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Maximal spectral radius of directed graphs

DG = (V ,E),V = {v1, . . . , vm} directed graph
deg+(v),deg( v) - out and in degree of v ∈ V
e =

∑
v∈V deg+(v) =

∑
v∈V deg( v)- the number of edges in DG

D+(G) = {d1,+(G) > d2,+(G) > · · · > dm,+(G)}
rearranged set of degrees deg+ v1, . . . ,deg+ vm
DG represented by adjacency matrix A = A(G) = [aij ] ∈ {0,1}m×m

aij number of directed arcs from vi to vj
ρ(G) := ρ(A(G)) spectral radius of G
D = {d1 > d2 > · · · > dm > 1} set of positive integers
DGD set of directed graphs DG with D(DG) = D.
B. Schwarz 1964: maxDG∈DGD ρ(DG)
achieved at an isomorphic graphs to directed "chain graph" DGchain:
from vi outgoing arcs to v1, . . . , vdi for i = 1, . . . ,m
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The adjacency matrix of DGchain

Figure 1: The notation for the row sums of A(DG).
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1
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Outline of proof

Fix ε > 0, Jm = 1m1>m consider

max
DG∈DGD

ρ(A(DG) + εJm) = ρ(A(DG?) + εJm) = µ

choose representation (A(DG?) + εJm)x = µx

x = (x1, . . . , xm)>, x1 > x2 > x3 > . . . > xm > 0

A(DG′) obtained by moving all ones to the left:

(A(DG
′

+ εJm)x ≥ µx

Wieland characterization:
ρ(A(DG

′
+ εJm) ≥ µ

maximality of µ: (A(DG
′

+ εJm)x = µx
since x1 > . . . > xm > 0 A(DG

′
) of the form in previous slide
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Lower bound for spec. radius of Eulerian graphs

DG Eulerian: deg+(vi) = deg−(vi) := deg(vi) for i = 1, . . . ,m

Friedland 1993: ρ(DG) ≥∏m
v∈V deg(v)

deg(v)
e for Eulerian graphs (1)

Friedland-Karlin 1975: B ∈ Rm×
+ - irreducible

Bx = ρ(B)x,B>y = ρ(B)y,x,y > 0,x>y =
∑m

i=1 xiyi = 1
ρ(diag(t1, . . . , tm)B) ≥ ρ(B)

∏m
i=1 txi yi

i where t1, . . . , tm > 0

Proof of (1): E = diag(deg(v1), . . . ,deg(vm))
B = E−1A(DG) - stochastic
B1 = 1,B>(D1m) = (D1m)
1i(D1)i = deg(vi), i = 1, . . . ,m,1>(E1) = e

ρ(A(DG)) = ρ(EB) ≥
∏
i=1

d(vi)
d(vi )

e
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Maximal spec. radius of undir. graphs on e edges

Ge collection of simple undirected with graphs G = (V ,E)
with no isolated vertices
for G = (V ,E) ∈ Ge: ρ(G) ≥ 2e

#V = 1>A(G)1
1>1

To maximize the lower bound pack edges tightest possible
Characterize the graph which maximize ρ(G) in Ge
Brualdi-Hoffman 1985:
for e = n(n−1)

2 the maximal graph Kn-complete graph
Conjecture B-H 1985 for e = n(n−1)

2 + s, s ∈ [1,n − 1]
a maximal graph is Kn + one vertex
for a maximal graph A(G) if aij = 1, i < j
then apq = 1,p < q, for p ≤ i , j ≤ q
Friedland 1985:
s = n − 1
s fixed and n > N(s)

Stanley 1987 ρ(G) ≤ −1+
√

1+8e
2 sharp for e = n(n−1)

2
Rowlinson 1988 proved BH conjecture
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The bipartite case

BG = (V ∪W ,E),V = {v1, . . . , vm},W = {w1, . . . ,wn}
R(BG) = [bij ] ∈ {0,1}m×n representation matrix of BG
bij the number of edges connecting vi and wj
σ1(BG) := σ1(R(BG) > σ2(BG) := σ2(R(BG)) > . . . > 0

A(BG) =

(
0 R(BG)

R(BG)> 0

)
∈ {0,1}(m+n)×(m+n)

λ1(BG) = σ1(BG) > λ2(BG) = σ2(BG) > . . .
> λm+n−1(BG) = −σ2(BG) > λm+n(BG) = −σ1(BG)

2
∑m

i=1 σi(BG)2 =
∑m+n

k=1 λk (BG) =
tr A(BG)2 = 2 tr(R(BG)>R(BG) = 2e
Cor: ρ(BG) ≤ √e
Equality iff BG = Kp,q plus isolated vertices

Conjecture: maximal ρ(BG) for bipartite graphs with no isolated
vertices and not a complete bipartite graph achieved for a complete
bipartite graph plus one vertex
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The Chain graph

D(BG) = {d1(BG) > d2(BG) > · · · > dm(BG)}
rearranged set of the degrees deg v1, . . . ,deg vm
Chain graph GD

Figure 1: The chain graph GD for D = {5, 2, 2, 1}.
v1 v2 v3 v4

w1 w2 w3 w4 w5

1
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The Chain graph II

BD class of bipartite graphs BG
with no isolated vertices, where D(G) = D

B-F-P 2008: maxBG∈BD ρ(BG) = ρ(GD) unique up to isomorphism

Prf: σ1(BG) = maxy∈Rn
+,y>y=1 ‖R(BG)y‖

BG? maximal and y1 > . . . > yn ≥ 0
BG′ obtained from R(BG?) by moving all ones to the left:
σ1(BG′) ≥ ‖R(BG′)y‖ ≥ ‖R(BG)y‖ = σ(BG?)
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Lower estimates for σ1(GD)σ2(GD)

second compound matrix Λ2R for R = [rij ] ∈ Rm×n:(m
2

)
×
(n

2

)
rows indexed by (i1, i2), 1 6 i1 < i2 6 m

columns indexed by (j1, j2), 1 6 j1 < j2 6 n.
entry in row (i1, i2) and column (j1, j2) of Λ2R

Λ2R(i1,i2)(j1,j2) = det
(

ri1,j1ri1,j2
ri2,j1ri2,j2

)
σ1(Λ2R) = σ1(R)σ2(R)

Fact: −Λ2(R(GD)) ∈ {0,1}(m
2)×(n

2)

w = (w(1,2), . . . ,w(n−1,n))
> ∈ {0,1}N ,N :=

(n
2

)
w(i,j) = 1 iff the column of Λ2(R(GD)) is nonzero
‖w‖2 =

∑h−1
k=1 rk+1(rk − rk+1)

‖(Λ2R(GD))w‖2 =
∑

16k<l6h mkml [rl(rk − rl)]2

σ1(GD)2σ2(GD)2 > ω ≡
∑

16k<l6h mk ml [rl (rk−rl )]
2∑h−1

k=1 rk+1(rk−rk+1)

σ1(GD)2σ2(GD)2 > ω′ ≡
∑

16k<l6h m′k m′l [r
′
l (r
′
k−r ′l )]

2∑h−1
k=1 r ′k+1(r

′
k−r ′k+1)
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The representation matrix of GD

Figure 1: The notation for the row sums of A(DG).
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Upper estimates of ρ(GD)

σ1(GD)2σ2(GD)2 > ω∗ ≡ max(ω, ω′) (1)

ρ(GD)2 6
e(GD)+

√
e(GD)2−4ω∗(GD)

2
Prf: maximize ρ(GD)2 = λ1(GD)2 under the constraints∑m

i=1 σi(GD)2 = e(GD) and (1)

K(p,q,e) the family of subgraphs Kp,q with e edges, no isolated
vertices and which are not complete bipartite graphs
maxBG∈K(p,q,e) ρ(BG) = ρ(GD?)

Weak conjecture: R(GD?) has rank 2 ⇐⇒ h = 2

Strong conjecture: h = 2 and min(m2,m′2) = 1

Shmuel Friedland Univ. Illinois at Chicago () On the eigenvalues of graphs: results and conjectures
Waterloo Continuous Optimization Seminar, 19 November, 2009 15

/ 24



Upper estimates of ρ(GD), rank R(GD) = 2

h = 2, n1 := m′1 = r2,n2 := m′2 = r1 − r2, ω∗ = m1m2n1m2
e = m1n1 + m1n2 + n1m2 (1)
min m1m2n1n2 subject (1) and
max(m1 + m2,n1 + n2) ≤ max(p,q),min(m1 + m2,n1 + n2) ≤ min(p,q)
and m1,m2,n1,n2 are positive integers

Thm: for e = 3k + 1, k ∈ N min m1m2n1n2, where m1,m2,n1,n2 ∈ N
satisfy (1) and m1 + m2 ≥ 3, n1 + n2 ≥ 3
achieved in the two cases
(m1,m2) = (1,2), (n1,n2) = (k ,1) or
(m1,m2) = (k ,1), (n1,n2) = (1,2)
(Here max(p,q) < e−1

2 )
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Upper estim.s of ρ(GD), rank R(GD) = 2: spec. case

Thm: Let m1,m2,n1,n2 ∈ [1,∞) satisfying
m1 + m2 ≥ r ,n1 + n2 ≥ r , m1n1 + m1n2 + m2n1 = e ≥ r2 + 1
e = lr + r − 1, r ≤ p ≤ q ≤ l + 1 + l

r−1 where 2 ≤ r , l ∈ N (1)

then the minimum of m1m2n1n2 is (r−1)(e−r+1)
r , achieved only

a. (m1,m2) = (r − 1,1), (n1,n2) = ( (e−r+1)
r ,1)

b. (m1,m2) = (e−r+1
r ,1), (n1,n2) = (r − 1,1)

Cor: if either r = 2, 3 ≤ e odd and 2 ≤ p ≤ q, l = e−1
2 < q

or 3 ≤ r ∈ N and (1) holds, then
min ρ(GD), rank R(GD) = 2 is achieved only for GD? isomorphic to the
graph obtained from Kr−1,l+1 by adding one vertex to the group of r − 1
vertices and connecting it to l vertices in the group of l + 1 vertices

Thm: Under the above conditions minBG∈K(p,q,e) = ρ(GD?)
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C-matrices

c = (c1, . . . , cm), c1 > c2 > . . . > cm ≥ 0
M(c) = [cmax(i,j)]

m
i,j=1

Example: R(GD)R(GD)> = M(d),d := (d1, . . . ,dm))
Fact: M(c) is symmetric totally nonnegative matrix:
λ1(c) > λ2(c) > . . . > λm(c) ≥ 0
rank M(d) = h - number of distinct degrees in D
(maxBG∈K(p,q,e) ρ(BG))2 = maxλ1(d)
on all allowable degree sequences d

Shmuel Friedland Univ. Illinois at Chicago () On the eigenvalues of graphs: results and conjectures
Waterloo Continuous Optimization Seminar, 19 November, 2009 18

/ 24



A generalized maximal problem

As λ1(S) is a convex function on S(n,R) -
(n × n real symmetric matrices)
maxS∈S λ1(S) = maxE(S) λ1(S)
S compact closed subset of S(n,R), E(S) - extreme points of S
F = {f ∈ Rm

+,↘,1 ≤ fm, f1 ≤ max(p,q),
∑m

i=1 fi = e}
Extreme points of F are sequences f1 = . . . = ft > ft+1 = . . . = fm
(maxBG∈K(p,q,e))

2 ≤ maxf∈F λ1(M(f)) = maxf∈E(F) λ1(M(f))
Each f ∈ E(F) induces m1m2n1n2
and the maximal λ1(f?) corresponds to the minimum of m1m2n1n2
For e = lr + r − 1, r ≤ l + 1 + l

r−1 where 2 ≤ r , l ∈ N
the minimum achieved at
a. (m1,m2) = (r − 1,1), (n1,n2) = ( (e−r+1)

r ,1)

b. (m1,m2) = (e−r+1
r ,1), (n1,n2) = (r − 1,1)

which corresponds to f1, f2 and give rise to two isomorphic graphs
obtained from Kr−1,l+1 by adding one vertex to the group of r − 1
vertices and connecting it to l vertices in the group of l + 1 vertices
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The Grone-Merris conjecture

Laplacian of G = (V ,E),V = {v1, . . . , vn} non-bipartite:
L(G) = diag(d)− A(G)
Fact L(G) w 0: is singular nonnegative definite L(G)1 = 0
α(G) = {α1(G) > . . . > . . . > αn−1(G) > αn(G) = 0}
For complementary graph Gc : αi(G) + αn−i−1(Gc) = n for
i = 1, . . . ,n − 1
d ′i (G) -number of degrees of G which greater or equal to i for
i = 1, . . . ,n
d ′1(G) > d ′2(G) > . . . d ′n−1(G) > d ′n(G) = 0, d′(G) = (d ′1(G), . . . ,d ′n(G))
d′-dual sequence to d (The column sums in Ferre diagram)

Grone-Merris conjecture 1994:∑k
i=1 αi(G) ≤∑k

i=1 d ′i (G) for k = 1, . . . ,n∑n
i=1 αi(G) = tr L(G) =

∑n
i=1 di(G) =

∑n
i=1 d ′i (G)

Grone-Merris: Conjecture holds for threshold graphs
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Cases k = 1,2

k = 1: α1(G) = n − αn−1(Gc) ≤ n = d ′1(G)
Equality holds if and only if G has no isolated vertices and Gc is
disconnected
If di(G) ≥ j ≥ 2 for all i then

∑k
i=1 αi(G) ≤ kn =

∑k
i=1 d ′i (G)

for k = 1, . . . , j
for k = j equality holds iff Gc has at least j + 1 connected components

It is enough to consider the case where G connected and k ≥ 2
Duval-Reiner 2002, Katz (2007?)
If d ′2 = n − l ,n > l ≥ 1 then GM conjecture holds for k = 2
Equality holds if and only if G threshold graph obtained from Kn−l−1
first adding l isolated vertices and then one vertex connected to all
n − l − 1.
Observation: it is enough to consider the case where all n − l vertices
form a clique:
L(G) + L(H) w L(G) where H a graph on n vertices with one edge
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