Denote by ¢(7,t), ¢(k,t) the Chern



polynomials

co(r,t) _1+Zcz ok, t) _1+Zsj ,

where ¢; = s; = 0 for i > k, j > n — k. Recall that
e(r,t)e(kr,t) = 1. (3.11)

Then the cohomology ring of Gr (k,n,C) has the following representation
[7, Ex. 14.6.6] or [4, §4.23]

H*(Gr (k,n,C),C) = C[(c1y -y )]/ (Sn—kt1s -+ Sn)- (3.12)

Here we use the formula

c(k,t) = !

141t + ...+ etk

(3.13)

With the help of these formulas we can compute the Chern classes of
Sym? 7, Sym? kK C E
as polynomials in ¢y, ..., c; and si, ..., S, respectively. Here

E — Gr (k,n,C) is a trivial bundle with the fiber S,,(C) = Sym? C™.
(3.14)
Then P(F) is identified with PS,,(C) x Gr (k,n,C). Furthermore, ¢ = —h is
the tautological line bundle over P(E). Thus

H*(PS,,(C) x Gr (k,n,C),C) = H*(Gr (k,n,C),C)[g, ¢("2) =0. (3.15)

From the proof of Lemma 3.3 it follows that P(Sym? 7), P(Sym? ) are
subvarieties of P(E), which can be identified with the smooth subvarieties
Y,Z C PS,(C) x Gr (k,n). Then on Y, Z the generator ¢ satisfies the
corresponding relation

k+1)
(39 + Z Jici(Sym? 7)g("3) =" = 0, (3.16)
n—k+1
’ﬂ k+1 ( 2 ) n—k+1 .
+ Z cj Sym /@)q( )= =0.
7=1

10



To find the Chern classes of the tangent bundles of Ty, T); we use Lemma
3.1. To find the Chern class of the tangent bundle of Gr (k,n,C) recall the
following identity (cf. [7, §B.6]) :

TGT(k,n,(C) ~K® 7’ (317)
Then
k ‘ ' k
o(r ) =14+ (=D)iei(n)t = [[(1 + ait),
=1 =1
n—k . n—k
c(r,t) =1+ sit! = [T+ 8;t), (3.18)
j=1 j=1
k,n—k k(n—k)
crer )= [ QA+ (@+8)t) =14+ > wvt".
ij=1 =1
4 Gr(1,n,c)

As an illustration of the above formulas let us consider the case Gr (1,n,C) =
P*~1. The Chern class of the tautological line bundle 7 of Gr (1,n,C) is
c1. The basic relation is ¢} = 0. Note that —c; is the dual action of the
hyperplane section. So ¢(7,t) = 1 + ¢1t. The Chern polynomial of Tpn—1 is
(1 —e1t)™, e.g. [8, §3.3]. Recall that Sym? 7 = PV} ,,(C). Hence

c(PVi,(C),t) = ¢(Sym? 7,t) = 1 + wit, wi = 2¢c1.

Let ¢ = —h be the tautological line bundle of P(E). Then —h = ¢|P(Sym? 7)
satisfies the equation (3.2) which is —h = ¢ = wy = 2¢;. Hence H*(PV;,,(C),C)
is generated by c1. The equality (3.3) yields the obvious equality

(Tpy, ,cy) = (1 = at)*((1 = tq) + wit) = (1 — c1t)",

as PV} ,(C) ~ P~ We now compute the degree of PV} ,,(C). It is equal to
the Chern number of the hyperplane section

hn—l — (_q)n—l _ (_2cl)n—1 _ 2n—1(_cl)n—1_

Since —cy is the class of the hyperplane section in P*~! it follows that deg
PV1.,(C) = 2771, which agrees with the formula (1.2). We now compute

11



the Euler characteristic of the intersection of PV; ,,(C) with a generic linear
subspace of codimension k > 1. Let U = P(Sym? 7). Then by (3.6)

(T, t) = (1 — ert)™(1 — 2¢qt) 7.

Hence

n—1-k
—k .
(T — (_p k-1 § : n 2n—1—k—[
ikl = (=) j=0 <j><n—l—k—j>

(3.6) yields

n—1—k

R G

For kK =n — 2 W is a smooth curve with the Euler characteristic

(W) = 2724 — ).

5 Gr(2,4,c)
We now consider Gr (2,n,C) for n > 3. Then

c(r,t) = 1+ e1t + cot?,
e(7',t) =1 — et + eot? = (1 + axt) (1 + aot),

Q)+ g = —C1, Qo =Ca,
[e%s} n—2
(i, t) =14 sith = [J(1+ Bjt) = (5.1)
Jj=1 Jj=1
1 1

L+cit+eat? (1 —art)(1 — agt)’
P
Sp = Zaia’g_l, p=1,..
i=0
A straightforward calculation shows

2 3
s] = —c1, S =] — €2, S3 = —c] + 2cyc2, (5.2)

84 = cil —3c3cy + 2, s5 = —c) +4cicy — 3eics.

12



Thus

H*(Gr (2,4,C),C) = Cley, ) /(=3 + 2¢1¢9, ¢} — 3ctea + ¢3), (5.3)

H*(Gr (2,5,C),C) = Cley, ea]/ (¢} = 3ciea + ¢3, -} + 4o — 3e1c3).
We now compute the four Chern classes vy, v, v3, v4 of the tangent bundle
of Gr (2,4,C) interms of ¢1,c2 using (3.18). Note that the power series

corresponding to terms contributed by only « and (3 respectively correspond
to the polynomials

(1—-ct+ 02t2)2 =1—2cit+ (c% + 202)t2 — 2c109t% + C%t4,
(14 s1t + s9t%)% = 1 4 251t + (57 4 259)t? + 251501 + s5t™.

Hence

v = 2(—c1 + s1) = —4cy,

Vo = ¢} + 2co + 87 + 252 + 3(c1 + a2)(B1 + Bo) = Tci,

v3 = —2¢1C + 25189 + (5.4)
(2 + a3 + daras) (81 + Bo) + (a1 + o) (6% + B2 + 461 83) = —6¢3

vy =+ 55+ aras(on + a2) (B + B2) + (a1 + a2)(B1 + B2) BB +
(F + a3) 1Bz + ar0(B] + B3) + 2010061 B2 = ¢ + 45 = 3c.

Here we used the two identities in H*(Gr (2,4,C),C) given in (5.3). This
agrees with the folowing well known computation of the tangent bundle of
Gr (2,4,C). Recall the classical result that Gr (2,4, C) imbeds as a smooth
quadric in P°. The tangent bundle of P° is (1+ )%, while the normal bundle
of the quadric is (1 + 2h). Hence the tangent bundle of the quadric is given
by A So ¢g = —h.

(1+2h)

We now consider the 3-bundle Sym? 7. Let wi,ws, w3 be its Chern
classes. Then

3
o(Sym® 7,t) = 1+ > wit’ = (1 — 2a1t)(1 — 20t) (1 — (01 + a2)t) =
=1
(1 + 2c1t 4 4eat?) (1 + e1t) = (14 3ert + (263 + 4ep)t? + deyeot®. (5.5)

Then the cohomology ring of P(Sym? 7) is H*(Gr (2,4, C)[h] (h = —q) with
the relation

R343c1h? 4 (262 +4ca)h+4eico = b2 +3c1h? + (2¢3 +4cz)h+2¢3 = 0. (5.6)

13



Use (3.4) to deduce that
(Tp(sym? r)/ar (24.C) 1) = 14 (3h 4 3c1)t + (3h? + 3erh + 2¢f + deo)t?.
Hence

(Tp(sym? 7 t) = (14 (3h + 3e1)t + (3h% + 3erh + 2¢ + 4ep)t?) x
(1 — 4eit + 7c3? — 665t% 4 3cit?h). (5.7)

Observe also that any monomial in ¢, cy of total degree greater than 4 is
zero, since the dimension of Gr (2,4,C) is 4. Consider the intersection of
PV 4(C) with a linear subspace of codimension 6. This is equivalent to the
class of h® in P(Sym? 7). We want to find out the generator of the top
cohomology of P(Sym? 7) and the class of h® in terms of this generator.
Using the equation (5.6) we can express h® in as a quadratic polynomial in
q with polynomial coefficients in ¢y, ca:

h? = —3c1h? — (2¢3 + 4eo)h — 2¢3,

ht = —3c1(—=3c1h? — (263 + deo)h — 2¢3) — (262 + 4eo)h? — 2¢3h =
(7¢2 — 4cp)h? 4 103 h + 6¢,

h® = (7¢2 — 4co)(—3e1h? — (22 + 4co)h — 2¢3) 4+ 1063 h? + 6¢th =
—5¢3h? — 10¢th — 106} = —5¢3h? — 10cth,

h® = —5¢3(=3c1h? — (2¢3 + dcg)h — 2¢3) — 10cth? =

5¢th? = 10c2¢ah? = 10c2h2.

Mulitiply k% by c1, h* be ¢ and h3 by ¢} respectively to conclude the
following relations:

R® = —c1h® = Eht = 5cth? = 10cicah? = 10c3h?,  Sh3 = —3cih?. (5.8)

Recall the result of Harris and Tu [9] that the degree of PV54(C) is 10.
Hence c2h? is the generator in the top cohomology of P(Sym? 7). (This can
be concluded directly.)

We now compute the Euler characteristic of the smooth curve W, ob-
tained by a generic plane section of codimension 5 with PV;4(C). It is the
class of h® times the first Chern class a (the coefficient of ¢) in the product

C(TIP(Sme T)vt)(l + ht)_5'

14



A straightforward calculation shows a = —2h — ¢;. Hence
hPa = —2h% — hPc; = —h°,

and x (W) = —10.

We now compute the Euler characteristic of the smooth surface W ob-
tained by a generic plane section of codimension 4 with PV54(C). It is the
class of h* times the second Chern class b (the coefficient of ¢) in the product

c(Tip(sym? 7y, 1) (1 + ht) .
A straightforward calculation shows b = h? — 5c1h — 3c3. Hence
htb = h® — 5e1h® — 2ht = ThS,
and x (W) = 70.

Corollary 5.1 A generic linear space of codimension 5 in PSy(C) intersects
PV54(C) at a smooth curve of degree 10 and Euler characteristic —10. A
generic linear space of codimension 4 in PSy(C) intersects PVo4(C) at a
smooth surface of degree 10 and Euler characteristic 70.

Hence we can not conclude from these resutls that any linear subspace
L C S4(R) of dimension 6 contains a nonzero matrix of rank 2 at most. In
[6] we show (using different topological methods) the sharp result that any
linear subspace L C S4(R) of dimension 5 contains a nonzero matrix of rank
2 at most. It is of interest to check if the conjugation map z — Zz, described
in the beginning of this paper, for L N PV54(C), where L C PS4(C) is a
generic linear space of dimension 5, has a nonzero Lefschetz number.

6 Gr(2,5,¢) modulo 2

Theorem 6.1 Let L C PS5(C) be a generic linear space of dimension 5.
Then L NPV35(C) is a smooth surface with an odd Euler characteristic.

Proof. Let 7,k be the tautological and the quotient bundles of Gr (2,5, C).
Then Sym? x — Gr (2,5,C) is the subbundle of the trivial bundle E —
Gr (2,5,C) given in (3.14). By Lemma 3.3

Z =P(Sym? k) C P(E) = PS5(C) x Gr (2,5,C)
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is a resolution of PV35(C). Then H*(Z,C) = H*(Cr (2,5,C),C)[q]), where
q satisfied the second indentity of (3.16). Recall that the tangent bundle
of Gr (2,5, C) is isomorphic to x ® 7. The tangent bundle of P(Sym? x) is
given by the formulas (3.3). As the singular points of PV35(C) is the variety
PV, 5(C) of codimension (;L) = 6 it follows that L N PV55(C) = (. Hence
L NPV35(C) is a smooth surface. It then follows that

LN ]P)Vé’g)(([:) = Z ﬂzzl I:Ii,

where H;, i =1,...,9 are 9 linearly independent fiber hyperplanes in general
position, as in Lemma 3.2.
Let b be the coefficient of t? in the product

C(H X T/, t)C(T]P)(Sym2 K)/Gr (275,(‘:), t)(l + ht)_g (61)
Then Lemma 3.2 yields that
V(LN PV35(C)) = hb[Z] (6.2)

Since we are interested in the parity of x(L NPV35(C)) we will do all the
computations modulo 2. (That is our computations are in H*(Z,Zs).) This
will simplify our computations significantly.

We first consider H*(Gr (2,5,C),Z2). It is generated by c1, cy with the
two simpler relations induced by the second part of (5.3)

A+Een+E=0 & =cd. (6.3)
Muliply the first equality by ¢; and use the second identity to deduce
ciea =0= cley = 0. (6.4)

Multiply the first equality in (6.3) by ¢ and use (6.4). Multilply the second
equality of (6.3) by ¢;. Then

S=33=2c. (6.5)

Hence the generator of the top cohomology in H*(Gr (2,5,C),Zs) is any
6-form in the (6.5).
Recall (5.1) for n = 5. The equalites (5.2) modulo 2 yield

2 3
§1 =c1, Sg =] +ca, S3 =Cy.
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We now compute the first two Chern classes of k ® 7/, which gives the first
two Chern classes v1, v2 of the tangent bundle of Gr (2,5,C). Observe that
the terms in vy, vy, expressed either in terms of o or § are coming from
either c(7/,t)3 or c(k,t)?:
et 1) = (1 — ert + cot?)® = 1 — 3eyt + 3(ca + ¢3)t? + higher order terms,
c(k,t)? = (1 + s1t + sot? + s3t°)? =
14 251t + (259 + s3)t* + higher order terms.
Using the equalities in (5.2) we obtain.
v = —3c¢1 + 281 = —dcy,
vy =3(co + &)+ (252 + 57) + 5(a1 + a2)(B1 + B2 + B3) = c2 + 2.
The coeflicient 5 in the product of a’s and 3’s is obtaines as follows. Consider
the product a1 51. It comes twice from the terms (aq + 51) (a1 + 5i), i = 2,3
and three times from the terms (a1 + ;) (a2 + (1), i = 1,2, 3.

Modulo 2 we get
v1 =c1, U =cCy+ c%. (6.6)

We next compute the Chern polynomial of Sym? x modulo 2. Then

cSym? s,t) = [ A+ Bi+8)t) =clr,2t) [[ Q+(8i+8)0).

1<i<;j<3 1<i<j<3

Hence modulo 2

¢(Sym? k,t) = H (14 (B + B))t) = 1+ wit + wat?® + w3t
1<i<;j<3

Then modulo 2

3
w1 = QZﬂZ =0,
i=1

wa = (B1+ B2)(B1 + B3 + B2 + B3) + (b1 + B3)(B2 + B3) =

B4 B3+ (3 + 52 = 57 — 59 = ca,

w3 = (51— a1)(s1 — ag)(s — a3) = s — 5157 + 5351 — 53 = Cacy.

Use (3.4) modulo 2 to get

(Tip(sym? n)jcr (2.5) 1) = (1+ht)° + cat® (1 + ht)* + coert® (1 + ht)* =
1+ (c2 + h?)t? + higher order terms.
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Then the coefficient b of #2 in (6.1) is equal modulo 2 to the coefficient of ¢
in the product

(I+ct+ (o + D2+ . )1+ (ca+hHE2+ ) A+ ht+R*2 + ) =
L+ (e1 + h)t + (e + crh)t® + ...

Hence modulo 2
b=c?+cih. (6.7)

We now consider the second identity of (3.16) for ¢ = —h modulo 2.
K = 02h4 + 0201h3. (6.8)

Multiply by h,h2, k3, h* h® the above equality, use (6.3-6.5) and the fact
that any form in ¢y, ¢y of degree greater than 6 equals to 0 to obtain

h7 = 62h5 + 0261h4,

h8 = Cghﬁ -+ 6261h5 = 02(62h4 + 0261h3) + 6261h5 = 6261h5 + C%h4 + cgclhg,
R = coc1h® + cgh‘r’ + cgclhA‘ = 0201(02h4 + czclh?’) + c%hE’ + c%clh4 = (6.9)

3h5 + c3c3h3,
RO = 3hS + 33ht = B(cah? + cac1h®) + Actht = 0,
h't =0.
The equality 2'' = 0 (mod 2) means that h''[Z] is an even number. By

Harris-Tu this number, the degree of PV3 5(C), is equal to 20. We claim that
the generator of the top cohomology of H*(Z,Zs) is

Shd = AEc3h® = Sho. (6.10)

First consider all the monomials in h, c1, co of degre 6 in h and total degree
11
Ah®, ceah® =0, c1c2n®.

We used here (6.4). Multiply (6.8) by ¢} and ¢1c3 respectively to deduce
A8 = Seph® = ¢1¢2h8 = 0.

Second consider all the monomial in &, ¢1, ¢y of degre 7 in h and total degree
11
c‘llh7, 0%02h7, c%h7.
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Multiply A7 in (6.9) by an appropriate monomial of ¢y, ca to get
cthT =0, Geoh” = Ah®, AhT = ShS.

Hence all the nonzero terms are equal to the terms in (6.10). Third consider
all the monomial in h, c1, co of degre 8 in h and total degree 11

ci’hg, creohd.
Multiply A% in (6.9) by an appropriate monomial of ¢;, ¢z to get
Ah® =0, creah® = c33h’.

Thus the nonzero term is equal to the terms in (6.10). Fourth consider all
the monomial in h, c1, co of degre 9 in h and total degree 11

AR, eoh”.
Multiply A% in (6.9) by an appropriate monomial of ¢} and ¢z to get
cih? = ciesh®, eoh? = c3ho.

Hence all the terms are equal to the terms in (6.10). As h'? =0 we deduce
that c2h? is the generator of the top cohomology in H*(Z, Z3). Clearly, mod
2

hob = 2R + ¢ h10 = 2RO,

Hence x(L NPV35(C)) is odd. O

Corollary 6.1 d(5,3,R) < 6. That is, every siz dimensional real subspace
L' C S5(R) contains a nonzero matriz of rank 3 or less.

In [5] the authors give an example of five dimenisonal subspace L; C
S5(R), for which a numerical evidence suggests that every nonzero matrix is
of rank 4 at least. Hence the above Corollary suggests that d(5,3,R) = 6.
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