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ON SPACES OF MATRICES CONTAINING A NONZERO
MATRIX OF BOUNDED RANK

DMITRY FALIKMAN, SHMUEL FRIEDLAND AND RAPHAEL LOEWY

Let M, (R) and S, (R) be the spaces of n X n real matri-
ces and real symmetric matrices respectively. We continue to
study d(n,n — 2,R): the minimal number £ such that every
£-dimensional subspace of S,,(R) contains a nonzero matrix of
rank n—2 or less. We show that d(4, 2, R) = 5 and obtain some
upper bounds and monotonicity properties of d(n,n — 2,R).
We give upper bounds for the dimensions of n — 1 subspaces
(subspaces where every nonzero matrix has rank n — 1) of
M, (R) and S, (R), which are sharp in many cases. We study
the subspaces of M, (R) and S,,(R) where each nonzero ma-
trix has rank n or n — 1. For a fixed integer ¢ > 1 we find
an infinite sequence of n such that any (qgl) dimensional sub-
space of S, (R) contains a nonzero matrix with an eigenvalue
of multiplicity at least gq.

1. Introduction.

Let F be a field, M,, ,,(IF) the space of all m xn matrices over IF and S, (F) the
space of all n x n symmetric matrices over F. We write M,,(IF) for M, ,(F).
Let V' be either My, ,(F) or S, (F), and let k be a positive integer. In the
last 80 years there has been interest in the following types of subspaces, all
related to the rank function:

(a) A subspace of V' where each matrix has rank bounded above by k.
(b) A subspace of V where each nonzero matrix has rank k. A subspace
of this type is said to be a k-subspace.
(c) A subspace of V' where each nonzero matrix has rank bounded below
by k.
See the works [13], [11], [2], [8], [5], [3], [4], [7] and many others. Roughly
speaking these problems are divided into two classes depending on whether
F is algebraically closed or not. The classical case, which goes back to
Radon-Hurwitz, discusses the maximal dimension p(n) of an n-subspace U
of M, (R) where each 0 # A € U is an orthogonal matrix times r € R*.
Write n = (2a 4 1)2¢t4¢, where a and d are nonnegative integers, and ¢ €

1


http://www.pacjmath.org/2002/
http://www.pacjmath.org/2002/viii-i.htm
http://www.pacjmath.org/

2 D. FALIKMAN, S. FRIEDLAND AND R. LOEWY

{0,1,2,3}. Then the Radon-Hurwitz number p(n) is defined by
(1.1) p(n) =2°+8d.

In his famous work Adams [1] gave a nonlinear version of the Radon-Hurwitz
number by showing that p(n) — 1 is the maximal number of linearly inde-
pendent vector fields on the n — 1 dimensional sphere S"~1. (S"~! ¢ R"
denotes the Eucledian sphere of radius one centered at the origin.) From
this result Adams deduced that the maximal dimension of an n-subspace of
M, (R) is exactly p(n). Let p(z) = 0 if  is not a positive integer. Define
now

(1.2) ps(m)=p(5)+1.

Adams, Lax and Phillips [2] showed that the mazimal dimension of an n-
subspace of Sy, (R) is exactly ps(n). Friedland, Robbin and Sylvester [8] and
Berger and Friedland [5] gave further nonlinear versions of the above results
by considering odd maps ¢ from SP to matrices of rank n in M, (R), S, (R)
and M, ,+1(R) respectively. In this paper (§4) we generalize these results
to odd maps from SP to rank n — 1 matrices in M, (R) and S,(R).

The main motivation of this paper is the following quantity studied in [7].
For an integer k, such that 1 < k <n—1, let d(n, k, F) be the smallest integer
¢ such that every ¢ dimensional subspace of S,,(IF) contains a nonzero matrix
whose rank is at most k. Note that it is clear that the maximal dimension
of a subspace of S, (F) of type (c) above is exactly d(n,k — 1,F) — 1. It is
our purpose to continue the study of d(n, k, R) started in [7]. Note that any
d(n, k,R)—1 dimensional subspace of S,,(R) contains a nonzero matrix with
an eigenvalue of multiplicity at least n — k. (One of the main results of [8]
was that any subspace of S, (R) of dimension o(n) + 1, where

o(n) =2if n #0,+1 (mod 8),
o(n) = p(4b) if n = 8b,8b + 1,

contains a nonzero matrix with a multiple eigenvalue.) The equality

(1.3) d(n, k,C) = (”_§+1> +1,

established in [7] is derived straightforwardly from the following dimen-
sion computations. Let Vi ,(C) (Vi n(R)) be the variety of all matrices in
Sp(C) (Sp(R)) of rank k or less. Then in the projective space PS,(C)
the projective variety PV, ,(C) is an irreducible variety of codimension
d(n,k,C)—1, which yields (1.3). In particular d(n,n—1,C) = 2. The results
of Adams,Lax and Phillips, cited above, yield that d(n,n—1,R) = ps(n)+1.
This shows that in general the computation of d(n, k,R) is much more dif-
ficult than the computation of d(n,k,C). In [7] we gave a simple condition
on n when d(n,k,C) = d(n,k,R) for k < n — 2, which trivially holds for
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k = n—1. It was shown by Harris and Tu [10] that the degree of the variety
PVj.»(C) is given by the formula

(1.4) S = deg PV; ,(C) = i L

Then d(n, k,C) = d(n, k,R) if 5, is odd. (In this case the result that any
d(n, k,R)—1 dimensional subspace of S,,(R) contains a nonzero matrix with
an eigenvalue of multiplicity at least n — k is best possible.) We show that
Op—gn isoddif n>¢>1 and

(1.5) n = +q <mod oflos: 2‘1]) .

In particular, under the above conditions,

(1.6) d(n,n —q,C) =d(n,n —q,R) = (q—;1> + 1L

If n > ¢ and n satisfies (1.5) then any (q;rl) subspace of S, (R) contains a
nonzero matrix with an eigenvalue of multiplicity at least q. This statement
for ¢ = 2 yields the original Lax’s result [12] that any 3 dimensional subspace
of Sp(R) contains a nonzero matrix with a multiple eigenvalue for n =
2 (mod 4). (This result and its generalization in [8] is of importance in the
study of singularities of hyperbolic systems.)

An important part of the paper is devoted to the study of the numbers
d(n,n — 2,R). Besides the cases given in (1.5-1.6) for ¢ = 2 it is easy to
see that d(3,1,R) = 6 [7]. (Hence the inequality d(n,n — 2,R) > o(n) + 2
established in [7] is not sharp for some n.) Partial results regarding d(n,n —
2,R) were obtained in [7]. In particular, it was shown that for m > 1

(1.7) d(4m,4m —2,R) < 4dm + 1.

We obtain here additional results on d(n,n — 2,R). In particular, using
numerical and symbolic computations we show that d(4,2,R) = 5, which
implies that the upper bound in (1.7) is sharp for m = 1.

The paper is organized as follows. In Section 2 we show that d(4,2,R) = 5.
In Section 3 we obtain some upper bounds and some monotonicity properties
of d(n,n —2,R). In Section 4 we consider the existence of continuous and
smooth odd maps from the sphere S? to matrices of rank n—1 in M, (R) and
Sp(R). As a consequence we obtain new upper bounds for the dimension of
(n — 1)-subspaces of M,(R) and S,,(R). These upper bounds are shown to
be sharp in many cases. In Section 5 we discuss the existence of subspaces
U C S9,-1(R) of dimension 2n, which do not contain a nonzero matrix of
rank less than 2n—2. The last section is devoted to remarks and conjectures.
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2. Computation of d(4,2,R).

As indicated in the introduction, the first unknown number in the sequence
{d(n,n—2,R)}° 4 is d(4,2,R). By (1.7) d(4,2,R) < 5. It is our purpose to
prove:

Theorem 2.1. d(4,2,R) = 5.

Proof. 1t suffices to exhibit a 4-dimensional subspace L of Sy(R) with the
property that every 0 #% A € L has rank 3 or 4.
Let L be the subspace of S4(R) spanned by the matrices

1 -1 -1 1 -1 1 -1 -1
-1 -1 1 1 1 -1 1 -1
Bi=1_ 1 1 1] Ba=1_1 1 1 1|
1 1 1 -1 -1 -1 -1 -1
1 1 1 1 -1 -1 -1 1
1 1 1 1 -1 1 1 -1
Bs=1 11 1 -1 | Ba=1 1 1 -1 21|
1 1 -1 -1 1 -1 -1 1

It is straightforward to check that dim L = 4. Let a1, ag, as, ay be indeter-
minates and let o = (aq, a2, a3, a4), and B(a) = 2?21 a;B;.

We show that if 0 # o € R* then rank B(a) > 3. So let d(a) = det B(a),
and for 1 < j <4 let d;j(a) denote the determinant of the principal subma-
trix of B(«) obtained by deleting row and column j. We let Maple compute
the common zeros of the 5 polynomials d(«),d;(«),da(),ds(a), ds(e) in
c*.

It turns out that there are no common zeros with a; = 0 except the trivial
solution @ = 0. Now we can assume o1 = 1. We list the ten solutions found
by Maple. They are:

(i) The two solutions given by
a=(1,0,14+z,x),

where x is a zero of the polynomial f(z) = 2% + z + 1.
(ii) The two solutions given by

a=(l,z,2c — 1,3z — 2),

where x is a zero of the polynomial f(z) = 722 — 8z + 3.
(iii) The two solutions given by

a=(1l,z,—z,—bx — 1),

where x is a zero of the polynomial f(z) = 1422 + 4z + 1.
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(iv) The four solutions given by

1 1 2, +1 1, 1
o= T, +r+ -, -2 —xr— =
2 27 2 2)’

where z is a zero of the polynomial
f(2) =2t +423 4822 +42+3=(2+ 1)t +222 + 2.
It follows that for any 0 # a € R?* either d(a) # 0 or 31 < j < 4 such
that dj(«) # 0. Thus, the rank of every nonzero matrix in L is at least 3.
We explain now why Maple did indeed give us all the common zeros of
d(a),dy(a),do(a),ds(),ds(e). Let Ly be the subspace of S4(C) spanned
by Bl, B27 Bg, B4. We have by (13)

d(4,2,C) = 4.

Moreover, by (1.4) we get

(2.1) deg P(V2,4(C)) =

We also use the known fact that a rank r» symmetric matrix with entries
in a field has a nonsingular r x r principal submatrix. Thus, the ten distinct
solutions found by Maple yield ten matrices in L1 whose rank is at most 2,
and no two of those matrices lie on the same line. In fact, a computation
showed that each of those ten matrices has rank 2.

It remains to explain why Maple did not omit other solutions, assuring us
it did not miss any real solutions in particular. It follows from (2.1) that if L’
is a four dimensional generic subspace of S4(C) then P(V54(C)) meets P(L’)
in at most ten distinct points. Hence, we have to check that L; is indeed
generic. It suffices to show that P(V5 4(C)) and P(L1) intersect transversally.
So let A denote any of the ten matrices in L; of rank 2 found by Maple.
Let x,y € C* be linearly independent vectors such that Az = Ay = 0. A
computation showed that the rank of

2'Box a'Bsx x'Bax
y'Bay y'Bsy y'Byy | € M3(C)
2'Boy 2'Bsy a'Byy

is 3. This implies that the linear system of three equations

t'Br =0
y'By =0
z'By =0,

has no solution B in L; such that A, B are linearly independent. This shows
that Ly is generic.
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In addition to the computation using Maple, a numerical procedure (using
Matlab) was performed to check that there are no nonzero matrices of rank
lor2in L.

3. Upper bounds and monotonicity properties of d(n,n — 2,R).
It follows from (1.5) and (1.6) that if n = 2(mod 4) then d(n,n — 2,R) =
d(n,n —2,C) = 4. It was shown in [7] that
(3.1) d(n,n—2,R) <7 for n=4(mod 8).

It is our purpose here to get some additional upper bounds and some mono-
tonicity properties of d(n,n — 2, R).

Proposition 3.1. Let n = 3,5(mod 8). Then d(n,n —2,R) <7.

Proof. 1t follows from (1.4) that for every n > 3

n\ (n+1\ (mn+2 2
2 1 —1 -2
deg P(Vn_gn(C)) — (3)( 2 )( 1 ) — <n+ )(n+ )n (n )(n )7
’ 1-3-10 23.32.5
and this is odd for n = 3,5(mod 8). So, as indicated in the introduction,

and using (1.3) we have for n = 3, 5(mod 8)

4
d(n,n—3,R) =d(n,n—3,C) = (2> +1=7,

and since d(n,n — 2,R) < d(n,n — 3,R), the proposition follows. O

It follows from [7] that d(n,n—2,R) > 4 for n = 3,4, 5(mod 8). Thus, we
have the exact value for d(n,n — 2, R) whenever n = 2, 6(mod 8), and good
upper and lower bounds whenever n = 3,4, 5(mod 8).

Proposition 3.2. Let k be a fized integer such that k € {3,4,5,11,12,13}.
Then the sequence {d(16m+k,16m +k —2,R)}>°_, is a (weakly) monotone
increasing sequence, bounded above by 7.

There exists M = M (k) such that

d(16m + k,16m + k — 2,R) = d(16M + k, 16M + k — 2,R) for all m > M.

Proof. 1t suffices to prove the monotonicity of the given sequence, because
the required boundedness follows from (3.1) and Proposition 3.1.

Let L be any 8-dimensional 8-subspace of Mg(R). Such a subspace exists
because p(8) = 8 by (1.1). Let

b8 4] ).

Then L; is an 8-dimensional subspace of Si(R). Note that every nonzero
matrix in L; is nonsingular. Let {B;}5_; be a basis of L;.

Let dp = d(16m + k,16m + k — 2,R) and dy = dpp, — 1. Let Wy, 1
be any dp-dimensional subspace of Sigmnik(R) such that the rank of any
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nonzero matrix in W, ;, is at least 16m + k — 1. Note that dg <7 —1 = 6.
Let {Ci}?il be a basis of W, ;. Let W, = span{C; & B; : 1 < i < d,}.
Then W, i, is a dop-dimensional subspace of S 41)+k (R), and clearly every

nonzero matrix in it has rank > 16 +16m+k—1=16(m+1) +k — 1. This
shows that

d(16(m +1) + k,16(m + 1) + k — 2,R) > do + 1
=dp i = d(16m + k,16m + k — 2, R).

0

The following proposition justifies some claims we made in the introduc-
tion.

Proposition 3.3. Let 1 <k <n—2. Then any d(n,k,R) — 1 dimensional
subspace of Sp(R) contains a nonzero matriz which has an eigenvalue of
multiplicity at least n —k. If d(n,k,R) = d(n, k,C) then this result is sharp.

Proof. Let V be a d(n, k,R) — 1 dimensional subspace of S,,(R). If I,, € V
then 1 is the eigenvalue of I, of multiplicity n > n— k. Suppose that I, ¢ V.
Let V = span{V,I,}. Then V contains 0 # A such that rank A < k.
A=A+al,0# A€V, so—ais an eigenvalue of A of multiplicity at least
n —k.

Let ¥,,_x C Sp(R) be the variety of all A € S, (R) such that A has an
eigenvalue of multiplicity at least n — k. Clearly

Yot ={B € Sp(R): B=A+al, forsome A€ Vj,(R)and a € R}.

Since Vi, »(R) is an irreducible variety of codimension d(n, k, C) —1 it follows
that X, is an irreducible variety of codimension d(n,k,C) — 2. Hence
there exists an d(n, k,C) — 2 dimensional subspace W n(R) such that
Yk NW ={0}.

4. Upper bounds for the dimension of (n — 1)-subspaces of M, (R)
and S, (R).

In this section we obtain upper bounds for the dimension of (n—1)-subspaces
of M, (R) and S, (R). This is done by considering certain odd, smooth maps
from SP into M, (R) and S,(R). We also need several known results.

Let M (R) (SV(Lk) (R)) denote the set of all rank %k matrices in
M, (R)(Sn(R)). Given any field F and positive integers m,n, let MY, (F)

denote the set of all matrices in M, ,(IF) whose rank is equal to min{m, n}.

Lemma 4.1. Let C € M, . (F). Forj=1,2,....,n+1, let CU) denote
the n x n matriz obtained from C by deleting its j-th column. Then the
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solution of the homogeneous linear system Cy = 0 is a line spanned by
¢

41) y= (—detc(1>, detC?, —detC®, .. (—1)"+1detc<n+1>)

Proof. This is an easy consequence of well-known properties of the determi-
nant. [l

The next theorem appears as a part of Theorems A and F in [8]. See
there how it is related to classical results due to Radon, Hurwitz, Adams
and Adams-Lax-Phillips.

Theorem 4.1. Let ¢ : SP — M,(R) be an odd continuous map, i.e.,
o(—a) = —p(a) Yo e SP.
(i) Suppose that ¢(SP) C MM (R) = GL(n,R). Then, p < p(n) — 1.
(ii) Suppose that p(SP) C s (R). Then, we have p = 0 if n is odd, and
p < p(5) if n is even.

All the inequalities in (i) and (ii) are sharp.
The next theorem appears in [5].

Theorem 4.2. Let ¢ : P — MY | (R) be an odd continuous map. Then
p < max{p(n) — 1,p(n+ 1) — 1}, and this inequality is sharp.

Theorem 4.3. Let n > 2. Let ¢ : SP — Mfln_l)(R) be n odd smooth map.
Then, if n # 3,5,9

(12) p < max{p(n— 1) — 1,p(n) — 1, p(n+1) — 1,2}.
Furthermore, if p(SP) C ngn_l)(R) then p =0 if n is even, and
(4.3) p < max {p (n;l) ,p(n+1)— 1} if n is odd.

Proof. We prove first (4.2). If p <1 (4.2) certainly holds, so we may assume
p > 2. Hence SP is simply connected. Therefore, we can choose z(a) € ™1
in a well-defined and continuous way such that

(4.4) z'(a)p(a) =0 Ya e SP.

For a € S? let B(a) be the matrix in M,, ,,+1(R) obtained from ¢(a) by
augmenting it with the column vector z(«), i.e.,

B(a) = (p(@), 2(a)) € Mppny1(R).
Then rank ¢(a) = n — 1 and (4.4) imply that B(e) € M}, ., (R) for all
ac SP.
Note that the smoothness of ¢ implies that x(«) is also smooth. It is

also clear that for each a € SP z(—a) = +z(«). Hence, we must have
z(—a) = —z(a) for all a € SP, or z(—a) = x(«) for all a € SP.
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Case 1. Suppose that z(—«a) = —x(«) for all & € SP. Then the map from
SP to M), .1 (R) defined by @ — B(a) is an odd continuous map, so by
Theorem 4.2 we have

(4.5) p <max{p(n) —1,p(n+1) — 1},
and (4.2) holds.

Case 2. We now assume z(—a) = z(a) for all o € SP. We apply Lemma 4.1
to B(a) € MgnH(R), for each o € SP, and denote the normalized solution

given by (4.1) (that is, ﬁy) by ¥(a). Let

¢(a) = (1/}1(04)7 1/}2(04)’ s 71/}71(0‘)71/}71—1—1(0‘))'

There are two subcases now.

Case 2a. Suppose that n is even. It follows from (4.1) that

(=a) = (=¢i(a), =¢a(a), ..., =Pn(@), Yni1(a)).

We define

Cla) = [ 5((2‘)) ] € M1 (R).

This matrix is nonsingular because ¥(«a) is orthogonal to all the rows of
B(a). Let n(a) = (1(a), ¥2(a), . .., () and let

D(a) = [ ela) ] € Mni1,n(R),

that is, D(«) is the matrix obtained from C(«) by deleting its last column.
Its rank is n for each a € SP. Since D(—a) = —D(a) for all a € SP we
apply Theorem 4.2 again and conclude that (4.5) holds, so (4.2) holds.

Case 2b. Suppose that n is odd. So n > 3. Suppose first that p < n — 1.
Since z(«) is smooth, it follows from Sard’s theorem that {z(«a) : a € SP}
has measure zero in S"~!. In particular, 3¢ € S"! such that x(a) # +£
for all « € SP.

For every a € SP let L, = span{z(«),&}. Let Q(«) be the unique n x n
orthogonal matrix satisfying: Q(«) is the identity on L2 and its restriction
to L, is the rotation in that plane by an angle < 7 that sends x(a) to &.
Since z(—a) = x(a) we have Q(—a) = Q(«). Also, Q(«) is continuous in «
(cf. the Proposition in [8]). It follows from (4.4) that

(4.6) Q' a)p(a)Q(a)) =0, for all a € SP.

Let ¢1(a) = Q'(a)p(a)Q(c). Then ¢1(a) is an odd continuous function.
Without loss of generality we may assume & = (0,0,...,0,1). It follows
from (4.6) that for each o € SP the last row of p;(a) is 0, so deleting it
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results in an (n — 1) X n matrix of rank n — 1. Applying Theorem 4.2 again
we conclude that

p <max{p(n —1) —1,p(n) — 1}

o (4.2) holds.

Now suppose that p > n — 1. We may consider S"~2 as contained in S,
and then consider the restriction of the given ¢(a) and z(a) to S"~2. We
repeat the proof given for p < n — 1 and conclude in the same way that

n—2<max{pn—1)—1,p(n) =1} =p(n—-1)—1.

Since this cannot happen by (1.1) when n # 3,5,9 we have completed the
proof of (4.2).

Suppose now that ¢(SP) C S,(Lnfl)(R). Recall that the inertia of A €
Sp(R) is the triple (m, v, d), where 7 is the number of positive eigenvalues of
A, v is the number of negative eigenvalues of A and ¢ is the number of zero
eigenvalues of A.

Let n be even and suppose that p > 0. Let a € SP, and consider a path
in SP from a to —a. Let J denote the image of this path under ¢. Since
every matrix in J has rank n — 1, it follows that the inertia of each matrix
on this path is equal to inertia (¢(«)). In particular, inertia (p(—a)) =
inertia(¢(cv)), but this is impossible since p(—a) = —p(a). Hence p = 0.

Let n be odd. Suppose first that n = 3. We show that p < 1 in this case,
so (4.3) holds. Suppose to the contrary that p > 2. It is clear that ¢(a) has
the same inertia for each aw € SP. In particular, given any a € SP, p(«) and
o(—a) = —p(a) have the same inertia. Hence each ¢(«) has one positive,
one negative and one zero eigenvalue. So for each o € SP, the eigenvalues
of p(a) are pairwise distinct, contradicting Theorem B of [8].

Note that while we have shown that there is no odd continuous map from
S? to S?()Z) (R), there is an odd continuous map from S? to Mé2) (R). For
example, consider the map that sends (z,vy,2) € S? to

0 =z
-z 0 =z
-y —z 0

We assume now n > 5. Since max{p(“5%), p(n + 1) — 1} > 2, (4.3) holds
if p < 1. Hence we may assume that p > 2. We go along the proof of the
nonsymmetric part of the theorem. If x(«) is odd, then (4.5) holds, and
since p(n) = 1 for odd n, we get

pép(n+1)1§maX{p<n;1>,p(n+1)1},

and (4.3) holds.
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So we may assume that x(«) is even. Suppose also that p < n — 1. Then
we get (4.6) again, where ¢1(a) = Q'(a)p(a)Q() is an odd continuous
function, and we may assume £ = (0,0,...,0,1). It follows that for each
a € SP the matrix obtained from ¢1(a) by deleting its last row and column

is in Sfln__ll)(]R). Hence, by part (ii) of Theorem 4.1 we get

< n—1
bp>p 9 )
so (4.3) holds.

If p > n — 1 we consider S"2 as contained in SP, and then consider the
restriction of (o), x(a) to S"~2. A repetition of the argument for p < n—1
yields n — 2 < p(“z1), which is impossible for n odd, n > 5. This completes
the proof. O

Corollary 4.1. Let n > 2 and let L be an (n — 1)-subspace of My (R).
(a) If n # 3,5,9, then

(4.7) dim L < max{p(n — 1), p(n), p(n + 1), 3}.
(b) If L C Sp(R) (that is, L is a subspace of S,(R)), then

. 1 if n is even,
(4.8) dim L < el e
max {p (%51) + 1,p(n+ 1)} if n is odd.

Proof. (a) Let d = dim L and let A;, Ag,..., Ay be a basis of V. For A €V
we write A = Zle a;A; and let o = (a1, @9,...,04). Then we may view
the map o — A, restricted to « such that ||a|| = 1, as an odd smooth map
from S9! to M,(ln_l)(R). Then d — 1 is bounded by the right-hand side of
(4.2), so (4.7) follows.

(b) The proof is similar to the previous case, using now (4.3) instead of
(4.2). O

Consider next the sharpness of the inequalities (4.2), (4.3), (4.7) and (4.8).
For that purpose we have the following lemma.

Lemma 4.2.
(i) There exists a p(n — 1) dimensional (n — 1)-subspace V' of M, (R).
(ii) There exists an (n — 1)-subspace V' of S, (R) such that

1 if n is even,

p (%) +1, if n is odd.
Proof. (i) As indicated in the introduction, there exists an p(n — 1) dimen-
sional (n — 1)-subspace Vi of M,_1(R). Then we let V' be the subspace

of M, (R) obtained from V; by appending a row and column of 0’s to each
matrix in V7.

dimV =
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(ii) The claim is trivial if n is even, so suppose n is odd. As indicated in
the introduction, there exists an (n—1)-subspace V; of S,,—1(R) of dimension
p (%51) + 1. Now V is obtained from V; as in Part (i). O

Corollary 4.2. Let n = 1 (mod 4). Then the inequalities (4.3) and (4.8)
are sharp, and the inequalities (4.2) and (4.7) are sharp provided that n #
5,9.

Proof. For n =1 (mod 4) the maximum of the right-hand sides of (4.2) and
(4.7) are p(n — 1) — 1 and p(n — 1), respectively. Let V' be the p(n — 1)
dimensional (n — 1)-subspace defined in the Proof of Lemma 4.2, Part (i).
This shows the sharpness of (4.7) provided that n # 5,9. The sharpness
of (4.2) is obtained by considering an odd smooth map from SP(»~D=1 to

Mr(lnfl)(R) as in the proof of Corollary 4.1 Part (a).
The sharpness of (4.3) and (4.8) is proved similarly, using the p (%*1) +1
dimensional (n — 1)-subspace V of S, (R) in Part (ii) of Lemma 4.2. O

Remark. In Theorem 4.3 it is possible to replace the assumption that ¢
is an odd smooth map by the assumption that ¢ is an odd continuous map.

The proof of the remark is achieved as follows. First approximate ¢(«)
arbitrarily by a smooth odd @(«) (which is in S, (R) if ¢(S?) C Sén_l)(]R)).
We can assume that for each a € SP, ¢(a) has a simple eigenvalue A(«)
which is the smallest in absolute value among all eigenvalues of ¢(«a) (and is
also real if (SP) € SI""V(R)). Clearly A(—a) = —A(a) Ya € SP. Let ¥(a)
be the projection of @(«) corresponding to A(«). Then ¥(«) is a smooth
odd function of rank at most 1, and it follows that ¢(a) — ¥ («) satisfies the
conditions of Theorem 4.3, so (4.2) and (4.3) hold respectively.

5. Existence of certain 2n dimensional subspaces of Sa,_1(R).

Let n > 4 be an even integer. It follows from [7] and this paper that
d(n,n —2,R) < n+ 1, with equality for n = 4. Now suppose that n > 5 is
an odd integer. We do not know if a similar result holds, although it seems
plausible. In this section we show that if there exists an n + 1 dimensional
subspace L of S, (R) such that each nonzero matrix in L has rank n—1 or n,
then there is a severe restriction on the possible inertias attained in L. We
also derive here additional results on n 4+ 1 dimensional subspaces of n X n
matrices where each nonzero matrix has rank n — 1 or n.

Let F be any field and let V' be an n 4 1 dimensional subspace of M,,(IF)
spanned by Ajp, As, ..., Apy1. Sometimes we find it convenient to identify
PF" with F?*t1 and PV with PF". That is, we identify & € PF" and Ae
V := PV with lines spanned by 0 # o = (a1, a2,...,a,41)" and 0 # A in
F™ 1 and V respectively. Let A(a) = Z?Ill a;A;. We identify a with A(a).
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Given any 0 # y € F", let

(5.1) L,={AecV:Ay=0}.
Since dim V' > n + 1 it is clear that dim L, > 1 for every y # 0. Let
(52) M(y) = [Alya A2y7 O 7An+1y] € Mn,n+1(F)~

For a = (ay,aa,...,an41)! it is clear that (21:11 aiAi) y = 0 if and only
if M(y)a = 0. It follows that

dim L, = 1 if and only if rank M (y) = n.
Observe that if rank M(y) = n then, by Lemma 4.1, ker M (y) is spanned
by
(5.3)  a(y) = (— det M ()M, det M(y)@, ..., (=1)"F! det M(y)(”+1))t
Let
(5.4) T={yePF"':a(y)=0}.

Hence, T consists of those y for which rank M (y) < n.
Given a = (a1, ag,...,ap4+1) we consider the homogeneous polynomial

n+1
¥(ar) = det (Z aiAi> :
i=1
and let

(5.5)  Z(1) = the zero set of (), considered as a subset of PF".
Lemma 5.1. Let V be an n+ 1 dimensional subspace of M, (C), spanned
by A1, Ao, ..., Apt1, and such that:

(i) 3A € V such that det A # 0.
(ii) 9B € V such that rank B = n — 1 and ker B is spanned by a vector
0 # u € C* with dim L,, = 1.

Then the following holds:
Let H C P@” be the irreducible component of the hypersurface Z(z/)) pass-
ing through B. Then there exists a birational map
o:H———=PC"!, #=¢pt:PC"'-—- > H
defined as follows:

(a) For each a € H withrank C = n—1, where C = Z?;”ll a; A, p(a) =7,
where y € C™ is the basis of ker C.
(b) For each § € PC"! such that dim L, = 1, 6(y) = &, where o = a(y).
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Proof. The maps ¢ and 6 are rational. For y in the neighborhood of
u, dimL, = 1. Hence ¢ is holomorphic in the neighborhood of u. Let
B = Z?:"'ll BiA;. The assumptions (ii) imply that ¢ is holomorphic in the
neighborhood of 3 and ¢ - 0 is the identity map (as a rational map). Hence

6:PC* ' - — - H.
O

Remark. As 6 :PC" ! — — — H is a rational map, it is not holomorphic
on a variety of codimension at least 2 (cf. [9, Chapter 4, Section 2]). Hence
codim T > 2.

Lemma 5.2. Let V be an n+ 1 dimensional subspace of M,(R), such that
each nonzero matriz in 'V has rankn — 1 orn. Then:
(i) 3A € V such that det A # 0.
(ii) 3B € V such that rank B = n — 1 and ker B is spanned by a vector
0#y € R" withdim L, = 1.

Proof. By Theorem 2 of [3], V cannot be an (n — 1)-subspace or an n-
subspace. Hence V contains nonsingular matrices and singular matrices.
Let

(5.6) Vi={AecV:detA=0}.

Let
n: V, — PR !
be defined as follows:

Suppose that B € V is any singular matrix, and suppose 0 # y € R"
satisfies By = 0. Then let TI(E) =7.

It is known that the set of singular points of ‘7; is a proper subvariety of
V,. As 77(175) = PR" 1, it follows that there exists a regular point B of V,
such that Dn(B) has the rank n — 1. Let y € $"~! be such that By = 0.
Suppose that dim L, > 2. Then it is clear that dim ker Dn(é) > 1.

It follows that the dimension of the tangent space to B in V, has dimension
> n, implying that dimf@ > n, a contradiction. ([

Lemma 5.3. Let n be odd, n > 3, and let V be an n + 1 dimensional

subspace of Sp(R) such that each nonzero matriz in V has rankn — 1 or n.

Suppose that V+ = {B € S,(R) : tr (AB) = 0 VA € V} does not contain

rank one matrices. Let Vy be as in (5.6). Then, Vs is a smooth connected

vartety in PR"™.

Proof. Let Ay — (a(;“)" L k=1,2,...,n+1beabasis of V. Let (a) =
)=

det (Z::Lll oziAz-). For & € V, we have (o) =0, so A(a) = Z?Ill a; A; has
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rankn — 1. Hence the (n —1)th compound of A(«), Cy,—1(A(«)), has rank 1.
So there exists 0 # z(a) = (x1(a), x2(a),. .., z,(a))! and € = &1 such that
Ch-1(A(a)) = ex(a)zt(a). Let Cp_q(a) = (cij(@)); j—;- Observe that

9la) _ Zn: a(k)c--(a) = ex'(a)Apz(), k=1,2 n+1
ooy, _‘jﬂ ij W\ T k At M :

Since V+ does not contain a rank one matrix, we deduce that vip(a) # 0.
Thus each a € V is a smooth point and the local dimension of V at a is
n— 1.

Let V¢ be the complexification of V. Let T, Tr be defined by (5.5) for
F = C, R, respectively. By the remark following Lemma 5.1, codim¢T¢ > 2.
Since Tr = Tc N PR !, we have codimpTRr > 2.

Let Y, = PR" !'\Tk. Then Y, is connected. Using (ii) of Lemma 5.2 we
can define H and 6 as in Lemma 5.1. Let Hg = H NPR™. Then 0(Y;) is
connected in Hg, and this implies that 6(Y,) = Hg is connected.

To finish the proof it suffices to show that XN/S = Hy. Since Y, = PR"*!
it follows that for any 7 € PR"! there exists 3 € Hy such that A(8)y = 0.
Let &4 be an arbitrary point in V,. Then 3 0 # u € R™ such that A(y )u =0.
If dimL, = 1, then ¥ € Hg. So suppose dim L, > 2. Then 3 ﬂ € Hp
such that A(8) € L,. Hence 3,5 € Ly, and clearly 3 and ¥ are connected
in Zu - ‘N/S As 175 is a smooth variety, it follows that ¥ € Hg. Hence
V, = Hp. 0

Recall that the standard inner product in S, (R) is given by (A, B) =
tr(AB), so with respect to this inner product a matrix A is normalized if
and only if tr(A?) = 1.

Corollary 5.1. Let n and V satisfy the assumptions of Lemma 5.3. Let
V,={A eV tr(A%) =1}

and
Vs ={A €V, :det A=0}.

Then V,s is a smooth connected hypersurface in V.

Proof. Assume that the basis Ay, As, ..., Ap+1 is orthonormal with respect
to the standard inner product in S,(R). Let V., Tr and Y, be as in Lem-
ma 5.3. Identify Vi with V,s/{#I}. It follows from Lemma 5.3 that Vi, is
smooth. To show that V4 is connected, it suffices to show we can connect
some A € V,; to —A in V4.

Take y € S~ ! such that § € Y,.. Connect y to —y by a path J(in S"1)
such that J C Y,. For z € S"! such that zZ ¢ Tg let

N = $a z
&) = R
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where «a(z) is given by (5.3). Since « is odd, A(&(z)),z € J, connects
A(a(y)) to A(a(-y)) = —A(a(y)). 0

Theorem 5.1. Let n be odd, n > 3, and let V be an n + 1 dimensional
subspace of Sp(R) such that each nonzero matriz in V has rankn — 1 or
n. Then each nonzero matriz in V has at least "Tfl positive and negative
etgenvalues.

Proof. Let Ay, As, ..., Apy1 be a basis of V. We distinguish two cases.

Case 1. Suppose that V+ does not contain a matrix of rank one. Let Vg
be as in Corollary 5.1. Then, each matrix in V,s has rankn — 1, and by the
connectedness of V4 it follows that A and — A have the same inertia for each

n

A € V,,. It follows that every singular matrix in V\{0} has 251 positive
eigenvalues, ”Tfl negative eigenvalues, and 1 zero eigenvalue Continuity
yields immediately that each 0 # A € V has at least %! positive and

negative eigenvalues.

Case 2. Suppose now that V1 does contain a rank one matrix. Note that
we have dimP(V1) = 2 (5 4 1) — 1, while dimPV; ,(R) = n — 1.
Hence, for any € > 0 there exist Ay, Aa, ..., Apt1,e € Sp(R) which satisfy
the following three conditions:
(i) |Aie —Ail <€, i=1,2,...,n+1.
(ii) Ve =span{Aie, Az, ..., Ant1,e} is n+ 1 dimensional.
(iii) V.- does not contain a rank one matrix.
For € > 0 small enough, we can apply Case 1 and conclude that any
nonzero matrix in V; has at least "7_1 positive and negative eigenvalues. Let
€ — 0 and use continuity to finish the proof. O

6. Concluding remarks and conjectures.
Theorem 6.1. Let 1 < g € Z. Then deg PV,,_4 »,(C) is odd if n > q and
(6.1) n=+q <m0d 9[log 2q]> .

Proof. Let 0 # q € Z. Let u(q) = [logy2|g|] and 0 < v(q) € Z be the
largest integer such that 2“9 divides q. Then v(q) + 1 < u(q). Clearly
if { = m # 0 (mod2*) for some 1 < p € Z then v({) = v(m). Let
Ok := deg PV} ,(C). We claim that for n satisfying (6.1)

TR () () IR
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Here for any real x and 0 < k € Z we let

(m> x(x—l)..].f!(:n—k:+1).

In particular

(6.3) (;x):(1)k<$+:_1), k=1,....

Observe that for j <g—1
(n—l—j) C(n+i)n+ji—-1)...(n—q+2j+1)
q—J 1-2...(¢—j) '
For n satisfying (6.1) it follows that n 4+ ¢ = £q + ¢ # 0 (mod 2#(9) if
—q+1<¢<q—1. Hence (6.2) holds.
Our theorem is equivalent to the statement that v(0,—qn) = 0 if (6.1)
holds. We first consider the case n = —q (mod 2#(®)). Then

s S ()
S (e, ) ()
(o) B ) =

J

-1

»Q%
»-Q

]

- o
<.
I
=)

J
We now consider the case n = ¢ (mod 2#(9). In this case it is enough to
show the identity

(6.4)

We prove the above 1dent1ty by induction on g. For ¢ = 1 (6.4) trivially
holds. Assume that (6.4) holds for ¢ = m > 1. Let ¢ = m + 1. Use the

identity
m+1+4j m+1+j/m+j .
)= ), J=0,1,...,m,
m+1-—j m+1-—y —J
to deduce (6.4) for ¢ = m + 1 from ¢ = m. O

Corollary 6.1. Let n > q and let (6.1) hold. Then

1
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Corollary 6.2. Let n > q > 2 and assume that (6.1) holds. Then any
(qgl) dimensional subspace U of S, (R) contains a nonzero matriz with an
eigenvalue of multiplicity q at least. Furthermore, there exists an (q;rl) -1
dimensional subspace V- C S, (R) such that each eigenvalue of 0 # A € V

has a multiplicity less than q.

Proof. For n = ¢ U = Sp(R) and the eigenvalue 1 of I, has multiplicity
q. Assume that V' C S;(R) does not contain I;. Then each eigenvalue of
0 # A € V has multiplicity less than gq. Assume that ¢ < n. Then the claim
of the corollary follows from Corollary 6.1 and Proposition 3.3. O

Clearly 0,1, = n is odd if and only if n is odd. As d(n,n — 1,R) =
ps(n) + 1 it follows that d(n,n — 1,R) > d(n,n — 1,C) = 2 if n is even.

Conjecture 6.1. Letn > q > 2 and assume that (6.1) does not hold. Then
On—gn is even. Furthermore d(n,n —¢,R) > d(n,n — ¢, C).

For ¢ = 2,3,4,5 it is straightforward to check that d,—,, is odd if and
only if (6.1) holds.

Finally, we return to the sequence {d(n,n — 2,R)}>? 5 and state two ques-
tions. The first unknown number in this sequence is d(5,3,R). As we have
seen in Section 3, d(5,2,R) =7, so d(5,3,R) < 7.

Question 1. Is d(5,3,R) =67

We think that the answer is yes. In [6] it is shown that d(5,3,R) < 6.

Let L be the 5 dimensional subspace of S5(R) spanned by the matrices

1 1 1 1 =17 11 1 -1 1]
1 1 -1 -1 1 1 -1 -1 -1 -1
B = 1 -1 -1 -1 -1, By= 1 -1 -1 1 1],
1 -1 -1 -1 1 -1 -1 1 -1 1
-1 1 -1 1 1 1 -1 1 1 1
[ -1 1 1 -1 -1 11 -1 1 -1
1 -1 1 1 1 1 -1 -1 -1 1
Bs = 1 1 -1 -1 1|, By=|-1 -1 -1 1 1]/,
-1 1 -1 1 -1 1 -1 1 1 -1
-1 1 1 -1 1 -1 1 1 -1 -1
1 1 1 1 -1
1 1 -1 1 -1
Bs = 1 -1 1 1 1

1 1 1 -1 -1
-1 -1 1 -1 -1
A local minimization procedure using Matlab seems to indicate that every

nonzero matrix in L has rank 4 or 5. This has yet to be confirmed by other
means, but if it is correct, then d(5,3,R) = 6.
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Note that for every field F we have
(6.5) d(n,1,F) >d(n,2,F) >--- >d(n,n—2,F) > d(n,n—1,F).
Question 2. Is there strict inequality everywhere in (6.5) if F = R?

Acknowledgement. We would like to thank H. Tracy Hall for his help in
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