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1 Main Topics of the Course

e SYSTEMS OF EQUATIONS

e VECTOR SPACES
LINEAR TRANSFORMATIONS
DETERMINANTS
INNER PRODUCT SPACES

e EIGENVALUES

o JORDAN CANONICAL FORM-RUDIMENTS

Text: Jim Hefferon, Linear Algebra, and Solutions
Available for free download
ftp://joshua.smcvt.edu/pub/hefferon/book/book.pdf
ftp://joshua.smcvt.edu/pub/hefferon/book/jhanswer.pdf

Software : MatLab,Maple,




Engineering
Biology

Medicine

Business

Statistics

Physics
Mathematics
Numerical Analysis

Reason: Many real world systems consist of many parts

which interact linearly.

Analysis of such systems involves the notions and the tools

from Linear Algebra.
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|. Systems of Linear Equations

ai1r1 + ai2r2 + ... + QipTp, =b1

az21r1 + a22r2 + ... + a2,Tp = b2

Am1T1 + Qm2T2 + .. + QmnTn = by

a. Examples
b. Solutions: Unigue, Many and None (Inconsistent).
c. Graphical Examples of Systems in Two Variables
d. Equivalent Systems ( ):

e Change the order of the equations

e Multiply an equation by a nonzero number

e Add (subtract) from one equation a multiple of another

equation




Examples

Subtract 2 times row from row 2.
Hefferon notation: po — 2p1 — p2
My notations:
Ry — 2Ry — R,
Ry +— Ry — 2R;,
Ry — Ry — 2R,
Obtain a new system

xr1 + 29 = 5

— T2 = —2

Find first the solution of the second equation: &5 = 2.

Substitute a2 to the first equation:

r1+2X2=86=>x1=5—4=1.

Unique solution (€1, x2) = (1, 2)




e. Triangular Systems and their solutions

a;1r1 + aizxs + ... + aipxTy, = by

+ a2 + ... + a2p,Tp, = b2

ApnnLyn — b'n,

71 equations in 72 unknowns with 71 pivots:
a1 # 0, azz2 #0,...an, # 0.

down to up:

L —QA(n—1)nTn + bn—l

Lp—1 — ’
A(n—1)(n—1)

oo T )Tit1 — e — QinTn + b;
T — ’
a;;

t=n—2,...,1.
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Il. Matrix Formalism for Solving Linear Equations

a. The Coefficient Matrix of the system:

( aii a2
asz

1 a2

K aAm1 A2

b. The Augmented Matrix (A|b), (A|B)

( aii ai2

a1 a2

(Alb) =

\ aAm1
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c. Elementary Row Operations (ERO)

® Interchange two rows
R; <— Rj, ) # g
Example: Ry <— R

e Multiply a row by a nonzero number
a X R, — R;, a;éO, (Ri—>a,><Rz-).

® Replace a row by its sum with a multiple of another row

Ri—l—aXRj — R;, (Rz — Ri—l—aXRj).

Example:

R>—0.TRy, —> Rz, (R2 — R2—0.7R4).
d. Pivotal Row

e. The elementary row operations are reversible: If I is
obtained from C' using elementary row operations then C'is
obtained from D using (the inverse elementary) row

operations




6 Inverse elementary row operation

R; <— R;, 1t # jisinverse to itself

%XRi—>Ri,a7£O

is the inverse of a X R; — R;

R; —a X Rj — R;

is the inverse of R; +a X R; — R;

Denote by E—1! the inverse elementary row operation

Assume that 1D was obtained from C' by using the following

sequence of k elementary row operations:
EpEp_1...EF,

Then C' is obtained from D by the elementary operations
E;'E;'...E. ' E "

Elementary row operations on the system of linear equations
performed on augmented matrices give rise to the

equivalent system of equations

Two systems of linear equations are equivalent if they have

the same solutions




Row Echelon Form of a matrix.

e The first nonzero entry in each row is 1. This entry is

called a pivot.

e If row k does not consists entirely of zeros, then the
number of leading zero entries in row k + 1 is greater

then the number of leading zeros in row k.

® Zero rows appear below the rows having nonzero

entries.

The process of using ERO to transform a linear system into
one whose augmented matrix is in row echelon form is

called Gaussian Elimination.

Corollary. The given system is inconsistent if and only if the

REF of its augmented matrix contains a row of the form:

00 ...0| 1] (6.1)

10



Constructive proof of existence of REF A = [am]z —j=1

0. If A = 0 (Zero matrix) A in REF done! Assume
A # 0.

1. Ifaqq # 0:

a. divide the first row by @11: —— R; — R to obtain
aii

1
_ [a( )]
a1
Note: a3, = 1.
b. Subtract a ( )
—a;1 1 —I—Ri — R;fort =2,...,m

times row 1 from row 2 > 2:

c. Put all zero rows to be the last rows
d. GO TO

2.1fay; = ... = a;—1)0 = 0and a;; 7# 0O for some
1<2<m R, < R;

GO TO 1.

3. Suppose that the first k — 1 columns of A are zero, but
not k — th row.

So A = [0y xk—1 B, where B obtained from A by

removing first kK — 1 zero rows

11



REF of Ais C = [0y xk—1 C’], C’' REF of B.

Replace A by B and GO TO 1.

12



Examples of REF

0 a
0O 0 1
O 0 0 O

(abcd)1 x4

(luvw) Iif a#0,

(01pgqg) if a=0, b#0,
(0017r) if a=b=0, c#0,
(0001) if a=b=c=0, d#0,
(0000) if a=b=c=d=0.

13



Overdetermined System 1 (number of equations) > n

(number of unknowns):
if there are more equations then unknowns.

Usually (but not always) overdetermined system are

inconsistent.
Underdetermined System m < n.:
if there are less equations then unknowns.

Usually (but not always) underdetermined system are

solvable with many solutions.

14



7

The general solution of the system in REF.

REF does not contain a row of the form (6.1):

00 ...0]1].

The variables associated with pivots are called lead

variables. The rest of the variables are called free variables.

(affine)
Examples
1 —2 3 -1
0 1 3 1
0 0O O 1

1, X, 4 arelead variables, xg is a free variable.
= 95, xa3+3xrz3t+x4y =4 = T2 = —3xrz3—T4+4
—3xg — 1, 1 —2x2+3x3+ —x4 =0 =
200 —3x3+x4 = 2(—3x3—1)—3x3+5 =
r1 = —9x3 + 3

15



(but not the fastest)
RREF.

Reduce Row Echelon Form (RREF):

® The matrix is in REF

e If 1 is a pivot on row k and column p then all other

elements on the column p are zero.

Examples

Bringing a matrix to RREF is called Gauss-Jordan reduction.

16



RREF the solution of the system:

u

(%

w

1,2, T4 lead variables xg free variable

r1 +bxrs =u= 2, —bxs + u,

To + das V = To —dxs + v,

rq4g = w.

17



8 Vector and Matrix Notations

Vectors: Row Vector X = (&1, Loy ..oy Ty ) isl X N

[ (w1

U2
Column Vector u = _ is ™ X 1 matrix. For

\

convenience of notation we denote column vector u as

maitrix

u= (ul,uz,...,um)T

Vectors with two coordinates represent vectors in the plane
x = (@1, x2) represents a vector joining the origin with
P = (2131, 2132).

ax = a(xy,x3) := (axy, axs) stretch of x by factor

a.

x4y = (T1,T2) +(y1,Y2) := (1 + Y1, T2+ Y2)
represents vector obtained by the parallelepiped law.

Draw the two dimensional picture.

18



The coordinates of a vector and real numbers are called

scalars

. In Leon’s book scalars are often denoted by Greek
letters: a, 3, ~.... In these notes scalars are denoted by
small Latin letters, while vector are in a different font:
a,b,c,d,x,y,z,u, v, w are vectors, while

a,b,c,d, x,y, z, u, v, w are scalars.

The rules for multiplications of vector by scalars and

additions of vectors are:

ax = a(zcl, cons CUn) . (awla cee awn),

X4V = (X150 ®n) + (Y15 eees Yn) ¢

(331 + Yl eees Iy + yn)a

the set of all vectors with 1 coordinates is denoted by R™.

19



(o)

2

\
[\

2

o
( U1 + v \

Uz + V2

\ o+ 0

The zero vector O has all its coordinate 0.

—X = (—1)X := (— @1y eees —Tp)

Xx+ (—x) =x—x=0.

20



Homogeneous Systems of Equations

a1y + Q@122 + ... +  QA1pTp

a211 —+ Q2202 -+ ... + QA2,Tn

A1 1 + A 22 + cee ‘I’ Amnn

(A]0).

HSE is always solvable:

r1 = Lo = ...=a, = 0.
Trivial Solution
The number of pivots does not exceed m.

If . > M there is at least 1 — M free variables.

If i > 1 HSE has infinite number of nontrivial solutions

21



10

scalar product: (ul, U2, ’11,3) . (:1;1, o, :1;3) = U171 + U222 + uzxs.
Product of row vector with column vector with the same number of coordinates:

(1)
L2
ux = (U1 Ug...Uyp) _ = U1y + Uusxs + ... + up T,

e )

product of 2 X M A and column vector x € R™:

( aii ai2 coe A1n \ (Cﬁl\
L2

a1 az2 eee Q2

P A Py

22



( 1121 + A12Z2 + «oo + A1 Ty \

a21L1 + A22T2 + ... + A2, Ty

\ Am1T1 + Gm2T2 + oo + ATy )

The system of 1 equations in 72 unknowns

ai1r1 + ai2xe + ... +  aipT, = b

ax1x1 + asexe + ... + aznT, = bs

Am1T1 + Qm2T2 + . + AmnTn = by,
can be compactly written as
Ax =Db

A is an m X n coefficient matrix, x € R"™ is the columns
vector of unknowns and b € R™ is the given column

vector.

Clearly A(x +y) = Ax + Ay, where Aism X n

matrix, and x, y are two column vectors with 1 coordinates

23



11 General solution of systems of LE

Avectoru = (uy,...,Uy) satisfying Au = bis

called a particular solution to system Ax = b.

Thm 1. The general solution of the system

Ax =Db

of ™ equations in 12 unknowns is of the form
X=u-+y,

where u is a particular solution of Ax — b and y is the
general solution of the homogeneous system

Ay =0

Proof. Write X = u + y. Then
A(u+y) = Au+ Ay = b + Ay. Hencexisa
solution to Ax = bifand only if Ay = 0.

24



12 Existence of REF and RREF

Thm 2. Let A be a given m X 7 matrix. Then

1. It is always possible to bring A to a row echelon form C
(REF), where C'is e X m matrix, by using elementary

row operations

(a) C usually is not unique

(b) If we consider the homogeneous system Ax = 0,

then the lead and the free variables are uniquely

determined, i.e. they do not depend on a particular

form of C..

2. Itis always possible to bring A to a reduced row
echelon form F' (RREF), by using elementary row

operations, and F’ is unique.

25



13 Proof of Theorem 2

1. We show the existence of REF of A by induction on m.
. Assumem = 1. S0 A = (a11 @12 ... G1pn).
i. f A = 0 then A is already in row echelon form.

i. A 7 0. Let aqx be the first nonzero element of the row

matrix A. Then al_klA is the row echelon form of A.

ll. Assume the induction hypothesis that any positive integer
M any M X m matrix A can be brought to a REF using
elementary row operations, i.e. we assume the induction

hypothesis for m = M.

ll. Assume that A = (a;;) (M + 1) X n matrix, i.e.
m =M + 1.

i. Suppose firstthat a11 7 0. Letaq1 RB1 — Ry to
obtain A1. Then R; — R; — a;1 X Ry for

1t = 2,...,M + 1 to obtain the matrix Ao with a pivot
on the entry (1, 1) and all other entries of the first column

of Ao are zero.

26



( 1 cee QA1n,2 \

0 az2. 2 e Q29,2

K 0 amz’z ) amn,z )

If n = 1 A, is the row echelon form of A.
Assume 1 > 1. Let By be the following M X (n — 1)
matrix:

( az2,2 az3,2 eee A2n,2 \

as2,2 ass,2 eee A3n,2

\ am2,2 am3,2 eee Amn,2 )

Use the induction hypothesis to deduce the existence of
ERO to bring Bo to REF Ds. Apply the same row
operation on the last M rows of A5 to bring As to a REF

1 %
Cs = (block matrix form)

0 Do

27



ii. Suppose a11 = 0 but the first column of A is not zero
column. Let a;1 7 0, (you may choose % to be the
smallest number ¢ > 1 to satisfy this assumption.) Switch
rows 1 and 1, i.e. perform Ry <> R, to obtain A;. Now
use the previous case i. to bring A1 to REF C, which is a
REF of A.

iii. Suppose A = 0. Then A in REF.

iv. Suppose A # 0 and the first k columns of A are zero
1< k<n)LetBbe (M + 1) X (n — k) matrix
obtained from A by deleting the first k& columns. Now use
cases (i-ii) to bring B to a REF D.

Use the same row operations on A to bring it to REF:

C := (Omxk D)'

where 0,,, « . denotes the zero matrix of order m X k.

28



14

Let A =
1 2

Do Ro — R1 — R to obtain REF

1 1
0O 1

A1:

Now switch the two rows of A, i.e. Ry <+ R to obtain
1 2
1 1

Let R — Rq1 — Rs to obtain B; =

Let —Ro — Rs to obtain REF By

Note Al # B

29



15 Lead & free variables unigueness

Assume that A m X mn . Assume that B and C are two
m X m matrices which are two REF of A. Then Bx = 0

and C'x = 0 are equivalent systems to Ax = 0.

We show by induction on n that the systems Bx — 0 and

C'x = 0 have the same set of lead and free variables.
. = 1.

i. A = 0. Then B = C = 0. a1 is free variable.

iiA#0.ThenB=C =(10...0)".x; islead

variable

Il. Assume that the statement holds for n = IN.

l.Letn = N + 1,ie. A,B,Carem X (N + 1).
Let A1, By, C7 are n X IN matrices obtained from

A, B, C by deleting their last columns respectively. Note
that By and C7 are REF' of A;. The homogeneous
systems A1x1 = 0, B1x1 = 0, C1x7 = 0 obtained
from the equivalent systems

Ax = 0, Bx = 0, Cx = 0 by letting x,, = O.

30



The induction hypothesis claims that among 14 «eey 5 —1
the lead and free variables in the systems
Bi1x1 = 0,C1x1 = 0 are the same. This is equivalent

to to the statement that among 3, ..., £, —1 the lead and

free variables in the systems Bx = 0, Cx = 0 are the

same. It is left to show that x,, Iin the both system is either
lead or free. Set all free variablesin x4, ..., £,,—1 to be

Zero.

i. Assume that x,, is a lead variable in Bx = 0 we deduce
that x,, = 0. Hence in the equivalent system Cx = 0

T, = 0. Therefore x,, is a lead variable too in Cx = 0.

ii. Assume that &, is free variable in Bx = 0. So the
value of x,, can be anything. Hence in the equivalent
system C'x = 0 a,, can have any value. Therefore &, is

a free variable tooin Cx = 0.

31



16 Uniqueness of RREF

Assume that A m X n . Assume that B and C are two
m X 1 matrices which are two RREF of A. Then

Bx = 0 and Cx = 0 are equivalent systems to
Ax = 0.

We claimthat B = C.

From previous part we now that the equivalent systems

Bx = 0, Cx = 0 have the same lead and free variables.
By transferring the free variables of in these equivalent
systems to right hand-side we obtain each lead variable as

the same linear function of free variables. Hence B = C.

[]

32



17 Row equivalence of matrices

Definition

a. Denote by R™*™ the set of 7 X T matrices with real

entries

b. Let A, B € R™X™ B Is called row equivalentto A,
denoted by B ~ A, if B can be obtained from A using
ERO

Thm 3. Let A, B € R™X™_ Then
a B~A < A~B
b. B ~ Aifandonlyif A and B have the same REF C.

Remark. Assume that B ~ A and B has the row echelon

form. Thm 2 yields these facts independent of choice of B

1. The number of nonzero rows of B is called rank of A,

and is denoted by rank A.
2. The pivots of A are the first nonzero elements in each

nonzero row of B, which are equal to 1. Their location:

(17j1)9°°°9(r9jr)a 1 Sil <... <7:'r S n,
where 7 = rank A. Soxj,,...,x;, freevariables

33



18 Vector Spaces -

A set V is called a vector space if:

|. Foreachx,y € V,x + yisanelementof V.
(Addition)

Il. Foreachx € Vanda € R, axis an element of V.

(Multiplication by scalar)

The two operations satisfy the following laws:

1. X +y =y -+ X, commutative law

2. (x+y)+2z=x+4 (y + 2z), associative law

3. X + 0 = x for each x, neutral element O

4. x + (—x) = 0, unique anti element

5.a(x + y) = ax + ay for each x, y, distributive law
6. (a + b)x = ax + bx, distributive law

7. (ab)x = a(bx), distributive law

8. 1x = x.

corollary: 0x = 0O neutral element:
0x = (0 4+ 0)x = 0x 4+ O0x =
0 = 0x — 0x = (0x 4+ 0x) — O0x = Ox.

34



1. R - Real Line

2. R2 = plane

3. R3 - Three dimensional space

4. R™ - n-dimensional space

5. R™X™ _ Space of T X M matrices

35



m X T matrices

A= (aij),t=1,...,m,3=1,...1n
denoted by R™ X",
( Ran RMnN

We can multiply matrices by a scalar

sA = s(a;j) = (sa;;) and add two matrices of the

same dimension:

( all eoo alln \
az

1 L BN ] a/2n

Amn )

bln \

36



( a11 + b11 ai2 + bi2 vee Q1p + b1n \
a21 + b2 az2 + b22 e Q2p + b2y

K aAm1i ‘l‘ bml Am2 ‘I‘ bm2 cee Amn ‘l‘ bmn )

The zero matrix 0 is an 1 X 7 whose al entries are equal to O:
[0 0 .. 0 \
0 0 .. 0O

\o 0o .. 0/
—A = —(a?;j) = (—a,,;j) — (—].)A and

A+ (—A)=A—A=0,
A—B=A+(—B)

37
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6a. Diagonal matrices (denoted by D,, C R™*™): Those

are square matrices whose all off-diagonal entries are O:

diag(di,da2,...,dy,) =

Example : diag(3,—2,7) =] 0
0 0

Claim: The sum and the product of two diagonal matrices is
a diagonal matrix:

diag(di, ..., dy) + diag(qiy ..., gn) =

diag(di + q1, ..y dn + qn),

diag(dy, ..., d,) diag(qy, ..., qn) =

diag(d1qi, ---; dnqn),

diag(dy, ..., d,) isinvertible <= dj...d,, 7 0 and
diag(dy, ..., d,) ' = diag(d; ", ...,d ;1)

39




6b. Upper Triangular Matrices (denoted by
UT,, C R™X™): Those are square matrices where all

elements below the main diagonal entries are O:

( a2 ... Qi1(n-1) aln\

A2(n—1) QA2n

Example :

0 0

Claim: The sum and the product of two upper triangular

matrices is an upper triangular matrix.

Claim: An upper triangular matrix is invertible <—> its all
diagonal entries are nonzero. The inverse of an upper

triangular matrix is upper triangular.

40



6¢. Lower Triangular Matrices (denoted by
LT, C R™%X™): Those are square matrices where all

elements above the main diagonal entries are O:

( 0

a1

\ ani A2

Example : 0.1
—8 6.1

Claim: The sum and the product of two lower triangular

matrices is a lower triangular matrix.

Claim: A lower triangular matrix is invertible <—> its all
diagonal entries are nonzero. The inverse of a lower

triangular matrix is lower triangular.

Claim: A matrix is lower triangular <> its transpose is

upper triangular.

41



7. P, - Space of polynomials of degree at most n: P,, :=
{p(x) = anx™ 4+ ap_2x™ 2+ ...+ a1z + ap}.

8. C[a, b] - Space of continuous functions on the interval

la, b].

Note. The examples 1 - 7 are finite dimensional vector

spaces. 8 - is infinite dimensional vector space.

Note. In this course all vector spaces are finite dimensional
and R™ (or C™ as in Chapter 6).

42



20 Subspaces

Let V be a vector space. A subset W of V is called a

subspace of V if the following two conditions hold:
a.foranyx,y € W = x+4+y €W,
b.foranyx € W, a € R = ax € W.

Note: The zero vector 0 € W since by the condition a. for
anyX € Wonehas0 = 0x € W.

Equivalently: W C V is asubspace <—= Wisa
vector space with respect to the addition and the

multiplication by a scalar defined in V.

Claim The conditions a. and b. above are equivalent to one

condition
If x,y € U thenax + by € U for any scalars a, b
Every vector space V has the following two subspaces:

1. V.

2. The trivial subspace consisting of the zero element:
W = {0}.

43



Examples of subspaces

1. R? - Plane: the whole space, lines through the origin, the

trivial subspace.

2. R3 3-dimensional space: the whole space, planes
through the origin, lines through the origin, the trivial

subspace.

3. For A € R™X™ the null space of A, denoted by

N (A), is a subspace of R™ consisting of all vectors

x € R™ suchthat Ax = 0.

Note: IN (A) is also called the kernel of A, and denoted by

ker A. (See below the explanation for this term.)

4. For A € R™X™ the range of A, denoted by R(A), is
a subspace of R™ consisting of all vectors y € R™ such

thaty = Ax for some x € R"™. Equivalently
R(A) = AR™.

In 3. and 4. A is viewed as a transformation

A : R™ — R™: The vector x € R™ is mapped to the
vector Ax € R™ (x — Ax.) So R(A) is the range of
the transformation induced by A and IN (A) the set of

vectors mapped to zero vector in R™.

44



21 Linear combination & span

Forvi,...,vx € Vandai,...,ar € R the vector
a1Vy + @2vay + ... + GV
is called a linear combination of Vi, «eey V.

The set of all linear combinations of vy, ..., Vi is called the

span of vy, ..., Vi and denoted by span(vy, ..., Vi).
Claim: span(vy, ..., Vi) is a linear subspace of V.

Fact: All subspaces in a finite dimensional vector spaces are
always given as span(vy, ..., Vg ) for some

corresponding vectors Vi, «sey V.
Examples:

1. Any line through the origin in 1, 2, 3 dimensional space

is spanned by any nonzero vector on the line.

2. Any plane through the origin in 2, 3 dimensional space is
spanned by any two nonzero vectors not lying on a line, i.e.

non collinear vectors.

3. R3 spanned by any 3 non planar vectors.

45



In the following examples A € R™X™,

4. Consider the null space N(A). Let B € R™*™ be the
RREF of A. B has p pivots and k := n — p free
variables. Let v; € R™ be the following solution of
Ax = 0. Letthe ¢ — th free variable be equal to 1 while

all other free variables are equal to 0. Then

N(A) = span(vy, ..., Vg).

5. Consider the range R.(A), which is a subspace of R™.
View A = [c3...C,] as a matrix composed of 1 columns
C1yeeesCp € R™. Then R(A) = span(cy, ..., Cp).
Proof. Observe that for X = (&1, ..., x) T one has
Ax = x1¢c1 + x2C2 + ... + THCHhy.

Corollary. The system Ax = bis solvable <> bisa

linear combination of the columns of A.

Problem. Let V1, ..., Vi € R™. Whenb € R" is alinear

combination of Vi, eeey V?

Answer. Let C := [v1 Va... V] € R™XF_ Then
b € span(vy, ..., vg) <= the system Ay = bis

solvable.

46



vi=(1,1,0)Y, vy, = (2,3, —-1) 1, v3 =
3,1,2)T,x=(2,1, 1),y =(2,1,0)T € R3.
Showx € W := span(vy,Vva,V3),y € W.

V1, ..., VE is called a spanning set of V. <—>
V = span(vy, ..., Vg)

:Let Vevens Yodd C P4 be the subspaces of
even and odd polynomials of degree 4 at most. Then

Veven = span(1, x?, x%), Voqq = span(x, x2).
Example: which of these sets is a spanning set of R3?
[@,1,0)71, (1,0,1)1],
[(1,1,07%,(1,0,1)%, (0,1, —1)1],
[(1,1,0)*%,(2,0,1)%, (0,1,—1)*,(0,1,0)*].

Theorem. Vi, ..., Vi € V is a spanning set of
R" <= k > n and REF of

A = [v1 va...vi] € R™*¥ has n pivots.

Lemma: Let v, ..., Vi € V and assume
Vi € W :=span(Vi, ce.y Vi1, Vit 1y eeey Vi ).

Then span(vy, ..., vg) = W.

47



Corollary. Let Vi, ..y V,, € R™. Form

A = [vy va...vy] ER™X™ Let B € R™*™ be
REF of A. Then span(vy, ..., V) is spanned by

Vs +++y Vj,. corresponding to the columns of B at which

the pivots are located.

Proof Assume that @; is a free variable. Set x; — 1 and alll

other free variables are zero. We obtain a nontrivial solution

a=(ay,...,ay,) " suchthata; = land ar = Oif

T is another free variable. Aa = 0 implies that
v; € span(Vvj,,...,Vj.). ]

Work out example in the class

Corollary. Let A € R™X™ and assume that
B € R™*™ pe REF of A. Then R(.A)-the column
space of A is spanned by the columns of A corresponding

to the columns of B at which the pivots are located.

Corollary. Let Vi, «ees Vy, € R™. Then vy, ..., V,, Span
R™ <= REFof A := [v1 V3...V,] has n pivots.

Definition: A square matrix A € R™*X™ is called

nonsingular if REF of A has n pivots
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V1, ...o Viu, € V are linearly independent <—> the
equality a; vy + asvs + ... + a,,v,, = 0 implies that

a; = as = ... = a, = 0.

Equivalently v, ..., Vv, € V are linearly independent

<> every vector in span(vy, ..., V,; ) can be written

as a linear combination of vy, ..., V4, in @ unique (one)
way. ( )

V1,009 Vi, € V are linearly dependent <—>

V1, .09 Vi, € V are not linearly independent.

Equivalently Vi, ..., V;, € V are linearly dependent
<—> there exists a nontrivial linear combination of

V1, ...s Vi, Which equals to zero vector:
aivi+ ...+ apv, = 0and|ay|+ ... + |a,| > 0.
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Lemma The following statements are equivalent
() VigeooyVy ld.

(i) vi € W :=span(Vi, ce.y Vi1, Vit 1y eees Vin)
for some <.

Proof (i)=>(i). a1v1 + ... + a, v, = O for some
(@1,...,ay,)" # 0. Hence a; # 0 for some 2. So
vi=r(a1vi+ ..+ aic1vio1 F aipavig +
coeFanvy).

(i)=() vi =

A1Vy+t e +Q;_1Vi_1+Q;41Vig1+ oo+ anVp.
soaivy + ... +a;—1vi—1 + (—1)v; +
Ai4+1Vit1 + ... +apvy =0 []

Claim Let V14 «eey Vi, € R™. Form

A = [vi...vy,] € R™X™ Then vy, ..., vy, are linearly

independent <—=> Ax = 0 has only the trivial solution.
<—> (REF of A has n pivots).
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23 Basis and dimension

Definition: V1, ...y Vi, formabasisin V if vy, ..., v, are

linearly independent and span V.

Equivalently: Any vector in V can be expressed as a linear

combination of vy, ..., V,, in @ unique way.

Theorem 3: Assume that v1, ..., Vj, spans V. Then any
collection of T vectors U1, ..., Uy, € V, such that

m > nis linearly dependent.

Proof Let
u; = aijvi+ ...+ anjvp,J =1,...,m Let
A = (ai;) € R™*™. Homogeneous system Ax = 0

has more variables than equations. It has a free variable,

hence a nontrivial solution X = (X1, ..., Tm) ' # 0. It

follows x1uy1 + ... + T, 1 = 0. []

Corollary If [V, ...y Vo] @and [y, ..., Uy, | are bases in

V thenm = n.
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Definition: V is called m2-dimensional, if V has a basis
consisting of 712 -elements. The dimension of V is 1, which
is denoted by dim V..

The dimension of the trivial space {0} is O.

Theorem 4. Letdim V = n Then

(i) Any set of m linearly independent vectors Vi, « « « Vo, IS

a basisin V.

(i) Any set of 1 vectors vi, ..., v, that span V is a basis
in V.
Proof (i). Let v € V. Thm 4 implies Vi, ..+ Vyp, V1.0
aivi+...+a,v, +av =
0,(aiy...,an,a)’ # 0.1fa = Oitfollows
V1, ...4 Vy arel.d. contradiction! So
—1
v="=(ai1vi + ... + anva).
(if). Need to show v1,...,Vy, Li. If not Lemmas p’45, p'42

and Thm 3 contradict that V' has n l.i. vectors. []
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Theorem 5. Letdim V = n. Then:
a. No set of less than 1 vectors can span V.

b. Any spanning set of more than 7 vectors can be paired

down to form a basis for V.

c. Any subset of less than n linearly independent vectors

can be extended to basis of V.

Proof a. If less than 12 vectors span V, V can not have n

l.i. vectors.
b. See Pruning Lemma.

c. See Completion Lemma.
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24 Pruning Lemma

Prunning Lemma. Let vy,..., V,, be vectors in a vector
space V. Let W = span(vy,..., V,;,) and
k=dimW.Then0 < k < m.

e k=0ifandonlyifv;, = 0forze = 1,...,m.

e Assume that kK > 0. Then W has a basis

Viggeoos Vi, Wherel <27 < ... <1 < m.
Proof. By Thm 3 (p’46) k < m.

k = 0Oifand only if W = {0}, which is equivalent to the

assumption that each v; = 0.

Assume that &k > 0. Suppose that vy, ..., V,y, are
linearly independent. Then by definition v1,...,V,, isa

basis.

Suppose that vy, ..., Vy, are linearly dependent. by
Lemma p’'45

v; € U:i=span(vi, ..., Vic1, Vid1ye ey Vin).
Hence U = W. Continue this process to conclude the

lemma
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25 Completion lemma

Lemma. Let V be a vector space of dimension 1. Let
Vis...5 Ve € V be m linearly independent vectors.
(Hence m < m.) Then there exist n — M vectors

Vin4-1y+++9Vp suchthat vy, ..., vy, isabasisin V.
Proof. If Tm = my then by Thm4 vqy,...,Vy is a basis.

Assume that m < m. Hence by Thm 4

W :=span(vi,..., V) # V. Letvy41 €V
and V41 € W. Weclaimthat Vi, ..., Vy,41 are
linearly independent. Suppose that

aivi~+ ...+ am+1Vvm4+1 = 0. [f @41 # 0then
Vimt1l = _afr:+1 (a1vy + ...+ amvin) €W,
which contradicts our assumption. So @, 4+1 = 0. Hence
aivi+...+amnvy, = 0. Asvy,...,V,, are
linearly independenta1 = ... = a,, = 0. So

Vigeoos Vipiq areli

Continue in this manner to deduce the lemma.
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26 Row & column spaces of matrix

Def. Let A € R™MX™",

(@) Letri,..., Iy € RYX™ pe the m rows of A. Then
the row space of A is span(ry,...,Ir;,), whichisa

subspace of R1 X7

(b) LetCq1,y...,Cp € R™ bethe m columns of A. Then
the column space of A is span(cy, . .., Cyy), Whichis a

subspace of R™ = R™*1

Claim Let A, B € R™X™ and assume that A ~ B.

Then A and B have the same row spaces

Recall that the column space of A can be identified with the
range of A, denoted by R(A). The row space of A can be
identified with R(A ).
Proof We can obtain B from A

ERO ERO ERO
A TS A TS A, ST

using a sequence of ERO.

56



ERO;
—

Need to show that A Aq

ERO I: R; <— R;. Forexample Ry <— Rj. Clearly

Span(r17 I'osI'ge e, I'm) —

span(ro, r1,r3, ... )
Hence the row spaces of A and Ay are the same.

EROIl: aR; <— R;, where a # 0. For example
aR, <— R;.Clearly span(ry,ra, ... ,Imy,) =

span(ary,ra,r3,...,r;y) since x1ry = yi(ary)

by letting 1 = ayy or y; = % Hence the row spaces

of A and A4 are the same.

EROII: R; «— R; + aR;, wheret £ j. For
example 1 <— R, + aRs. Straightforward argument
yields span(ry,re) = span(ry; + ars, ra). Hence

the row spaces of A and A, are the same.
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27 Dimension and basis for row,

column and null space

Let A € R™X™ and let B be its REF.

Rank of A, denoted by rank A is the number of pivots in
B, which is the number of nonzero rows in B.

a. A basis of the row space of A, which is a basis for

R(A™), consists of nonzero rows in B.
dim R(A7T) = rank A. (number of lead variables.)

Reason: Two row equivalent matrices A and C' have the

same row space. (But not the same column space!)

b. A basis of column space of A consists of the columns of
A in which the pivots of B located.
dim R(A) = rank A.

c. A basis of the null space of A obtained by letting each
free variable to be equal 1 and all the other free variable
equal to 0 and then finding the corresponding solution of
Ax = 0. The dimension of N (A) called the nullity of A

Is the number of free variables:

nul A := dim N(A) = n — rank A.
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28 A basis of IN(A): Example

Consider the homogeneous system Ax = 0 and assume
that the RREF of A is given by

1 2 0 3
O 01 -5

B =

Bx = 0 is the system

r1 + 2xo + 3y =0

r3 — Odxy =20

Note that 1, g are lead variables and xo, g are free
variables. Express lead variables as functions of free
variables: €1 = —2xo — 34, 3 = DXy
Firstset g = 1,4 = Otoobtainx; = —2,x3 = 0.
So the whole solutionisu = (—2,1,0,0) "

Second set x5 = 0, x4 = 1 to obtain

xr1 = —3, ey = 5. So the whole solution is
v=(-3,0,5,1)T

u, v is abasisin IN (A).
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29

a. The column and the row space of A have the same

dimension. Hence rank AT = rank A.

b. Standard basis in R™ 1 columns of

n X m identity matrix 1, .

e; = (1,0)1, ez = (0,1)"1 is a standard basis in R?.
e = (1,0,0)T,e; = (0,1,0)T,e3 = (0,0,1)T

is a standard basis in R3.

C. V15 V24 eeey Vi, € R™ form a basis in
R™ <= A := [v1 Va...Vy] has n pivots.

d. Vi, ..y Vi € R™,

Question: Find the dimension and a basis of

V := span(vi, Vo, ...y V).

Answer: Form a matrix A = [v1 va...vi] € R?¥F,
Thendim V = rank A Let B be REF of A. Then the

vectors v corresponding to the columns of B where the

pivots are located form a basis in V.
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30 P

To find the dimension and a basis of a subspace in P,, One
corresponds to each polynomial

p(x) = ag + a1 + ... + a,x™ the vector
(ag,a1,...,a,) € R™T1 and treats these problems

as corresponding problems in R™? 11
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31 Sum of two subspaces

Definition For any two subspaces U, W C V Denote
U+ W i={vi=u+w,ueUwec W}
where we take all possible vectorsu € U, w € W }.

Thm 6: Let V be a vector space and U, W be subspaces
in V. Then

(@) U + W and U N W are subspace of V.

(b) Assume that V is finite dimensional. Then

1. U, W, U N W are finite dimensional Let
[ =dimUNW>0,p=dimU > 0,q =
dimW > 0ol < p,l < q)

. There exists a basisin Vi,...,Vy, in U 4+ W such
that vy, ..., vyisabasisinU N W,vy,...,v,a
basisinUand vi,..., Vi, Vpti1yeeeyVprg_iisa
basis in W.

3. dim(U+W) = dim U+dim W —-dim UNW
Identity (A U B) = #A + #B — #(A N B)

for finite sets A, B is analogous to 3.
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32 Proofs

(@ 1. Letu,w € U N W. Sinceu,w € U it follows
au + bw € U. Similarly au + bw € W. Hence
au+ bw € UN W and U N W is a subspace. (See
Claim on p’ 38.)

(@) 2. Assume that uy,ug € U, w1, wo € W. Then
a(u; +wi) 4+ b(uz + wa) =

(auy + bus) 4+ (awy + bwz) € U + W Hence
U + W is a subspace.

(b) 1. Any subspace of an 1M an dimensional space has

dimension 1 at most.

(b) 2. Letvi, ...,V beabasisin UM W. Complete this
linearly independent setin U and W to a basis
Vi,...,Vpin U and a basis

VigeoesViyVpilyeeey Vptg—tin W Hence any for
anyu € Uy weW

u-+w € span(vi,..., Vpyqg—1). Hence

U+ W =span(vi,..., Vpiq—1).
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We show that Vg ... Vpig—1 |l.I. Suppose that
u:i=aivi +...a,vy =
—Ap4+1Vp+1 T -0 = Gptq—iVptq—1 = W

Noteu € U,w € W.Sow € U N W. Hence
w =0b;vy + ...+ b;v;. Since
VigeoesVigVpligeees Vprg—1 Ll

Apt1 = +..0ptqg—1 =b1 =...=b = 0. So
w = 0 = u. Since vi,...,Vpli

ap =...=ap =0.Hence viy...,Vprq—tli

(b) 3. Note from (b) 2dim(U + W) =p+q —1. U
Note U + W = W + U.

Definition: The subspace X := U + W is called a direct
sum of U and W, if any vector v € U 4+ W has a unique
representation of the form v = u + w, where

u € U,w € W. Equivalently, if

u] + w1 = us + wo, where

uq, U € U, Wi, Wo € W, thenuy = U2, V1 — Va.

A direct sum of U and W is denoted by U @ W
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Claim For two finite dimensional vectors subspaces
U, W C V TFAE (the following are equivalent):

@QU+W=UW

b)UNW = {0}

C©)dimUNW =20

d)dim(U + W) =dim U + dim W

(e) Forany bases Ugy ...y Up, Wiy...,Wgin U, W
respectively gy« .oy Upy Wiy..., Wqgisabasisin

U+ W.
Proof Straightforward

Example 1. Let A € R™X™, B € R!'X™ Then

A
N@A)NNEB) =N(| . ])

Notex € N(A) N N(B) < Ax=0= Bx

Example 2. Let A € R™*X™, B € R™*! Then
R(A) + R(B) = R((A B)).

Note R(A) 4+ R(B) is the span of the columns of A and
B
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Defn Let Uq, ..., Ug be k subspaces of V. Then

X := U; + ...+ Uyg is the subspace consisting all
vectors of the formuy; + us + ... 4+ ug, where

u;, €eU;,e=1,...,k.U; 4+ ...+ Ugiscalleda
direct sum of U7. ..., Ug, and denoted by

EBf:le- = U1 P ...P Uygif any vector in X can be
represented in a uniqgue way as uq + us + ... + ug,
whereu; € U;,2 =1,...,k.

Claim For finite dimensional vectors subspaces
U; C V,2=1,...,k TFAE (the following are

equivalent):
@ Ui +...+Ux = dF_,U;,
() dim(U;y + ...+ Ug) = SF_. dim U,

(e) Forany bases U145 ..., Up, ;N Uzt =1,...,k

the vectorsu; ;,7 = 1,...,p;,2 =1,...,kforma

basisin U; + ...+ Uyg.
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Defn: A set [ is called a field if for any two elements
a, b € IF one has two operations a + b, ab, such that
a + b, ab € IF and these two operations satisfy the

following properties:

A. The addition operation has the same properties as the

addition operation of vector spaces (page 30):

1.a + b = b 4+ a, commutative law

2. (a +b) +c=a+ (b+ c), associative law

3. There exists unique neutral element 0 such that
a+0=a a,

4. For each a there exists a unique anti element

a—+ (—a) =0,

B. The multiplication operation has similar properties as the

addition operation

5. ab = ba, commutative law

6. (ab)c = a(bc), associative law

7. There exists unique identity element 1 such that
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al = a Qa,

8. For each a # 0 there exists a unique inverse

C. The distributive law:
9. a(b+c)=ab+ac
Note The commutativity implies (b 4+ ¢)a = ba + ca.

Oa = a0 =0forala € [F:

Oa = (0 4+ 0)a = 0a + 0a = 0a =0

Examples of Fields
1. Real numbers R
2. Rational numbers Q

3. Complex numbers C
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Defn Denote by N = {1, 2,...},

7Z = {0,1,—1,2,—2,...} the set of positive integers
and the set of whole integers respectively Let m € N,

1, ] € Z are called equivalent modulo m, denoted as

1 = 7 mod m, if 1 — j is divisible by . mod m is an
equivalence relation (easy to show). Denote by

Loy, = 7./ MZ the set of equivalence classes, usually
identified with {0, ..., m — 1}.

(Any integer ¢ € Z induces a unique element

a € {0,...,m — 1} suchthatt — a is divisible by ™m.)

In Z.,, define a + b, ab by taking representatives
1,1 € 7.
Claim For any m € N, Z,,, satisfies all the properties on

p’'62-62, except 8 for some M.

Property 8 holds, i.e. Z,,, is a field, if and only if 1 is a

prime number.

(p € Nis a prime number if p is divisible by 1 and p only)
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Proof. Note that Z satisfies all the properties on p’62-62,
except 8. (0, 1 are the zero and the identity element of Z.)

Hence Z,,, satisfies all the properties on p'62-62, except 8.

Suppose m is composite my = In,l,n € N,I,n > 1.
Thenl,n € 2,...,m — 2 and In is zero element in

Z.m. SO I and m can not have inverses.

Suppose . = p prime. Take ¢z € {1,...,m — 1}.
Lookat S := {2,2%,...,(m — 1)t} C Z,.
Consider ki — jt = (k — )1 for
1<j3<k<m—1 So(k— j)tisnotdivisible by
p.Hence S = {1,...,m — 1} as asubset of Z,,. So
there is exactly one integer j € [1, m — 1] such that

7t = 1.i.e. g istheinverse of t € Z,.

Thm 7. The number of elements in a finite field [ is pk’,

where p is prime and k € N. For each prime p > 1 and
k € N there exists a finite field F with p* elements. Such

[F is unique up to an isomorphism.
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36 Vector spaces over fields

Defn. Let [ be a field. Then V is called vector field over [ if
V satisfies all the properties stated on p’30, where the

scalars are the elements of [F.

Example Foranyn € N
F? i={x = (T1,.+.+Tn) ' : T1y...,T, € F}

is a vector space over [F.

We can repeat all the notions that we developed for vector

spaces over R for a general field IF.
For example dim F" = n

If ¥ is a finite field with #£IF elements, then F™ is a finite

vector space with (#£F)™ elements.

Finite vector spaces are very useful in coding theory.
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37 One-to-one and onto maps

Defn. T is called a transformation or map from the source
space V to the target space W, if to each elementv € V
the transformation I corresponds an elementw € W.
We denote w = T'(v),and T : V. — W. (In other

books T’ is called a map.)

Example 1: A function f(a) on the real line R can be

regarded as a transformation f : R — R.

Example 2: A function f (£, 1) on the plane R? can be

regarded as a transformation f : R? — R.

Example 3: A transformation f : V — Ris called a real

valued function on V.

Example 4: Let V be a map of USA, where at each point we
plot the vector of the wind blowing at this point. Then we get
a transformation T : V. — RZ.
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T is called one-to-one, or injective, denoted by 1 — 1, if for
any x,y € V one has Tx 7% Ty, i.e. the image of two
different elements of V by T" are different.

T’ is called onto, or surjective if
TV =W <= Range (T) = W, i.e, for each
Yy € Y thereexists x € X sothatT'x = y.

Example1. V=N, T : N — Ngiven by T'(2) = 21.
T is1 — 1 but not onto. However T' : N — Range T

IS one-to-one and onto.

Example 2. Id : V — V defined as Id(x) = x for all

x € V is one-to-one and onto map of V onto itself

Claim. Let X, Y be two sets. Assumethat F' : X — Y
IS one-to-one and onto. Then there exists a one-to-one and
ontomap G : Y — X such that

FoG =1dy,GoF = Idx. G isthe inverse of F’
denoted by F'~1. Note (F~1)~1 = F.
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38 Isomorphism of vector spaces

Defn. Two vector spaces U, V over field F(= R) are
called isomorphic if there exists one-to-one and onto map

L : U — V, which preserves the linear structure on
U, V:

1. L(u1 —I— ’LL2) — L(ul) —I— L(U2) for all
ui, ug € U. (Note that the first addition is in U, and the

second addition is in V)
2. L(au) = aL(u)foralu € U,a € F(= R).

Note that the above two conditions are equivalent to one

condition

3. L(a1u1 —|— CLQUQ) — alL(ul) —I— azL(llz) for all
u;,uz € U,a;,a2 € F(= R).

Intuitively U and V are isomorphic if they are the same

spaces modulo renaming, where L is the renaming function
f L : U — V is anisomorphism then L(0y) = Ov:
Ov = 0L(0y) = L(0 0y) = L(0y)

Claim. The inverse of isomorphism is an isomorphism
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39 Iso. of fin. dim. vector spaces

Thm 8. Two finite dimensional vector spaces U, V over
F (= R) are isomorphic if and only if they have the same

dimension.

Proof. () dim U = dim V = n. So
{ui,...,un},{vi,...,vp}arebasesin U,V
respectively. Define T’ : U — V by

T(aiuy + ...+ apu,) =ai1vy +...a, vy,
Sinceanyu € Uisoftheformu =aiu; +...a,u,
T is a mapping from U to V. Itis straightforward to check
that T' is linear. As v1,...,Vy isabasisin V, it follows
that T' is onto. Furthermore T'u = 0 implies
ai,...,a, = 0. Henceu = 0,i.e. T710 = 0.
Suppose that T'(x) = T'(y). Hence

Ov =T(x) —T(y) = T(x — y). Since

T 0y =0y = x—y =0,ie Tis1-1.
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(b) Assume T : U — V is an isomorphism. Let
{ui,...,u,} beabasisin U. Denote

T(u;) = vi,t =1,...,n. The linearity of T yields
T(aiuy + ...+ apuy) =ai1vy +...a,Vn.
Assume thataivy + ... an, vy, = 0. Then

aiu; + ... +a,u, = 0.Sinceuy,...,uy li
a1 =...=a, =0,ie.vy,...,Vy, Li.. Foran

v € V, thereexistsu = ayvy + ...+ a,v, € U
stv=Tu=T(aju; + ...+ apuy,) =

aivi +...a,vy,. S0V = span(vy,...,Vv,) and

Vis...,Vpisabasis. SodimU =dimV =n. [

Corollary. Any finite dimensional vector space is isomorphic
to R™ (F™).

Example. P,,- the set of polynomials of degree 1 at most
isomorphic to R™t1:

T((agy... an)') =ag+arz+ ...+ a,z™.
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40 |somorphisms of R™

Defn. A € R™*™ is nonsingular if any REF of A has n
pivots, i.e. RREF of A is I,,, the n X m diagonal matrix

which has all 1’ s on the main diagonal.

Note that the columns of I,,: €1, ..., €, form a standard

basis of R™.

Thm 9. T : R™ — R™ is an isomorphism if and only if

there exists a nonsingular matrix A € R™*™ such that
T(x) = Axforanyx € R™.

Proof. (a) Suppose A € R™*™ is nonsingular. Let
T (x) = Ax. Clearly T linear. Since any system

Ax = b has a unique solution T" is onto and 1 — 1.

(b) Assume T' : R™ — IR™ isomorphism. Let

Te; =c;,t=1,...,n. Proof of Thm 8, p’ 69,
C1,...5Cp arelinearly independent. Let

A= |[cicgy ...cp|].Ttank A =nso Ais
nonsingular. Note

T((a1y.--5an)") =T 0, aie;) =
S_iaT(e;)) =>0 ja,ci = A(ar,...,an) "
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Defn The matrix A corresponding to the isomorphism
T : R™ — R™ in Thm 9 is called the representation

matrix of 1.

Examples: (a) The identity isomorphism Id : R™ — R™,

ie. Id(x) = x, is represented I, as I,,x = x. Hence

I,, is called the identity matrix.

(b) The dilatation isomorphism T'(x) = ax,a 7# Ois
represented by al,,.

(c) The reflection of R?: R((a,b) ") = (a, —b) " is
1 O
0O -1

represented by

(d) A rotation by an angle 0 in R?:
(a,b) " + (cos Oa+sinOb, — sin Oa + cos Ob) "

cosf@ sin0
represented by

—sin@® cos@
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T is called a transformation or map from the source space
V to the target space W, if to each elementv € V the
transformation 1’ corresponds an elementw € W. We
denote w = T'(v),and T : V — W. (In other books

T is called a map.)

: Let V and W be two vector spaces. A
transformation ' : V. — W is called linear if

1. T(u4+v) = T(u) + T(v).

2. T(av) = aT'(v) for any scalar a € R.

Equivalently: T'(au + bv) = aT'(u) 4 bT'(v) for all
u,v € Vanda,b € R.

Corollary: If T : V. — W is linear then T'(0v ) = Ow.
Proof Ow = 0T'(v) = T'(0v) = T'(0v).

linear operator
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‘Let A € R™X™ and define T : R™ — R™

as T'(v) = Av. Then T is alinear transformation.

A(u+v) = Au+ Av,
A(av) = a(Av).

R(T') Range of T'. R(T') Is a subspace of W.
dim R(T') = rank T is called the rank of T".

ker T kernel of T', null space of T', all vectors in V
mapped by T to a zero vector in W. ker T is a subspace
of V. dim ker T' = nul T is called the nullity of T'.

.aT(u) +bT(v) = T(au+ bv).

T(uw) =T(v)=0= T(au+bv) =
al(u) +bT(v) = a0+ b0 = 0.
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Thm. 10 : Any linear transformation T" : R™ — R™ is
given by some A € R™X™: T'x = Ax for each
x € R™,

Pri. LetT'(e;) = c; € R™,2 = 1,...,n. Then
A=lc1 ... cpnl

Examples: (a) C*(a, b) all continuous functions on he

interval (a, b) with k continuous derivatives.

C°(a, b) = C(a, b) the set of continuous functions in
(a,b). Let p(x), g(x) € C(a,b). Then
L:C?(a,b) — C(a,b) given by

L(f)(x) = f"(x) + p(x) f'(x) + g(x) f(x) is a
linear operator. ker L is the subspace of all functions f
satisfying the second order linear differential equation:
y"(z) + p(x)y'(x) + q(z)y(xz) = 0.

It is known that the above ODE has a unigue solution
satisfies the initial conditions, IC:

y(xg) = a1, Yy’ (xg) = as for any fixed xg € (a, b).
Hence dim ker L = 2. Using the theory of ODE one can
show that R(L) = C(a, b).

)L : P, = Pn_2givenby L(f) = f" isalinear
operator. L is onto and dim ker L = 2ifn > 2.
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43 Rank-nullity theorem

Thm 11. ForlinearT : V — W
rankT + nulT = dim V.

Remark. f V = R"™, W = R™ by Thm 10 T'x = AX.
forsome A € R™*™ rankT = rank A = # of
lead variables, nul T = nul A = dim N (A) = #
number of free variables, so the total number of variables is
n = dim R™.

Proof. (a) Suppose thatnul T = 0. ThenT'is1 — 1. So
T :V — R(T) isomorphism. dim V = rank T'.

(b) lf ker T' = V then R(T") = {0} so
nul T = dim V,rankT = 0.

0 <m:=nulT <n:=dimV. Let

Vi, ..., Vo be abasisin ker T'. Complete these set of
.i. vectors to a basis of V: vi1,...,¥,. Show that
T(Vi+1)y.-.yI(vy)isabasisin R(T'). Hence

n —m = rankT'. So

rankT 4+ nulT =m + (n —m) =dimV. [
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Let V and W be finite dimensional vector spaces with the
bases [V1 V2 ...Vy,]and [Wq Wa ... W,,]. Let
T : V — W be alinear transformation. Then I' induces

the representation matrix A € R™*X™ as follows. The

column j of A is the coordinate vector of T'(v ;) in the

basis [W1 Wa ... Wy,].

The definition of A can be formally stated as
T (v1) T(va) ... T(vyp)] = [w1 Wa ... W, ]A.

A is called the representation matrix of 1" in the bases

[Vi va...vp]and [wyg wa ... Wy,

Thm 12. Assume the above assumptions. Assume that

a € R"™ is the coordinate vector of v € V in the basis
[Vi Vo ...v,] and b € R™ is the coordinate vector of
T(v) € W inthe basis [Wy W3 ...W,,]. Then

b = Aa.
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45

Definition: Let U, V, W be three sets. Assume that we
havetwomaps S : U - V, T : V - W,
ToS:U — WdefinedbyT o S(u) = T(S(u))

is called the composition map, and denoted 1'S..

1. f:R—R,g:R — R Then
(fog)(z) = fg(x)),(go f)(z) = g(f(z)).
2: f:R? 5 Rjie. f = f(xz,y),

g : R — Rthen(go f)(z,y) = g(f(x,y)), whie
f o g is not defined

Claim. Let U, V, W be vector spaces. Assume that the
maps S : U — V,T : V — W are linear. Then
ToS:U — Wislinear.

Proof.

T(S(auy 4+ busz)) = T'(aS(uy) + bS(uz)) =
aT(S(u1)) + bT(S(uz)) =

a(T o S)(uy) + b(T o S)(uz).
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46 Product of matrices

We can multiply A times B if the number of columns in the

matrix A is equal to the number of columns in B.

Equivalently A is m X m matrix and B is m X p matrix.
The resulting matrix C = A B is m X p matrix. The
(¢, k) entry of AB is obtained by multiplying ¢ — th row
of A and k — th column of B.

A — (azg)zzm,.?:n’ B = (bjk)j:n’kzp,

1—3=1
C = (bir)izzs ¥

Cik = a;1b1x + ai2bak + ... + A;n bk =

n
E a;; bjk.
j=1

So A, B can be viewed as linear transformations
B :RP — R", B(u) = Bu,
A:R* - R™, A(v) = Bv

So A B represents the composition map

AB : RP — R™,
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(12

—3 4

0O 2 d e f

Ny

( a — 2d b — 2e c—2f\

—3a +4d —-3b+4e —3c+4f
2d 2e 2f

\ —7a—d —-Tb—e —7c—f)

Note in general AB # B A for several reasons
1. A B may be defined but not B A, (

), or the other way around.

2. AB and B A defined <—>
A = Ran’B € R Xm =
AB E Rme’BA E Ran

3. A, B € R™"*"™ ysuallyform > 1 AB # BA,
0 1 0O 0
B

Example A = ,
0 O 1 0
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Rules involving products and additions of matrices

Note: whenever we write additions and products of matrices
we assume that they are all defined, i.e. the dimensions of

corresponding matrices match.

1. (AB)C = A(BC(C), associative law.

2. A(B + C) = AB + AC, distributive law.
3.(A+ B)C = AC + BC, distributive law.
4.a(AB) = (aA)B = A(aB), algebra rule.
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A2n

(A+B)' = AT + BT
(AB)T = BTAT
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Let A € R™X™,
Then AT € R?»X™ and (AT)T = A

T

([ -1 2\ )

a b
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A € R™X™ s called symmetricif AT = A.

The © — th row of a symmetric matrix is equal to its

t — th columnforz = 1,...,m.

m

i,5=1 Symmetric <>

Equivalently: A = (a;;)

a;; = aj;foralz,g =1,...,m.

2 X 2and 3 X 3 symmetric matrices:

a C

C f

Note symmetricity with respect to the main diagonal
A € RMXT =

AT A € R*"X™ and AAT € R™X™ are symmetric.

indeed (AAT)T = (AT)TAT = AAT
(ATA)T — AT(AT)T — ATA
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(100...0\

o1 0 ... O

000 ... 1)

I,, is in RREF with no zero rows.

I,, is a symmetric matrix.

Example I = , I3 =
0O 1

Property of the identity matrix:
I,,A= Al,, = A, A € RmXxn
I A, where A € R?%3:

a b c

d e f
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. A € Rmxm,

|. Positive Powers of Square Matrices
A? := AA
A3 := A(AA) = (AA)A = A2A = AA?

is equal to the product of A three times AAA

If k positive integer A*® := A...A - product of A k times
If k, g positive integers A¥1T9 = A AT = AIA*
A® =1,

A invertible if there exists A~ 1 such that
AA—1 =A"1A=1,,

Thm12. Let A € R™X™ view A : R™ — R™ asa

linear transformation. TFAE

a. A 1-1.

b. A onto.

c. A : R™ — R™ is isomorphism.

d. A is invertible.
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Applications of matrix powers for Markov chains

In one town people catch cold and recover every day at the
following rate: 90% of healthy stay in the morning healthy
the next morning; 60% of sick in the morning recover the

next morning.

Find the transition matrix of this phenomenon after one day,

two days, and after many days.

AQgH — O.9,aSH = O.1,aH5 = 0.6,0,55 =04
0.9 0.6 T 1
0.1 0.4 | T

A =

Note that if XT = (& g7, Ts) represents the number of
healthy and sick in a given day, then the situation in the next
day is given by

(0.9 + 0.6xs,0.1xr + 0.4x5)T = Ax Hence
the number of healthy and sick after two days are given by
A(Ax) = AZ?x, i.e. the transition matrix given by AZ:

0.9 0.6 0.9 0.6 0.87 0.78
0.1 04 0.1 04 0.13 0.22
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The transition matrix after k days is given by AP 1t can be

shown that

0.857 0.857
0.143 0.143

lim AF =
k— oo

N o

The reason for these numbers is the equilibrium state for
which we have the equations Ax = x = I, x =
(A—I3)x =0= 0.1xryg = 0.6xs =

rg = 6xg. If

1
g +xrs =1 = Ty = y LS = =

In the equilibrium stage g of all population: x g + ® g are

healthy and % of all population is sick.
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Inverse matrices

Suppose A € R™*X™ js invertible. Then the system

Ax = b where

X = (€1 T3...Tn) T, b = (by ba...b,)T € R” ie.
the system of 12 equations and 12 unknowns has a unigue
solution: x = A~ 1b.

Indeed multiply the above system by A~ to obtain
A1 (Ax) = (A1 A)x=T,x=x= A"'b.
Inverse of 2 X 2 matrix:

—1
a b 1 d —b

c d :ad—bc —C a

fad — bec # 0.
Ifad — be = 0 then
d
—c

So A is not invertible.

f Aq, ..oy A, € R™X™ invertible then Aq... Ay are
invertible and (A1...Ax) "t = A ' AT
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48

Elementary Matrix is a square matrix of order 1 which is
obtained by applying one of the three Elementary Row

Operations to the identity matrix 1,,, .

e Interchange two rows R; <— R;.

R, +—— R3to I3:

1 0
0 — By = 0
0 1

e Multiply 2-throw by @ # 0: aR; — R;

aR, —> R5 to I3:

1

— FErr=10
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® Replace a row by its sum with a multiple of another row

R; +a X Rj — R;
Example: Apply Ry +a X R3 — Rq:

1
— Errr=1| 0
0

All elementary matrices are invertible.

The inverse of an elementary matrix is given by another
elementary matrix of the same kind corresponding to

reversing the first elementary operation:

e Theinverseof Eris Er: EtEr = E? =1,,.

Example:
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e The inverse of Err correspondingto alR; — R; is

77 corresponding to %Ri — R;

e The inverse of Err corresponding to
R; +aR; — R;is EI_IlI corresponding to
Rz' — a,Rj — Ri

a
0
1
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Let A € R™X™ Then performing an elementary row

operation on A is equivalent to multiplying A by the

corresponding elementary matrix £: A — FE A.

§ R, <> R3to A € R3%2;

u v

xIr
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aRs — Rsto A € R3%2;

xr

Uu
w
Yy
1 0 O u v
(OaO w T
O 0 1 Yy z

1I: Ri+aXxX R3 — R;q:t0
A € R3X%2.

u—+ay v+ az
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Let B € R™XP and perform k ERO:
ERO-
%

ERO- EROs EROx,
— —

B Bl Bz -Bk:—l
Bl — ElB, Bz — E2B1 — EzElB, e o
By =F...E1B =

Bk — MB, M = Ek,Ek,_l...E2E1

M is invertible matrix since M —1 = E1_1E2_1...Ek_1.
The system Ax = b, represented by the augmented
matrix B := (A|b), after k ERO is given by By, =
(Ag|bg) = MB = M(A|b) = (MA, MDb)

By

and represents the system M Ax = Mb. As M

invertible
M~'(MAx) = Ax = M~'(Mb) = b.

Thus performing elementary row operations on a system
results in equivalent system, i.e. the original and the new

system of equations have the same solutions.
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Let A be the reduced row echelon form of A. Then
A, = MA.

Assume that A € R™ X" As M invertible A invertible
<— Ay invertible:
A=M7"1A, = A=A 'M.

If A invertible Ax = 0 has only the trivial solution, hence

Aj has n pivots (no free variables). Thus A, = 1I,, and
A~ = M

Summary A € R™*™ js invertible <—> its reduced row
echelon form is the identity matrix. If A is invertible its

inverse is given by the product of the elementary matrices:

A ' =M =E,...E;.

Gauss-Jordan algorithm to compute the inverse of A:
e form the matrix B = (A|I,).
e Perform the ERO to obtain RREF of B: C' = (D|F).
e Aisinvertible <— D = 1I,,.

olfD=1,then A~ =F.
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1
A= -2 5
3 7 —5
Write B = (A|I3) and observe the (1, 1) entryin B is
1 2 -1 1 0 O
a pivot: B = —2 -5 5 O 1 O

3 7T —5 0O 0 1
Perform ERO: Ry + 2R1 — R2, R3 — 3R — Rg:

1 2 —1 1 0 O
Bi=]| 0 -1 3 2 1 0
O 1 -2 -3 0 1

To make (2, 2) entry pivot do: — Ry — Ra:
1 2 -1 1 0O O
B:;=| 01 -3 -2 -1 0
0O 1 -2 —3 0O 1

To eliminate (1, 2), (1, 3) entries do
R1—2R2—)R1, Rs — Ro — R3
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1 0 5 5 2 0
Bs;=| 0 1 -3 —2 —1 0
0 0 1 —1 1 1

(3, 3) is a pivot. To eliminate (1, 3), (2, 3) entries do:
Ry —5R3 — Ry, Ra+ 3R3s — R

1 0 O 10 —3 -5

O 1 O —9 2 3

0O 0 1 —1 1 1

So B4 = (I3|F') is RREF of B. Thus A has inverse:
10 -3 -5

A™'=| -5 2 3
—1 1 1
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Why Gauss-Jordan algorithm works

(For Gauss see later. Wilhelm Jordan (1842-1899), German

geodesist)

Perform ERO operations on B = (A|I,,) to obtain RREF
of B, which is given by By, =

MB = M((A|l,) = (MA|MI,) = (MA|M).
M € R™*X™ s an invertible matrix, which is a product of

elementary matrices.

A is invertible <= RREFof Ais I,, <
The first  columns of B have n pivots <—>
MA=1, —<— M=A""'! —
By = (I,]A™Y).

Claim. A € R™*™ s invertible if and only if A " is
invertible. Furthermore (A7)~ = (A=1) T,

Proof. The first part of Claim follows from
rank A = rank A" . (Recall A invertible iff
rank A = n))

The second part follows from the identity

I,=1I] = (AA~H)T = (A~1)TAT,
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49 Change of basis

Assume that V is an m-dimensional vector space. Let
V = V1,..., Vp, be a basis in V. Notation:
[V1i V2 ...Vy]. Thenany vector x € V can be uniquely

presentedas X = a1v1 + a2vs + ...+ a,vy,.

There is one to one correspondence between x € V and
the coordinate vector of X in the basis [V Vg ... Vy]:
a=(ai,az,...,a,)" € R™ Thusif

y = bivy + bavy +...b,Vv,, S0

y <> b = (b1, ba,...,b,)T € R™ then

rx <> raandx +y <> a-+ b.

Thus V is isomorphic R™.

(a1 )

az

o

Denote X = [V1 Va...Vp]
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Letuy U3 ... U, be n vectorsin V. Write
uj = UVy +uU2jve+...+upjvi, g3 = 1,...,m.

( Ui1 U112 coe Uin \
U2

_ 1 U22 e U2n
Define U =

K Un1 Un2 oo Unn )
Claim: U1, U3, ..., Up isabasisinV <—=> U is

invertible.

Let Uy, Ug, ..., Uy is abasisin V. Then
[uy ug...u,] = [vy va...v,|U. (49.1)

U is called the transition matrix from basis [u; Uz . . . U]

to basis [V Vg ...Vy,]. Denoted as

U
[111 us ... un]—>[V1 Vo .. .Vn]

Claim: U~ 1 is the transition matrix from basis

[Vi Vo ...Vy]tobasis [u; us...u,l:

U—1
[ug vz ... un]—[vy va...vy].

Proof Multiply (49.1) by U —! to obtain

[111 usg .. .un]U_l — [Vl Vo .. .Vn].
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Letx = [111 us9 . un](bl, bg, ceo bn)T <
X = byju; +...b,u,, ,ie. the vector coordinates of X
in the basis [u1 Uz ...uy]isb := (by, b2, ..., b)) 7.

Then the coordinate vector of X in the basis
[Vvi va...v,]isa = Ub.
Proof: X = [uy Uz ...uu|b = [vy va...v,|Ua.

If a € R™ is the coordinate vector of X in the basis
[Vi V2 ...Vvy,] then U tais the coordinate vector of x

in the basis [uy ug ... uy,].

U
Theorem 12: Let [U1 Ug ... Up|—>[V] Vo ... Vy]

and [wy wWo . Wn]L[Vl Vg ...Vy]. Then

—lw
(w1 wa. Wn] — (U1 uz...uy,l.

Proof. [Wy Wa ... Wy] = [v1 Va...v,|W =
([ug uz...u, JUH W,

Note To obtain U ~1W take
A := [U W] € R™*(2™) and bring it to RREF
B=[IC].ThenC =U"'W.
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' [yv=] °
4

Find the transition matrix from the basis w to basis u.

Solution. Introduce the standard basis v = [ey, ez2] in R?.

So

1 1
u = [917 e2] 5 s W = [91792]

Hence the transition matrix is

4
. To find this matrix get the

5] 7
-2 -3

Answer
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T : V — W linear trans. T represented by A in v, w
bases: [T'(V1)ye. oy T'(Vn)] = [W1y. ..y W] A.
Change basis in W

P
[W1 Wa ... W] —>[X1 X2...X,]. Then the
representation matrix of 7" in bases [vy Vg ... V] and

[X1 X2 ...X.m] is given by the matrix P A, P invertible.

T (v1) T(ve) ... T(vp)] =
(W1 Wa...W,]A = [x1 Xa...xXm]|PA.

we change basis in V

[Vi Vo ... Vn]&[ul Us ... Uy]. Then the

representation matrix of 7" in bases [u; uz ... u,] and
(W1 W3 ... Wy,] is given by the matrix AQ 1.

T (v1) T(va)...T(vyp)] =

T (uy) T(ug)...T(uy)]Q = [w1 wa...w,,|A
Hence [T'(uy) T(uz)...T(u,)] =

(W1 Wa...w,,]AQ 1. Corollary: The representation

matrix of T"in bases [u; us...u,;] and

[X1 X2 . ..Xym] is given by the matrix PAQ 1.
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52

D : Py — Py, D(p) = p’. Choose bases
(1, z, 2], [1, ] in P2, P respectively.
D1)=0=0:-14+0-z2,D(x) =1=
1-14+0-z2,D(x?)=2x=0-1+2-x.

O 1 O

0O 0 2
Change the basis to [1 + 2z, — £%,1 — = + x?]in

P> . One can find the new representation matrix A4 in 2

Representation matrix of 1 in this basis is

ways. First

D(1+2x) =2,D(x —x?) =1 — 2z,

D1 —xz+z?)=—-1+2x

112



113



Now choose a new basis in Py: [1 + x,2 + 3x]. Then
1 2
1 3

1+ x,24 3x] = [1,x]

Hence the representation matrix of I in bases

[1+2x,2 —x%,1 —x+ x?]and [1 + =, 2 + 3]
—1
2 1 -1

2

iSA2 =

_2
SoD(1+4+2x)=2=6(14+=x) —2(2 + 3x),
D(x—z2?)=1—-2x =714+ x) — 3(2 + 3x),

D1 —xz+z?)=—1+2x =
—7(14+ =) + 3(2 4+ 3x)
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53 Equivalence of matrices

Definition. A, B € R™*™ are called equivalent if there
exist two invertible matrices P € R™*X™, R € R™X™
suchthat B = PAR.

Claim 1. Equivalence of matrices is an equivalence relation.

Thm 13. A, B € R™*™ are called equivalent if and only

if they have the same rank.

Proof. Let Eg im.n = (eq;j),?;’zl

€ R™X™ phe a matrix
suchthatej; = €99 = ... = e = 1 and all other
entries of Ek,m,n are equal to zero. We claim that A is

equivalent to Eg ., Whererank A = k.

Let SA = C, where C'is RREF of A and S invertible.
Then RREF of C' ! is Ey. n,m! (Prove). So
UC' = Ekz,n,m = CU' = Ek:,m,n = SAUT,

where U is invertible.

Claim. A, B € R™X™ are equivalent iff they represent
the same linear transformation
T:V —- W,dimV = n,dim W = m in different

bases.
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54 R™

In R? scalar or dot product is defined for

X = (wlawZ)Tay — (y17y2)T € R=:

Xy =X1Y1 + T2y2 =y ' x.

In R3 scalar or dot product is defined for

X = (mla :132,:133)T,y — (y17 Y2, yS)T € R*:
Xy = X1Y1 + T2Y2 + T3ys = y ' x.

In R™ scalar or dot product is defined for

X = (L1503 Tn) T,y = (Y15.+-,Yn)L € R™:
X V=T1Y1+ ... +Tny, = yIx.

The lengthof X = (Z1,...,%,)T € R™is
Ix|| := v/xTx = \/m§+m§+...+mg.

X,y € R™ are called orthogonal if y'x = xTy = 0.
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55 Cauchy-Schwarz inequality

xy | < [Ix[[ [ly]l cs!

Equality holds iff X, y are linearly dependent, equivalently if

y # 0thenx = ay for some a € R.

Proof If either X or y are zero vectors then equality holds in
CSI. Supposey 7 0. Thenfort € R

f) = (x—ty)'(x—ty) =

lly]1%t? — 2(xTy)t + ||x]||? > O The equation
f(t) = Ois either unsolvable, in the case f (%) is always
positive, or has one solution. Hence CSI holds. Equality
holds if x — ay = O.

The cosine of the angle betwegn two nonzero vectors

y X .

=[] [Tyl]

[y = x[I* = [lylI* + [Ix||* = 2[ly|| [|x]| cos 6
I

X,y € R?iscos0 = (Cosine Law)

Use ||z||? = zTz to deduce the formula for cos .

Soif x _L y Pithagoras theorem holds:

[Ix = yII7 = [Ix[1* + [ly]I* = [Ix + y|*
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Augustin Louis Cauchy Born: 21 Aug 1789 in Paris, France
Died: 23 May 1857 in Sceaux (near Paris), France

his achievement is summed as follows:- ... Cauchy’s creative
genius found broad expression not only in his work on the
foundations of real and complex analysis, areas to which his
name is inextricably linked, but also in many other fields.
Specifically, in this connection, we should mention his major
contributions to the development of mathematical physics
and to theoretical mechanics... we mention ... his two
theories of elasticity and his investigations on the theory of
light, research which required that he develop whole new
mathematical techniques such as Fourier transforms,

diagonalisation of matrices, and the calculus of residues.

Cauchy was first to state the Cauchy-Schwarz inequality,

and stated it for sums.

http://www-history.mcs.st-

and.ac.uk/Biographies/Cauchy.html
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S/

Hermann Amandus Schwarz Born: 25 Jan 1843 in
Hermsdorf, Silesia (now Poland) Died: 30 Nov 1921 in

Berlin, Germany

His most important work is a Festschrift for Weierstrass’s
70th birthday. @articleSchwarz1885, author = "H. A.
Schwarz”, title = "Ueber ein die Flachen kleinsten
Flacheninhalts betreffendes Problem der
Variationsrechnung”, journal = "Acta societatis scientiarum
Fennicae”, volume = "XV", year = 1885, pages = "315-362"
Schwarz answered the question of whether a given minimal
surface really yields a minimal area. An idea from this work,
in which he constructed a function using successive
approximations, led Emile Picard to his existence proof for
solutions of differential equations. It also contains the
inequality for integrals now known as the 'Schwarz

inequality’.

Schwarz was the third person to state the Cauchy-Schwarz

inequality, stated it for integrals over surfaces
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Viktor Yakovlevich Bunyakovsky Born: 16 Dec 1804 in Bar,
Podolskaya gubernia (now Vinnitsa oblast), Ukraine Died:
12 Dec 1889 in St. Petersburg, Russia

Bunyakovskii was first educated at home and then went
abroad, obtaining a doctorate from Paris in 1825 after

working under Cauchy.

Bunyakovskii published over 150 works on mathematics and
mechanics. He is best known (in Russia) for his discovery of
the Cauchy-Schwarz inequality, published in a monograph in
1859 on inequalities between integrals. This is twenty-five
years before Schwarz’s work. In the monograph
Bunyakovskii gave some results on the functional form of the

inequality.

@articleBunyakovskiil859, author = ” V. Bunyakovskiui”, title
= "Sur quelques inégalités concernant les intégrales
ordinaires et les intégrales aux difféerences finies”, journal =

"Mém. Acad. St. Petersbourg”, year = 1859, volume = 1
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The scalar projection of x € R™ onnonzeroy € R™ is

given by % = cos 0||x||.

The vector projection of x € R™ onnonzeroy € R" is
T

given by —lTle; y =

XTy

yTyy'

Example. Let
x=(2,1,3,4)1,y =(1,—-1,-1,1)T.

a. Find the cosine of angle between x, y.
b. Find the scalar and vector projection of X on y.

Solution

Iyl = VI (—1)2 + (-1)? + 12 = vd =
Ix|| = v2Z + 12 + 32 + 42 = /30,

T _ . . . . 2 _ 1
x'y=2-—1 3+4_2’COSH_2¢%_—\/%

Scalar projection % = 1,

Vector projection %y = (.5, —.5,—.5,.5)T.
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60 Orthogonal subspaces

Definitions: Two subspaces U and V in R™ are called
orthogonal if any u € U is orthogonalto any v € V:
vTu = 0. Thisis denoted by U L V.

Example in R3: U is an orthogonal line to the plane V,
which intersect at the origin.

For a subspace U of R™ U denotes all vectors in R™

orthogonal to U.

Claim 1: Letuy,...,Ug span U C R™. Form a matrix

A = (u; uz...ux) € R**% Then
@: N(AT) = U+,

b): dim U+ = n — dim U,

): (UH)+ =1U.

Note: (b-c) Holds for any subspace U C R"™

Proof (a) follows from definition.
(b) follows from dim U = rank A,
nul AT =n —rank AT = n — rank A.

(c) follows from the observations (U-+)1- D U,
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dim(Ut)t =n — dim U+ =
n—(n—dimU) =dimU

Corollary: R® = U @ U+,

Proof Observe thatif x € U N U~ then
xIx=0=x=0= UNUt = {0}

(b) of Claim 1 yields dim U + dim U+ = n.

Claim 2: For A € R™X™.
@: N(AT) = R(A)+
(b): N(AT)L = R(A).

Proof. Any vector in IN (A1) satisfies

Aly =0 < yTA =0.Anyvectorz € R(A) is
of the formz = AX. So

ylz =yTAx = (yTA)x = 0Tx = 0. so
N(AT) C R(A)L. Recall

dim N(A%Y) = n — rank AT = n — rank A
Claim 1 yields

dimR(A):T = n — dimR(A) = n — rank A.
Hence (a) follows. Apply _L operation to (a) and use (c) of
Claim 1 to deduce (b).
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letu = (1,2,3,4)T,v=(2,4,5,2)T, w =
(3,6,8,6)T. Find a basis in span(u, v, w)".

Solution: Set A = [u v w]. Then
1 2 3 4

AT =11 2 4 5 2 |.RREFofAT is:

Hence a basisin N (A1) = N(B) is:
(-2,1,0,0,)%, (14,0, —-6,1)T.

Note that a basis of the row space of AT s given by the

nonzero rows of B. Hence a basis of span(u, v, w) is
given by (1,2,0,—14)T,(0,0,1,6)T.
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Fredholm alternative: Let A € R™X™ and b € R™.
Then either Ax = b is solvable or there exists

y € N(AT1) suchthaty b # 0.

Proof. Ax = b solvable iff b € R(A). (a) of Claim 2
yields R(A)T = N(AT). so Ax = b not solvable iff
N (A7) is not orthogonal to b.

62

Let U be a subspace of R™. Let R™ = U @ U+ and
b € R™. Expressb = u + v where

u € U,v € UL. Then u s called the projection of b on
U and denoted by Py (b): (b — Py(b)) L U.

Claim 1: Py : R™ — U is a linear transformation.
Claim 2: Py (b) is the unique solution of the minimal
problem: minycy ||b — x|| = ||b — Pyl|.

Least Square Theorem: Let A € R™X™, b € R™.
Then the system AT Ax = ATb is always solvable. Any

solution z to this system is called the least square solution of

Ax = b. Furthermore Pr(a)(b) = Az.
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Clam1l: ab = au+ av. Asau € Uandav € UL
it follows Py (ab) = au = aPy(b). Let
c=x+y,x €U,y € Ut Then
b+c=(u+x)+ (v+y)and

u+x e U,v+y e UL Hence

Py(b+c¢) = (u+ x) = Py(b) + Py(c).
Claim2: Asb — Py(b) L Uforanyx € U:

b —x|[* = [[(b— Py(b)) + (Pu(b) —x)||* =

|b— Py (b)||*+]|Pu(b) —x]||* > |[b—Py(b)]|*.

LST: ATAx =0 = xTATAx =0 <—

|Ax||? =0=x € N(A) = x € N(ATA). Let
B:= ATAand BT = B.ify € N(B7) then

Ay =0=yTAT =0 = yTATb = 0. Fredholm
alternative yields that AT Ax = A7Tb is solvable.

Note ATAz = ATb «<—— ATb — AT Az =

0 < AT(b—- Az) < (b— Az) L R(A).
As Az € R(A) we deduce that Pga)(b) = Az.
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Born: 30 April 1777 in Brunswick, Duchy of Brunswick (now
Germany)

Died: 23 Feb 1855 in Gottingen, Hanover (now Germany)

The method of least squares, established independently by
two great mathematicians, Adrien Marie Legendre (1752
1833) of Paris and Carl Friedrich Gauss

In June 1801, Zach, an astronomer whom Gauss had come
to know two or three years previously, published the orbital
positions of Ceres, a new "small planet” which was
discovered by G Piazzi, an Italian astronomer on 1 January,
1801. Unfortunately, Piazzi had only been able to observe 9
degrees of its orbit before it disappeared behind the Sun.
Zach published several predictions of its position, including
one by Gauss which differed greatly from the others. When
Ceres was rediscovered by Zach on 7 December 1801 it
was almost exactly where Gauss had predicted. Although he
did not disclose his methods at the time, Gauss had used his

least squares approximation method.

http://www-history.mcs.st-and.ac.uk/Biographies/Gauss.html
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Consider the system of three equations in two variables:

Irq -+ o 3
— 22131 —I— 3%2 1 = AX = b
2561 2

1 0
RREFof A: B = 0 1

0O O

Hence the original system is unsolvable!
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The least square system

ATAx = AT <— Cx=c:
C=ATA =

1 -2
1 3

—7

Since C invertible the solution of the LSP is:
11 7

79

—_ -1, 1
x=0C""C= gyi— 7

3.08
Hence Ax = 0.94 | Isthe projection

1.90

1.66
1.42

of b on the column space of A.
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Claim To find the projection of b € R™ on the subspace

span(ui,...,u,) € R™:

a. Form the matrix A = [uy ... u,] € R™*™,

b. Solve the system AT Ax = ATh.
c. For any solution x of b. AX is the projection.

Claim: Let A € R™X™. Then

rank A = n <= AT Aisinvertible. In that case
z = (AT A)~1 ATb s the least square solution of
Ax = b. Also A(AT A)~1bis the projection of b on

the column space of A.

Proof. Ax = 0 <— ||Ax|| =0 <—
xTATAx =0 <— ATAx =0

so N(A) = N(ATA).

rank A =n <— N(A) = {0} =
N(ATA) < AT Ainvertible.
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Fitting a straight line y = a 4+ bx inthe X — Y plane

through 1 given points

(3719 y1)7 (2132, y2)9 sy (wma ym)

. The line should satisfy 1m conditions:

l-a + x-b =
l-a + x2:b = yo

l1-a + x,,-b
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The least squares system AT Az = AT c:

m 1 +xo+ ...+ xTm

1 +axo+ ...+ xTm a:f—I—a:g—I—...—i—a:i%

Y1 t Y2+ ...+ Ym
T1Y1 + T2Y2 + -+« + TmYUm
det ATA =
m(x%—l—xg—I—...—l—xfn)—(Xl +Xo2+...+xXm)?
det ATA =0 < x1 =Xo0 = ... = Xp.
ifdet ATA 5 0then

a — CCr, ), yi) O, ®) OO, @iys)
T det ATA

b= — iz )ity ¥i)+mQ i, Tiyi)
T det ATA
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Given three points in R?: (0, 1), (3,4), (6, 5). Find the

best least square fit by a linear function y = a + bx to

these three points.

Solution.
1 O

A= 1 3 |,z=
1 6

z=(ATA)"1ATc =
—1
3 9 10

9 45 42

The best least square fit by a linear function is

y=35+3®
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68 Orthonormal sets

Vis...5Vy € R™ is called an orthogonal set (OS) if
T

v, v; =20 if 1 £ 7, i.e. any two vectors in this set is an

orthogonal pair.

Example 1: The standard basis €1, ...,€,, € R™ isan

orthogonal set

Example 2: The vectors vy = (3,4,1,0) ", vy =
(4,—-3,0,2)",v3 = (0,0,0,0) T are three

orthogonal vectors in R%.

Theorem. An orthogonal set of nonzero vectors is linearly

independent.

Proof. Suppose that

aivyi + asvs + ...+ a,,v,, = 0. Multiply by V;I_I

0= VIO = Vi'_(alvl + asve + ... + a,nvn) —

alvirvl —+ azvirvz + ...+ anvirvn Since

Virvi — O forz > 1 we obtain:

0 = a1(v4 v1) = a1l|v1||? Since ||v1]| > Owe

deduce a; = 0. Continue in the same manner to deduce
that all a; = O. []
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V1, .09 Vi, € Vs called an orthonormal set ( ) if

V1, ...y Vp, is an orthogonal set and each v; has length 1.

In Example 1 e€q,...,€4, iSan ONS.

In Example 2 the set {\/%Vl, \/%Vz} is an ONS.

Notation: Let I,, € R™X™ be an identity matrix. Let
dijs 1,3 = 1,...,n betheentries of I,,. S0 §;; = 0
fore 2 jgandd;; = 1fore = 1,...,n.

Remark 5,53- are called the Kronecker’s delta in honor of
Leopold Kronecker (1823-1891)

http://www-history.mcs.st-

and.ac.uk/Biographies/Kronecker.html

VigeoosVy ONS < VTVj = 57;j for

7

1,7 =1,...,n.
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Normalization: A nonzero OS 1y, ..., Uy, Can be
_ _u;

— forr=1.....n.
|[us]] ? ?

normalized to an ONS by v; :

Theorem. Let Vi, ..., Vy, be ONSin R™. Denote

U := span(vy,...,Vy). Then

e Any vector u € U can be written as a unique linear

. . n
combination of Vi, ..., Vi u = > o (v u)v;.

For any v € R™ the orthogonal projection Py (v) on
the subspace U is given by

Py(v) =Y (v, v) V. In particular

(VI[P =vv>30 v v|?

( . http://www-history.mcs.st-

andrews.ac.uk/Biographies/Bessel.ntml)

and equality holds <— v € U.

If vi,...,Vy is an orthonormal basis (OB) in V then

forany vector v € Vonehas: v = > & (v v)v;
and [[VI[? = X7 VT v

( . http://www-history.mcs.st-

andrews.ac.uk/Biographies/Parseval.html)
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Example 1. Let U = span(ey,e3) C R%.

Any vector in U is

u= (u1,u2,0,0)T = uje; + uses.

Note that w1 = e;'_u, U = e;ru.

Sou = (e] u)e; + (e, u)es.

Note U1 = span(es, e4).

For any vector v .= (v1, V2, U3, V4) ' .

Py(v) = w := (v1,v2,0,0) " sincew € U and
v —w = (0,0, v3,v4) € UL. Clearly

w = (e, v)e;1 + (e, v)ea.

Ter 2.2 2 2 2 Taer 2.2 2
vV V=ov]+v;+v;+v] >W wW=0v]+ 0.

Equality holds iff vg = v4 = 0,i.e. v € U.
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Example 2: Let v = %(1, 1,1, 1)T,
V2 = %(17 —1,1, _1)T’ V3 = %(17 —1, -1, 1)T'

ve = 3(—-1,-1,1,1)7

Check that v1, Vo, Vg, V4 is an OB in R, Let

U = span(vy, va). Show

au€U < u=(a,b,a,b)".

b. UL = span(vs,vyq) .

c.vEUt <= v=(cd,—c,—d)".
d. Py((x1, T2, 3, 24)T ) =

T1+x2+xT3+T4g T1—L2+TL3—=T4g —
2 V]_ —I_ 2 V2 -

1 T
5(T1 + T3, T2 + T4, T1 + T3, T2 + T4)

e.
i +x+ai+xl > (1 +xs)? + (w24 x4)?)
Equality holds if and only if &1 = @3, 2 = X4, I.€.

(mla L2y L3, m4)T e U.
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Orthogonal Matrices

Q € R™*X"™ js an orthogonal matrix if Q1T Q = I.
Equivalently, the columns of () form an OB in R™
Equivalently Q! = Q1. Hence QQT = TI.

Equivalently (Qy)T(Qx) = yTxforal x,y € R™.
lLe. Q : R™ — R™ preserves angles & lengths of vectors.

Equivalently ||@x||? = ||x]|? forallx € R™. le.
Q : R™ — R™ preserves length

Example 1: I,, is an orthogonal matrix since
InIE =1I1,I, =1, (Note I,, = [e1 e ... €e,])

O 1 0
Example 2: Q = 0O 0 1
1 0 O

(Note Q = [63 €1 82])

[

——

N= N N N

Example 3: () =

N N N N

N = N = N N
N N N N
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Example 4: Any 2 X 2 orthogonal matrix is either of the

cosf sin0 _
form rotation

—sin@® cos@

cos sinf |
reflection

sin@® — cosé6

P € R™X™ s called a permutation matrix if in each row

and column of P there is one nonzero entry which equals to
1.

A permutation matrix is orthogonal.

If P is a permutation matrix and

(y1, ceey yn)T = P(a:l, cees mn)T then the coordinates

of y a permutation of the coordinates of X, which does not

depend on the coordinates of X.

n columns of A € R™X™ form an OB in the columns
space R(A) of A <= AT A = I,,. Inthat case the
LSS of Ax = bisz = ATb, which is the projection of b

the column space of A.
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69

Let X1, ..., Xy be linearly independent vectors in R™.
Then the Gram-Schmidt ( ) process gives a
recursive way to generate ONS (14« . . » 4y, € R" from
X149 Xn,such that

span(xi,...,Xg) = span(qy,...,qx) for
k=1,....,n.Ifm =n,ie X1,...,Xy iS abasis of
R™ then q14 ...,y isan ONB of R™.

GS-algorithm:

r11 = ||x1|],q1 1= ixl

O — —I_ O — O —
ri2 := (qq X2,P1 := 71241, 722 =

|x2 — p1ll; 92 := = (x2 — p1).

Tr22
o— ~ 1 e— ~ | . —
r13 = (4, X3,7T23 = (, X3, P2 = 1341 +
1
r2342, 33 = |[x3 — p2||,qs := @(X3 — P2).
Assume thatqq, . . . g Were computed. Then

T1(k+1) *= qIsz+1a ce o9 T1(k41) *=
ql;er+1, Pk := T1(k+1)41 +

» oo Tk(k+1)dks T (k+1) (k+1) *— ||[Xk+1 — Pk|| and
1

dr+1 = et 1) (ot 1) (Xk4+1 — Pk).
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Ti(k4+1) +— q;er:+1

s the scalar projection of X1 on q;.

Pk Is the projection of Xg41 on
span(qi,...,qg) = span(xXjy,...,Xg).
Hence Xg+1 — Pk L span(qi,...,qk).

T(k+1)(k4+1) = ||Xk4+1 — Pk|| is the distance of Xp 41
to span(qiy.-.,qr) = span(Xi,...,Xg).

The assumption that X1, . . . y X4, are linearly independent

yields that (g 4+1) (k+1) > 0.

—1
Hence qk;_l_]_ — r(k—l—l)(kz+1)(Xk’+1 _ pk)

is a vector of unit length orthogonalto q1,..., gk
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Letxq = (1, 1,1, 1)T7X2 =(—1,4,4,—
x3 = (4,—2,2,0)"

1
2’ 2 27
r13 = q; X3 = 2,T23 = (, X3 =

P2 = T13q1 + T23q2 = (2,0,0,2) T,
xs — pz = (2,—-2,2,—-2)7,

T33 = ||X3 — p2|| =4,

43 — (X3 — Pp2) = (%

733

143



12

Let A = [a; as...a,] € R™X™ matrix and assume
thatrank A = n <= the columns of A are linearly
independent. Perform G-S process with the book keeping as

above:

® 711 = ||31||a q1 = %31-

® Assumethatqqi, ..., qr—1 Were computed. Then

Tik ‘= q;rakforizl,...,k—l.

Pk—1 = T1kd1 + T2kQ2 + -+ - T (k—1)kAk—1

and
1
Tkk

Tkk 1= ||ak — Pr—1]||, Ak 1= (ax — Pr—1)

fork = 2,...,m.

let@Q = [q1 =2 - - -

( 11

0
0

W
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Then A = QR, QT'Q =1,,and ATA = RTR.

The Least Squares Solution of Ax = b is given by the
upper triangular system RX = QTb which can be solved
by back substitution.

Formalyx = R~1Q™b.

Proof ATAx = RTQTQRx = RTRx = A'b =
RTQ'b. Multiply from left by (RT) ™1 to get

Rx =Q"'b

Note: QQTb is the projection of b on the columns space
of A.

The matrix P := QQ" is called an orthogonal projection.
It is symmetricand P2 = P, as (QQ™1)(QQ"1) =
QR(RT'Q)QT =Q(IQ" = QQ™T.

Note QQT : R™ — R™ is the orthogonal projection

Equivalently: The assumption thatrank A = n is
equivalent to the assumption that AT A is invertible. So the
LSS AT A% = A7Tb has unique solution

X = (AT A)~1b. Hence the projection of b on the
column space of Ais Pb = A% = A(ATA)"1ATh.
Hence P = A(ATA)"1AT
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(1 -1 4

1 4 —
Let A = [Xl X9 X3] =

1 4 2
\1 -1 o0
matrix corresponding to the Example of G-S Pr. above.

Then

R =

2
0
0

o O U W

N = N N N

Q = [d1 92 q3] =

N = N N[ N[
N = N N[ N[

\

Explain why in this example A = QR

N——

Note QQ7T : R* — R* is the projection on

Span(xl s X2 X3)
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Jorgen Pedersen Gram: Born: 27 June 1850 in Nustrup (18
km W of Haderslev), Denmark Died: 29 April 1916 in
Copenhagen, Denmark Gram is best remembered for the
Gram-Schmidt orthogonalisation process which constructs
an orthogonal set of from an independent one. The process
seems to be a result of Laplace and it was essentially used
by Cauchy in 1836.

http://www-history.mcs.st-and.ac.uk/Biographies/Gram.html

Erhard Schmidt Born: 13 Jan 1876 in Dorpat, Germany
(now Tartu, Estonia) Died: 6 Dec 1959 in Berlin, Germany
Schmidt published a two part paper on integral equations in
1907 in which he reproved Hilbert’s results in a simpler
fashion, and also with less restrictions. In this paper he gave
what is now called the Gram-Schmidt orthonormalisation
process for constructing an orthonormal set of functions

from a linearly independent set.

http://www-history.mcs.st-

and.ac.uk/Biographies/Schmidt.html
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75 Inner Product Spaces

Let V be a vector space. Then the function
(+,+) : V X V — Riscalled an inner product on V if

the following conditions hold:
For each pair x,y € V (x,y) is a real number.
(x,y) = (y,x). (symmetricity.)
(x +2,y) = (X,y) + (z,¥). (linearity)
(ax,y) = a(x,y) for any scalar a € R. (linearity)
e Forany0 # x € V (x,x) > 0. (positivity)
Note:

® The two linearity conditions can be put in one condition:
(ax + Bz,y) = a(x,y) + B(z,y).

e The symmetricity condition yields linearity in the second
variable: (x, ay + Bz) = a(x,y) + B(x,z).

e Each linearity condition implies
(0,y) =0= (0,0) = 0.

e (x,x) > 0Foranyx € V.
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o V=R" (x,y) =yx

o V =R", <X,y> — yTDX,
D = diag(d, ..., d;) is a diagonal matrix with
positive diagonal entries. Then

yIDx =dix1y1 + ... + dpnTrnYn.
V =R™*" (A, B) = 3 W2, ai;bij.

V = Cla,b], (f,9) = [, f(z)g(z)da.

V = Cla, ], (f,9) = |, f(@)g(x)p(z)da,
where p(x) € Cla, b], p(x) > 0andp(x) =0

at most at a finite number of points.

V = P,,: all polynomials of degree n. — 1 at most.

Lett; < €2 < ... < t,, be any nn real numbers.

(P, q) 1= ;1 p(ti)q(t;)
— p(tl)Q(tl) + ...t p(tn)Q(tn)
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The norm (length) of the vector x is ||x|| := +/(x, X).
Cauchy-Schwarz inequality: |{x, ¥)| < [|x|| ||y¥]|-

The cosine of the angle between x % 0 andy # O:

(x,¥)

cos 0 :=
x|yl

x and y are orthogonal if: (x,y) = 0.

Two subspace X, Y of V are orthogonal ifany x € X is
orthogonaltoanyy € Y.

The Parallelogram Law;

lu+vVv|[P=(u+v,u+v)=

[[all® + [[V][* + 2(u, v).

The Pythagorean Law:

(u,v) =0 = |lu+v[]* = [[u][* + [|v]]*.

(u,v)
vl
u,v)v
(vyv) -

Scalar projection of uon v # 0:

Vector projection of u on v % O: {,v)v

The distance between u and v is defined by ||[u — v||.
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Let V Inner Product Space (IPS). Viy...,V, € Vis
called an orthogonal set (0S) if (v;, vj) = 0ifi # 7, i.e.

any two vectors in this set is an orthogonal pair.

Theorem. An orthogonal set of nonzero vectors is linearly

independent.

V1,009 Vi, € Vs called an orthonormal set ( ) if
V1, ..es Vp is an orthogonal set and each v; has length 1,
.. V1gee.yVyy ONS <—— <V,,;, Vj> = 5z’j for

1,7 =1,...,n.

Example: In C[—7r, 7] with
7T
(f.g) = f_ﬂ, f(x)g(x)dx the set
1, cos x, sin x, cos 2x, sin 2x, ..., Ccos nx, sin nx
IS a nonzero ONS.

An orthonormal basis in C[—m, 7r] is

1 cosx sinx cos2x sin2x cos nx Sinnx

\/ﬁ’ﬁ’ﬁ’ ﬁ’ﬁ?"') ﬁ’ ﬁ,-..

151



77 Fourlier series

Every f(x) € C[—m, 7] can be expanded in Fourier
series

f(x) ~ %ao + > > (an cos(nx) + b, sin(nx)
an = = [T f(x) cos(nzx) d

are the even Fourier coefficients of f, and

b, = = [T f(x) sin(nz) do

are the odd Fourier coefficients of f.

Parseval equality is

Y Yo (a2 +82) = 1 7 |f (@) de
Dirichlet's theorem: If f € C!((—o0, 00)) and

f(x + 27) = f(x),ie. fisdifferentiable and periodic,
then the Fourier series converge absolutely for each € € R

to f(x).

This is an infinite version of the identity on p’131
u=> 2. (u,v;)v; where Vi,...,Vp,...isan

orthonormal basis in a complete IPS,

Such a complete infinite dimensional IPS is called a Hilbert

space.
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Born: 21 March 1768 in Auxerre, Bourgogne, France
Died: 16 May 1830 in Paris, France

It was during his time in Grenoble that Fourier did his
important mathematical work on the theory of heat. His work
on the topic began around 1804 and by 1807 he had
completed his important memoir On the Propagation of Heat
in Solid Bodies. The memoir was read to the Paris Institute
on 21 December 1807 and a committee consisting of
Lagrange, Laplace, Monge and Lacroix was set up to report
on the work. Now this memoir is very highly regarded but at

the time it caused controversy.

There were two reasons for the committee to feel unhappy
with the work. The first objection, made by Lagrange and
Laplace in 1808, was to Fourier's expansions of functions as
trigonometrical series, what we now call Fourier series.

Further clarification by Fourier still failed to convince them.

http://www-history.mcs.st-

and.ac.uk/Biographies/Fourier.html

153



/9

Born: 13 Feb 1805 in Dren, French Empire (now Germany)
Died: 5 May 1859 in Gottingen, Hanover (now Germany)

Dirichlet is also well known for his papers on conditions for
the convergence of trigonometric series and the use of the
series to represent arbitrary functions. These series had
been used previously by Fourier in solving differential
equations. Dirichlet’s work is published in Crelle’s Journal in
1828. Earlier work by Poisson on the convergence of Fourier
series was shown to be non-rigorous by Cauchy. Cauchy’s
work itself was shown to be in error by Dirichlet who wrote of

Cauchy’s paper:-

The author of this work himself admits that his proof is
defective for certain functions for which the convergence is,

however, incontestable.

Because of this work Dirichlet is considered the founder of

the theory of Fourier series.

http://www-history.mcs.st-

and.ac.uk/Biographies/Dirichlet.html
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Born: 23 Jan 1862 in Konigsberg, Prussia (now Kaliningrad,
Russia) Died: 14 Feb 1943 in Gottingen, Germany

Today Hilbert's name is often best remembered through the
concept of Hilbert space. Irving Kaplansky, writing in [2],

explains Hilbert’s work which led to this concept:-

Hilbert's work in integral equations in about 1909 led directly
to 20th-century research in functional analysis (the branch of
mathematics in which functions are studied collectively).
This work also established the basis for his work on
infinite-dimensional space, later called Hilbert space, a
concept that is useful in mathematical analysis and quantum
mechanics. Making use of his results on integral equations,
Hilbert contributed to the development of mathematical
physics by his important memoirs on kinetic gas theory and

the theory of radiations.

http://www-history.mcs.st-and.ac.uk/Biographies/Hilbert.html
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81 Lecture 4-2-07

DETERMINANTS

For a square matrix A € R™X™ determinant of A denoted
by det A, (in Hefferon book |A| := det A), is areal
number such thatdet A # 0 <= A isinvertible.

b

(a) det ¢ = ad — bc.
c d

a b c

(b) det d e f

g h 1
aei + bfg + cdh — ceg — afh — bdi
A way to remember this formula:

a b ¢ a
d e f d e
g h 1 g h

The product of diagonals starting from a, b, ¢, going south
west have positive signs, the products of diagonals starting

from ¢, a, O and going south east have negative signs.
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(c) The determinant of diagonal matrix, upper triangular
matrix and lower triangular is equal to the product of the

diagonal entries.

(dydet A # 0 <= Row Echelon Form of A has the
maximal number of possible pivots <—> Reduced Row

Echelon Form of A is the identity matrix.
A Is called singular if det A = 0.

(e) The determinant of a matrix having at least one zero row

or columnis 0.

() det A = det AT: The determinant of A is equal to

the determinant of AT,

(g) det AB = det A det B: The determinant of the
product of matrices is equal to the product of
determinants.=>

1
det A°

(h) If A is invertible then det A~—1 =
I=A"1A=
1 =detI =det(A 1A) =det A=l det A

We will demonstrate some of these properties later
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82 Determinant as multilinear functn

Prop 1:View A € R™X™ as composed of n-columns
A = [c1,C2,...,Cp]. Thendet A is a multilinear

function in each column separately. Fix all columns except

the column c;. Letc; = ax + by, where x,y € R"
and a, b € R. Then

det [c1,...,Ci—1,ax + by, Cit1,...,Cn] =
adet [C1y...5Ci—1,X,Cit1ye++9Cn]+

b det [c1,...,Ci—1,¥;Cit1y.-.4Cn] foreach

izl,...’n-

Prop 2: det A is skew-symmetric, (anti-symmetric): The
exchange of any two columns of A changes the sign of
determinant. For example:

det [c2,C1,...,Cn] = —det [c1,Ca,...,Cp].
(The skew symmetricity yields that the determinant of A is

zero if A has two identical columns)
Prop 3: det I,, = 1.

Claim: These three properties determine uniquely the

determinant function

Remark: Above claims hold for rows as in Hefferon.
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a b

det — ad — bec. ltis linear in the columns

c d

c1 = (a,c)",cq = (b,d) " andin the rows

(a,b), (c,d).

Clearly det
d c

bc — ad = —det A
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84 Permutations

Defn: A bijection, i.e. 1 — 1 and onto map,
o:{1,2,...,n} = {1,2,...,n}, iscalled a
permutation of the set {1, 2,...,m}. The set of all
permutations of {1, 2, ..., n} is called the symmetric

group on 1-elements, an is denoted by S,,.

o (1) is the image of the number ¢ fore = 1,...,n.
(Notethat1 < o (2) < mfort =1,...,n.

L € S,, is called the identity element, (or map), if t(2) = 2
fore = 1,...,n.

Claim The number of elementsin S,, isn! =1-2.-.n.

Proof. o(1) can have m choices: 1,...,mn. o(2) can

have all choices: 1,...,n excepto(1l),ie.n — 1

choices. o (3) can have all choices except o(1), o (2),

i.e. 0(3) has n — 3 choices. Hence total number of o-s is
n(n—1)...1 =n

Defn 7 € S,, is transposition, if there exists
1<i1<j<mnsothatt(z) = 3,7(3) = ¢, and
T7(k) = kforallk # 1, 3.
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Since o, w € S,, is bijections, we can compose them
o 0 w which is an element in S,,,
(o0 ow)(2) = o(w(2))). we denote this composition by

o w and view this composition as a productin S,,.

Thm. Any & € S,, is a product of transpositions. There are
many different products of transpositions to obtain o. All
these products of transpositions have the same parity of
elements. (Either all products have even number of

elements only, or have odd numbers of elements only.
Defn Foro € S,,,

sgn(o) = 1if o is a product of even number of

transpositions

sgn(o) = —1if o is a product of odd number of

transpositions

Claim sgn(ow) = sgn(o)sgn(w).

Prf Express o and w as a product of transpositions. Then

o w is also a product of transpositions. Now count the parity.

161



85 S»o

So consists of two elements:
(a) the identity ¢: ¢(1) = 1,¢(2) = 2

(b) the transposition 7: 7(1) = 2, 7(2) = 1.

Note 72 = 77T = ¢ since

(T(1)) =7(2) =1,7(7(2)) =7(1) = 2.

So ¢ is a product of any any even number of T, i.e.

2m 2m-+1

L= 717" whileT =T form=0,1,....
Note that this is true for any transposition 7 € S,,, n > 2.

Thussgn(t) = 1,sgn(7) = —1foranyn > 2.
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86 Sj

S3 consists of 6 elements. Identity: ¢.
There are three transpositions in Sg:
71(1) =1,7(2) = 3,m(3) = 2,
T2(1) = 3,72(2) = 2,7(3) =1
T3(1) = 2,73(2) = 1,73(3) = 3.
(15 fixes J.)

There are two cyclic permutations

o(l) =2,0(2) =3,0(3) =1
w(l) =3,w((2) =1,w(3) =2
Note wo = ow = t,ie. 0 ! = w.
Show o = T17T9 = T2T3,W — T2T1 — T3T2.
Sosgn(t) =sgn(o) =sgn(w) =1

sgn(71) = sgn(7z) = sgn(7s) = —1.
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am2

det A = Z Sgn(O')ala(l)aza(z) +++Ano(n)
oES,H

Note that det A has n! summands in the above sum.
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a1 Qa2
det
a21 Ga22

A1,(1)A2,(2) — A17(1)A27(2) — A11A22 — aA12da21

11 Qai12 Aais

det az1 Q22 Aa23

a3z1 Aasz2 A4ass

A1,(1)@2,(2)A3.(3) T A15(1)025(2)C30(3) T

A1w(1)A20w(2)A3w(3)

—Qa1+,(1)A27,(2)A31,(3) —
A1715(1)A2715(2)A3715(3) — A1713(1)A273(2)A313(3) —
11022033 + Q12023031 + Q13021032

—a11042304032 — 130422031 — Q120210433
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89 urt, LT,

Thm: The determinant of upper or lower triangular matrix is

equal to the product of diagonal entries.

Pri. Let A = (@a4;5)7 ;—; and assume that A is upper
triangular A € UT'y,. Soa;j = Oforz > j. Let

o € S,, be a permutation. mclf¢ > o (%) then

a;o(i) = 0. Hence

f(a) = A15(1)A20(2) * + * Ano(n) = Oife > O'(Z)
for some 2. So f (o) may not be equal to zero if ¢ < o (2)
fore = 1,...,n. This statementis true if only o = ¢.
Thus

det A = sgn(t)ay,(1)az2.(2) - - - Ani(n) =

Ad11A22 « « « Ann
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Determinants of Elementary Matrices

(i) det Ex = —1 where E1 corresponds to interchanging
two rows: R; <> R;.

0O 1
det =0-0—1-1=—1.
1 0

(Follows from sgn(7o) = —sgn(o).)

() det Ey1 = a where E7r corresponds to multiplying a
row by a: R; — aR;. (Note that E'ry is diagonal.)

1 0
det — a. (Follows from multilinearity.)

0 a
(k) det Eqrrr = 1 where Errr corresponds to adding to
one row a multiple of anotherrow: R; + aR; — R;.

(E 1171 is either upper triangular or lower triangular)

1 O
det = 1. (R2 + aR; — Rz)
a 1
(Follows from multilinearity and the fact that the determinant

of a matrix with two identical rows is equal to zero)

Observe that for any elementary matrix
det E=! = (det E)~*!
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Let A € R™X™ and perform k ERO:
ERO ERO ERO
A —+;1141 2 fiz —+E; .flk_]

where Ay is a Row Echelon Form of A.

FRO
—+Icf1k

(More general A is an upper triangular matrix if we do not

force pivots to be equal 1.)

A, = FE1A, Ay = E; A, = E;ELA,. ..
A, =F, ... F1A =

A, = MB, M = ExEy_+...ExE,

M is invertible matrix since M —1 = E_lEz_l...Ek_l.
A=M"1A, = E;'E;'...E;_" Ay

Since each E,i_1 is elementary matrix
—1/—1 —1

det E{ 'det B}, ... E ' Ay =

(det E;)~'det EY, ... E Ay

Hence

det A =
(det E;)~!(det E2)~ ... (det Ex) 'det Ax =

det Ak
det El-det E2-...-det Ek
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Find the determinant of A —

—6
Perform the following ERO

Ry +2Ry —» Ry, R3 — 3R1 — Rj3:
-2 -1 -3
0 0 —5
0 6 5
Perform Rg <> R
-2 -1 -3
0 6 5
0 0 —5

sodet Az = (—2)(6)(—5) = 60.

Note that all the elementary matrices corresponding to the
above ERO have determinant 1 except R3 <> Ro, with
derterminant —1. Hence det A = —60.
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Minors and Cofactors

For A € R™*™ the matrix M;; € R(n—1)X(n—1)
denotes the submatrix of A obtained from A by deleting
row 2 and column j. The determinant of M is called

(2, g)-minor of A. The cofactor A;; is defined to be
(—1)i+jdet Mij.

C
f |
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Expansion of the determinant by row 2:

det A = a;;1 Aj1 + ai2Aj2 + ... + AjnAin

— \\" A

- ZJ:l a"'J 1)

Expansion of the determinant by column p:

det A = alpAlp -+ asz2p + ... —|— anpAnp

n
= Zj:l ajpAjp

One can compute also the determinant of A using

repeatedly the row or column expansions.

Warning:

Inefficient.

Expansion of determinant by row/column is used primarily

for theoretical computations.
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a b c

Expand the determinant of A = d e f |bythe

g h 1
second row:

det A = dA21 -+ eA22 —+ fA23 —

b c
d(—1)det + e det
h 1

f(—1)det
g h

(—d)(bi — hc) + e(ai — cg) + (—f)(ah — bg) =
aei + bfg 4+ cdh — ceg — afh — bdi
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Find det

Expand by the row or column which has the maximal

number of zeros. We expand by the first column:

det A = aj1A11taz21A21+az1Azi1+ag1A4 =
aj1Aq11 + aq1A4q sinceag; = az1 — 0 Observe that
(=)t =1, (1) = —1. Hence

3 1 1
det A = (—1)det 0o 2 2 |+
-1 -1 2
1 —1 3
(—1)(—1)det 3 1 1 | Expand the first

0 2 2
determinant by the second row and the second determinant

by the third row
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2 2
det A = (—1)(3 det +
—1 2

(—1)det ;; )+ ((—2)det

1 -1
2 det )=—184+16+8 =6
3 1

Another way to find det A,

(-1 1 -1 3)

O 3 1 1
O 0 2 2

\ -1 -1 -1 2
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Perform ERO: R4 — R1 — R4 to obtain

(-1 1 -1 3
3 1 1

0 2 2

\ 0 -2 0 -1/
det A = det B. Expand det B by the first column to
3 1 1

obtaindet B = —det C, C = 0 2 2

-2 0 -1
Perform the ERO Ry — 0.5 Ro — Ry to obtain
3 0 0

D = 0 2 2
-2 0 -1

Expand det D by the first row to get
det D =(3)(2:-(—1) —2-0) = —6.

Hence det A = 6.
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Adjoint Matrix and Cramer’s Rule

( aii ai2
az

1 a2

\ an1 An2

the adjoint matrix is defined as

[(Aun Axn

. Aj2 Aazo
adj A =

\ A Asn

where A;; is the (2, J) cofactor of A.

Note that the 2-th row of adj A is (A1; Ag; ..
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—a21
12 Aais
Q22 Aa23

azz2 ass

All A21 A31
A12 A22 A32
A13 A23 A33

a1 a2
det — ajjagz — ajza2;

a21 a22

a21 aszs
= —det

azi1 ass

—asgjags + azzasz.
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A way to remember to get the adjoint matrix correctly:

(An Aln\

] A2z
adj A =

K Anl
[ A1
A12

\ Aln

178



The properties of the adjoint matrix:

A adj A = (adjA)A = (det A)I,

where I is the identity matrix of the corresponding size.
Proof. Consider the (2, 7 ) element of the product

A adj A:a;1Aj1 +ai2Ajes + ... + ainAjn.
Assume first that 2 = 7. Then this sum is the expansion of

the determinant of A by 2 — th row. Hence it is equal to

det A, whichis the (2, %) entry of the diagonal matrix

(det A)L

Assume now that ¢ 7 jJ. Then the above sum is the
expansion of the determinant of a matrix C obtained from
A by replacing row 7 in A by row ¢ of A. Since C has two
identical row, hence det C = 0. This shows

A adj A = (det A)L Similarly

(adj A)A = (det A)L

Corollary: det A £ 0 = A~1 = de’: ~adj A.
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1
letA=| O Find adj A and A~ 1.
0

A11 = 24,A12 = —0,A13 =0, A2y =
—12, A22 — 6,A23 — —O,A31 = 10— 12 =

—2, A32 T —5, A33 T 4, adJ A =:
T
24 0 O 24 —12
—12 6 0 0 6 —5

—2 -5 4 0 0 4
Since A is upper triangulardet A =1-4-6 = 24
24 —12 -2
6 —5
0 4
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Cramer’s Rule

Consider the linear system of 1 equations with 72 unknowns:

a;1x1 + a2 + ... + aipxr, = b

ax1xr1 -+ asexe + ... + aspx, = b

An1T1 + ap2T2 + .. + AppTp, = by

Let A € R*"X™, b = (by, ..., b,)T be the coefficient
matrix and the column vector corresponding to the
right-hand side of these system. That is the above system is
Ax =b, x = (x1,..., T, ). Denote by

B; € R™*™ the matrix obtained from A by replacing the
jJ — thcolumnin A by: B; =

( ail ces al(j_l) bl al(j_|_1) o o aAi1n \

aA21 .. az(j_l) bz az(j_|_1) o oo aA2n

\ aln]_ coe aln(j_l) bn
det Bj
det A

Then; = foryg =1, ...
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Sincedet A #£ 0, A1 = de,: ~adj A. Hence the

solution to the system Ax = b is given by:

A x = dei ~adj A b. writing down the formula for

the matrix adj A we get:

€T: — Aljb1+A2jb2—|—...—|—Anjbn
J det A '

The numerator of this quotient is the expansion of det Bj

by the column 3. []

Example: Find the value of o in the system
r1 + 2x, — xg3 = 0
—2r7 — Ddxe2 + Sxrz =3
3r1 + Txs — Daxz3 =0
1 0 —1
det | —2 3 5
3 0 —5

2 —1
—2 =5 5]
3 7

182



Expand the determinant of the denominator by the second
1 0 —1
column to obtain det —2 3

3 0 -5

3 —5
1 2 —1
on the coefficient matrix A = -2 -5 5
3 7T —5
Perform the ERO
R, +3Rs — Rz, Ro — 3R, — R3 to obtain
1 2 —1
Ay, = 0O —1 3 |. Expand det A by the first
0 1 -2
column to obtain

det A =det A, =1(2—3) = —1.Soxz = 6.

(Note that A1 was computed on p’ 100. Check the answer
by comparing itto A=1(0,3,0)T = (—9,6,3) ")
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Historically, determinants were considered before matrices.
Originally, a determinant was defined as a property of a
system of linear equations. The determinant "determines”
whether the system has a unique solution (which occurs
precisely if the determinant is non-zero). In this sense,
two-by-two determinants were considered by Cardano at the
end of the 16th century and larger ones by Leibniz about
100 years later. Following him Cramer (1750) added to the

theory, treating the subject in relation to sets of equations.

It was Vandermonde (1771) who first recognized
determinants as independent functions. Laplace (1772)
gave the general method of expanding a determinant in
terms of its complementary minors: Vandermonde had
already given a special case. Immediately following,
Lagrange (1773) treated determinants of the second and
third order. Lagrange was the first to apply determinants to
guestions outside elimination theory; he proved many

special cases of general identities.

Gauss (1801) made the next advance. Like Lagrange, he

184



made much use of determinants in the theory of numbers.
He introduced the word determinants (Laplace had used
resultant), though not in the present signification, but rather
as applied to the discriminant of a quantic. Gauss also
arrived at the notion of reciprocal (inverse) determinants,

and came very near the multiplication theorem.

The next contributor of importance is Binet (1811, 1812),
who formally stated the theorem relating to the product of
two matrices of m columns and n rows, which for the special
case of m = n reduces to the multiplication theorem. On the

same day (Nov. 30, 1812) that Binet presented his paper to

the Academy, Cauchy also presented one on the subject.

(See Cauchy-Binet formula.) In this he used the word
determinant in its present sense, summarized and simplified
what was then known on the subject, improved the notation,
and gave the multiplication theorem with a proof more
satisfactory than Binet’s. With him begins the theory in its

generality.
Source:
http://en.wikipedia.org/wiki/Determinant

(See section History)

185



95

Let C be the field of complex numbers. Let A € C™X™,
x € C" is called an eigenvector ( ) if
x 7 0 and there exists A\ € C such that Ax = Ax. \is

called an eigenvalue ( of A.

Claim: A is an eigenvalue of A if and only if

det (A — AI) = 0.

The polynomial p(A) := det (A — AI) is called a

characteristic polynomial of A.

p(A) =
(_1)n()\n_0.1>\n—1_|_0.2)\n—2_|_. . —I—(—].)nO'n)

is a polynomial of degree 1. The fundamental theorem of
algebra states that p(\) has 7 roots ( )

A1s A2, ... Ay and

PA) = (A1 = AN) (A2 = A) -+ (An — A).

Given an eigenvalue A then a basis to the null space
N(A — )\I) is a basis for the eigenspace of eigenvectors

of A corresponding to .
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Consider the Markov chain given by

0.7 0.2
0.3 0.8

A =

(%70 of Healthy remain Healthy and %20 of Sick recover.)

0.7 — A 0.2
0.3 0.8—A

A— Al =

det (A —AI) = (0.7—A)(0.8—X)—0.2-0.3 =
A% — 1.5\ + 0.5 is the characteristic polynomial of A.

det (A — AI) = (A — 1)(A — 0.5).

Eigenvalues of A are the zeros of the characteristic

polynomial, i.e. solutions of det (A — AI) = O:
A1 =1, A2 = 0.5.
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To find a basis for the null space of A — A\qI = A — 1
denoted by IN (A — A1) we need to bring the matrix
A — I to RREF:

—0.3 0.2

A—T= So
0.3 —-0.2

B = is RREFof A — 1.

1
0

N (B) corresponds to the system &7 — %:1;2 = 0. Since

&1 Is a lead variable and x5 is free 1 = 2;’2 . By
choosing £2 = 1 we get the eigenvector Xx; = (%, 1) "

which corresponds to the eigenvalue 1.

Note that the steady state of the Markov chain corresponds
to the coordinates of X1. More precisely the ratio of Heathy
to Sick is

r1 _ 2
:132_3'
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To find a basis for the null space of
A — Aol = A — 0.51 denoted by N (A — Ao1) we
need to bring the matrix A — 0.51 to RREF:

0.2 0.2
A —0.51 = SoC =

0.3 0.3
is RREF of A — 0.51.

N (C) corresponds to the system &1 + €2 = 0. Since
X1 Is a lead variable and g is free 1 = —Xo. By

choosing &2 = 1 we get the eigenvector

xz = (—1,1) T which corresponds to the eigenvalue
0.5.
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-3 1
-2 1
—3 2

2—A —3 1
SoA — Al = 1 —2—-A 1

1 -3 2—A
Expand det (A — AI) by the first row:
(2= N((—2 =22 —X) +3) +
(—1)(=3) (12— A) = 1) +1( =3+ (2+ ) =
22—\ -1)+31—-AN+AN—-1)=
A=1)((2=A)A+1)—3+4+1) =
A=) (=A% 4+X) = -2A(A—1)?

A1 = 0is a simple root and Ao = 1 is a double root.
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2 -3 1
A— NI =A= 1 —2 1 RREF of A is
1 -3 2
1 0 -1
0 1 —1 | Thenullspace IN(B) given by
0O O 0

= X3, 2 = X3, Where I3 is the free variable. Set

= 1 to obtain that x; = (1,1, 1) " is an eigenvector

corresponding to Ay = O.
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1 -3 1
A — oI = 1 —3 1 RREF of A — Ao is
1 -3 1

1 -3 -1
B=| 0 0 0 | Thenullspace N(B) given

0 0 0
by 1 = 3xs — a3, where x4, 3 are the free variable.

Setxy = 1,3 = 0 to obtain that xo = (3,1,0) .
Setxo = 0,23 = 1 to obtain that x3 = (—1,0,1) .
S0 X2, Xg are two (linearly independent) eigenvectors

corresponding to the double zero Ao = 1.
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Definition. Let V be a vector space with a basis

[Vi Va...vy]. LetT : V — V be alinear
transformation. Then the representation matrix

A = [a; ag...a,] € R™X™ of T in the basis

[V1 Va2 ... V] is given as follows: The column j of A,
denoted by a; € R™, is the coordinate vector of T'(v ).

Thatis T'(v;) = [v1 v2...Vvyp]ajfory =1,...,n.

Change a basis in V:

[Vl \S vn]i)[ul ug ... U_n]. Then the

representation matrix of 7" in the bases [u; Uz ... uy,]is
given by the matrix Q AQ 1.

Definition. A, B € R™*™ are called similar if
B = QAQ~! for some invertible matrix Q € R™X™,

Definition. For A € R™X™ trace of A is the sum of the

diagonal elements of A.

Claim. Two similar matrices A and B have the same

and the same
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Expressing det (A — AI) as sum of n! product of
elements of A — AT (p’ 160) we get det (A — AI) =
(=)™ + (=) ter A X1 + ... 4+ det A.

Hence

trA::a11+a22—|—---+ann:
) VRN PR

det A = A1>\2 P An.
Two matrices A, B in C™*™ similarif B = QAQ ™1 for

some invertible Q € C™X™.

Claim: Similar matrices have the same characteristic

polynomial.

B=QAQ '=B-AI=QA-XHQ'=
det (B — AI) =
det Q det (A — XI) det Q—! = det (A — AI).

Hence two similar matrices have the same trace and

determinant.

Claim: Suppose that A, B € M,, (C) have the same
characteristic polynomial p(). If p(\) has n distinct

roots then A and B are similar.
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99 Examples

Suppose that A is upper triangular. Hence A — A1 is also

upper triangular. Thus

det (A — )\I) — (&11 — )\) (3_22 — )\) oo (ann — )\)

(See p’ 162). The eigenvalues of upper or lower triangular

matrix are given by its diagonal entries, (counted with

multiplicities!)

a1 Aai2

Example: A = 0 aso

0 0

aj; — A a2

0 azz—)\

azs

0 0 aszsg — A
det (A — )\I) — (a11 — )\) (a22 — )\) (8.33 — )\)

In particular, the eigenvalues of the diagonal matrices are

given by its diagonal entries, (counted with multiplicities!)
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0.7 0.2
Let A = (p’ 183) Recall

0.3 0.8
det (A — AI) = (1 — A)(0.5 — \). Let

1 0
D = . So

0 0.5

det (A — AI) = det (D — AI)

We show that A and I are similar. Recall that
AXl = X1, AX2 — 0.5x5. Let

2

3 —1

X = (Xl Xz) =
1 1

So AX = X D (Checkit!. This is equivalent to the fact

that X7, X2 are the corresponding eigenvectors) As
det X = g # 0 X isinvertibleand A = X DX 1.

So A and X are similar.

This demonstrate the claim on the bottom of page 190.
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0 O 0 1
B

Let A = ,
0 O 0 O

Both matrices are upper triangular so

det (A — AI) = det (B — AI) = \?

SinceTAT1 =0 = A # B, A and B are not

similar.

Claim: B is not similar to a diagonal matrix

a 0

0 b
det (B — AI) = A\? = det (D — AI) =
(a—A)(b—A)wemusthavea = b = 0, i.e.
D = A. We showed above that A and B are not similar.

Proof Suppose B similarto D =
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101 Defective matrices

Defn Ag is called a defective eigenvalue of B € C™X™ it
the multiplicity of Ag in det (B — AI) (= 0) is strictly
greater than dim IN (B — Aol).

B € C"X" js called defective if it has at least one

defective eigenvalue.

0O 1
Note that B = Is defective since the only

0 O
eigenvalue Ag = 0 is defective: rank(B — 0I) =

rank B = 1,dim N(B) =2 —rank B =1,
since the multiplicity of Ag = 0 in det (B — AI) = \?
is 2.

Definition A € C™X™ s called diagonable if A is similar to
a diagonal matrix D € C™X™. (The diagonal entries of D
are the eigenvalues of A counted with multiplicities.)

Diagonability Thm: B € C™*™ is diagonable matrix if and
only if B is not defective.

Note that A € R3%3 given on p’ 186 is not defective,

hence according to the above Theorem A is diagonable.
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102 Proof of Diagonability Thm

1. Let D = diag(dy,...,d,) =

diag(dy, dz, ..., dyn) =

0 0)
0

0 ... 0 d, )
det (D — AI) = (d; — A)(d2 — A) ... (dn — A)
The eigenvalues of I are the diagonal entries. The

multiplicity 1 of the eigenvalue \g is the number of times it

appears on the diagonal entry.

The matrix D — Ao has exactly 1 zero elements on the
diagonal. Each nonzero diagonal entry can be made to a
pivot in RREF of B. Hencerank B = n — m and
dim N(B) = nul B = n — rank B = m. So Ag

IS non-defective.

Thus each eigenvalue of a diagonal matrix is hon-defective
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0
D = 0 |,det (D —XI) =
1

(1 — M2
Ao = 0 is a simple eigenvalue of D. rank D = 2 since

0O 1 0
RREF of A is 0O 0 1 |.SonulA =1.

O 0 O

A1 = 1 is a double eigenvalue of D.
rank(D — I) = 1since RREFof A — I is

1 0 O
0 0 0 |[-Sonul(A—1)=2.

O 0 O
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2. Claim: If A, B € C™X™ are similar then for each
A€ Cnul(A — AI) = nul(B — AI).

Proof. Assume that B = T AT ! so

B —XI =T(A— AXINT'. Hence

T—'N(B — XI) = N(A — XI). (Check this claim

by computation using the fact that T’ is invertible.)

Since similar matrices have the same characteristic

polynomial we deduce:

Corollary: Each eigenvalue of a diagonable matrix is non

defective. Hence a diagonable matrix is not defective.

3. Lemma: Lety1,Yy2,...,Yp be P eigenvectors of A

corresponding to p distinct eigenvalues. Theny1, ..., ¥p

are linearly independent.
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Proof: By induction on p.
p = 1: By definition an eigenvector y; # 0. Hence yq L.i.
p = k: Assume that Lemma holds.

p = k 4+ 1. Assume that

Ay; = \iyi.yi 0,2 =1,...,k+ 1and
Ai # Ajfort # j. Suppose that

aiyi1+ ...+ agyr + agt1yr+1 = 0. (%)

So
A0 =0= A(a1y1+...+aryr+ar+1Yk+1) =
a1Ay1 + ...+ arAyr + ar+1Aye+1 =

coo T ARALYE T+ Okt 1 A4 1Y 41

Mulitply (*) by >\k:+1 and subtract it from the last equality
above to get

a1( A1 —Ae+1)y1+-. - Fa(Xe — A1)y =0
The induction hypothesis implies that

az()\z — Ak_|_1) = 0fore =1,...,k. Since

Ai — A1 # 0fore < k 4+ 1 we get

a; = 0,2 = 1,...,k. Use these equalities in (*) to
obtain ag4+1Yk+1 = 0 = a1 = 0. So
Y1,-..3Yk41 are linearly independent.
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104

4. Theorem Let A € C™X™ and assume that

det (A — AI) =

(A1 — A)™M (A2 — A)™2 ... (A — A)™k, where
Ai #Ajfort # jand1 < my; ( ;).
Assume that dim N(A — \;I) = m; and

N(A — X\;I) = span(X;1y .« . - s Xim,; ) for
t=1,...,k.

(This is equivalent to the assumption that A is not defective.)

Form the matrix whose columns are the vectors which span

the null spaces X —

(Xll oo X1y X21 ¢ 0 e X293 ¢ oo Xk:mk) - Cn)(n
and the diagonal matrix whose entries are the eigenvalues
of A: D = diag(Ay ... Ax), where the diagonal entry

\; repeats m; times forz = 1, ..., k.

Then X is an invertible matrixand A = X DX ™1 je.
A is similarto D.
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105 Proof

We claim that columns of X are L.i. Assume to the contrary
k m; _
that » ;—q ) _j—q bijXi; = 0()

andnotallb;; = 0. Letl < 27 < ... < 12p < kbe
the set of all 2 such that y; := Z;n:zl bijx;; # 0. Since

Xils+«+ 9 Lim,; are Li. this assumption equivalent to the
assumption that the equality bj; = ... = bj;m, = 0
does not hold. (So p > 1.) Hence (*) is equivalent to

Yi, +¥i, + ...+ Y¥i, = 0. Note that our assumptions
Imply that y;, Is an eigenvector corresponding to )\il. Since
i, £ A, forl = m we ge a contradiction to Lemma on
p’ 197. Hence all the columns of X are l.i.. So X is

invertible.

A straightforward calculation shows AX = X D. As X is
invertible A = X DX 1. []
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106 Corollaries

Corollary 1: Let A € C™*X™ and assume that the
characteristic polynomial of A has only simple roots. Then

A is diagonable

Proof. So

det (A —A) = (A1 = A) (A2 —=A)...(An — ),
where A; # Aj fort # j. Sincedet (A — X\ I) =0
let Ay; = \;Yi,¥Vi 7~ 0. Lemma on p’ 197 yields that
ViseoesYn li.Let X = (y1 y2...¥n) € C*X™,

So X isinvertible. As above AX = X D where
D :diag(Al,...,)\n).SoA:XDX_l. L]

Corollary Assume that A, B € C™*X™ and suppose that
p(A) = det (A — AI) =det (B — Al), (ie. A
and B have the same characteristic polynomial. If p(\)

have simple roots then A and B are similar.

Proof Let IJ be the diagonal matrix as in Corollary 1. So
A=XDX1,B=YDY!=
A= (XY H)B(XYy1H— 1
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107

1. See example on page 192

2 -3 1
2.letA=1| 1 —2 1 |.(p186)
1 -3 2
det (A — AI) = —A(X — 1)2.

1 3 -1
X = (Xl X9 X3) = 1 1 0
1 0 1
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A=XDX 1= Am=XDmX"1
D™ = diag(AT*...A\"), m=1,...

Xm = AXpm—_1, m=1,... = x,,, = A™xp.

Under what conditions X,,, converges to X := X(xXg)?

If A is diagonable then x,,, converges to x for all Xq if and

only if each eigenvalue of A either [A| < 1or A = 1.

. A € R™X™ js called column (row)
stochastic if all entries of A are nonnegative and the sum of

each column (row) is 1. Thatis ATe = e, (Ae = e),

wheree = (1,1,...,1)T. Under mild assumptions, e.g.

all entries of A are positive lim,,,_,oc A™xg = x. If A
is column stochastic and eTXO — 1 then the limit vector is
a unique probability eigenvector of A:

Ax =x, x= (T1y...,%Tn) 7T,

0<®Tiy:ee.9py, 1+ xX2+ ... = 1.
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108

0.7 0.2
0.3 0.8

1. See example on page 192: A =

llmkz—)oo

— W

(columns give proportions of healthy and sick)

g G
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2. From page 202 A® = A since diag(0,1,1)* =
diag (0%, 1%, 1*) = diag(0,1,1).

(This follows also from the straightforward computation

A? = A.
A is called projection, or involution if A2 = A.

For projection limg_, oo AF = A.
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Systems of linear ordinary differential equations (SOLODE)
a11yir + ai12y2 +...+ G1nYn
az21Y1 + Qa22Y2 +...+ G2nYn

An1Y1 + QAp2Y2 +...+ Q1nYn
In matrix terms we write: y’ = Ay, where
y — Y(t) — (yl (t)v yZ(t)a ooy yn(t))T and
A € C™X™ g constant matrix.

Aty where

We guess a solution of the form y () = e
X = (15, iBn)T € C™ is a constant vector. we
assume that x # 0, otherwise we have a constant

non-interesting solution x = 0. Then

y' = (e*)'x = AePx. The systemy’ = Ay is
equivalentto Ae*x = A(e*'x). Since e* =#£ 0

divide by e to get Ax = Ax.

Corollary: If X(;é O) is an eigenvector of A corresponding

At

to the eigenvalue X then y(t) = e**x is a nontrivial

solution of the given SOLODE.
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Theorem Assume that A € C™*X™ is diagonable:

det (A — AI) =

(A1 — A)™1 (A2 — A)™2 ... (Ak — A)™k, where
Ai #Ajfore £ 7,1 < my; ( \;), and
dimN(A — \;I) = mg,

N(A — \;) = span(X;1y .. - y Xim, ) for

1 = 1,..., k. Then the general solution of SOLODE is:

k,m; o
y(t) = E,;:"f,jzl Cijerit—to)x,;

y (t) is determined by the initial condition y (£9) = c.
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0.7y1 _I_ 0.2y2
0.3y1 —I_ 0.8y2

0.7 0.2
0.3 0.8

The right-hand side is given by A =

which was studies on p’ 183.

det (A — AXI) = (A — 1)(\ — 0.5).
Ax; = x1, Axo = 0.5X3,

x1 = (2,1)T,x2 = (—1,1) 7.

The general solution of the system

y(t) = cietxy + coe%%x,:

t —1
"Jl( ) _ clet 4 6260.51;

y2(t) 1

yl(t) — 2c§et . 6260'5t

y2(t) = cie® + coe2°?
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+vys3
+Y3
+2y3

2
1 —2 1 as on p’ 202

1 -3 2
det (A — AI) = —A(X\ — 1)2

Al =0, = A3 =1

X = (Xl X2 X3) =

General solution y (t) = c¢1€%x; + caetxs + czetxs:

y1(t) = c1 + 3coe? — czel

y2(t) = ¢1 + cpet

ys(t) = c1 + czet

213



110 Initial conditions

y(0) =y, are equivalent always to X ¢ = yo.

Solve this system either by Gauss elimination or

c = X 1ly,.

Example 1: In the system of ODE on page 208 find the
solution satisfying IC y (0) = (1,2) .

Solution This condition is equivalent to

(The inverse is taken from page 204)

Now substitute these values of ¢, Co in the formulas on p’
208.
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Claim: Let A € R™*™ and assume

A= o+ 13, a, 3 € Ris non-real eigenvalue
(3 # 0). Then the corresponding eigenvector

X =u-+ v, u,v € R” (Au = Au) is non-real
(v # 0). Furthermore A = o« — 13 # A\ is another
eigenvalue of A with the corresponding eigenvector

X =u— 1V.

The corresponding contributions of the above two complex

eigenvectors to the solution of y/ = Ay is

e**C1(cos(Bt)u — sin(Bt)v) +
e**'Cy(sin(Bt)u + cos(Bt)v).

These two solutions can be obtained by considering the real
linear combination of the real and the imaginary part of the

complex solution e*x.

Recall the Euler’s formula for e* where
z=a+ 1b, a,b € R:

e? = e2T = e% " = e%(cos b + isinb).
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y"' = Ay + Azy’,
A17 A2 c Can’ y = (yla o« oo 7yn)T-

LetZ = (Y1y s YnsYyy---» Y, )" . Then

On In
z! = Az, where A = € C2nXx2n,
Ay As

Here 0,, is m X m zero matrix and I,, is m X m identity

matrix.

The initial conditions are

y(to) = a € C™, y'(tg) = b € C™ which are
equivalent to the initial conditions z(tg) = ¢ € C?*™.
The solution of the second order differential system with 72

unknown functions can be solved by converting this system

to the first order system with 272 unknown functions.
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111

For A € C™X™ |et

et =T+A+ A%+ A%+ ...
If D = diag()\l, A2y enn )\n) then
el = diag(e?, e?2,...,e*).

If A is diagonable,ie. A = X DX ~1 then
et = XeP X1

et =T+ tA+ ;t2A2 + St3A% 4. ..
(1) = 0+A+5;2tA%+ 312 A3 4. .. = Ae!

2!
If A is diagonable A = X DX ~! then
tA= X(tD)X ! =
eAt = X diag(e™?,...,e ) X1,
The matrix Y (t) := e(*~t0)A satisfies the matrix
differential equation Y/ (t) = AY (t) = Y (t) A with
the initial condition Y (o) = 1.

(As in the scalar case, i.e. Ais1 X 1 matrix.)

The solution of y’ = Ay with the initial condition
y(to) = aisgivenby y(t) = elt—to)Aa
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0

0 eO.5t

2t _30-5t 2ot _90-5t
5 5

3ot _30-5t 3et 4205
5 5

In the system of ODE on page 208 the solution satisfying IC
y(0) = (1,2) " is given as.

_ At _
y(t) = e?*y(0) =
2t _30-5t 2t _90-5t
5 5
3et_3eO.5t 3et_|_2eO.5t
5 5

Get — 705t
5

get 05t
5

Compare this solution with the solution given on page 211
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0 1
0O O

is defective.

Compute eB, etB using power series (p’ 213). Note

B? = 0. Hence B* = 0fork > 2. So
1 2 1 3
aB°+ 5B+ ...

etB =T+tB+ ;1?B? + 3

t
0O 1

I+tB =

/
Yy Y2

Hence the system of ODLE } Has the
Ya

general solution

y1(t)
y2(t)
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TheoremLet A = AT € R™*™ pe a real symmetric

matrix. Then all eigenvalues of A are real. A is

orthogonally similar to a real diagonal matrix
D = diag(A1, .-+, Apn):
A=QDQ ' =QDQ?", where Q is an orthogonal

matrix QT = Q. The columns of Q is an orthonormal

basis of R™ consisting of eigenvectors of A.

- Find the characteristic polynomial of A and
compute its eigenvalues: det (A — AI) =
(A1 — )™ (A — A)™2 ... (A — A)™k, where
Ai #Ajfort # gand1 < my; ( ;).
Thendim N(A — \;I) = m; and
N(A — X\;I) = span(X;1, - .+ s Xim, ). (This is done
by solving the homogeneous system (A — A;)x = 0
which has m; free variables.) Perform Gram-Schmidt
Process ON X;14 « « « 3 Xim,; 10 0DtAIN Y314« ¢y Yim,; fOr

1 =1,...,k. Form the orthogonal matrix ) =

(Y11 -+ +Y1imy Y21 -+ Y2msy - - Yemy) € R?X™.
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;det (A — AI) =

2—-A 1
det =(2—-—X)?—-1%
1 2—-A

(1—=A)(B—=A), A1 =3, = 1.

—1
1

RREFof A — M\ I = A — 31 =

1 -1
0 0

Abasis of N(A — 31) is

x; = (1,1) 7. Perform Gram-Schmidt on X1

ri1 = ||x1]| = V12 +12 = V2,91 =

1 1

X p—
=71 — V2
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RREFof A — Aol = A — 1 =

1 1
0O O

Abasisof N(A — I)isxy = (—1,1) .

Note that
x1 L x2 <= x;x2=(1)(—-1)+ (1)(1) =o0.

Perform Gram-Schmidt on X5

"°11:||X2||:\/(—1)2+12:\/§,q2:
1 _ 1 T (=1 1T
mxz — E(_lal) — (Ea ﬁ) :

I T
o= (v 7
V2 V2
A=QDQ'=QDQT =
— 3 0

1
V2

1
0 1 V2
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2 4—- A 2
1 2 1—-A

Expand det (A — AI) by the first row and use the

formula for 2 X 2 determinant to obtain:

(1= ((4=XN)1=X)—2%)+(—-2)(2(1 =) —
2) +1(22—-1(4— X)) = (1= A)(A%2=5X) +
AIA+A=A((1—=XN)(A=5)+5) =A%(6—X)

A1 =6, Ay = A3 = 0.
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RREF of

1 0 -1
B=)| 0 1 —2 |Abasisof N(B)is

O O 0
x; = (1,2,1) " (Setthe free variable 3 = 1.)

Perform GS on X7:

r11 = ||[x1]| = V12 + 22 +12 = V6,

— 1 _ 1 2 1 \T
W= X = (50 75 ve)
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1
RREFof A — X\l = A = 2
1

1 2 1
C = O O O | (Notexs,xs are free variables) A
O 0 O

basis of IN (C') are X2, X3 Where

xg = (—2,1,0)T (3 = 1,23 = 0)

x3 = (—1,0,1)" (xz = 0,23 = 1)

S0 X2, Xg are two linearly independent eigenvectors
corresponding to a double eigenvalue Ao = A3 = 0.
Note that x; L span(xsz,x3) as

x{ xg = 1(—2) + 2(1) + 1(0) = 0 = x, x3 =
1(—1) + 2(0) + 1(1).

SinceA\;1 =6 A2 =A3=0

So X1 is orthogonal to any eigenvector corresponding to
A=0.
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Gram-Schmidt process on
Xy = (—2,1,0) " ,x3 = (—1,0,1) "
rin = [|x2|| = (—2)2 4+ 12402 = V/5,q2 =

1

2 5)T

= 72 (X3 = P1) = (_\/%’_\/%’ /30

9A:QDQT —
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15018 g
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115 Prf spectral theorem for sym. mat

1. Assume \ is a complex eigenvalue of a real symmetric A
with the corresponding eigenvalue X = (X1, ..., &n) " :
Ax = Xx. Letx® :=x' = (Z4,...,Ty). Then
xHx = |z1|2 4+ ...+ |Tn|? > 0. Thus

xH Ax = AxHx. so

AxHx = xHAx = xTAx = (xTAX)T =
xHATx = xH Ax = AxHx = X = \. Thus Aisa

real number.
Every eigenvalue of A is real

2. We show by induction that A can be diagonalized by an
orthogonal matrix, i.e. A = QDQ ! =
QDAT,Q"Q = I,D = diag(\1,...,An).

an=1Thena = 1lal=!. Any1 X 1 matrix is
symmetric and diagonal Q = 1is 1 X 1 is an orthogonal

matrix.
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b. n = 1 Assume that any 1m X M real symmetric

matrix is orthogonally similar to a diagonal matrix.

c.n = m + 1. Since A is real the eigenvector x
corresponding to A can be chosen real and ||x|| = 1.
Choose an orthonormal basisy14...4¥Yn—1 inthe

orthogonal complement of span(x) C R™. Then

O=(y1..-Yn-1 x) € R*"*™is an orthogonal

matrix. Now B = OT AO is symmetric
BT = (OTATO)T = OTATO = B and

( C11 - cl(n—l) 0 \

C(n—1)(n—1)

0
0 Y,
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Note that

B =01TA0 = 0% (Ay; ... Ay,_1 Ax) =
Ot (Ay;: ... Ay,_1 Ax), which explains the n — 1
zeros on the last column of B. Since B is symmetric B
also have 1 — 1 zeros on the last row. Also the matrix

C = (ci;)7 " € R—Dx(n=1) is symmetric. Use
the induction) to deduce that

QICQl = Dl,QlQI — I,,_ 4. Define

Ql On—l
Q2 = . ,0! ., =1(0,...,0
0, 4 1 —

n—1
Then Q2 is orthogonal and
Dy 0p,_1
OT

n—1

D =

(0Q2)T A(0Qs)
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Since the product of two orthogonal matrices
OQz(OQz)T — OQzQ;—OT = 00" =T we
obtain that A = OQ2D(0Q32) ", i.e. A s orthogonally

similar to a diagonal matrix []

3. Claim: Let A be real symmetric and X, y be two
eigenvectors corresponding to two different eigenvalues

A, pt. Then x is orthogonal to y.

Proof: yTAx = (yTAx)T = xTAy = AyTx =
pxly = A —p)y'x=0=y'x=0.

Hence in the procedure for finding the orthonormal matrix ¢
it is enough to perform the Gram-Schmidt process on a

basis of each null space of A — \; 1.
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Forx = (£14...,%n) ' € R

Q(x) = a112y + a22x2 + ... + apnx? +
201212 + ... + 20(n—1)nTn—1Tn =

D i1 Qi + 2D i j<n BiiTiT;

Is called the quadratic form in 7 variables.

1: Q(x1,x2) = 2:1:% -+ 2:133 4+ 21 xo

Observe

(5131,332)

2x1 + x
(1, T2) ! ’ = x1(2x1 + x2) +

T1 + 212

T2 (x1 + 2x2) = Q(z1,x2) = Q(x)
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2: Q(wla L2, .133) —
x? + 422 + 22 + dx122 + 22123 + dx273
1 2 1 1

Observe (1, T2, x3) | 2 4 2

1 2 1

x1 + 22 + x3
(mla L2, CB3) 2561 —|— 4282 —I— 2:63

x1 + 22 + x3
r1(x1 + 222 + x3) + x2(221 + 422 + 223) +
x3(r1 + 2x2 + ©3) = Q(T1, T2, T3)

Claim: To each quadratic form Q(x),x € R™ given on
previous page corresponds a unigue symmetric matrix
A= (aij)ijanxn —

( aii ai9 ooe A1n \

ai2 a9 coe aan,
such that

\ Ain a2n eee Apn )

Q(x) =x" Ax. (
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Note that Q(x) = x ' Ax = szzl a;;T;x;. Indeed

the term a,z-z-a:? comes from ¢ = jJ. The term
2a;;T;Tj,1 < J inthe above sum comes from a;; ;T ;

and aj;xjx; (Recall a;; = aj;!)

Note that if D = diag(di,. .., dy) is a diagonal matrix

then
x| Dx = dix? + dox2 + ...+ dpa? =
Z’?:l dlw’?'
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117 Rayleigh quotient

-
Let A € R™*™ be symmetric. Then *
0 £ x € R"™ is called the Rayleigh quotient. Equivalently

consider the quadratic form x T Ax with the normalization
Ix]| = 1(= x"x).

Arrange eigenvalues of A in a decreasing order:
A1 > A2 > ... > A\, where each eigenvalue is

repeated with its multiplicities. Then

xT Ax

xTx

— maX||X||=1 XTAX.

A1 = mMaXgxxcRn
Equality achieved only for eigenvector of A corresponding
to A1.

T
. x - Ax . I
An = MiNg£xcrn "o = Min||x|=1 X~ AX.

Equality achieved only for eigenvector of A corresponding
to Ap,.

Proof. A = QDQ"Y, D = diag(A1,...,\,). Let
y=Q'x=>x"x=y'y=yi+...+y,.
xTAx = y'Dy = \y2+.. A Ayl < ANyly.
This implies the maximal characterization. Similarly:

y 1T Dy > A,y 'y which implies the minimal

characterization.
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,det (A — AI) =
1 2

(T —X)(3—=A), A1 = 3,2 = 1. (See page 218).

2 2
_ 2xi12x12+275 S 3

a:%—l—a:%
The maximum achieved if and only if

x = ax; = (a,a)’.

The minimum is achieved if and only if
X = bxg = (—=b,b) "
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119

Def: A square matrix A € R™*™ has an LU factorization
if A = LU where L € R™*™ is a lower triangular matrix

with all diagonal entries equalto 1 and U € R™*™ is an

upper triangular matrix with nonzero diagonal entries:

00\
0 0

ln(n—l) )
Ui(n—1) Uin \

U2(n—1) U2n
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Thm: A = (a5)7;—; € R™*"™ has LU factorization if

and if all the m leading principal minors of A are nonzero:
aiix a2

a11¢0,det #O,...
az1 a22

/ aii e o A1n \

£ 0.

\ a/nl e o o a}nn )

Moreover U is obtained by Gauss elimination without

making the pivots equal to 1 and no permutation of rows.
Further L™ is the product of elementary matrices

corresponding to Gauss eliminations.

In particular the LU factorization is unique.
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2 4 2

A= 1 5 2 Perform the elementary row

4 —1 9
operations Ry — 0.5 Ry — Rs, R3 — 2R1 — R3
2 4 2

to obtain By = 0 3 1 — L1 A where

0O —9 5
1 0 O
L, = —0.5 1
—2 0 1
operation R3 + 3Rs — R3 to obtain
2 4 2

U = 0 3 1 — Lo B where
O 0 8

0 Perform the elementary row
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0O O
1 0
3 1

_]__
2 =

=L{'L

N
=
<
|
<
l
=
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121 Proof of LU factorization Thm

Let A = (a,,;j),'f’jzl]Rka, k=1,...,n Suppose

first that A has LU factorization. Let

L; = (lz'j),’f’jzl, U, = (uij),'f,jzl € REXE pe the

k leading submatrices of order k of A, L, U respectively.

A straightforward calculation shows:

Ak == LkUk (*)

Hence det Ay = det Lydet Uy. Since Ly is upper
triangular with one on the diagonal det Ly = 1. Since
Uy is upper triangular det Ux = uy7 ... Uxk. So
det Ay = det Uy. Since all diagonal elements of U
different from zero det Ay # Ofork = 1,...,n.In
particular

_ __ det A; .
a1 = U111, U3 = maz—27“'7n
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Assume now thatdet A; # 0,i = 1,...,n. We prove
that we can do Gauss elimination without making the pivots
equal to 1 and no permutation of rows. Since

det A; = a;1 we perform the elementary row
operations of the third kind: R; — Z’;i Ri,i=2,...,n
to obtain By = (bs5,1)" i = — L1 A, where By has
the first column (@11, 0,...,0) ", and Ly is a product of
lower triangular elementary matrices with 1 on the main
diagonal. So

A= MB;,M; = (mj1)?._, =L{" Mjisa
lower triangular matrix with ones on the main diagonal. Let
M o = ('rn,w,l)zJ 1>, B1,2 = (b;j, 1)? Then
Ml,z Is lower triangular with ones on the diagonal, Bl,z IS
upper triangular and A = M7 2B 2. Thus 0 #

det As = det M; 2det By 2 = 1(by1,1b22,1).
So bzz 1 7 0. Apply the elementary row operations

1,J=1 —

1,J=1"

R, — b;i 1 R5,1 = 3,...,n To obtain the matrix

By = (bij,2)7 ¢ i—1 Whose first and the second columns
are (all, O, o ooy O)T, (b12,19 b22’1, O, oo O)T
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So By, = L5 B, Lo is a product of lower triangular

elementary matrices with 1 on the main diagonal. So
A — MlBl — MleBz, M2 —

—1 . . |
. . n —
(Mmij,2)7 ;-1 = Ly . Mz is alower triangular matrix

with ones on the main diagonal. We proceed as above to
show that the condition det A g # 0 implies bzz,1 # O.
Continue in this manner to obtain
U=B,_1=L,,_1L,_5...L{A,is upper
triangular with nonzero entries on the diagonal, and
Lq,...,L,_q arelower triangular with ones on the
diagonal. Then M; = L,L-_1 is lower triangular with ones
on the diagonalfore = 1,...,m — 1. Then
A=M;... M,,_U.soL =M{My...M,_;

is a lower diagonal matrix with one on the diagonal.

[]
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122 LDL'T

Definition. A symmetric matrix A € R™X™ has LDL T
factorizationif A = LDL ", where L is a lower triangular
matrix with one on the diagonal and D is a diagonal matrix

with nonzero diagonal entries.

Thm. A symmetric matrix has LD L T factorization if and
only if A has LU factorization, i.e. all leading minors of A

are different from O.

The LD LT factorization obtained from the LU
factorization by letting the diagonal entries of D to be the

diagonal entries of U..

After finding U determine D from the diagonal entries of
U.ThenL" = D7U,L=(L")".
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2 —2 4
A= —2 -1 5 | Perform the following ERO

4 5 —18

Ry + Ri — Ry, R3 — 2Ry — R3 to obtain
2 -2 4

B, = 0O —3 9 Perform the ERO
0 9 —26

R3s + 3R> — R3 on B; to obtain
2 -2 4

Ba=| 0 -3 9 | SoU = By,
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0 O
1 0
-3 1

Check that A = LDL "1
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124 Proof of LD L' factorization

Suppose first that a symmetric A = LDL ", where L is
lower triangular with ones on the diagonal and D is a
diagonal matrix with nonzero entries. Observe that

U = DL is an upper diagonal matrix whose diagonal
entries are the diagonal entries of 1D, which are different
from zero. Hence A has an LU factorization.

Suppose a symmetric A has LU factorization. Let the
diagonal entries of D to be the diagonal entries of U . Then
M = DU is an upper triangular matrix with ones on
the main diagonal. So A = LD M . Since A symmetric
A=A"T = (LDM)T = MT(DT)LT =
MT(DLT").sinceV = DL is upper triangular with
the diagonal entries equal to the diagonal entries of D it
follows that A = M TV is another LU decomposition of
A. Since the LU decomposition is unique it follows that
L=M"= M=L" = A=LDM =
LDL".
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A = AT € R™X"™ js called positive definite, denoted by
A= 0,ifxTAx > Oforany 0 # x € R™.

From the minimal characterization of the smallest
eigenvalues of A it follows A > 0 if and only if all the

eigenvalues of A are positive: A; > 0,2 = 1,...,n.

Thm A = (aij)i =1 = AT € R™X™ is positive

definite if and only if the 7 leading principal minors of A are
aix a2

positive: a11 > 0, det > 0,...
a21 Q22

/ aii o oo A1n \

det > 0.

\ aln]_ o o o alnn )

(such an ¢ X 7 determinant is called the ¢ — th principal

minor of A.)
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Proof: Assume that A = (a;;)7';,—, > 0. Then A has
positive eigenvalues A1 > ... > A, > 0. Hence
det A = A1... Ay > 0. Let

A = (a,w)"c € REXE Letx =

(wlv -y Tk, 0, . 0)T7Xk — (331, 7$k)T

Note that x ' Ax = Xy, T Apxp. Since A > 0 we get that
x| Ax = xZAkxk > 0if xp £ 0. Hence
A > 0=det Ay >0,k=1,...,n

Assume now that all the leading principle minors of A are
positive. Then A = LU = LDL" where L is lower
diagonal D = diag(w11s ...y Unn, and

U111, - « « » Upp are the diagonal entries of the upper
triangular matrix U . Recall the formulas from page 237

_ __ det A; .
a1l — U115 Ui = myz—zwﬂ

Sou;; >0, =1,...,n = D > 0. Observe
x'"Ax =x"LDL"x =y ' Dy,wherey = LTx
Soy "Dy > 0ify # 0.Sincedet LT =1

y =0 <= x =0,hence A > 0.
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Thm: A > Oifandonlyif A = MM ", where M is a

lower triangular with positive entries on the diagonal

Proof 1. Assume A = 0. S0 A = LDL"
decomposition, where D = diag(di,...,d,) > O.
Define D1 = diag(+/d1,...,vdy). Then

A= MMT?"T, where M = LD7.

2. Suppose that A = MM ", where M is a lower
triangular with positive entries on the diagonal. So M is
invertible. Note x ' Ax = x' MM "x =
(MTx)" (M "x) = ||M "x||? > 0. Since
MTx =0 < x =0.Hence A > 0.
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Born: 15 Oct 1875 in Montguyon, Charentes Maritime,
France Died: 31 Aug 1918 in North France.

Cholesky entered I'cole Polytechnique on 15 October 1895
He then joined the army becoming a second lieutenant, and
went to study at the school d’Application de I'Artillerie et du
Gnie starting in October 1897. He completed his course in
1899 and he maintained his steady improvement for now he

was placed 5th out of 86 students who qualified in that year.

Cholesky died from wounds received on the battle field on
31 August 1918 at 5 o’clock in the morning in the North of
France. After his death one of his fellow officers,
Commandant Benoit, published Cholesky’s method of
computing solutions to the normal equations for some least
squares data fitting problems in Note sur une methode de
resolution des equation normales provenant de I'application
de la methode des moindres carrs a un systeme d’equations
lineaires en nombre inferieure a celui des inconnues.
Application de la methode a la resolution d’un systeme defini

d’equations lineaires (Procede du Commandant Cholesky),
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published in the Bulletin geodesique in 1924.

The Cholesky Factorization (or Cholesky Decomposition)
takes a symmetric positive definite matrix A and writes it as
A = LL where L is a lower triangular matrix with positive
diagonal entries (sometimes called the Cholesky triangle),
and L is the transpose of L. To solve Ax = b one now needs
to solve LLx = b so put y = L'x which gives Ly = b which is
solved for y, then y = L'x is solved for x to obtain the solution.
The beauty of the method is that it is trivial to solve

equations of the type Mx = b when M is a triangular matrix.

The method received little attention after its publication in
1924 but Jack Todd included it in his analysis courses in
King’s College, London, during World War II. In 1948 the

method was analysed in a paper by Fox, Huskey and

Wilkinson while in the same year Turing published a paper

on the stability of the method.
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Def.: A symmetric A € R™*™ is called

1. Nonnegative definite , denoted by A > O if
x " Ax > Oforanyx € R™.

2. Negative definite , denoted by A < 0ifx ' Ax < O for
any 0 # x € R™.

3. Nonpositive definite , denotedby A < 0ifx' Ax < 0
forany x € R™.

4. Indefinite if A has at least one positive and one negative

eigenvalue.

Clearly

aA>0 << —A<0
b A>0 <— —A<X0.

The maximum and minimum characterization of the

eigenvalues of A yield
Cor A>0 <— A\ > ...
A=<0 < 0> >...
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Corollary: A symmetric A € R™X™ is negative definite if

the leading prinipal minors have alternating sums:

a a
a1 < O, det H 12

(—1)"det : : : >0

It is more difficult to characterize nonnegative definite or
nonpositive definite symmetric matrices in terms of principal

minors

Def. A principle minor of a square matrix A is obtained by
erasing the same rows and columns of A and taking the

determinant of the remaining square matrix

Thm. A symmetric A is nonnegative definite if and only if its

all principle minors are nonnegative

Notethat A > 0 = det A = A1 ... A\p > 0. 1ltis
not difficult to show that A > 0 implies the nonnegativity of

all principle minors. The sufficiency is more involved.
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1. A =
b c

aA>0 < a>0,ac—b*>0
bbA>0 < a>0,c>0,ac—b*>>0

cA<0 < a<0,ac—b*>*>0
dA<0 < a<0,c<0,ac—b*>0
f. A is indefinite iff ac — b% < 0, since
ac — b?> = det A = A\ )\s.

1 2 1
2. A = 2 4 2 |.page 220.

1 2 1
A1 = 6,2 = A3 = 0So A > 0. Principal minors of
order one are the diagonal elements 1, 4, 1. All other

principle minors are equal to zero.
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2 —14 6
3. Let A = —4 12 —4
6 —4 35
a. Find LDLT factorization of A:
Perform the following row operations on A:
Ry +2Ry — Ry, R3 — 3R1 — R, to obtain
2 —4 6
B, = 0 4 8 | Perform the following row
0 8 17
operationon B1: R3 — 2Rs — R3 to obtain
2 —4 6
So

8
1
2
0
0
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2 0
0 0
0O 0 1

b. Show that A is positive definite.

Since A has LDL " factorization and all diagonal entries
of D are positive A > 0.
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c. Find the Cholesky factorization of A:

let D1 = VD =
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129 LDL'T

Since A = A is negative definite if and only if — A is
positive definite we deduce
Thm: A symmetric matrix is negative definite if and only if it

has LDL" factorization, where all diagonal entries of D

are negative.
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130 Classification of critical points

1. One variable: Let f(t) be a continuous function with a
continuous derivative on the openintervala < t < b.

c € (a,b) is called critical if f/(¢) = 0. Recall the well
known fact that if f(c), ¢ € (a,b) is alocal minimum or

maximum then c is a critical point.

Problem: Given a critical point ¢ € (a, b) of f when cis a

local minimum or maximum?

Second order criteria for critical points Let f € C?(a, b),
i.e. f has two continuous derivatives in (a, b). Assume
that f'(c) = 0,c € (a,b). Then

(@) If f'’(¢) > 0 then cis a local minimum. More
precisely, there exists € > 0 so that f(c) < f(t) for any
tsuchthat0 < [t — c| < e.

(b) If f"’(c) < 0 then cis a local maximum. More
precisely, there exists € > 0 so that f(c) > f(t) for any
tsuchthat0 < |t — c| < e.

() If f(c) is alocal minimum f’’(¢) > 0.
d) If f(c) is alocal maximum f’’(c¢) < 0.
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Proof. Recall the Taylor formula with the remainder

f(t) = Fle)+f'(e)(t—a)+5f"(s(t))(t—a)? =
fle) + 3" (s()(t —a)? |s(t) —c| < [t —cl.
Now use continuity of the second derivative at ¢ to deduce

the conditions (a) and (b).

Suppose that f(c) is a local minimum. Then the condition
(b) Can not hold. Hence (c) holds.

Similarly, if f(c) is a local maximum then (d) holds.
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1. Many variables: Let D C R™, nn > 2 be an open set
and f : D — R be a function. Recall that C* (D) is the
set of all function with continuous partial derivatives up to
order k. Assume that f € C1 (D), i.e. f is continuous
and it has continuous first order partial derivatives. Then

c € D is called a critical point if
0
Vf(c):= ((,],wf1 (C)yewney 8:13 (c)) = 0.
Definition Assume that f € C? (D). Forx € D define
the symmetric matrix H (f)(x) :=

82f 82 f _9*fr
( (X) 6:1318:132 (X) tte Bwlawn (X) \

82f % f % f
awzawl(x) Bmg(x) e szawn(x)

821" 82f
Bwnawl ( ) Bwn8w2 ( ) tte 8;3% (X) )

If ¢ € D is a critical point of f then H (f)(c) is called

the Hessian matrix of f at c.
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Second order criteria for critical points:

Let f € C?(D). Assume that V f(c) = 0,c € D.
Then

(@) If H(f)(c) > 0 then cis a local minimum. More
precisely, there exists € > 0 so that f(c) < f(x) for
any x suchthat 0 < ||x — cl|| < e.

(b) If H(f)(c) < 0 then cis alocal maximum. More
precisely, there exists € > 0 so that f(c) > f(x) for
any x suchthat 0 < ||x — cl|| < e.

(c) If f(c) is alocal minimum H (f)(c) =~ O.
(d) If f(c) is alocal maximum H(f)(c) =X 0.

Proof The proof follows from the following formula. Fix the
directiony € R™, ||y|| = 1 and let

g(t,y) = f(c+ty). Theng(t,y) € C*(—e,¢)
and g’(0,y) = V f(c)y = 0. The Taylor formula with
remainder using chainrule is f(c + ty) = g(t,y) =
f(c) +y " H(f)(c+ s(t,y)y)y Use continuity of
the second derivatives of f at ¢ to obtain the conditions (a)

and (b). (c), (d) obtained similarly to one variable case.
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3. Indefinite case

Assume that we are in the several variable case,

V f(c) = 0and H(f)(c) an indefinite symmetric
matrix. By linear change of coordinates Xx = ¢ + Qz,
where (Q is orthogonal matrix, we may assume thatc = 0
and H(f)(0) = diag(A1,...,An). Assume that

f € C3(D). Then the Taylor expansion of f is

f(x) = £(0) + x " Dx+ higher order term.

Since H (f)(0) has at least one positive and one negative

eigenvalue the quadratic form

x' Dx = Az? + Xox2 + ... + Apz?

is indefinite, i.e. it takes positive and negative values.

Hence c is a saddle point.

a b
Recall that A = is indefinite iff

b c
det A = ac — b? < 0.
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131

Let A € R™X™ Then there exist orthogonal matrices
U € Rm™*X™ V &€ R™X™ and generalized diagonal
matrix ¥ = diag(o1, ..., Omin(m,n)) € R™*",
with the diagonal entries

012 02 2 ... 2 Omin(m,n) = 0, such that

A=UXV?T (svD)

If m = nthen X € R™X™ is a diagonal matrix.

(o1 0 ... 0 0 )

o 0 ... 0 o,
O 0 ... 0 O

o

fn > mthen 2T is as above.

If T > n then X2 =

01, ..., Oy, are called the singular values of A.

The number of positive singular values of A is equal to
rank A.
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Assume that 112 > m. Form the symmetric matrix

B = AT A € R™X™, Then B is nonnegative definite:
0 < xTBxforanyx € R™ since xT Bx = ||Ax||?.
Hence all the eigenvalues of B are nonnegative. As

Bx =0 <— Ax = Oitfollows

rank B = rank A = 7. Then the eigenvalues of B

2 2 2

arranged in a decreasing order with
the corresponding multiplicities. Let

V1, V2, ..., Vy, € R™ be an orthonormal set of
eigenvectors of B: Bv,; = o2v;fori =1,...,n.
Form the orthogonal matrix

V i= (Vi,Vas.ee.y V) € R™X™ Then

B = V diag(o?,...,02)VT. The vectors

u; 1= iAV,,; € R™ is an orthonormal set of vectors for
1

t=1,...,7r. LetUyp41,..., Uy beanorthonormal
basis for span(uy, ..., u,)>. Then

U= U,y...,0,) ER™*MandUTU = I,,.
Thus A = U diag(o1,...,0,)V 7.
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If ™ < M form the symmetric nonnegative definite matrix
C =AAT € R™X™ and
rank A = rank AT = rank C = r. Then the

. 2 2 .
eigenvalues of C' are 01y...,0, arrangedina
decreasing order with their multiplicities. Let

Ui, Uz, ..., U, € R be an orthonormal set of

eigenvectors of C: C'u; = 0',’:2117; fore =1,...,n.

Form the orthogonal matrix
U := (uj,ug,...,Uy) € R™*™ Then
C = U diag(o?,...,02 )U". The vectors

Vi = iATu,,; € R™ is an orthonormal set of vectors

fore =1,...,r. LetVyy1,...,Vy be an orthonormal
basis for span(vy, ..., Vv,)T. Then
V=(iy...,Vp) €ER"™™and VIV = I,,. Thus

A = U diag(o1,...,0,)VT
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6 —2
Let A = —3 5 | Sincem =3 >n = 2itis
0 —4
advisable to compute B = AT A =
6 —2
—3 5
0 —4

6 —3 0
—2 5o —4

45
—27 45
45 — A —27
—27 45— )X

det (B — AI) = det

(45 — A)2 — (=27)2 = (45 — A+ 27)((45 —
A—27)=(72=X)(27T = A), A1 = T2, A2 = 18

The two positive singular values of A are

o1 =V72 =6vV2, 02 =18 =32
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To find the orthogonal matrix V' = (v Vg ... Vy)in
SVD decomposition of A = UXV T, we need to

diagonalize the matrix

B=A"A=VDV',D =diag(c?,03,...).

The RREF of

—27 =27 1 1
B — )\1I = o
—27 =27 0O O

is a free variable. Set €5 — 1 to see that the eigenvector
x; = (—1,1) Tisabasisin N(B — A1 I). The

Gram-Schmidt process on X4 gives

The RREF of
27

—27 27
o is a free variable. Set &2 — 1 to see that the
eigenvector xo = (1,1) " isabasisin N (B — A21).

The Gram-Schmidt process on X1 gives

1 1 1 T
Vo = ——Xo = (—=, —=
2 7 TJx2[ 2 (\/5’\/5)

B—)\zI:
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1 1
Hence V = _‘f ‘?
V2 V2

Recallthat U = (uj ug ... U,,) is an orthogonal

matrix. The first r-columns of U, where r = rank A,
which is also the number of positive singular values of A is

determined by the formula u; = %Avi,i =1,...,7:

2
3
2
3
1
3
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1
3-2

0 —4

WiN Wi wWiN

Note that 1y, Uy Is an orthonormal set of two vectors

To find ug we observe that u;'—u3 = 0, u;ru3 = 0,

which is equivalent to the fact that ug is in the null space of

C = (u;u) = The RREF of

1 -1 % 1 T

Cis W= (5,1,1) " isabasis
0 1 -1

in IN (C'). Perform GS process on W to obtain

us — (%7 %7 %)T
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~

c

[m-)

c

N

c

w

N
Wi WIN WiN
WiN Wk W
WIN WIN W=

62 0

0 32
0 0 V2

@it it el |

2
3
1
3
2
3

(Note that in this example we have a very special case

V1T = V.Onehasto pay attention to the formula
A=UxV'T
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Let Uy = (u1 112) —

Wi wiN WiN

WIN W N

642 0
0 3v2

we deduce

Since the last row of XJ is zero row

642 0
0 3v2
0 0

2

3

L = U5,
0O 3 2

2

3

The reduced SVD of Ais A = U XV, =

Ul =

Wik Wi WiN
Wi Wi WiIN
WIN WIN |

Wik WIN WiN

Wik WIN WiN

2

3

1

g’ 0 3\/_
—§

(where Vo =
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133 Basic propertiesof AT A, AA"

Lemma: Forany A € R™MX"
rank A =rank ATA =rank AAT.

Proof. Frompage 122 Ax = 0 <— A" Ax = 0So
nulA=nulA"A = rank A =n —nul A =
n—nulA"A =rank AT A

Hencerank A = rank AT = rank(AT)TAT —
rank AAT

Lemma: Let A = AT € R™X™, Then nul A is the
number of zero eigenvalues of A, and rank A is the

number of nonzero eigenvalues of A

Proof. N (A) is the subspace of all x € R™ such that
Ax = 0. This subspace is nontrivial, i.e.

nul A = dim N(A) > 0. nul A = 0iff and only if
A has no zero eigenvalues. So rank A = n iff al the

eigenvalues of A are nonzero.

Assume that nul A > 0. Since A is diagonable

dim N (A) is equal to the number of zero eigenvalues of

A.
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Lemma: AT A and AT A are nonnegative definite, and
the number of positive eigenvaluesof AT Aand AT A is
equal to the rank of A.

Proof. x ' AT Ax = (Ax) T (Ax) = ||Ax||2 >0
hence AT A > 0. Similarly AAT > 0.

134 The Reduced SVD of A

let A € R™X" gnd A = UXV T

U= (uuz...u0y,) € R™*XM™V =

(v1 V2 ...Vy,) are orthogonal matrices. 3 € R™X™ s
"diagonal” matrix with the singular values on the diagonal,
see p'261. Moreover oy > 03 > ...0, > 0, while

other singular values equal to zero. (This follows from the

fact that o2 > 0'2 o2 > 0 are the eigenvalues of A " A,

which have exactly 7 = rank A positive eigenvalues.
Recallthat AT Av; = o;v;, © =

1,...,n, ATuj =ouj, J=1,...,m

(See pages 261-263) v;, u; are called the right and the left

singular vectors of A
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Forp < r =rank AletU, := (uz,...,up) €
R™XP V, := (Vi,...,Vp) € R®"*P be the matrices
obtained from U, V' by retaining their first p columns

respectively. Let X,, = diag(o1,...,0,) € RPXP

and ” = rank A.

Clam A = UTZTVTT =

T T T

(Reduced Singular Value Decomposition (RSVD)).

Proof. Let 3, 1 € R"*™ be the matrix obtained from

> € R™X™ py deleting the last 712 — 7 zero rows of 2.
As in the exampleon p’ 269 UX = U, 3., 1. So
A=UXV =U,X, V' . Since X, is obtained by

deleting the last m — 7 columns it follows that

YoV =(VE ) =5 =21V, =
.V

Hence A = UrZr,lvT = UrErVrT

The last equality in (*) is obtained by straightforward

computation
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: First, the computation of U,., V. are
faster than the computation of U, V. Second the storage
memory forU,., V,., X, isr(m + n + 1) may be may
be much less than the storage memory for U, V, 32, which

ism? + n? + rifr << min(m,n).

Forp < 7 let

Ap = UpszpT — 0'1111V;r + ...
U diag(o1,...,0p,0,...,0) VT

Thenrank A, = p and A, is the best l2 approximation
among all matrices £ € R™*X™ rank FE < p:

2 2 __ 2 2
||A o E||F 2 ||A T AP”F — Up—|—1 _I_ * —I_ O-'r"

Note that the storage memory for A, is p(m + n + 1)

278



135

Find the best rank one approximation to
6 —2
A= —3 5%
0O —4
Answer: The best rank one approximation is

A = U121V1T — alulvir. Using the results from

the example on p 264 we obtain

A1:6\/§

1 1
(_Ea ﬁ)

Wi WIN W

4 —4
4
2 =2

~
e
e

~—
|
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Applications to Digital Image Processing

In digital image processing a big matrix

A = (ai;) € R™*™ is generated by recording @;;: the

information on the nature of the light at the place (%, j) on

the grid. There are two major problems.

1. There are errors in some entries a;; that should be

corrected to improve the picture.

2. Can one condense the information stored in A such that

it storage will be much smaller than mmn?

Usually any picture has a lot of redundant information. That
is the effective rank of A: the number eigenvalues that are
not equal to zero numerically, denoted by p is relatively
small. By considering Ap one filters a lot of noise and

decreases the storage memory.
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