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Preface: Linear Algebra is used in many areas as: engineering, biology,
medicine, business, statistics, physics, mathematics, numerical analysis and
humanities. The reason: many real world systems consist of many parts
which interact linearly. Analysis of such systems involves the notions and the
tools from Linear Algebra. These notes of linear algebra course emphasize the
mathematical rigour over the applications, contrary to many books on linear
algebra for engineers. My main goal in writing these notes was to give to the
student a concise overview of the main concepts,ideas and results that usually
are covered in the first course on linear algebra for mathematicians. These
notes should be viewed as a supplementary notes to a regular book for linear
algebra, as for example [1].
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1 Linear equations and matrices

The object of this section is to study a set of m linear equations in n real
variables xi,...,x,. It is convenient to group n variable in one quantity:

(1,29, ...

, ), which is called a row wvector. For reasons that will be seen



later we will consider a column vector denoted by x, for which we either the
round brackets () or the straight brackets | ]:

I I
i) i)
X = (21,72,...,7,) = C | = : : (1.1)
Ty, Ty,
We will denote by x' the row vector (z1,s,...,7,). We denote the set of

all column vectors x by R®. So R! = R all the points on the real line; R?
are all points in the plane; R? all points in 3-dimensional space. R" is called
n-dimensional space. It is hard to visualize R™ for n > 4, but we ca study it
efficiently using mathematical tools.

We will learn how to determine when a given system is linear equations in
R™ is unsolvable or solvable, when the solution is unique or not unique, and
how to express compactly all the solutions of the given system.

1.1 System of Linear Equation

a1y + aprs + ... 4+ apT, =b
CL21..Z’1 —|— CLQQ.SCQ —|— —|— aanTf = by (1.2)
Am1T1 —|— oL —|— ee + @, = by,
1.1.1 Examples
A trivial equation in n variables is
0z; +0zy + ...+ 0x, = 0. (1.3)

Clearly, every vector x € R” satisfies this equation. Sometimes, when we see
such an equation in our system of equations, we delete this equations from the
given system. This will not change the form of the solutions.

The following system of n equations in n unknowns

T = bl, Ty = bg, Ty = bn (14)

clearly has a unique solution x = (by,...,b,)".
Next consider the equation

0z; +0xy + ...+ 0z, = 1. (1.5)

Clearly, this equation does not have any solution, i.e. none.

Consider m linear equations in n = 2 unknowns we assume that none of
this equations is a trivial equation, i.e. of the form (1.3) for n = 2. Assume
first that m = 1, i.e. we have one equation in two variables. Then the set of



solutions is a line in R%. So the number of solutions is infinite, many, and can
be parametrized by one real parameter.

Suppose next that m = 2. Then if the two lines are not parallel the system
of two equations in two unknowns has a unique solution. This is the generic
case, i.e. if we let the coefficients ai1, aq2, as1, ass to be chosen at random by
computer. (The values of by, by are not relevant.) If the two lines are parallel
but not the identical we do not have a solution. If the two lines are identical,
the system of solutions is a line.

If m > 3, then in general, (generically), we would not have a solution, since
usually three pairwise distinct lines would not intersect in one point. However,
if all the lines chosen were passing through a given point then this system is
solvable.

For more specific examples see [1, Chapter One, Section ]

1.1.2 Equivalent systems of equations

Suppose we have two systems of linear equation in the same number of vari-
ables, say n, but perhaps a different numbers of equations say m and m/
respectively. Then these two systems are called equivalent if the two systems
have the same set of solutions. I.e. a vector x € R" is a solution to one system
if and only if it is a solution to the second system.

Our solution of a given system boils down to find an equivalent system for
which we can easy determine if the system is solvable or not, and if solvable
we can describe easily the set of all solutions of this system.

A trivial example of two equivalent systems is as follows.

Example 1.1 Consider the system (1.2). Then the following new system
is equivalent to (1.2):

1. Add to the system (1.2) a finite number of trivial equations of the form
(1.3).

2. Assume that the system (1.2) has a finite number of trivial equations of
the form (1.3). Delete some of these trivial equations

The main result of this Chapter is that two systems of linear equations
are equivalent if and and only if each of the system is equivalent to another
system, where the final two systems are related by Example 1.1.

1.1.3 Elementary operations

Definition 1.2 The following three operations on the given system of lin-
ear equations are called elementary.

1. Change the order of the equations.

2. Multiply an equation by a nonzero number.



3. Add (subtract) from one equation a multiple of another equation.

Lemma 1.3 Suppose that a system of linear equations, named system II,
was obtained from a system of linear equations, named system I, by using a
sequence of elementary operations. Then we can perform a sequence of ele-
mentary operations on system II to obtain system I. In particular, the systems
I and II are equivalent.

Proof. It is enough to show the lemma when perform. We now observe that
all elementary operations are reversible. Namely performing one elementary
operation and then the second one of the same type will give back the original
system: change twice the order of the equations ¢ and j;, multiply equation ¢
by a # 0 and then multiply equation i by %; add equation j times a to equation
1 # 7 and subtract equation j times a to equation i # j.

Hence if x satisfies system I it satisfies system II and vice versa. a

1.1.4 Triangular systems

An example
Ty + 229 =5
2:61 + 3372 =8
Subtract 2 times row 1 from row 2. Hefferon notation: ps —2p; — ps. My
notations: Ry — 2R; — Ry, or Ry + Ry — 2R, or Ry — Ry — 2R;. Obtain a
new system
r1 + 2x9 =5
— T = —2
Find first the solution of the second equation: x, = 2. Substitute x5 to the first
equation: z; +2 x 2 =15 = 27 =5 — 4 = 1. Unique solution (x1,x2) = (1, 2).
A general triangular system of linear equations is the following system of
n equations in n unknowns:

a11r1 + apre + ... 4+ apx, = b1
—?- a/22‘x2 —|— —|— CZQn.Tn. = b2 (16)
AppTp = bn
with n pivots: a;; # 0, ase #0,...an, # 0.
Solve the system by back substitution from down to up:
bn,
Lp = —,
ann
— (-1 Tn + by
Tpy = —D) L (1.7)
(n—1)(n—-1)
v —@i(i41)Tig1 — - — UinTp + b;
1T CLZZ 9
t=n—2,..,1.



1.2 Matrix formalism for solving systems of linear equa-
tions

In this subsection we introduce matrix formalism which allows us to find an
equivalent form of the system (1.2) from which we can find if the system is
solvable or not, and if solvable, to find a compact way to describe the sets of
its solution. The main advantage of this notation is that it does not uses the
variables x1, ..., z, and easily adopted for programming on a computer.

1.2.1 The Coefficient Matrix of the system

Consider the system (1.2). The information given in the left-hand side of this
system can be neatly written in terms on m X n coefficient matrix

a1 a2 Q1n
921 929 o Qop

a=|" 2 (1.8)
Am1 Am2 Amn

We denote the set of all m xn matrices with real entries as R™*"™. Note that
the right-hand side of (1.2) is given by a column vector b := (b1, ba, ..., by,)".
Hence the matrix that describes completely the system (1.2) is called the
augmented matriz and denoted by [A|b], and sometimes (A|b).

a1 a12 e QAyp | b1
a1 a929 o Qop | bQ

[Afb] = | . : N (1.9)
am1 Am2 oo Qmn ’ bm

One can view an augmented matrix [A|b] as an m X (n + 1) matrix C.
Sometimes we will use the notation A for any m X p matrix. So in this context
A can be either a coefficient matrix or an augmented matrix, and no ambiguity
should arise.

1.2.2 Elementary row operations

It is easy to see that elementary operations on a system of linear equations
discussed in §1.1.3 are equivalent to the following elementary row operations
on the augmented matrix corresponding to the system (1.2).

Definition 1.4 (Elementary Row Operations-ERO) Let C' be given m X p
matriz. Then the following three operations are called ERO and denoted as
follows.

1. Interchange the rows © and j, where i # j

R; +— Rj, (pz — p])



2. Multiply the row i by a nonzero number a # 0

a X Rl — Ri, (Rl — a X Ri, ap; —r p])

3. Replace the row i by its sum with a multiple the row 5 # i

Ri—l—aXRj—)Ri, (RZ‘—>R¢+CLXR]', pi+apj—>pi).

The following lemma is the analog of Lemma 1.3 and its proof is similar.
Lemma 1.5 The elementary row operations are reversible. More precisely
1. R; <— Rj; is the inverse of R; +— R,

2. 1 X R; — R; is the inverse of a x R; — R;

3. R —a x R; — R; is the inverse of R; +a x R; — R,;.

1.2.3 Row Echelon Form

Definition 1.6 A matriz C' is in a row echelon form (REF) if it satisfies
the following conditions

1. The first nonzero entry in each row is 1. This entry is called a pivot.

2. If row k does not consists entirely of zeros, then the number of leading
zero entries in row k + 1 is greater than the number of leading zeros in
row k.

3. Zero rows appear below the rows having nonzero entries.

Lemma 1.7 FEvery matrixz can be brought to a REF using ERO.

m,p

Constructive proof of existence of REF. Let C' = [c;;];}_;.

When we modify the entries of C' by ERO we rename call this matrix C'!

0. Set ¢; =1and i=1.

1. If ¢;p, = 0 GOTO 3.

2. Divide row i by ¢y, iRZ — R;, (Note: ¢, = 1.)

a. Subtract ¢y, times row i from row j > 1. —cj, R + Rj — R; for
J=1+1,...,p

c. If {;=pori=m GOTO END

d. Seti=i4+1,ie. i+1—diand {; =0;_1 + 1.

f. GOTO 1.

3. If ey, = ... = ce—1ye, = 0, and cgp, # 0 for some k, i <k < m: R; < Ry,
GOTO 2.

4. l; +1—¢;. GOTO 1.



END
O

The steps in the constructive proof of Lemma 1.7 is called Gauss Elimina-
tion
Here are a few examples of REF.
1 a b c
01 d e
00 01

(1.10)

Note the REF of a matrix is not unique in general. For example by using
elementary row operation of the form R; —¢;;R; for 1 <14 < j one can always
bring the above matrix in the row echelon form to the following matrix in a
row echelon form.

10 f 0
01 g0 (1.11)
00 01
01 a b
001 c (1.12)
0000
Five possible REF of (a b ¢ d) (1 x 4 matrix):

(luvw) if a #0,

(0lpgqg) if a=0,b#0,
(001r) if a=b=0, c#0,
0001) if a=b=c=0, d#0,
(0000) if a=b=c=d=0.

Definition 1.8 Let U = [u;;] be an m x p matriz in a REF. Then the
number of pivots is called the rank of U, and denoted by rank U.

Lemma 1.9 Let U = [u;;] be an m X p matriz in a REF. Then

1. rank U = 0 if and only if U = 0.

2. rank U < min(m, p).

3. If m > rank U then the last m — rank U rows of U are zero rows.

Proof. Clearly, U does not have pivots if and only if U = 0. There are no
two pivots on the same row or column. Hence rank U < m and rank U < p.

Assume that r := rank U > 1. Then the pivot number j is located on the
row j in the column ¢;. So

1</t <...</{. <pis the column location of pivots, r = rank U.  (1.13)

Hence the last m — rank U rows of U are zero rows. |

10



Lemma 1.10 Let B be an m X p matrix and assume that B can be brought
to a row echelon matriz U. Then rank U and the location of the pivots in (1.13)
do not depend on a particular choice of U.

Proof. We prove the lemma by induction on p where m is fixed. For

= 1 we have two choices. If A =0 then U =0 and »r = 0. If A # 0 then

U=(1,0,...,0)",r = 1,¢; = 1. So the lemma hods for p = 1. Suppose that
——

the lemma holds for p = g and let p = ¢ + 1. So B = [C|c] where B is m X p
matrix and ¢ € R™. Let U = [V|v] be a REF of B. Hence V' is a row echelon
form of C'. By the induction assumption, the number of pivots r’ of V' and
their column location depend only on C, hence on B. If the last m — 7’ rows
of U are zero, i.e. rankU = rankV = ¢’/ then U has r’ pivots located in the
columns {1,...,p — 1} and the induction hypothesis implies that the location
of the pivots and their number depends only on B. Otherwise C' must have
an additional pivot on the column p located at the row ' +1 = rank U. Again
the number of the pivots of U and their location depends only on C'. O

Definition 1.11 Let B be an m X p matriz. Then the rank of B, denoted
by rank B, us the number of pivots of a REF of B.

1.2.4 Solution of linear systems

Definition 1.12 Let A := [A|b] be the augmented m x (n + 1) matriz
representing the system (1.2). Suppose that C' = [C|c] is a REF of A. Assume
that C' has k-pivots in the columns 1 < t1 < ... < ¥, < n. Then the variable
Ty, ..., Ty corresponding to these pivots are called the lead variables. The
other variables are called free variables.

Recall that f : R" — R is called an affine function if f(x) = a1z1+. . .+a,x,+b.
f is called a linear function if b = 0. The following theorem describes exactly
the set of all solutions of (1.2).

Theorem 1.13 Let A := [A|b] be the augmented m x (n + 1) matriz rep-
resenting the system (1.2). Suppose that C = [Clc] be a REF of A. Then
the system (1.2) is solvable if and only if C' does not have a pivot in the last
column n + 1.

Assume that (1.2) is solvable. Then each lead variable is a unique affine
function in free variables. These affine functions can be determined as follows.

1. Consider the linear system corresponding to C. Move all the free vari-
ables to the right-hand side of the system. Then one obtains a triangular
system in lead variables, where the right-had side are affine functions in
free variables.

2. Solve this triangular system by back substitution.

11



In particular, for the solvable system we have the following alternative.
1. The system has a unique solution if and only if there are no free variables.

2. The system has many solutions, (infinite number), if and only if there is
at least one free variable.

Proof. We consider the linear system equations corresponding to C. As
ERO on A correspond to EO on the system (1.2) it follows that the system
represented by Cis equivalent to (1.2). Suppose first that C has a pivot in the
last column. So the corresponding row of C' which contains the pivot on the
column n + 1 s (0,1...,0,1)". The corresponding linear equation is of the
form (1.5). This equation is unsolvable, hence the whole system corresponding
to C' is unsolvable. Therefore the system (1.2) is unsolvable.

Assume now that C' does not have a pivot in the last column. Move all the
free variables to the right-hand side of the system given by C. Itisa triangular
system in the lead variables where the right-hand side of each equation is an
affine function in the free variables. Now use back substitution to express each
lead variable as an affine function of the free variables.

Each solution of the system is determined by the value of the free variables
which can be chosen arbitrary. Hence, the system has a unique solution if and
only if it has no free variables. The system has many solutions if and only if
it has at least one free variable. |

Consider the following example of C:

1 0

1| 4 (1.14)
1 5

x1, X9, x4 are lead variables, x3 is a free variable.

-774:5)
To+3r3+xs=4=>29=-313—24+4=
$2:—3I3—1,

1 — 209+ 3w3+ —x4=0= 11 =229 — 303+ 24 =2(—323— 1) — 323+ 5 =
ZIZ1:—9C(73+3.

1.2.5 Reduced row echelon form

Among all row echelon forms U of a given matrix C' there is one special REF
which is called reduced row echelon form denoted by RREF.

Definition 1.14 Let U be a matriz in a row echelon form. Then U is an
RREF if 1 is a pivot on the column k of U then all other elements on the
column k of U are zero.

12



Here are two examples of 3 x 4 matrices in RREF

10b 0 010 b
01do|, [00T1 ¢
0001 0000

Bringing a matrix to RREF is called Gauss-Jordan reduction.
Here is a constructive algorithm to find a RREF of C'.

Gauss-Jordan algorithm for RREF.

Let C = [Cij]m@

i=j=1-
When we modify the entries of C' by ERO we rename call this matrix C'

0. Set /, =1and 7=1.

1. If ¢y, = 0 GOTO 3.

2. Divide row i by ¢, %RZ — R;, (Note: ¢, = 1.)

a. Subtract ¢, times row i from row j #i: —cjy, R + Rj — R, for
j=1,...,i—1,i+1,...,p.

c. If ¢;=pori=m GOTO END

d. Seti=i+1,ie. i+1—diand {; =0;_1 + 1.

f. GOTO 1.

3. If ¢y, = ... = ce—1ye, = 0, and ¢y, # 0 for some k, i <k <m: R; < Ry,
GOTO 2.

4. l;+1—¢;. GOTO 1.

END

The advantage in bringing the augmented matrix A = [A|b] to RREF C
is that if (1.2) is solvable then its solution is given quite straightforward using
C. We need to use the following notation.

Notation 1.15 Let S and T be a subsets of a set X. Then the set T\ S
is the set of elements of T which are not S. (T \ S may be empty set.)

Theorem 1.16 Let A := [A|b] be the augmented m x (n + 1) matriz rep-
resenting the system (1.2). Suppose that C' = [C|c] be a RREF of A. Then
the system (1.2) is solvable if and only if C' does not have a pivot in the last
column n + 1.

Assume that (1.2) is solvable. Then each lead variable is a unique affine
function in free variables determined as follows. The leading variable x4, ap-
pears only in the equation i, for 1 < i < r = rankA. Shift all other variables
in the equation, (which are free variables), to the other side of equation to
obtain xy, as an affine function in free variables.

Proof. Since RREF is a row echelon form, Theorem 1.13 yields that (1.2)
is solvable if and only if C' does not have a pivot in the last column n + 1.

13



Assume that C' does not have a pivot in the last column n + 1. So all the
pivots of C' appear in C. Hence rankA = rank C' = rank C' = rank A(=r).
The pivots of C' = [¢;;] € R™*™ are located at row ¢ and the column ¢;, denote
as (i,¢;), fori =1,...,r. Since C is also in RREF, in the column ¢; there is
only one nonzero element which is equal 1 and is located in the row i.

Consider the system of linear equations corresponding to C , which is equiv-
alent to (1.2). Hence the lead variable ¢; appears only in the ¢ — th equation.
Left hand-side of this equation is of the form z,, plus an linear function in
free variables whose indices are greater than x,,. The right-hand is ¢;, where
c = (c1,...,6n)". Hence by moving the free variables to the right-hand side
we obtain the exact form of x,.

= — Z cijxy, fori=1,...r (1.15)

]e{elizl—’—laﬂm}\{]fl 7j£21'“)j£r}

Xy

(So {l;i,¢; + 1,...,m} consist of m — ¢; + 1 integers from j, to m, while

{Jers Jegs - - -+ Jo, } consist of the columns of the pivots in C.) O
Example
10b0 ]| u
01do]| v
0001 w

T1, To, T4 lead variables xs free variable

1+ brs =u= 1, = —brs + u,
To+drs =v= 19 = —dr3+ v,

Ty = W.

Definition 1.17 The system (1.2) is called homogeneous if b = 0, i.e.
by =...=b, =0. A homogeneous system of linear equations has a solution
x = 0, which is called a trivial solution.

Let A be a square n X n. A is called nonsingular if the corresponding
homogeneous system of n equations in n unknowns has only solution x = 0.
Otherwise A is called singular.

Theorem 1.18 Let A be an m x n matriz. Then it RREF is unique.

Proof. Let U be a RRREF of A. Consider the augmented matrix A =
[A]0] corresponding to the homogeneous system of equations. Clearly U =
[U7|0] is a RREF of A. Put the free variables on the other side of the homo-
geneous system corresponding to U to find the solution of the homogeneous
system corresponding to 121, where each lead variable is a linear function of the
free variables. Note that the exact formulas for the lead variables determine
uniquely the columns of the RREF which correspond to the free variables.

14



Assume that U; is another RREF of A. Lemma 1.10 yields that U and U,
have the same pivots. Hence U and U; have the same columns which corre-
spond to pivots. By considering the homogeneous system of linear equations
corresponding to U; = [[1]0] we find also the solution of the homogeneous sys-
tem A, by writing down the lead variables as linear functions in free variables.
Since U and U, give rise to the same lead and free variables, we deduce that
the each linear function in free variables corresponding to a lead variable xy,
corresponding to U and U; are equal. That is the matrices U and U; have the

same row ¢ for = 1,..., rank A. All other rows of U and U; are zero rows.
Hence U = U;. O

Corollary 1.19 A € R™™" is nonsingular if and only if rank A = n, i.e.
the RREF of A is the identity matriz

1 0 .00
0o 1 .0 0

Ly=1|. . .. € R™™, (1.16)
0 0 0 1

Proof. A is nonsingular if and only if no free variables. So rank A = n and
the RREF is I,. O

1.3 Operations on vectors and matrices
1.3.1 Operations on vectors

Vectors: Row Vector (z1,x9,...,7,) is 1 X n matrix. Column Vector u =
Uy

U2
is m x 1 matrix. For convenience of notation we denote column
um
vector u as u = (U1, Us, ..., Up) .

The coordinates of a vector and real numbers are called scalars. In these
notes scalars are denoted by small Latin letters, while vector are in a differ-
ent font: a,b,c,d,x,y,z,u,v,w are vectors, while a,b,c,d, x,y, z,u,v,w are
scalars.

The rules for multiplications of vector by scalars and additions of vectors
are:

a(xy,...,x,) == (axy, ..., axy),

(‘rh ) (yh‘ ;yn> =
(x1+y1,-- Ty + Yn).

15



The set of all vectors with n coordinates is denoted by R", usually we will view
the vectors in R™ as column vectors. The operations with column vectors are
similar as with the row vectors.

Uy

U2
au

Um

Uy U1
U2 V2
Um Um

Uy + 1
Ug + Vo

Up, + U,

The zero vector 0 has all its coordinate 0. —x = (—=1)x := (=21, ..., —Zy),
X+ (—x)=x—x=0.

1.3.2 Application to solutions of linear systems

Theorem 1.20 Consider the system (1.2) of m equations with n unknowns.
Then the following hold.

1. Assume that (1.2) is homogeneous, i.e. b = 0. If x and y are solutions
of a homogeneous system then sx,x+y, sX+ty are solutions of this ho-
mogeneous system for any scalars s,t. Suppose furthermore that n > m.
Then this homogeneous system has a nontrivial solution, i.e. a solution

x # 0.

2. Assume that (1.2) is solvable. Let Xq is a solution of nonhomogeneous
(1.2). Then all solutions of (1.2) are of the form xo + x where x is the
general solution of the homogeneous system corresponding to (1.2) with

b =0.

In particular the general solution of (1.2) obtained by reducing A toa
REF is always of the following form

n—rank A

Jj=1

q := n —rank A is the number of free variables. (So g > 0.) Here X,
is obtained by letting all free variables to be zero, (if ¢ > 0). Rename
the free variables of (1.2) as ty,...,t,. Then c; is the solution of (1.2)
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obtained by solving the homogeneous system corresponding to [A|0], by
setting the free variable t; to be 1 and all other free variables be 0 for

17=1,...,q.
Hence (1.2) has a unique solution if and only if ¢ = 0, which implies
that m < n.

Proof. Consider the homogeneous system corresponding to [A]|0]. Assume
that x,y are solutions. Then it is straightforward to see that sx and x +y
are also solutions. Hence sx + ty is also a solution.

Suppose now that (1.2) is solvable and xq is it solution. Assume that
y is a solution of (1.2). Then it is straightforward to show that x := y —
Xy is a solution to homogeneous system corresponding to [A]|0]. Vice versa
if x is a solution to homogeneous system corresponding to [A|0] then it is
straightforward to see that x¢ 4+ x is a solution to (1.2).

To find a general solution of (1.2) bring the augmented matrix [Ab] to a
REF [U|d]. The assumption that the system is solvable means that d does not
have a pivot. Set all free variables to be 0. Solve the triangular system in lead
variables to obtain the solution x43. The general solution of the homogeneous
system corresponding to [A|0] is the general solution of the homogeneous sys-
tem corresponding to [U|0]. Now find the general solution by shifting all free
variables to the right hand-side and solve the lead variables as linear func-
tions in free variables ¢y, ...,t,. This solution is of the form 23:1 tic;. It is
straightforward to see that c; can be obtained by finding the unique values of
lead variables when we let ¢; = 1 and all other free variables are set to 0.

Finally, xq is a unique solution if and only if there are no free variables. So
we must have that m > n. O

1.3.3 Products of matrices with vectors

Recall the definition of the scalar product in R3:
(w1, ug,u3) - (21, T, T3) = UrT1 + UpTy + U3T3.

We now define the product of a row vector with a column vector with the same
number of coordinates:

.
u x = (ug ug...uy) ) = w Ty + UsTo + ... + URTy,.
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Next we define the product of m x n A and column vector x € R™:

a1 ai12 cee Q1np I

21 22 -e Qop Hop)
Ax= | | . . | =

A1 Am2 e Qmp Tn

a111 + aj9T9 + ... + a1p,Ty
211 + a29T9 + ...+ A2, Ty

e R™.
Am1T1 + Q2T + ... + AppTyp
The system of m equations in n unknowns (1.2)
aj1r; + Qexs + ...+ ApTy = b1
a21T1 + Q922%9 + ... + QopTy = b2
Am1T1 + Qa2 + .+ AppTp = bm
can be compactly written as
Ax =b. (1.18)

A is an m X n coefficient matrix, x € R” is the columns vector of unknowns
and b € R™ is the given column vector.
It is straightforward to see that for A € R™*" x,y € R", s,t € R we have

Ax+y)=Ax + Ay, (1.19)
A(sx) = s(Ax), (1.20)
A(sx +ty) = s(Ax) + t(Ay). (1.21)

With these notations it is straightforward to see that any solution of (1.18) is
of the form x = xy + y where Axy = b and Ay = 0. Moreover if y, z satisfy
the homogeneous system Ay = Az = 0 then

A(sy + tz) = s(Ay) + t(Az) = s0 +t0 = 0.

This observation gives a simple proof of Theorem 1.20.

1.3.4 Row equivalence of matrices

Definition 1.21 Let A, B € R™"™. B iss called row equivalent to A,
denoted by B ~ A, if B can be obtained from A using EFRO.

Theorem 1.22 Let A, B € R™*"™. Then
1. B~A << A~B
2. B~ Aif and only if A and B have the same RREF.
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Proof. Since ERO are reversible we deduce 1. Suppose that B ~ A. Use
ERO to bring B to A. Now use ERO to bring A to RREF, which is a matrix
C'. Since RREF is unique it follows that B has C as is RREF.

Vice versa suppose that A and B have the same RREF C. First use ERO
on B to bring it to C. Now bring C' using ERO to A. So we obtained A from
B using ERO. a

2 Vector Spaces

2.1 Definition of a vector space

A set V is called a vector space if:
I. For each x,y € V, x +y is an element of V. (Addition)
II. For each x € V and a € R, ax is an element of V. (Multiplication by
scalar)

The two operations satisfy the following laws:
X +y =y + X, commutative law.
(x+y)+z=x+(y+z), associative law.
x + 0 = x for each x, neutral element 0.
X + (—x) = 0, unique anti element.
a(x +y) = ax + ay for each x,y, distributive law.
(a+ b)x = ax + bx, distributive law.
(ab)x = a(bx), distributive law.
1x = x.

PN OO W

Lemma 2.1 Let V be a vector space. Then 0x = 0.

Proof. 0x = (0 + 0)x = 0x + 0x = 0 = 0x — 0x = Ox. O

2.2 Examples of vector spaces

1. R - Real Line.

2. R? = Plane.

3. R? - Three dimensional space.
4. R™ - n-dimensional space.

5. R™*™ - The space of m X n matrices.
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Here we add two matrices A = [a;;], B = [b;;] € R™*" coordinatewise.

a1 + b11 ai12 + b12 A1p + bln
A4 B az1 + ba1 () + bao Q2n + bon,
Am1 + bml Am2 + me o Amn + bmn

Also bA := [ba;;]. The zero matrix 0,,x,, also simply denoted as 0, is an m x n
matrix whose all entries are equal to O:

0 0 0

0 0 0
OanZOZ .

0 0 0

So —A = —(a;) == (—a;;) = (-1)Aand A+ (-A) =A—-A=0, A—-B =
A+ (=DB).

6. P, - Space of polynomials of degree at most n: P, = {p(x) = a,z™ +
Un_oT" 2 + ... + a1 + ag}. The neutral element is the zero polynomial.

7. Cla, b] - Space of continuous functions on the interval [a, b]. The neutral
function is the zero function.

Note. The examples 1 - 6 are finite dimensional vector spaces. 7 - is
infinite dimensional vector space.

2.3 Subspaces

Let V be a vector space. A subset W of V is called a subspace of V if the
following two conditions hold:

a. Forany x,y e W=x+4+y e W,

b. Foranyx e W, a e R = ax € W.

Note: The zero vector 0 € W since by the condition a: for any x € W one
has 0 = 0x € W.

Equivalently: W C V is a subspace <=~ W is a vector space with respect
to the addition and the multiplication by a scalar defined in. V. The following
result is strightforward.

Proposition 2.2 The above conditions a. and b. are equivalent to one
condition: If x,y € U then ax + by € U for any scalars a, b.
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Every vector space V has the following two subspaces:
1. V.

2. The trivial subspace consisting of the zero element: W = {0}.

2.4 Examples of subspaces
1. R? - Plane: the whole space, lines through the origin, the trivial subspace.

2. R3 3-dimensional space: the whole space, planes through the origin, lines
through the origin, the trivial subspace.

3. For A € R™*" the null space of A, denoted by N(A), is a subspace of R"
consisting of all vectors x € R™ such that Ax = 0.
Note: N(A) is also called the kernel of A, and denoted by ker A. (See below

the explanation for this term.)

4. For A € R™ " the range of A, denoted by R(A), is a subspace of R™ con-
sisting of all vectors y € R™ such that y = Ax for some x € R". Equivalently
R(A) = AR™.

Note: In 3. and 4. A is viewed as a transformation A : R" — R™: The
vector x € R" is mapped to the vector Ax € R™ (x — Ax.) So R(A) is
the range of the transformation induced by A and N(A) is the set of vectors
mapped to zero vector in R™.

2.5 Linear combination & span

For v{,...,vy € V and aq,...,a; € R the vector a,;vy + asvy + ... + apVvy is
called a linear combination of vy, ..., v,. The set of all linear combinations of
Vi, ..., Vg is called the span of vy, ..., v, and denoted by span(vy, ..., vg).

Proposition 2.3 span(vy,...,vg) is a linear subspace of V.
Proof. Assume that x,y € span(vy, ..., vg). Then
X=a1Vy+ ... +apXp, Yy =b1vi + ...+ bpvg.

Hence sx + ty = (say + tby)vi + ... + (sax + tby)vg. Thus sx + ty €
span(vy, ..., Vi). |

We will show that all subspaces in a finite dimensional vector spaces are
always given as span(vy, ..., vi) for some corresponding vectors vy, ..., vy.
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Examples.

1. Any line through the origin in 1, 2,3 dimensional space is spanned by any
nonzero vector on the line.

2. Any plane through the origin in 2,3 dimensional space is spanned by any
two nonzero vectors not lying on a line, i.e. non collinear vectors.
3. R3 spanned by any 3 non planar vectors.

In the following examples A € R™*",

4. Consider the null space N(A). Let B € R™*™ be the RREF of A. B has p
pivots and k := n — p free variables. Let v; € R" be the following solution of
Ax = 0. Let the ¢ — th free variable be equal to 1 while all other free variables
are equal to 0. Then N(A) = span(vy, ..., vg).

5. Consider the range R(A), which is a subspace of R™. View A = [c;...c,] as a
matrix composed of n columns ¢y, ...,c, € R™. Then R(A) = span(cy, ..., ).

Proof. . Observe that for x = (1, ...,7,)T one has Ax = z;c¢; + 9o +
cee T XpCypy. O

Corollary 2.4 The system Ax = b is solvable <= b is a linear combi-
nation of the columns of A.

Problem. Let vy,...,viy € R". When b € R” is a linear combination of
Vi, ..oy Vk?

Answer. Let C := [vy vy... vi] € R™*. Then b € span(vy,...,v;) <= the
system Ay = b is solvable.

Example. v; = (1,1,0)", v, = (2,3, -1)T, vz = (3,1,2),x = (2,1, )T,y =
(2,1,0)T € R3. Show x € W := span(vy,vs,v3),y € W.

2.6 Spanning sets of vector spaces

V1, ..., Vi is called a spanning set of V. <= V = span(vy, ..., vg).

Example: Let Vyen, Voaa C Py be the subspaces of even and odd polynomi-
als of degree 4 at most. Then V., = span(1, 22, z%), Vqq = span(z, 2°).

Example: Which of these sets is a spanning set of R3?
a. [(1,1,0)T, (1,0, 1)T],

b. [(1,1,0)%, (1,0, )T, (0,1, —-1)"],

c. [(1,1,0)T,(1,0,1)T, (0,1,—1)7, (0, 1,0)7].
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Theorem 2.5 vy, ..., vy is a spanning set of R <= k > n and REF of
A = [vy vo..vi] € R™F has n pivots.

Proof. Suppose that U is REF of A. If U has n pivots than REF of [A|b]
is [U]c]. Since U has n pivots, one in each row, [U|c| does not have a pivot in
the last column. So the system Ax = b is solvable for each b. Hence each b
is a linear combination of the columns of A, i.e. span(vy,...,vy) = R". Vice
versa, suppose U does not have n pivots. So there exists ¢ € R" such that
[U|c] has a pivot in the last column. Hence the system Ux = c is not solvable.
Since U is row equivalent to A, we can use ERO to bring U to A. Use these
elementary operations to bring [Ulc] to [A|b]. Hence the system Ax = b is

not solvable, i.e. b is not a linear combination of vy, ..., vy.
Finally observe that if U has n pivots than k£ > n. So necessary condition
that span(vy,...,vg) =R"is k > n. O

Lemma 2.6 Letvy,..., vy € V and assume v; € W := span(vy, ..., Vi_1, Vit1, ..., Vg).
Then span(vy, ..., vg) = W.

Proof. Assume for simplicity that ¢ = k. Suppose that vy, = a;vy + ...+
arVi—1 Then

bivi+ ... +bp_1Vi_1 + bpvy = (bl + bkal)vl + ... (bkz—l + bkak_l)vk_l.

Corollary 2.7 Let vy,...,v, € R™. Form A = [v] va...v,] € R™™,
Let B € R™™ be REF of A. Then span(vy, ..., v,,) is spanned by vj,, ..., V;
corresponding to the columns of B at which the pivots are located.

T

Proof. Assume that z; is a free variable. Set x; = 1 and all other free

variables are zero. We obtain a nontrivial solution a = (ay,...,a,)" such
that a; = 1 and a; = 0 if z; is another free variable. Aa = 0 implies that
v; € span(vj,,...,Vj.). O

Corollary 2.8 Let A € R™ " and assume that B € R™*™ be REF of A.
Then R(A), the column space of A, is spanned by the columns of A correspond-
ing to the columns of B at which the pivots are located.

2.7 Linear Independence

Vi,...,V, € V are linearly independent <= the equality ayvi + asvsy + ... +
a,v,0 implies that a; = ay = ... = a,, = 0.

Equivalently vy, ..., v,, € V are linearly independent <= every vector in
span(vy, ..., v,,) can be written as a linear combination of vy, ..., v,, in a unique
(one) way.
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Vi, ...,V € V are linearly dependent <= vy,...,v,, € V are not linearly
independent.

Equivalently vy,...,v,, € V are linearly dependent <= there exists a
nontrivial linear combination of vy, ..., v,, which equals to zero vector: a;vy +
.t a,v, =0 and |ag| + ... + |an| > 0.

Lemma 2.9 The following statements are equivalent
1. vi,...,v, lin.dep.
2. v; € W = span(vy, ..., Vi 1, Vii1, ..., V) for some i.

Proof. , 1. =(ii). ayvi+...+a,v, = 0 for some (ai,...,a,)" # 0. Hence
a; # 0 for some 7. So v; = ;—il(alvl + .t 1Vic F i Vier - apVy).

2. =) vi=avi+ ...+ a; Vi1 + @i Vig1 + ..+ ap vy So avy + .+
a;_1Vi_1+ (—1)Vz + A;+1Vit+1 +...+a, vy, = 0 a

Proposition 2.10 Let vy,...,v, € R™. Form A = [vi..v,] € R™".
Then vi,...,v, are linearly independent. (l.e <= Ax = 0 has only the
trivial solution. <= REF of A has n pivots).

Proof. Observe that vy + ...+ z,v,, = 0 <= Ax = 0, where
x = (x1,...,7,)". The second part of the proposition follows from the theo-
rem on solution of the homogeneous system of equations. O

2.8 Basis and dimension

Definition 2.11 vy,...,v,, form a basis in V if vy, ..., v, are linearly in-
dependent and span V.

Equivalently: vy, ..., v,, form a basis in V if and only if ny vector in V can
be expressed as a linear combination of vy, ..., v, in a unique way.

Theorem 2.12 Assume that vy, ..., v, spans V. Then any collection of m
vectors Uy, ..., W, € V, such that m > n is linearly dependent.

Proof. Let u; = a1;vi+ ...+ anjvy,j =1,...,m Let A = (a;;) € R™™.
Homogeneous system Ax = 0 has more variables than equations. It has a
free variable, hence a nontrivial solution x = (z1,...,2,)" # 0. It follows
Ty + ... + ru,, = 0. O

Corollary 2.13 If [vy,...,v,] and [uy,...,u,,] are bases in 'V then m = n.

Definition 2.14 V is called n-dimensional, if V has a basis consisting of
n -elements. The dimension of V is n, which is denoted by dim V.
The dimension of the trivial space {0} is 0.
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Theorem 2.15 Let dim'V =n. Then
1. Any set of n linearly independent vectors vi,...,v, is a basis in V.

2. Any set of n vectors vi,...,v, that span 'V is a basis in V.

Proof. 1. Let v € V. Theorem 2.12 implies vy,...,v,, Vv lin.dep.: a;vy +
oot apvy, +av =0,(ar,...,a,,a)" # 0. If a = 0 it follows vy,...,v, are
lin.dep. Contradiction! So v = =t(a1vy + ... + a,vy).

2. Need to show vy, ..., v, lin.ind. If not Lemmas 2.9 and 2.6 imply that
V spanned by n — 1 vectors. Theorem 2.12 yields that vy, ..., v, are linearly

dependent. This contradicts that V' has n lin. ind. vectors. O

Lemma 2.16 (Prunning Lemma). Let vy, ..., v, be vectors in a vector
space V. Let W = span(vy,...,v,). If vi=...=v, =0 then W = {0} and
dim W = 0. Otherwise there exists k € [n] and integers 1 < j; < ... <jr <n

such that v;,,...,v;, is a basis in W.

Proof. It is enough to consider the case where not all v, = 0. If vy,... v,
are linearly independent then vyq,...,v, is a basis in W. So k =n and j; =1
for i € [n].

Suppose that vy, ..., v, are linearly dependent. by Lemma 2.9 there exists
i € [n| such that v; € U := span(vy,...,V;_1,Vit1,...,V,). Hence U = W.
Continue this process to conclude the lemma. O

Lemma 2.17 (Completion lemma) Let V be a vector space of dimen-
sionm. Let vy,...,v, € V ben linearly independent vectors. (Hence m > n.)
Then there exist m —n vectors Vaii,...,Vy, such that vi,...,v,, is a basis in

V.

Proof. If m = n then by Theorem 2.15 vy, ..., v, is a basis. Assume that
m > n. Hence by Thm 2.15 W := span(vy,...,v,) # V. Let v,,,; € V and
Vor1 € W. We claim that vy, ..., v, are linearly independent. Suppose that
avi+...+a,41Var1 = 0. If a1 # 0 then vy = — (avi+...+a,vy,) €

. . . An+1
W, which contradicts our assumption. So a,.1 = 0. Hence a1vi+...+a,v, =
0. As vyq,...,v, are linearly independent a; = ... =a, = 0. So vy,..., Vi1
are l.i. Continue in this manner to deduce the lemma. O

Theorem 2.18 Let dim'V =n. Then:
1. No set of less than n vectors can span V.
2. Any spanning set of more than n vectors can be paired down to form a

basis for V.
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3. Any subset of less than n linearly independent vectors can be extended to

basis of V.
Proof.

1. If less than n vectors span V, V can not have n lin. ind. vectors.
2. See Pruning Lemma.
3. See Completion Lemma. O

2.9 Row and column spaces of matrices

Definition 2.19 Let A € R™*™,

1. Letry,...,r, € R be the m rows of A. Then the row space of A is
span(ry, ..., T,), which is a subspace of R*".

2. Let cqi,...,c, € R™ be the n columns of A. Then the column space of A
is span(cy, . .., Cp), which is a subspace of R™ = R™*1,

Proposition 2.20 Let A, B € R™*" and assume that A ~ B. Then A
and B have the same row spaces.

Proof. We can obtain B from A

ERO ERO ERO ERO
AT A TS A, TSR AL ST

B

using a sequence of ERO. It is left to show that each elementary row operation
doe not change the row space. Clearly, as each row of C':= FROA is a linear
combination of the rows of A. Hence the row space of C' is contained in the
row space of A. On the other hand since A = ERO~'C, where ERO™! is the
elementary row operation which is the inverse to F RO, it follows that the row
space of C' contains the row space of A. Hence C' and A have the same row
space. Therefore A and B have the same row space. O

Recall that the column space of A can be identified with the range of A,
denoted by R(A). The row space of A can be identified with R(A").

Let A € R™"™ and let B be its REF. Recall that the rank of A, denoted
by rank A is the number of pivots in B, which is the number of nonzero rows
in B.

Theorem 2.21 Let A € R™*"™. Then

1. A basis of the row space of A, which is a basis for R(AT), consists of
nonzero rows in B. dim R(AT) = rank A is number of lead variables.

2. A basis of column space of A consists of the columns of A in which the
pwots of B are located. Hence dimR(A) = rank A.
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3. A basis of the null space of A is obtained by letting each free variable
to be equal 1 and all the other free variable equal to 0, and then finding
the corresponding solution of Ax = 0. The dimension of N(A), called
the nullity of A, is the number of free variables: nul A := dim N(A) =
n —rank A.

Proof. 1. Two row equivalent matrices A and C' have the same row space.
(But not the same column space!)

2. Assume that the lead variables are z;,,...,z;, where 1 < j; < ... <
Jr < nand k = rank A. From Corollary 2.7 if follows the the column space
of A is spanned by cj,,...,c;,. Suppose that a Zle xj,¢;, = 0. This means
that we have a solution to Ax = 0 where all free variables are 0. Hence x = 0,
ie. ¢j,...,cj are linearly independent. Hence c;,,...,c;, is a basis in the
column space of A.

3. Let x;,,...,2;,_,, where 1 < ¢ < ... < 1,_ < n, be all the free vari-
ables of the system Ax = 0. For each z;; let x; be the solution of Ax = 0
where we let z;; = 1 and all other free variables be zero. Then the general
solution of Ax = 0 is of the form Z;:lk 7;,X;. So N(A) = span(xy, ..., X,—k).
It is left to show that xi,...,X,_; are linearly independent. Suppose that
Yy =W,y = Z;:lk 7, x; = 0. Note that in the i; coordinate of y is
Ty Since y = 0 we deduce that z;; = 0. Hence each free variable is zero, i.e.
X1,...,X,_k are linearly independent. O

k

2.10 An example for a basis of N(A)

Consider the homogeneous system Ax = 0 and assume that the RREF of A is
: by B — 120 3

BVERDY B =119 0 1 -5

Bx =0 is the system

ry + 2ZE2 + 31‘4:0
rs — 5ZL‘4:0

Note that xq,x3 are lead variables and x5, x3 are free variables. Express
lead variables as functions of free variables: x1 = —2x9 — 314, 3 = by

First set 9 = 1,24 = 0 to obtain 21 = —2, 23 = 0. So the whole solution
isu=(-2,1,0,0)" Second set z = 0,74 = 1 to obtain x; = —3, 24 = 5. So
the whole solution is v = (—3,0,5,1)". Hence u,v is a basis in N(A).

2.11 Useful facts

a. The column and the row space of A have the same dimension. Hence
rank AT = rank A.

b. Standard basis in R™ are given by the n columns of n x n identity matrix
I,.
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e; = (1,0)",e; = (0,1)7 is a standard basis in R% e; = (1,0,0)", e, =
(0,1,0)7,e3 = (0,0,1)" is a standard basis in R

C. Vi,V ..,v, € R" form a basis in R" <= A := [vy vs...v,;] has n
pivots.

d. vi,...,vp € R™.

Question: Find the dimension and a basis of V := span(vy, vy, ..., V).

Answer: Form a matrix A = [v; vy...v;] € R™* Then dim V = rank A.
Let B be a REF of A. Then the vectors v; corresponding to the columns of
B, where the pivots are located form a basis in V.

2.12 The space P,

To find the dimension and a basis of a subspace in P,, One corresponds to each
polynomial p(r) = ag + a1x + ... + a,z" the vector (ag, ay, . ..,a,) € R" and
treats these problems as corresponding problems in R**!

2.13 Sum of two subspaces

Definition 2.22 For any two subspaces U, W C V denote U + W :=

{v:i=u+w, ueUwe W}, where we take all possible vectors u € U,w €

Theorem 2.23 Let V be a vector space and U, W be subspaces in V.
Then
(a) U+ W and UNW are subspace of V.
(b) Assume that V is finite dimensional. Then

1. U W, UNW are finite dimensional Let | = dmU NW > 0,p =
dimU >1,¢g=dimW > 1

2. There exists a basis in vy,...,Vy in U+ W such that vi,...,v; is a
basis in UNW, vy,...,v, a basis in U and vi,..., V), Vpi1, ..., Vprgai
18 a basis in W.

3. dim(U+ W) =dimU+dimW —dimUNW

Identity #(AUB) = #A+#B — #(AN B) for finite sets A, B is analogous
to 3. Proof.
(a) 1. Let u,w € UNW. Since u,w € U it follows au + bw € U. Similarly
au+ bw € W. Hence au+bw € UN'W and UNW is a subspace.
(a) 2. Assume that uj,uy € U, wy,wy € W. Then a(u; +wy) +b(uy +wy) =
(au; + buy) + (awy + bwy) € U + W. Hence U + W is a subspace.
(b) 1. Any subspace of an m-dimensional space has dimension m at most.
(b) 2. Let vy,...,v; be a basis in UN'W. Complete this linearly independent
setin U and W toabasis vy,...,vyin Uand abasis vi, ..., v, Vpi1,. .., Vpiga
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in W. Hence any for any u € U,w € W u+w € span(vy,...,v,,). Hence
U+ W =span(vy, ..., Vpig_1)-

We show that vy,..., vy, lin.ind. . Suppose that a;vi+. . .4+ap1q—i1Vprq—i =
0. Sou := vy +...apVp = —Apy1Vpi1 + ... — Qprg—1Vprq—1 ‘= W. Note
ue UweW. Sow € UNW. Hence w = bjvy + ...+ byv,. Since
Vi, VI, Vpid, o o5 Vpgg linidnd. apy1 = .. aprgy = b1 = ... =0 = 0. So
w =0 =u. Since vy,...,v, li. a1 = ... = a, = 0. Hence vi,...,Vpiq
lin.ind.
(b) 3. Note that from (b) 2 dim(U+ W) =p+q—1. O

Observe U+ W =W + U.

Definition 2.24 . The subspace X := U + W s called a direct sum of
U and W, if any vector v.€ U+ W has a unique representation of the form
v=u+w, where u € U,w € W. Equivalently, if u; + w, = us + Wo, where
u,up € U wy,wy € W, then u; = Uy, vy = Vo,

A direct sum of U and W is denoted by U & W

Proposition 2.25 For two finite dimensional vectors subspaces U, W C
V TFAFE (the following are equivalent):
(a) U+ W =UasW
(b)) UNW = {0}
(¢)dmUNW=0
(d) dim(U + W) = dim U + dim W
(e) For any bases uy, ..., uy,, Wq,..., W, in U, W respectivelyuy, ..., u,, Wy,..., W,
15 a basis in U+ W.

Proof. Straightforward. O

Example 1. Let A € R™" B € R™". Then N(A) N N(B) = N(( g ))

Note x € N(A) N N(B) <= Ax=0= Bx.
Example 2. Let A € R™" B € R™!. Then R(A) + R(B) = R((A B)).
Note R(A) + R(B) is the span of the columns of A and B

2.14 Sums of many subspaces

Definition 2.26 Let Uq,..., U, be k subspaces of V. Then X := U; +
...+ Uy is the subspace consisting all vectors of the form u; + ug + ... + uy,
wherew; € U, =1,... k. Uy+...+Uy is called a direct sum of Uy, ..., Uy,
and denoted by ®F_U; := U, @ ...® Uy, if any vector in X can be represented
n a unique way as Uy + Us + ...+ ug, wherew; € Uy, i =1,... k.
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Proposition 2.27 For finite dimensional vectors subspaces U; C Vi =
1,...,k TFAFE (the following are equivalent):
(a) Uy + ...+ U, = oF U,
(b) dim(U; + ...+ U) = 3F  dim U,

(¢) For any basesuy;, ...,y ; in Ui =1,... k, thevectorsu;;,j =1,...,p;,i =

1,...,k form a basis in Uy + ...+ Uy.

Proof. (a) = (c¢). Choose a basis uy,...,u,,; in U;,s =1,..., k. Since
every vector in @leUi has a unique representation as u; + ... + ug, where
u; € U; for v =1,...,k it follows that 0 be written in the unique form as a
trivial linear combination of all wy,...,u,,; for i € [k]. So all these vectors
are linearly independent and span @f_,U;. Hence.

Similarly, (¢) = (a).

Clearly (c¢) = (b).

(b) = (c). Asuy,...,u,,; fori € [k] we deduce that dim(U;+...+Uy) <
S | dim U;. Equality holds if and only if (c) holds. O

2.15 Fields

Definition 2.28 A set F is called a field if for any two elements a,b € F
one has two operations a+b, ab, such that a+b,ab € F and these two operations
satisfy the following properties.

A. The addition operation has the same properties as the addition operation
of vector spaces

1. a+b="0b+ a, commutative law,

2. (a+b)+c=a+ (b+c), associative law;

3. There exists unique neutral element 0 such that

a+ 0= a for each a,

4. For each a there exists a unique anti element a + (—a) = 0.

B. The multiplication operation has similar properties as the addition opera-
tion.

5. ab = ba, commutative law;

6. (ab)c = a(be), associative law;

7. There exists unique tdentity element 1 such that

al = a for each a;

8. For each a # 0 there exists a unique inverse aa™* = 1;

C. The distributive law:

9. a(b+c)=ab+ac

Note: The commutativity implies (b+ c¢)a = ba + ca.

O0Oa =a0 =0 for all a € F:

0a = (0 + 0)a = 0a + 0a = 0a = 0.

Examples of Fields
1. Real numbers R
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2. Rational numbers Q
3. Complex numbers C

2.16 Finite Fields

Definition 2.29 Denote by N = {1,2,...}, Z = {0,1,—1,2,—-2,...} the
set of positive integers and the set of whole integers respectively. Let m €
N. 4,5 € Z are called equivalent modulo m, denoted as i = j mod m, if
i — j is divisible by m. mod m is an equivalence relation. (FEasy to show.)
Denote by Z,, = 7Z./mZ the set of equivalence classes, usually identified with
{0,...,m—1}.

(Any integer i € Z induces a unique element a € {0,...,m — 1} such that
i — a is divisible by m.)

In Z,, define a + b, ab by taking representatives i,j € Z.

Proposition 2.30 For any m € N, Z,, satisfies all the properties of the
field 2.28, except 8 for some m. Property 8 holds, i.e. Z,, is a field, if and
only if m is a prime number. (p € N is a prime number if p is divisible by 1
and p only.)

Proof. . Note that 7Z satisfies all the properties of the field, except 8.
(0,1 are the zero and the identity element of Z.) Hence Z,, satisfies all the
properties of the field except 8.

Suppose m is composite m = In,l,n € N;I,n > 1. Thenl,n€2,...,m —2
and In is zero element in Z,,. So [ and n can not have inverses.

Suppose m = p prime. Take: € {1,...,m—1}. Look at S := {i,2i,..., (m—
1)i} C Zy,. Consider ki — ji = (k—j)ifor 1 <j <k <m-—1. So (k—j)i
is not divisible by p. Hence S = {1,...,m — 1} as a subset of Z,,. So there
is exactly one integer j € [1,m — 1] such that ji = 1. i.e. j is the inverse of
i € L. O

Theorem 2.31 The number of elements in a finite field F is p*, where p
1s prime and k € N. For each prime p > 1 and k € N there exists a finite field
F with p* elements. Such F is unique up to an isomorphism, and denoted by

F .

2.17 Vector spaces over fields

Definition 2.32 Let I be a field. Then 'V is called vector field over F if V
satisfies all the properties stated on in §2.1, where the scalars are the elements
of F.

Example For any n € NF" := {x = (z1,...,2,)"

vector space over [F.

D Ty,...,x, €F}isa
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We can repeat all the notions that we developed for vector spaces over R
for a general field F.

For example dimF" = n

If F is a finite field with #F elements, then F” is a finite vector space with
(#F)™ elements.

Finite vector spaces are very useful in coding theory.

3 Linear transformations

3.1 One-to-one and onto maps

Definition 3.1 T is called a transformation, or map, from the source
space V' to the target space W, if to each element v € V' the transformation T
corresponds an element w € W. We denote w =T (v), and T : V. — W. (In
other books T is called a map.)

Example 1: A function f(x) on the real line R can be regarded as a trans-
formation f: R — R.

Example 2: A function f(z,y) on the plane R? can be regarded as a trans-
formation f: R? — R.

Example 3: A transformation f: V — R is called a real valued function on
V.

Example 4: Let V' be a map of USA, where at each point we plot the vector
of the wind blowing at this point. Then we get a transformation 7" : V — R2.

Definition 3.2 T : X — Y is called one-to-one, or injective, denoted by
1 =1, if for any z,y € X,x # y one has Tx # Ty. Le. the image of two
different elements of X by T are different.

T is called onto, or surjective if TX =Y <= Range (T) =Y, i.e, for
each y € Y there exists x € X so that Tz = y.

Example 1. X =N, T: N — N given by T'(i) = 2i. T'is 1 — 1 but not onto.
However T': N — Range T is one-to-one and onto.

Example 2. Id: X — X is defined as Id(z) = x for all x € X is one-to-one
and onto map of X onto itself. The following Proposition is demonstrated
straightforward.

Proposition 3.3 Let XY be two sets. Assume that F': X — Y is one-
to-one and onto. Then there exists a one-to-one and onto map G :' Y — X
such that F o G = Idy,G o F = Idx. G 1is the inverse of F' denoted by F~*.
(Note (F~1)"1 =F.)
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3.2 Isomorphism of vector spaces

Definition 3.4 . Two vector spaces U,V over a field F(= R) are called
isomorphic if there exists one-to-one and onto map L : U — V, which pre-
serves the linear structure on U, V:

1. L(uy +uy) = L(uy) + L(ug) for alluy,uy € U. (Note that the first addition
is in U, and the second addition is in V.)
2. L(au) = aL(u) for allu € U ,a € F(=R).

Note that the above two conditions are equivalent to one condition.

3. L(aju; + asuy) = a1 L(uy) + agL(ug) for all uj,uy € U,aq,ay € F(=
R). Intuitively U and V are isomorphic if they are the same spaces modulo
renaming, where L is the renaming function.

If L:U — V is an isomorphism then L(0y) = Oy:

Ov = 0L(0y) = L(0 Oy) = L(0y).

It is straightfoward to show that.

Proposition 3.5 The inverse of isomorphism is an isomorphism

3.3 Iso. of fin. dim. vector spaces

Theorem 3.6 Two finite dimensional vector spaces U,V over F(= R)
are isomorphic if and only if they have the same dimension.

Proof. . (a) dimU = dimV = n. Let {uy,...,u,},{v1,...,v,} be
bases in U,V respectively. Define T : U — V by T(aju; + ... + a,u,) =
a1vi + ...a,v,. Since any u € U is of the form u = ayu; + ...a,u, T is
a mapping from U to V. It is straightforward to check that T is linear. As
Vi,...,V,isabasisin V, it follows that T is onto. Furthermore T'u = 0 implies
ai,...,a, =0. Henceu = 0,i.e. T7'0 = 0. Suppose that T'(x) = T'(y). Hence
Ov=T(x) —T(y) =T(x —y). Since T"'0y =0y = x—y =0, ie Tis 1-1.
(b) Assume that 7" : U — V is an isomorphism. Let {uj,...,u,} be a
basis in U. Denote T(uw;) = v;,¢ = 1,...,n. The linearity of T yields
T(aiuy + ...+ ayu,) = a;vy + ...a,v,. Assume that a;vy + ...a,v, = 0.

Then a;u; + ...+ a,u, = 0. Since uy,...,u, lin.ind. a; = ... =a, =0, i.e.
Vi,...,Vy, liniind.. For an v € V|, there exists u = ay;v; + ...+ a,v, € U s.t.
v=Tu=T(au; + ...+ ayu,) = a;vy +...a,v,. So V = span(vy,...,v,)
and vy,...,Vv, is a basis. So dimU =dimV = n. O

Corollary 3.7 . Any finite dimensional vector space is isomorphic to

R" (F™).

Example. P,- the set of polynomials of degree n at most isomorphic to
R™™: T((ag,...,a,)") =ap +az + ...+ a,z"

33



3.4 Isomorphisms of R"

Recall that A € R™"™ is called nonsingular if any REF of A has n pivots, i.e.
RREF of A is I,,, the n x n diagonal matrix which has all 1’s on the main
diagonal.

Note that the columns of I,,: eq,...,e, form a standard basis of R".

Theorem 3.8 7' : R" — R"” is an isomorphism if and only if there exists
a nonsingular matrix A € R""™ such that T'(x) = Ax for any x € R™.

Proof. . (a) Suppose A € R™" is nonsingular. Let T'(x) = Ax. Clearly
T linear. Since any system Ax = b has a unique solution 7" is onto and 1 — 1.

(b) Assume T : R"™ — R™ isomorphism. Let Te; = ¢;,i = 1,...,n. Since
e1,...,e, are linearly independent and 7 is an isomorphism it follows that
Ci,...,C, are linearly independent. Let A = [c; ¢y ...c,). rank A = n so
A is nonsingular. Note T((a1,...,a,)") = T(O " ae;) = >.,_, a;T(e;) =
St aic; = Alar, ..., a,) " O

3.5 Examples

Definition 3.9 The matriz A corresponding to the isomorphism T : R" —
R™ in Theorem (3.8) is called the representation matriz of T

Examples: (a) The identity isomorphism /d : R" — R", i.e. [d(x) = x,
is represented by I,,, as I,x = x. Hence I, is called the identity matrix.
(b) The dilatation isomorphism 7T'(x) = ax, a # 0 is represented by al,,.

(c) The reflection of R%: R((a,b)") = (a,—b)" is represented by ( L0 )

0 —1
(d) A rotation by an angle  in R%: (a,b)" ~— (cos @a+sin 0b, — sin fa+cos 0b) "
: cosf sind
is represented by | sinf cosd } .

3.6 Linear Transformations (Homomorphisms)

T is called a transformation or map from the source space V to the target
space W, if to each element v € V the transformation 7T corresponds an

element w € W. We denote w = T'(v), and 7' : V — W. (In other books T
is called a map.)

Definition 3.10 Let V and W be two vector spaces. A transformation
T :V — W is called linear if
1. T(u+v)=T(u)+T(v).
2. T(av) = aT'(v) for any scalar a € R.

The conditions 1. and 2. are equivalent to one condition 7'(au + bv) =
aT(u) + b7 (v) for all u,v € V and a,b € R.
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Corollary 3.11 IfT : V — W is linear then T(0yv) = Ow.

Proof. Ow = 07'(v) = T(0v) = T'(Oy). O
Linear transformation is also called linear operator.

Example: Let A € R™*" and define T': R” — R" as T'(v) = Av. Then T is
a linear transformation:

A(u+v)=Au+ Av, A(av)=a(Av).

R(T) - the range of T. R(T) is a subspace of W. dimR(7T") = rank T is
called the rank of T'.
kerT' - the kernel of T, or the null space of T, is the set of all vec-

tors in 'V mapped by T to a zero vector in W. kerT is a subspace of V.
dimker T" = nul T is called the nullity of T

Indeed aT'(u) + bT'(v) = T'(au + bv).
Tu)=T(v)=0=T(au+bv) =aT(u) +bT(v) = a0+ b0 = 0.

Theorem 3.12 Any linear transformation T : R™ — R™ is given by some
A e R™": Tx = Ax for each x € R".

Proof. Let T(e;) =c; e R™,i=1,...,n. Then A=[c; ... ¢,]. 0

Examples: (a) C*(a,b) all continuous functions on the interval (a, b) with
k continuous derivatives. C°a,b) = C(a,b) the set of continuous functions
in (a,b). Let p(x),q(x) € C(a,b). Then L : C?*(a,b) — C(a,b) given by
L(f)(x) = f"(x) + p(z) f'(x) + q(z) f(x) is a linear operator. ker L is the sub-
space of all functions f satisfying the second order linear differential equation:
y/(z) + p(e)y () + g(2)y(x) = 0.

It is known that the above ODE has a unique solution satisfies the ini-
tial conditions, IC: y(z¢) = a1,y'(x0) = ag for any fixed xy € (a,b). Hence
dimker L = 2. Using the theory of ODE one can show that R(L) = C(a,b).

(b) L : P, — P,_o given by L(f) = f” is a linear operator. L is onto and
dimker L =2 if n > 2.

3.7 Rank-nullity theorem
Theorem 3.13 For linear T : V — W rankT + nul7 = dim V.

Remark. If V = R", W = R then by Theorem (3.12) Tx = Ax. for some
A € R™" rankT = rank A is the number of lead variables, nul T = nul A =
dim N(A) is the number of free variables, so the total number of variables is
n = dim R".

35



Proof. (a) Suppose that nul7 =0. Then T'is 1 —1. So T : V — R(T)
is isomorphism. dim V = rankT".
(b) If ker "=V then R(T") = {0} so nul 7" = dim V,rank 7" = 0.
(¢) 0 < m:=nuT < n :=dimV. Let vy,...,v,, be a basis in kerT.

Complete these set of lin.ind. vectors to a basis of V: vyq,...,v,. Hence
T(Vit1),--.,T(vy) is a basis in R(T"). Thus n —m = rankT. So rankT +
nl7 =m+ (n—m)=dimV. O

3.8 Matrix representations of linear transformations

Let V and W be finite dimensional vector spaces with the bases [vy vy ... v,]
and [wy; Wy...wy,]. Let T': 'V — W be a linear transformation. Then T
induces the representation matrix A € R™*" as follows. The column j of A is
the coordinate vector of T'(v;) in the basis [wy Wa ... W,,].

The definition of A can be formally stated as

[T(vy) T(va)...T(vn)] = [W1 Wa...w,]A. (3.22)

A is called the representation matrix of T in the bases [v; va...v,]| and
(Wi Wo ... Wy

Theorem 3.14 Assume the above assumptions. Assume that a € R™ is
the coordinate vector of v.€ V in the basis [vi va...v,] and b € R™ is the
coordinate vector of T(v) € W in the basis [Wy Wa...W,,|. Then b = Aa.

3.9 Composition of maps

Definition 3.15 Let U, V, W be three sets. Assume that we have two
maps S : U =V, T:V - W. ToS:U — W is defined by T o S(u) =
T(S(u)), called the composition map, and denoted T'S.

Example 1: f:R = R,g:R = R. Then (f o g)(x) = f(g(x)), (g0 f)(z) =

g9(f(x)).
Example 2: f:R?> - R, ie. f= f(z,y), g: R = R. Then (go f)(z,y) =
g9(f(x,y)), while f o g is not defined

Proposition 3.16 Let U, V, W be vector spaces. Assume that the maps
S:U—->V,T:V - W are linear. ThenT' oS : U — W s linear.

Proof. T(S(au;+buy)) = T(aS(uy)+bS(uz)) = aT(S(uy))+bT(S(uy)) =
a(T o S)(uy) +b(T o S)(uz). O
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3.10 Product of matrices

We can multiply matrix A times B if the number of columns in the matrix A
is equal to the number of rows in B.
Equivalently, we can multiply A times B if A is an m x n matrix and B is
an n x p matrix. The resulting matrix C' = AB is m x p matrix. The (i, k)
entry of AB is obtained by multiplying ¢ — th row of A and k — th column of
B.
i=m,j=n j=n,k=
A= [aij]i:j:]l , B= [bjk’];':kzl Y,
i=m,k=
C = (cir)impey s

Cik = Qi1big + aiobog + ... + Qinbpy =
n

E aijbjk.

Jj=1

So A, B can be viewed as linear transformations B : R? — R", B(u) = Bu,
A: R" — R™ A(v) = Bv Thus AB represents the composition map AB :
RP — R™.

Example
1 =2
-3 4 a b c |
0 2 d e f|
-7 —1

a— 2d b— 2e c—2f
—3a+4d —-3b+4e —3c+4f
2d 2e 2f
—7a—d —-Tb—e —Tc—f

Note that in general AB # BA for several reasons.

1. AB may be defined but not BA, (as in the above example), or the other
way around.

2. AB and BA defined <— A € R™" B € R = AB € R™"™ BA €
R’I’an

3. For A, B € R™" and n > 1, usually AB # BA.

0 1 00
ExampleA:[0 0},32{1 0}

Rules involving products and additions of matrices. (Note: whenever
we write additions and products of matrices we assume that they are all de-
fined, i.e. the dimensions of corresponding matrices match.)

1. (AB)C = A(BC), associative law.

2. A(B+C) = AB + AC, distributive law.

3. (A+ B)C = AC + BC, distributive law.

4. a(AB) = (aA)B = A(aB), algebra rule.
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3.11 Transpose of a matrix A"

a1 Q12
Let A 21 22
e = . .
am1 m2
a1 21
Then AT a12 22
en = . .
A1n Aon
(A+B)T =A" + BT
(AB)T = BTAT
Examples
-1
a
10
[ 2
i 5
[ —33
-8
-1
3
10

-

Let A € R™™. Then AT € R™™ and (AT)" = A.

Ain
A2p,
a/mn
am1
Am?2
a’mn
2 T
; [ -1
- 2
T
3 —4} -1
0 3
|10
—12]"
14|
-
_Z [2 3
. 5 —1
3 10} §
—4 1 i
—33 -8
—-12 14
T T
[ -1
- 2
-1 2
a b
eld
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3.12 Symmetric Matrices

A € R™™ is called symmetric if AT = A. The i — th row of a symmetric
matrix is equal to its ¢ — th column for i =1, ..., m.

Equivalently: A = [ay]i_; is symmetric <= a; = a for all i,j =
1,...,m.
Examples of 2 x 2 and 3 x 3 symmetric matrices:

a b c
[ Y l; } b d e
c e f
Note: the symmetricity is with respect to the main diagonal.
Assume that A € R™" =. Then ATA € R™" and AA"T € R™ ™ are
symmetric.
Indeed (AAT)T = (AT)TAT = AAT, (ATA)T = AT(AN)T =ATA
Identity Matrix

100 0
010 ... 0
L=\ . . . . . |€R"
000 1
I, is in RREF with no zero rows. Clearly, [, is a symmetric matrix.
10 1 00
Example [, = [ 01 } I3 = | 0 1 0 | Property of the identity matrix:
0 01

I,,A=Al,=A, for all A e R™",
Example: [,bA, where A € R?*3:

10 a b c| |ab c
0 1 de f| |def
3.13 Powers of square matrices and Markov chains

Let A € R™*™  Define

I. Positive Powers of Square Matrices: A% := AA, A3 := A(AA) = (AA)A =
A?2A = AA?. For a positive integer k A¥ := A...A is product of A k times. For
k, q positive integers A¥7 = AF A7 = A1AF Also we let A? ;= I,,.

Markov chains:

In one town people catch cold and recover every day at the following rate:
90% of healthy stay in the morning healthy the next morning; 60% of sick in
the morning recover the next morning.
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Find the transition matrix of this phenomenon after one day, two days,
and after many days.

aAgHg — 0.9, asg — 0.1, ags = 0.67 ass — 0.4,

A_[O.l 0.4}”‘_{ xg]'
Note that if xT = (2, x5) represents the number of healthy and sick in a given
day, then the situation in the next day is given by (0.9zy + 0.6z5,0.1zy +

0.475)" = Ax Hence the number of healthy and sick after two days are given
by A(Ax) = A%x, i.e. the transition matrix given by A%

0.9 0.6 09 06| | 087 0.78
0.1 04 0.1 04| | 013 0.22

The transition matrix after k& days is given by A*. It can be shown that

6 6 0.857 0.857
. k ~
AT = {i i} {0.143 0.143 |-

The reason for these numbers is the equilibrium state for which we have the
equations

Ax=x=DILx= (A—L)x=0= 0.1zy = 0.6x5 = xy = 6z5.

feg+rs=1=2xy = g, g = . In the equilibrium stage g of all population:

Ty + xg are healthy and % of all population is sick.

-3

3.14 Inverses of square matrices

I1. Positive Powers of Square Matrices: A invertible if there exists A~! such
that AA~! = A='A = I,,,. For a positive integer k A% := (A1),

Theorem 3.17 Let A € R™™. View A : R™ — R™ as a linear transfor-
mation. Then the following are equivalent.
a. A 1-1.
b. A onto.
c. A:R™ — R™ is isomorphism.
d. A is invertible.

Proof. a = b. Clearly A0 = 0. Since A 1-1 Ax = 0 = x = 0. Hence
Ax = 0 has nor free variable. So the number of lead variables is m, i.e. rank
A = m. Since the RREF of A is I,,. Hence the RREF of the augmented
matirx [A|b] = [I,|c]. That is, the system Ax = b has a unique solution (c)
for any b. Therefore A is onto.

b = c. A is onto, which implies that for any b the system Ax = b is
solvable. Hence rank A = m. So A is also 1—1. Therefore A is an isomorphism.
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¢ = d. Since x — Ax is an isomorphism, then the inverse map y — By
implies that AB = BA = I,,, i.e. B is the inverse matrix of A.

d = a. Suppose that Ax = b. Then A™'b = A7 }(4Ax) = (A 'A)x =
I,x =x. Hence Ais 1 — 1. O

Suppose A € R™"™ is invertible. Then the system Ax = b, where x =
(11 29..2,)%, b = (by by...b,)T € R", i.e. the system of n equations and
n unknowns has a unique solution: x = A~'b. (See the proof of the above
Theorem.)

Observe that if ad — bc # 0 then the inverse of 2 x 2 matrix:

a b7 1 d —b
c d Cad—be| —¢ a

On other hand if ad — be = 0 then

RIEEHIE

So A is not invertible.

Observe next that if Ay,..., Ay € R™™ are invertible then A;...A; are in-
vertible and (A;...Ay)~! = A1 AT

3.15 Elementary Matrices

Definition 3.18 FElementary Matriz is a square matrixz of order m which

s obtained by applying one of the three Elementary Row Operations to the
wdentity matrix I, .

e Interchange two rows R; <— R;.

Example: Apply Ry <— R3 to I5:

1 00 0 1
01 0f|—=E=]0120
0 01 100
e Multiply i-th row by a # 0: aR; — R;
Example: Apply aRy — Ry to I5:
100 100
010 — k= 0 a O
00 1 0 01

e Replace a row by its sum with a multiple of another row R;+axR; — R;
Example: Apply R +a X Ry — Ry:

100 10
0 —)E[[]: 0 1
1 00

— O

01
0 0
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Proposition 3.19 All elementary matrices are invertible. More precisely,
The inverse of an elementary matrix is given by another elementary matriz of
the same kind corresponding to reversing the first elementary operation:

e The imverse of Er is Ey: ErEp = E% =1,.

Ezxample:
0 0 1 0 01 100
010 01 0f=]010
100 1 00 0 01
e The inverse of Ey; corresponding to aR; — R; is EI_I1 corresponding to
%Ri — Rz
Ezxample:
1 00 1 00 100
0 a O 0 % 0O[l=1]010
0 01 0 0 1 00 1

o The inverse of Err corresponds to R; +aR; — R; is Eflll corresponds
to Rz — CLRj — Rl

Ezample:
1 0 a 1 0 —a 100
010 01 O0]l=]101P0
0 01 00 1 0 01

Let A € R™". Then performing an elementary row operation on A
is equivalent to multiplying A by the corresponding elementary matrix E:

A— FA.

Example I: Apply R, <+ R5 to A € R3*2:

N 8]

SIS

S 8] wn
I

u
w
Y

0 0 1 u v
010 w T
100 y z

Example II: Apply aRy — Ry to A € R3%2:

[ u v
= | aw azx | =
L Y =
0
a
0

w8

_ o O

O O =



Example III: Apply R; +a X Ry — Ry: to A € R3*2:

u v u+ay v+az
w x| — w Tz | =
Yy oz Y z

1 0 a u v

01 0 w T

0 01 y oz

3.16 ERO in terms of Elementary Matrices
Let B € R™*? and perform k& ERO:

ERO ERO ERO ERO,
B "5'B, 5By, =% ... .By_1 =" By,

B, = E\B, By = EsB, = EyE\B, ... By, = Ey... E\B =
B, = MB, M = EyEj,_,...EF,

M is invertible matrix since M~ = E; ' E; LB

The system Ax = b, represented by the augmented matrix B := [A|b],
after & ERO is given by By = [Akx|br] = MB = M[A|b] = [M A, Mb] and
represents the system MAx = Mb. As M invertible M~ (MAx) = Ax =
M~ (Mb) = b. Thus performing elementary row operations on a system
results in equivalent system, i.e. the original and the new system of equations
have the same solutions.

3.17 Matrix inverse as products of elementary matrices

Let Ax be the reduced row echelon form of A. Then A;, = M A. Assume that
A € R™". As M invertible A invertible <= A, invertible: A = M 1A, =
Al =AM M.

If A invertible Ax = 0 has only the trivial solution, hence Aj has n pivots
(no free variables). Thus Ay, = I,, and A~! = M!

Proposition 3.20 A € R™ " is invertible <= 1ts reduced row echelon
form is the identity matriz. If A is invertible its inverse is given by the product
of the elementary matrices: A~' = M = E), ... E,.

Proof. Straightforward. u

3.18 Gauss-Jordan algorithm for A~!
e Form the matrix B = [A|L,].

e Perform the ERO to obtain RREF of B: C' = [D|F].
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e Aisinvertible «<— D =1,.

o If D=1, then A~' = F.

1 2 -1
Numerical Example: Let A = | =2 —5 5 |. Write B = [A|[;] and
3 7 =5
observe that the (1, 1) entry in B is a pivot:
1 2 1] 10 0]
B=|-2 -5 5010
3 7 500 1]
Perform ERO: Ry + 2R; — Ry, R3 — 3R; — Rs:
1 2 -1 | 10 0]
Bi=|0 -1 3] 210
0 1 -2 ] -3 0 1]
To make (2,2) entry pivot do: —Ry — Ry:
1 2 -1 1 00
Bo=|01 -3 ] -2 -1 0

01 2] -3 01
To eliminate (1,2), (1,3) entries do Ry — 2Ry — Ry, R3 — Ry — R3

10 5| 5 20
Bs=|01 -3 | =2 =1 0
00 1| -1 11

(3,3) is a pivot. To eliminate (1,3), (2, 3) entries do: Ry —5R3 — Ry, Rs +
3R3 — RQ

100 | 10 =3 =5
Bi=|010] =5 2 3
001 -1 1 1

So By = [I3|F] is RREF of B. Thus A has the inverse:

10 -3 =5
A= -5 2 3
-1 1 1

Why Gauss-Jordan algorithm works: Perform ERO operations on B =
[A|l,,] to obtain RREF of B, which is given by

By = MB = M[A|I,] = [MA|MI,) = [MA|M].

M € R™™ is an invertible matrix, which is a product of elementary matrices.
A is invertible <= RREF of A is I,, <= the first n columns of B have n
pivots < MA=1, & M=A" < B, =[1,|A™"].
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Proposition 3.21 A € R™" is invertible if and only if AT is invertible.
Furthermore (A7)t = (A™HT.

Proof. The first part of the Proposititon follows from rank A = rank A'.
(Recall A invertible <= rank A = n.) The second part follows from the
identity I, = IT = (AA )T = (A"HTAT. O

3.19 Change of basis

Assume that V is an n-dimensional vector space. Let v = vy, ..., v,, be a basis
in V. Notation: [v; vy...v,]. Then any vector x € V can be uniquely
presented as X = a1vy + asvo + ... + a,V,.

There is one to one correspondence between x € V and the coordinate
vector of x in the basis [v; vo...v,]: a = (a1,as,...,a,)" € R". Thus if
y =bivi+byvo+t...b,v,, 80y <> b= (b, by,....,0,)T € R" then rx < ra and
x+y < a+b. Thus V is isomorphic R".

a1

a2
Denote: x = [v] va...V,]

anp,
Let u; uy...u, be n vectors in V. Write

u; :ule1+U2jV2+...+UnjVj,j = 1,...,n. (323)
U1 U2 - Uln
U21 U929 e Ugp .
Define U = ) . ) , . In short we write (3.23) as
Un1 Un2 e Upp
u uy...u,| =[vy vo...v,|U (3.24)

Proposition 3.22 uj, uy,...,u, is a basis in V <= U is invertible.
Proof. Let uy,us, ..., u, be is a basis in V. Then

[Vive... vy =[ugug...u,)V. (3.25)

Substituting this expression to (3.24) we deduce that [u; uy ... u,] = [u; uz...u,|(VU).

Since [u; uy . ..u,] is a basis u; can be expressed only in a unique combination

of uy ..., u,, namely u; = 1u;. Hence VU = [,,, so U is invertible. Vice versa,
if U is invertible, and V' = U~! a straightforward calculation shows that (3.25)
hold. O

If [u; ug...u,] and [vq vy...v,] are bases in V then the matrix U U is
called the transition matriz from basis [u; us ... u,] to basis [vq vo...v,]. De-

noted as [u; uy .. .un]L)[vl vy ...v,]. The proof of Proposition 3.22 yields.
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Corollary 3.23 Let [u; uy...u,] and [vy vo...v,] be two bases in V.
Assume that (3.24) holds. Then U™' is the transition matriz from basis

(Vi va...v,] to basis [ug us...u,]: [ug uy. ..un]<U—71[V1 Vo ...V,

Let x = [u; uy...u,](by,by,....,0,)" <= x =bu +...b,u, ,ie. the
vector coordinates of x in the basis [u; uy...u,] is b := (by, by, ...,b,)". Then
the coordinate vector of x in the basis [vy vo...v,] is a = Ub.

Indeed, let x = [u; uy...uw,|b = [v; vo...v,]JUa. If a € R" is the
coordinate vector of x in the basis [vy vy...v,] then U 'a is the coordinate
vector of x in the basis [u; us ... u,].

Theorem 3.24 Let[u; uy. .. un]L[VI Va...V,] and [wy wy .. .WH]L[Vl Vo ...V,
].

Then [wy wy .. .Wn]U_—IV>V[u1 uy...u,

Proof. [w; wo...w,] = [vi vo...v,]W = ([uy uy... u,|JUH V. a

Note: To obtain U~'W take A := [U W] € R"*?") and bring it to RREF
B=[IC]. Then C =U"'W.

3.20 An example

a2 [ (2] 1]

Find the transition matrix from the basis w to basis u.
Solution: Introduce the standard basis v = [ej, €] in R% So u =

1
11 3 4 .. .. 1 1 3 4
e, es] [ 5 3 } ,W = [e1, es] { 15 } Hence the transition matrix is [ 5 3 } ( 45 )

‘34}Whichis{1o‘ g 7}

) ) 11
To find this matrix get the RREF of 23 | 45 01 ] -2 -3

5 7
Answer [ _9 _3 }

3.21 Change of the representation matrix under the
change of bases

Proposition 3.25 T : V — W linear transformation. T is represented
by A in v,w bases: [T(vy),...,T(v,)] = [wi,...,wn,]A. Change basis in W

(Wi Wy .. .wm]i[xl X9 ... Xm] and in'V [vy vy .. .vn]&[ul uy...u,). Then

1. The representation matriz of T in bases [vi vo...v,]| and [x1 Xo ... Xp)
s given by the matriz PA, where P invertible.

2. The representation matriz of T in bases [ug vy ... u,| and [wi wy ... W,,]
is given by the matriz AQ™".
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3. The representation matriz of T in bases [u; uy ... u,] and [X; Xa ... Xy,)
is given by the matriz PAQ™!.

Proof. 1. [T(vy) T(va)...T(vy)] = [Ww1 Wa... WA = [x1 X2...Xp|PA.

2. [T(vy) T(va)...T(vy)] = [T(wy) T(uy) ... T(u,)]Q = [w1 wa...W,]A
Hence [T'(u;) T(uy) ... T(u,)] = [w; wy ... w,,]AQ L.

3. Combine 1. and 2.. a

3.22 Example

D : Py — P, D(p) = p'. Choose bases [1,z, 2%, [1, 2] in Py, P; respectively.
D1)=0=0-140-2,D(x)=1=1-140-2,D(@*) =2r=0-1+2-=x.
010 .
00 2 } Change the basis to
142z, 2 — 2% 1 — 2+ 2% in Py. One can find the new representation matrix
Aj in 2 ways. First

Representation matrix of 7' in this basis is

D(1+2r)=2, Dx—2*)=1-2x D(l—z+2%)=—1+2z,

HemceAl:{2 1 _1]

0 -2 2
Second way

So
2 1 -1 010
a=lo b5 )= [0 8]
0o -2 2 00 2 0 -1 1

Now choose a new basis in P;: [1 + 2,2 + 3z]. Then
1+ 2,2 +32] = [1,2] { L2 ]

1 0 -1
M+2r,2—2>1—x+2)=[l,z,2% |2 1 -1
0
1
2

1 3
Hence the representation matrix of D in bases [1 + 2z,z — 2%, 1 — x + 2]
and [1 + x,2 4+ 3x] is

1 3 —21[2 1 —1]1 [6 7 =7
1-3—1-2] -1 1 0o -2 2 Sl -2 =3 3 '
So

D(1+2r)=2=6(14+2)—-22+32), Dx—-2°)=1-22="71+2)—3(2+32),
D(1—x+2%) =—1+2r=-7(1+z)+3(2+32).
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3.23 Equivalence of matrices

Definition: A, B € R™*" are called equivalent if there exist two invertible
matrices P € R™* R € R™™" such that B = PAR.
It is straightforward to show.

Proposition 3.26 FEquivalence of matrices is an equivalence relation.

Theorem 3.27 A, B € R™*" are equivalent if and only if they have the
same rank.

Proof. Let Ey mn = [eij]fj’il € R™ " be a matrix such that e;; = ey =
... = egx = 1 and all other entries of Fj,,, are equal to zero. We claim that
A is equivalent to Ej,,,, where rank A = k.

Let SA = C, where C is RREF of A and S invertible. Then RREF of C'T
is Egnm! (Prove it!). So UCT = Eyn = CU" = Ej .y = SAUT, where U
is invertible. O

Corollary 3.28 A, B € R™" are equivalent iff they represent the same
linear transformation T : V — W, dim'V = n,dim W = m in different bases.

We now give an alternative proof of Theorem 3.27 using a particular choice
of bases in the vector spaces V, W for a given linear transformation 7°: V —

W.

Theorem 3.29 Let V, W be two vector spaces of dimensions n and m
respectively. Let T : V. — W be a linear transformation of rank k = dim T' (V).
Then there exists bases [V, ..., V,], [W1,..., W] in V, W respectively with the
following properties.

T(v))=w; fori=1,....k, T(v;)=0 fori=k+1,...,m. (3.26)
In particular, T' is represented in these bases as the matriz Ey, ...

Proof. If £ = 0 then T' = 0 and any choice of bases in V and W is fine.
Assume that £ > 1. Choose a basis wi,...,w;, in the range of T' (T'(V)).
Complete these k linearly independent vectors to a basis [wy, ..., w,,] in W.
Let v; be a T preimage of w;, i.e. T(v;) = w; for ¢ = 1,..., k. Suppose
that Zle a;v; = 0. Apply T to both sides to deduce that 0 = Zle T(v;) =
Zle a;w;. Since wy, ..., Wy, are linearly independent it follows that a; = ... =
ar = 0. Sovy,..., vy are linearly independent. Let U = span(vy,...,vg). Let
N(T) ={v € V, T(v) = 0} be the null space of 7. The previous argument
shows that UN N(T") = {0}. Recall that dim N(7T'), the nullity of T', is n — k.
So

dim(U + N(T)) = dim U + dim N(T) — dim(UAN(T)) =k +n—k —0 = n.

Hence V=U® N(T). Let viy1,...,Vv, be a basis in N(T'). Then [vy,...,V,]
is a basis of V. Clearly, (3.26) holds. Hence T is represented in these bases
by Ek,m,n' O
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4 Inner product spaces

4.1 Scalar Product in R"

In R? a scalar or dot product is defined for x = (z1,72)",y = (y1,%2)" € R?
as: Xy = 21 + Tayp = ¥ ' X

In R? a scalar or dot product is defined for x = (x1, 20, 23) ",y = (y1, y2,y3) ' €
R3 as: x-y = 21y1 +22Y2 +73y3 = y ' x. In R” a scalar or dot product is defined
for x = (21,...,2,) ",y = (W1, ..., un) ERYas: x -y =211 + ... + Tl =
y'x. Note that x -y is bilinear and symmetric

(ax+bz) - y=a(x-y)+bz-y), x-(ay +bz) =a(x-y)+b(x-2z), (4.27)
x-y =y -xforall x,;y € R". (4.28)

The above equalities hold for any x,y,z € R" and a,b € R. Recall that (4.27)
is the bilinearity condition and (4.28) is called the symmetricity condition.

The length of x = (zy,...,2,)" € R"is ||x|| := VxTx = /2] + 23 + ... + 22.
X,y € R" are called orthogonal if y'x = x"y = 0.

4.2 Cauchy-Schwarz inequality

Proposition 4.1 For x,y € R" the following inequality holds: |x'y| <
[|x|| [ly]|. (This is the Cauchy-Schwarz inequality, abbreviated as CSI.) Equal-
ity holds iff x,y are linearly dependent, equivalently if y # 0 then x = ay for
some a € R.

Proof. If either x or y are zero vectors then equality holds in CSI. Suppose
that y # 0. Then for ¢t € R define

f(t) = (x—ty)" (x = ty) = |ly|"#* — 2(x"y)t + [[x|]* > 0.

The equation f(t) = 0 is either unsolvable, in the case f(t) is always positive,
or has one solution. Hence CSI holds. Equality holds if x — ay = 0. ]

The cosine of the angle between two nonzero vectors x,y € R" is defined

as cosf = Hx“ﬁrﬁ Note that cos € [—1, 1] in view of the CSI.

By expanding ||y — x||* = (y — x) - (y — x) using (4.27)-(4.28) and using
the definition of the cosine of the angle between nonzero x and y we deduce
the Cosine Law:

ly = xI* = lly[I” + 1[I = 2[ly || [Ix]| cos 0 (4.29)

The above formula still holds if either x or y are zero vectors, since the value
of € does not matter in this case. So if x L y Pithagoras theorem holds:
[Ix = yII? = [[x[I* + Iyl =[x + ¥/
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4.3 Scalar and vector projection

o o U
The scalar projection of x € R™ on nonzeroy € R" is given by F = cos 0)|x]|-
x'y

The vector projection of x € R™ on nonzero y € R” is given by Ty

Example. Let x = (2,1,3,4)T,y = (1,—-1,-1,1)".
a. Find the cosine of angle between x,y.
b. Find the scalar and vector projection of x on y.

N
Y =y

X
lly

Solution: ||y|| = /12 + (=12 + (-1)2 + 12 =4 =2, ||x|| = V22 + 12 + 32 + 42 =

V30, x'y =2—1-3+44=2,cosf = ;7 = —=. Scalar projection: ; = 1.

Vector projection: 2y = (.5,—.5,—.5,.5)".

g
5

4.4 Orthogonal subspaces

Definitions: Two subspaces U and V in R” are called orthogonal if any
u € U is orthogonal to any v € V: v'u = 0. This is denoted by U L V.
For a subspace U of R U+ denotes all vectors in R" orthogonal to U.

Example: In R3: V+ is an orthogonal line to the plane V, which intersect at
the origin.

Proposition 4.2 Let uy,...,u, span U C R". Form a matric A =
[u; uy...ug] € Rk Then
(a): N(AT) = UL,
(b): dim Ut =n — dim U.
(c): (ULt =TU.
(Note: (b-c) holds for any subspace U C R™.)

Proof. . (a) Follows from definition of U*.
(b) Follows from dim U = rank A, and nul A" = n —rank A" = n — rank A.
(¢) Follows from the observations (U+)* D U, dim(Ut)t = n — dim Ut =
n—(n—dimU) = dim U. O

Corollary 4.3 R" =U ¢ U+,

Proof. Observe that if x e UNUt then x'x=0=x=0=UNU'L =

{0}. O
Observe that part (b) of Proposition 4.2 yields dim U + dim U+ = n.
Proposition 4.4 For A € R"*"™:

(a): N(AT) = R(A)".
(b): N(AT)L = R(A).
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Proof. Any vector in N(A") satisfies A'y =0 <= y'A = 0. Any vec-
tor z € R(A) is of the form z = Ax. Soy'z=y ' Ax = (y ' A)x =0"x = 0.
Hence N(A") C R(A)*. Recall dimN(A") = n—rank AT = n—rank A Propo-
sition 4.2 yields dimR(A)* = n — dimR(A) = n — rank A. Hence (a) follows.
Apply L operation to (a) and use part (c) of Proposition 4.2 to deduce (b). O

Proposition 4.5 Let A € R™™ and b € R™. Then either Ax = b is
solvable or there exists y € N(A") such that y'b # 0.

Proof. Ax = b solvable iff b € R(A). (a) of Proposition 4.4 yields
R(A)t = N(AT). So Ax = b is not solvable iff N(AT) is not orthogonal
to b.

4.5 Example

Let u = (1,2,3,4)",v = (2,4,5,2)",w = (3,6,8,6)". Find a basis in
span(u, v, w)*.
Solution: Set A = [uv w|. Then

1 2 3 4
AT=12 4 5 2
36 8 6
RREF of AT is:
1 2 0 —14
B=|001 6
000 O

Hence a basis in N(A") = N(B) is (—2,1,0,0,)",(14,0,—6,1)".
Note that a basis of the row space of A" is given by the nonzero rows of
B. Hence a basis of span(u, v, w) is given by (1,2,0,—14)",(0,0,1,6)".

4.6 Projection on a subspace

Let U be a subspace of R". Let R™ = U@ U+ and b € R™. Expressb = u+v
where u € U, v € Ut. Then u is called the projection of b on U and denoted
by Py(b): (b — Py(b)) L U.

Proposition 4.6 Py : R"” — U is a linear transformation.

Proof. Let x,y € R". Then Py(x), Py(y) € U and x—Py(x),y—Pu(y) €
U+, So aPy(x)+bPy(y) € U and a(x — Py(x)) +b(y — Py(y)) € Ut. Hence
Py(ax + by) = aPy(x) + bPy(y). O

Proposition 4.7 Py(b) is the unique solution of the minimal problem
minyey |[b — x| = [|b — Pu(b)]|.
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Proof. Since b — Py(b) € U™ the Pithagoras theorem yields
Ib—x||* = [|(b—Pu(b))+(Pu(b)—x)||* = [[b—Py(b)||*+|| Pu(b)—x)|* > [b—Pu(b)|.
Equality holds if and only if x = Py(b). O

Theorem 4.8 (Least Square Theorem) Let A € R™*™ b € R™. Then the
system
ATAx=A"b (4.30)
is always solvable. Any solution z to this system is called the least square
solution of Ax =b. Furthermore Pg(ay(b) = Az.

Proof.
ATAx=0=x"ATAx =0 < ||Ax|?=0=x € N(4) = x € N(A" A).

Let B:= ATAand B" = B. If y € N(B") then Ay = 0 = y'A" =0 =
y'ATb = 0. Proposition 4.5 yields that AT Ax = ATb is solvable.
Observe finally that

ATAz=A"b <= ATb-A"TAz=0 <= A'(b—Az) < (b—Az) L R(A).
As Az € R(A) we deduce that Pg(4)(b) = Az. O

4.7 Example

Consider the system of three equations in two variables.

I + i) = 3
— 21 + 319 = 1 = Ax=Db
21'1 — X2 = 2
1 1 3
A=| -2 3 |,b=]11,
2 —1 2
X 1 1] 3
x = “]Az 2 3|1
L2 2 -1 ] 2
1.0 | 0]
The RREFof A: B= | 0 1 | 0 | Hence the original system is unsolvable!
(001
The least square system A" Ax = A'b +—= Ox =c:
1 1
oaTa |1 =22 _ B 9 —7
C_AA_{l 3 —1 23| = -7 11 |’
2 -1
3
1 -2 2 >
— ATH — —_
c=4b [1 3—J ; {4}



Since C' is invertible the solution of the LSP is:
11 7 51 | 1.66
C9. 11— (=72 T 9|4 |142
3.08

Hence Ax = | 0.94 | is the projection of b on the column space of A.

1.90

4.8 Finding the projection on span

Proposition 4.9 To find the projection of b € R™ on the subspace span(uy, . . .

R™ do the following:

a. Form the matriz A =[u; ... u,| € R™*",

b. Solve the system AT Ax = ATb.

c. For any solution x of b. Ax is the required projection.

Proof. Since R(A) = span(uy, ..., u,) the above proposition follows straight-
forward from the Least Squares Theorem. O

Proposition 4.10 Let A € R™". Then rankA = n <= ATA is
invertible. In that case z = (ATA)"YATb is the least square solution of Ax =
b. Also A(ATA)~'b is the projection of b on the column space of A.

Proof.
Ax =0 <= ||[Ax|| =0 <= x'ATAx =0 <= ATAx=0.

So N(A) = N(ATA). Hence rank A =n < N(A) = {0} = N(ATA) =
AT A invertible. 0

4.9 The best fit line

Problem: Fit a straight line y = a + bx in the X — Y plane through m given

pOiIltS (xla yl)v (132, 92)7 BRI (x’ﬂu ym)
Solution: The line should satisfy m conditions:

l-a + x1-b =

lra + @b = y - {a} :
e R I R A
la + @pb = yp LT Y

A Z = C.
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The least squares system A" Az = A'c:

Y

m T+ 2o+ ...+ Ty a | _ Yi+Yo+ ...+ Yn
T+ Tot .o+, TP TE+ .+ || b Y1 + ToYo + .o+ T
det ATA=m(x? +x2+ ... +x2) — (x1 + X2 + ... +xu)?,

det ATA=0 <= x1=x3=...=Xp.

If det ATA # 0 then

* (221 3”?)(27;1 Yi) — (Z;il xz)(Z?; TiY;)
det ATA ’

b — =iy ) Qi yi) + m(Qi wiys)
det ATA '

a

We now explain the solution for the best fit line. We are given m points in
the plane (z1,v1), ..., (Tm, Ym). We are trying to fit a line y = bz + a through
these m points. Suppose we chose the parameters a,b € R. Then this line
passes through the point (x;,bz; + a) for i = 1,...,m. The square of the
distance between the point (z;,v;) and (x;, bz; +a) is (y; — (1 - a + z; -+ - D))
The sum of the squares of distances is > .~ (y; — (1 - a + z; - b))%, Note that
this sum is ||y — Az||> where A,z,y are as above. So Az € R(A). Hence
min,epe ||y — Az||? is achieved for the least square solution z* = (a*, b*) given
as above, (if not all z; are equal.) So the line y = a* + b*z is the best fit line.

4.10 Example

Given three points in R%: (0, 1), (3,4), (6,5). Find the best least square fit by
a linear function y = a + bz to these three points.
Solution.

39

—_
1
=~ =
N O
| IS |
|
1
SIS
| IS |
I

The best least square fit by a linear function is y = % + %:L’

4.11 Orthonormal sets

Vi,..., Vv, € R™is called an orthogonal set (OS) if v/ v; =0 if i # j, i.e. any
two vectors in this set is an orthogonal pair.

Example 1: The standard basis ey, ..., e, € R™ is an orthogonal set.
Example 2: The vectors vi = (3,4,1,0)", vy = (4,-3,0,2)",v5 = (0,0,0,0)"
are three orthogonal vectors in R*.
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Theorem 4.11 An orthogonal set of nonzero vectors is linearly indepen-
dent.

Proof. Suppose that a;vy + asve + ... + a,v, = 0. Multiply by vlT:

T T T T T
0=v,0=v, (a1vi+asva+ ...+ a,v,) = a1V, Vi + asv, Vo + ... + a, vy v,.

Since v| v; = 0 for i > 1 we obtain: 0 = a;(v{ vi) = a;||vy|[>. Since [|v]|] > 0

we deduce a; = 0. Continue in the same manner to deduce that all a; = 0. O

Vi, ...,V € V is called an orthonormal set (ONS) if vy, ..., v,, is an orthog-
onal set and each v; has length 1. In Example 1 eq,... e, is an ONS. In
Example 2 the set {\/L%Vl, \/%—QVQ} is an ONS.

Notation: Let I, € R"*" be an identity matrix. Let d;;, 7,7 = 1,...,n be
the entries of I,,. So §;; =0fori¢# jand é; =1fore=1,...,n.

Remark ¢;; are called the Kronecker’s delta, in honor of Leopold Kronecker
(1823-1891).

Normalization: A nonzero OS uy,...,u, can be normalized to an ONS by

u;

= fori=1,...,n.
Vi = for i N ()

Theorem 4.12 Letvy,...,v, be ONSinR™. Denote U := span(vy,...,Vv,).

Then

1. Any vector u € U can be written as a unique linear combination of
Cq — N (T
Vi, ..., Vpru= (v, u)v;.

2. For any v € R™ the orthogonal projection Py(v) on the subspace U is
given by

n

Py(v) = Z(vjv)vi. (4.31)

i=1

In particular

VP =vTv =) |v]vf (4.32)
=1

(This inequality is called Bessel’s inequality.) FEquality holds <= v €
U.

3. If vq,..., v, is an orthonormal basis (ONB) in V then for any vector
v € V one has:

n n

v Ivvi VP = 3 IVE (433)

i=1 =1

(The last equality is called Parseval’s formula.)
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Proof. Let v € V. Define w := Z?:1(VJ'TV)VJ'~ Clearly, w € U. Observe
next that

n

T(v—w) :V;V—Z(VTV)(VTVJ') =v/v—-v/v=0

(V i i

J=1

Sov—w € Ul Hence w = Py(v). As v=w + (v —w). The Pithagoras
identity implies that

V1P = lwll* + v = wi* > [lw]*

Equality holds if and only if v = w. Since vy,...,v, is ONS the equality
(4.31) yields the equality

n

lwl® =2 Ivi vl

i=1

This implies part 2. Clearly, if v € U then Py(v) = v, which yields 1. If
n =m then w = v and we must have always equality (4.33). 0

4.12 Orthogonal Matrices

Q € R™" is called an orthogonal matrix if Q'@ = I,,. The following proposi-
tion is deduced strightforward.

Proposition 4.13 Let Q) € R™". TFAE
1. The columns of Q) form an ONB in R".
2.Q7'=Q", ie QQT =1,.

3. (Qy)T(Qx) =y'x for all x,y € R". Le. Q: R" — R" preserves angles
& lengths of vectors.

4. |Qx|)? = ||x||? for allx € R". Le. Q: R™ — R"™ preserves length.

Example 1: I, is an orthogonal matrix since I,I] = I,I, = I,. (Note
In=1ler ey ... e))
010
Example 2: Q= | 0 0 1 |. (Note @ = [e3 e e3])
100
r1o1 1 1
2 2 2 2
r 1 1 _1
Example 3: Q = | ? 7 7 7
2 2 2 2
r _1 1 1
L 2 2 2 2
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Example 4: Any 2x2 orthogonal matrix is either of the form CO,S 0 sing ,
—sinf cosf
which is a rotation, or €0 6 sinf which is a reflection around the line
sinf —cost

forming an angle 6 with the X axis which passes through the origin.

Definition P € R"*" is called a permutation matrix if in each row and col-
umn of P there is one nonzero entry which equals to 1.

It is straightforward to see that the set of the columns of an permutation
matrix consists of the standard basis vectors in R™ in some order. Hence a
permutation matrix is orthogonal.

If P is a permutation matrix and (yi,...,yn)" = P(z1,...,7,)" then the
coordinates of y are permutation of the coordinates of x, and this permutation
does not depend on the coordinates of x.

n columns of A € R™ form an ONB in the columns space R(A) of
A <= ATA = I,. In that case the Least Square Solution of Ax = b is
z = A"b, which is the projection of b the column space of A.

4.13 Gram-Schmidt orthogonolization process

Let xq,...,x, be linearly independent vectors in R™. Then the Gram-Schmidt
(orthogonalization) process gives a recursive way to generate ONS qi,...,q, €
R™ from xg,...,X,, such that span(xy,...,x;) = span(qi,...,qz) for k =
1,....,n. f m=n,ie xi,...,X, is a basis of R” then q1,...,q, is an ONB
of R".

GS-algorithm:

1
=[xl Q= %,
11
T 1
T2 '=qy X2, P1:=T12q1, T22:= ||X2 - p1||, qQ2 = T_(XQ - p1)>
22
T3 = qlTX:s, To3 = qusa P2 = 71391 + T23q2,
1
T3z ‘= HX3 - P2||> qs = —(X3 - Pz)-
733
Assume that qq, ..., q, were computed. Then
T1(k+1) = OhTXkH, e T(k+1) & quk—i-la Pk = T1(k+1)d1 T - - - Th(k+1)9k>
1
T(k+1)(k+1) = [%k1 = Prll, Qg1 = —————(Xps1 — Pr)-
T(k+1)(k+1)

4.14 Explanation of G-S process

First observe that ry41) 1= q; Xx41 is the scalar projection of x4, on q;. Next
observe that py is the projection of x; 1 on span(qy, ..., qx) = span(Xy, .. ., Xg)-
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Hence xp41 — pr L span(qi,...,qx). Thus rgiiywsy = ||[Xer1 — Pel| is
the distance of x;,; to span(q,...,qx) = span(xy,...,x;). The assump-
tion that x1,...,x, are linearly independent yields that r@.1)#41) > 0. Hence
Qi1 = r(’kﬁrl)(kﬂ)(xkﬂ —px) is a vector of unit length orthogonal to qy, . . ., qy.

4.15 An example of G-S process
Let x; = (1,1,1,1) T, xo = (=1,4,4,—1)7, x3 = (4,—2,2,0)". Then

1

1
— -9 - — (= T
1 = [|xi]| » q1 7‘11X1 (27 )

N | —

1
727

N | —

3333
T2 = q1TX2 = 37p1 = T12q1 = 3Q1 = (57 57 57 §>T7

5595 Ot
R — _—— —_— —_— —— g —_ :5
X2 P1 ( 97979’ 2) y 22 ||X2 p1|| )
1 111 1+
q2 = T—m(X2—p1) = (—575757—5) )
7’13:(11TX3:2,1"23:(1;X3:—27

P2 = r13q + rasqe = (2,0,0,2) 7,
X3 — P2 = (2,-2,2,-2) ", r33 = ||x3 — pa|| = 4,
1 1 11 1

_ _ — (= —— — T
Q3—r33(X3 p2) (2> 279 2)

4.16 QR Factorization

Let A =[a; ay...a,] € R™*" and assume that rank A = n. (I.e. the columns
of A are linearly independent.) Perform G-S process with the book keeping as
above:

o = anl], g1 = %al-
e Assume that qi,...,q_; were computed. Then ry := qla; for i =
Lok =1 pr1 = rpdi + rogd2 + - 7g-npQr—1 and ryy = [|ay —

Pr-1ll, k= %(ak —pi_1) for k=2, ....n.

[ 11 Ti2 T13 ... Tin ]
0 Tog To23 ... Top
Let Q=[aq1 q2...9,) € R™™ and R = 0 0 1r3s ... 13,
0O 0 0 . Tnn

Then A = QR, QTQ = I, and ATA = R"R. The Least Squares Solution
of Ax = b is given by the upper triangular system RX = Qb which can be
solved by back substitution. Formally x = R7!Qb.

Proof ATAx = RTQ"QRx = R"Rx = A'Tb = R"Q"b. Multiply from
left by (RT)™! to get Rx =Q'b
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Note: QQ b is the projection of b on the columns space of A. The matrix
P := QQ" is called an orthogonal projection. It is symmetric and P? = P,
a5 (QQN(QQT) = QQTQ)IQT = QNQT = QQT. Note QQT : R™ — R is
the orthogonal projection.

Equivalently: The assumption that rank A = n is equivalent to the as-
sumption that AT A is invertible. So the LSS AT A% = A"b has unique solu-

tion x = (AT A)~'b. Hence the projection of b on the column space of A is
Pb=Ax= A(ATA)"'A™b. Hence P = A(ATA)1AT.

4.17 An example of QR algorithm

1 -1 4
1 4 =2 . .

Let A = [x; x2 X3] = L 4 9 be the matrix corresponding to the
1 -1 0

Example of G-S algorithm §4.15. Then

11 Ti2 T13 2 3 2
R = 0 T29 T93 = 0 5 =2 s

0 0 T33 0 0 4

1 1 1

2 2 2

1 L _1

Q=1 a2 q3] = i i i

2 2 2

L _1 1

2 2 2

(Ezplain why in this example A = QR!) Note QQ' : R* — R* is the projec-
tion on span(xy,Xs, X3).

4.18 Inner Product Spaces

Let V be a vector space over R. Then the function (-,-) : VXV — R is called
an inner product on V if the following conditions hold:

e For each pair x,y € V (x,y) is a real number.

o (x,y) = (y,x). (symmetricity.)

o (x+2,y)=(xy)+ (z,y). (linearity I)

e (ax,y) = a(x,y) for any scalar o« € R. (linearity II)

e Forany 0 #x € V (x,x) > 0. (positivity)

Note:

e The two linearity conditions can be put in one condition: {(ax+ fz,y) =

a(x,y) + B(z,y)-
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The symmetricity condition yields linearity in the second variable: (x, ay-+

fz) = a(x,y) + B(x, z).
Each linearity condition implies (0,y) = 0 = (0,0) = 0.

(x,x) > 0 For any x € V.

4.19 Examples of IPS

V=R" (x,y) = y ' x.

V =R", (x,y) =y'Dx, D = diag(dy, ..., d,) is a diagonal matrix with
positive diagonal entries. Then y'Dx = diz1y1 + . . . + dpZnYn.

V = Rmxn’ <A, B> = ZZZ’ZI aijbij-
V =Cla,b], (f.9) = [ f(x)g(z)da.

V = Cla,b], (f,9) = [, f(2)g(x)p(x)dz, where p(z) € C[a,b], p(x) > 0
and p(z) = 0 at most at a finite number of points.

V = P,: All polynomials of degree n — 1 at most. Let t; <ty < ... <t,
be any n real numbers. (p,q) = > . p(t;)q(t;) = p(t1)q(ts) + ... +
p(tn)a(tn)

4.20 Length and angle in IPS

The norm (length) of the vector x is ||x]|| := 1/ (X, X).

Cauchy-Schwarz inequality: |(x,y)| < ||x|| ||¥]]-

(%,¥)
[1xI[ Tyl

The cosine of the angle between x # 0 and y # 0: cosf :=

x and y are orthogonal if: (x,y) = 0.

Two subspace X,Y of V are orthogonal if any x € X is orthogonal to
anyy € Y.

The Parallelogram Law [Ju+v]|]* = (u+v,u+v) = [[u|*+||v]*+2(u, v).

The Pythagorean Law: (u,v) = 0= [Jlu+ v|]* = ||u]|* + ||v]|%.

Scalar projection of u on v # 0: T",T'). Vector projection of u on v # 0:

(u,v)v
(v,v)

(
|

The distance between u and v is defined by ||lu — v||.
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4.21 Orthonormal sets in IPS

Let V be an inner product space (IPS). vy,...,v, € V is called an orthogonal
set (OS) if (v;,v;) = 01if i # j, i.e. any two vectors in this set is an orthogonal
pair. As in the case of dot product in R™ we have.

Theorem. An orthogonal set of nonzero vectors is linearly independent.

Vi, ..., v, € Vis called an orthonormal set (ONS) if vy, ..., v,, is an orthogonal
set and each v; has length 1, ie. vy,...,v, ONS <= (v;,v;) = §;; for
1,7 =1,...,n.

Example: In C[—,7] with (f,g) = ["_f(z)g(z)dz the set

1,cosz,sinz, cos 2x,8in 2z, . . . ,cosnx, sin nx

is a nonzero ONS.
An orthonormal basis in C[—m, 7] is

1 cosxz sinx cos2z sin2z cosnx sinne

2 Y N

4.22 Fourier series

Every f(x) € C[—m,m| can be expanded in Fourier series

f(z) ~ %ao + Z ay, cos(nz) + b, sin(nz),
n=1
ap = L[ f(x)cos(nz)dx, b, = 1/7T f(x)sin(nx) dx.
L T J-x

an, b, are called the even and the odd Fourier coefficients of f respectively.
Parseval equality is

2 0 T

1
%4—; (ai+bi) = ;/ |f(z)|? d.

—Tr

Dirichlet’s theorem: If f € C!'((—o00,00)) and f(z + 27) = f(z), i.e. [ is
differentiable and periodic, then the Fourier series converge absolutely for each
z € R to f(z).

This is an infinite version of the identity Theorem 4.12, part 1, u =
Yoo (u, v;)v; where vy, ..., v,,...is an orthonormal basis in a complete IPS.
Such a complete infinite dimensional IPS is called a Hilbert space.

4.23 Short biographies of related mathematcians
4.23.1 Johann Carl Friedrich Gauss

Born: 30 April 1777 in Brunswick, Duchy of Brunswick (now Germany). Died:
23 Feb 1855 in Gottingen, Hanover (now Germany).
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The method of least squares, established independently by two great math-
ematicians, Adrien Marie Legendre (1752 — 1833) of Paris and Carl Friedrich
Gauss.

In June 1801, Zach, an astronomer whom Gauss had come to know two or
three years previously, published the orbital positions of Ceres, a new ”small
planet” which was discovered by G Piazzi, an Italian astronomer on 1 January,
1801. Unfortunately, Piazzi had only been able to observe 9 degrees of its orbit
before it disappeared behind the Sun. Zach published several predictions of
its position, including one by Gauss which differed greatly from the others.
When Ceres was rediscovered by Zach on 7 December 1801 it was almost
exactly where Gauss had predicted. Although he did not disclose his methods
at the time, Gauss had used his least squares approximation method.

http://www-history.mes.st-and.ac.uk/Biographies/Gauss.html

4.23.2 Augustin Louis Cauchy

Born: 21 Aug 1789 in Paris, France. Died: 23 May 1857 in Sceaux (near Paris),
France. His achievement is summed as follows:- “... Cauchy’s creative genius
found broad expression not only in his work on the foundations of real and
complex analysis, areas to which his name is inextricably linked, but also in
many other fields. Specifically, in this connection, we should mention his major
contributions to the development of mathematical physics and to theoretical
mechanics... we mention ... his two theories of elasticity and his investiga-
tions on the theory of light, research which required that he develop whole
new mathematical techniques such as Fourier transforms, diagonalisation of
matrices, and the calculus of residues.”

Cauchy was first to state the Cauchy-Schwarz inequality, and stated it for
sums.

http://www-history.mes.st-and.ac.uk /Biographies/Cauchy.html

4.23.3 Hermann Amandus Schwarz

Born: 25 January 1843 in Hermsdorf, Silesia (now Poland). Died: 30 Novem-
ber 1921 in Berlin, Germany

His most important work is a Festschrift for Weierstrass’s 70th birth-
day. @articleSchwarz1885, author = "H. A. Schwarz”, title = ”Ueber ein
die Flachen kleinsten Flacheninhalts betreffendes Problem der Variationsrech-
nung’, journal = ”Acta societatis scientiarum Fennicae”, volume = "XV”,
year = 1885, pages = 7315-362” Schwarz answered the question of whether a
given minimal surface really yields a minimal area. An idea from this work,
in which he constructed a function using successive approximations, led Emile
Picard to his existence proof for solutions of differential equations. It also
contains the inequality for integrals now known as the “Schwarz inequality”.
Schwarz was the third person to state the Cauchy-Schwarz inequality, stated
it for integrals over surfaces.
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4.23.4 Viktor Yakovlevich Bunyakovsky

Born: 16 December 1804 in Bar, Podolskaya gubernia, (now Vinnitsa oblast),
Ukraine. Died: 12 December 1889 in St. Petersburg, Russia. Bunyakovskii
was first educated at home and then went abroad, obtaining a doctorate from
Paris in 1825 after working under Cauchy.

Bunyakovskii published over 150 works on mathematics and mechanics.
He is best known in Russia for his discovery of the Cauchy-Schwarz inequality,
published in a monograph in 1859 on inequalities between integrals. This is
twenty-five years before Schwarz’s work. In the monograph Bunyakovskii gave
some results on the functional form of the inequality.

@articleBunyakovskiil859, author = 7 V. Bunyakovskiui”, title = ”Sur
quelques inégalités concernant les intégrales ordinaires et les intégrales aux
différences finies”, journal = "Mém. Acad. St. Petersbourg”, year = 1859,
volume = 1

4.23.5 Gram and Schmidt

Jorgen Pedersen Gram. Born: 27 June 1850 in Nustrup (18 km W of Hader-
slev), Denmark. Died: 29 April 1916 in Copenhagen, Denmark. Gram is best
remembered for the Gram-Schmidt orthogonalization process which constructs
an orthogonal set of from an independent one. The process seems to be a result
of Laplace and it was essentially used by Cauchy in 1836.
http://www-history.mes.st-and.ac.uk /Biographies/Gram.html

Erhard Schmidt. Born: 13 Jan 1876 in Dorpat, Germany, (now Tartu, Esto-
nia). Died: 6 Dec 1959 in Berlin, Germany. Schmidt published a two part
paper on integral equations in 1907 in which he reproved Hilbert’s results in a
simpler fashion, and also with less restrictions. In this paper he gave what is
now called the Gram-Schmidt orthonormalisation process for constructing an
orthonormal set of functions from a linearly independent set.
http://www-history.mes.st-and.ac.uk/Biographies/Schmidt.html

4.23.6 Jean Baptiste Joseph Fourier

Born: 21 March 1768 in Auxerre, Bourgogne, France. Died: 16 May 1830 in
Paris, France. It was during his time in Grenoble that Fourier did his impor-
tant mathematical work on the theory of heat. His work on the topic began
around 1804 and by 1807 he had completed his important memoir “On the
Propagation of Heat in Solid Bodies”. The memoir was read to the Paris Insti-
tute on 21 December 1807 and a committee consisting of Lagrange, Laplace,
Monge and Lacroix was set up to report on the work. Now this memoir is very
highly regarded but at the time it caused controversy.

There were two reasons for the committee to feel unhappy with the work.
The first objection, made by Lagrange and Laplace in 1808, was to Fourier’s
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expansions of functions as trigonometrical series, what we now call Fourier
series. Further clarification by Fourier still failed to convince them.
http://www-history.mes.st-and.ac.uk /Biographies/Fourier.html

4.23.7 J. Peter Gustav Lejeune Dirichlet

Born: 13 Feb 1805 in Diiren, French Empire, (now Germany). Died: 5 May
1859 in Gottingen, Hanover (now Germany). Dirichlet is also well known for
his papers on conditions for the convergence of trigonometric series and the
use of the series to represent arbitrary functions. These series had been used
previously by Fourier in solving differential equations. Dirichlet’s work is pub-
lished in Crelle’s Journal in 1828. Earlier work by Poisson on the convergence
of Fourier series was shown to be non-rigorous by Cauchy. Cauchy’s work
itself was shown to be in error by Dirichlet who wrote of Cauchy’s paper:-
“The author of this work himself admits that his proof is defective for certain
functions for which the convergence is, however, incontestable”. Because of
this work Dirichlet is considered the founder of the theory of Fourier series.
http://www-history.mes.st-and.ac.uk /Biographies/Dirichlet.htm

4.23.8 David Hilbert

Born: 23 Jan 1862 in Konigsberg, Prussia, (now Kaliningrad, Russia). Died:
14 Feb 1943 in Gottingen, Germany.

Today Hilbert’s name is often best remembered through the concept of
Hilbert space. Irving Kaplansky, writing in [2], explains Hilbert’s work which
led to this concept: “Hilbert’s work in integral equations in about 1909 led
directly to 20th-century research in functional analysis (the branch of mathe-
matics in which functions are studied collectively). This work also established
the basis for his work on infinite-dimensional space, later called Hilbert space,
a concept that is useful in mathematical analysis and quantum mechanics.
Making use of his results on integral equations, Hilbert contributed to the de-
velopment of mathematical physics by his important memoirs on kinetic gas
theory and the theory of radiations.”

http://www-history.mes.st-and.ac.uk/Biographies/Hilbert.html

5 DETERMINANTS

5.1 Introduction to determinant

For a square matrix A € R™" the determinant of A, denoted by det A, (in
Hefferon book |A| := det A), is a real number such that det A #0 <= Ais
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invertible.

a b

det [ o d } = ad — bc, (5.34)
2 =7

det [ 3 1 ] - 19
a b c

det | d e f | =aei+ bfg+ cdh —ceg —afth —bdi.  (5.35)
g h 1

A way to remember the formula for the determinant of a matrix of order
3 1is

The product of diagonals starting from a, b, ¢, going south west have positive
signs, the products of diagonals starting from ¢, a, b and going south east have
negative signs.

The next rules are
[. The determinant of diagonal matrix, upper triangular matrix and lower
triangular is equal to the product of the diagonal entries.
II. det A # 0 <= The Row Echelon Form of A has the maximal number
of possible pivots <= The Reduced Row Echelon Form of A is the identity
matrix.
A is called singular if det A = 0.
ITI. The determinant of a matrix having at least one zero row or column is 0.
IV. det A = det AT: The determinant of A is equal to the determinant of AT.
V. det AB = det A det B: The determinant of the product of matrices is equal
to the product of determinants.

VI. If A is invertible then det A~ = dei <

I=A"'"A=1=det ] =det(A'A) =det A' det A

(We will demonstrate some of these properties later.)

5.2 Determinant as a multilinear function

Claim 1: View A € R™" as composed of n-columns A = [cy,Co,...,Cyl.
Then det A is a multilinear function in each column separately. Thar is, fix
all columns except the column c;. Let ¢; = ax + by, where x,y € R" and
a,b € R. Then

det [cq,...,¢i1,ax + by, Ciy1,...,Ch] =
a det [c1,...,Ci_1,X,Cis1,...,Cy] + b det [c1,...,€Ci_1,¥,Cit1, .-, Cn
foreachi=1,...,n.
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Claim 2: det A is a skew-symmetric, (anti-symmetric): The exchange of any

two columns of A changes the sign of determinant. For example: det [co, ¢y, ..., ¢y) =
—det [c1,Ca, ..., Cy). (The skew symmetricity yields that the determinant of

A is zero if A has two identical columns.)

Claim 3: det I, = 1.
Claim 4: These three properties determine uniquely the determinant function.
Remark: The above claims hold for rows as in Hefferon.

Clearly, these properties hold for the determinant of matrices of order 2:

a b
det[cd

and in the rows (a,b), (¢,d). Also det [ 2 (i } = det [ 2 Cé } =bc—ad =
—det A

} = ad — be. It is linear in the columns ¢; = (a,c¢)",cy = (b, d)"

Proposition 5.1 Let A € R™" then det A = 0 if one of the following
conditions hold.

1. A has a zero column.
. A has two identical columns.

. A has two linearly dependent columns.

2
3
4. A has a zero row.
5. A has two identical rows.
6

. A has two linearly dependent rows.
Proof.

1. Fix all columns except the zero one, which is column ¢. Since the deter-
minant is a linear function in the column 7 its value for the zero vector
must be zero.

2. Assume that ¢; = c; for some ¢ # j. If we interchange this two
columns we still have the same matrix A. One the other hand the skew-
symmetricity property of det A implies that det A = —det A. Hence
2det A=0=det A =0.

3. Suppose that c;, c; linearly dependent. So without loss of generality we
ay assume that c; = ac;. Let B be the matrix where we replace the
column c; in A by c¢;. Fix all columns of A except the column j. The
multilinearity of det A implies that det A = adet B. By the previous
result det B = 0 since B has two identical columns. Hence det A = 0.
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The other claims of the proposition follows from the above vanishing proper-
ties of the determinant by considering A" and recalling that det AT = det A.
O

5.3 Computing determinants using elementary row or
columns operations

Proposition 5.2 Let A € R"*". Let B and C be the matriz obtained from

A using an elementary row and column operations respectively denoted by E.
So B=FEA,C = AE. Then.

1. det B = det C = —det A if B is obtained from A by interchanging two
different rows, and C' is obtained from A by interchanging two different
columns. (Elementary row or column operation of type I.)

2. det B =det C = adet A if B is obtained from A by multiplying one row
of A by a, and C' is obtained from A by multiplying one column of A by
a. (Elementary row or column operation of type II.)

3. det B = det C = det A if B is obtained from A by adding to one row a
multiple of another row, and C' is obtained from A by adding one column

a multiple of another column. (Elementary row or column operation of
type I11.)

Proof. We prove the statements of the Proposition for the columns. The
statements for the rows follows from the statement for the columns and the
equality det AT = det A.

1. Follows from the skew-symmetricity of the determinant function as a
function on columns.

2. Follows from the multilinearity of the determinant as a function in columns.
Let F' be obtained from A by adding ac; to the column c;. Denote by B
the obtained by replacing the column c; in A by the column ac;. The lin-
earity of the determinant in the j column implies det F = det A 4 det B.
Part 3 of Proposition 5.1 yields that det B = 0. Hence det F = det A.

O
Recall that any elementary matrix E can be obtained form the identity matrix
using the elementary row operation represented by F, i.e. F = EI. Hence we
deduce from the above Proposition.

Corollary 5.3 1. det Ey = —1 where E; corresponds to interchanging
two rows: R; <> R;. (Example: Ry <+ Ry corresponds to det [ (1) (1) } =
0-0-1-1=-1.)
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2. det Ey; = a where Er; corresponds to multiplying a row by a: R; — aR;.

(Example: Ry — aRy corresponds to det [ [1) 2 =a.)

3. det Eyp = 1 where Eyp corresponds to adding to one row a multiple of
another row: R;+aR; — R;. (Example: Ry+ aRy — Ry corresponds to

10
det[a 1]:1.

Theorem 5.4 Let A € R™™"™ and perform k FRO:
APEST Ay PEQ2 4, PEOs A, PEQR 4, (5.36)

Assume that the elementary row operation number i, denoted as ERO; is given
by the elementary matriz E;. Then

det Ay = (det Ey)(det Ex_1) ... (det E;)det A. (5.37)

Proof. Clearly A; = F;A;_1 where Ag = A. Combine Proposition 5.2 with
Corollary 5.3 to deduce that det A; = (det E;)det A;_; for i = 1,..., k. This
implies (5.37). O

Theorem 5.5 Let A € R"*". Then the following conditions hold.

1. Assume that A is invertible, i.e. there exists as sequence of elementary
row operations such that (5.36) holds, where Ay = I, is the RREF of A.
Then

A'=EFE,,...E, A=FE'E;'. . . E (5.38)
det A = (det E;)~'... (det E)~" # 0. (5.39)

2. det A =0 if and only if rank A < n, i.e. A is singular.

3. The determinant of an upper or lower triangular matrix is a product of
its diagonal entries.

Proof. Use elementary row operations as (5.36) to bring A to its RREF,
which is Ag. If rank A = n then Ay = I, and we have equality (5.38). Use
Theorem 5.4 and the assumption that det I, = 1 to deduce 1. (Observe that
Corollary 5.3 yields that the determnant of an elementary matrix is nonzero.)

Assume now that rank A < n. Then the last row of A; is zero. Use
Proposition 5.1 to deduce that det Ay = 0. Combine (5.37) with the fact
that the determinant of an elementary matrix is nonzero to deduce 2 that
det A = 0.

Assume that A is a lower triangular with the diagonal entries aqy, ..., an,
if a;; = 0 for some 7, then A has at most n — 1 pivots in its REF. Hence
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rank A < n and det A = 0 = J[{_, as. Suppose that all diagonal entries of
A are different from zero. First divide row ¢ by a; to obtain the lower tri-
anguar matrix B with 1 on the diagonal. Use Theorem 5.4 to deduce that
det A = ([[iL, as)det B. Now bring B to its RREF I, by ding Gauss elim-
ination, which consists of adding to row j a multiple of row ¢, where i < j.
According to Proposition (5.2) such elementary row operations do not change
the value of the determinant. Hence det B = det I, = 1. Similar arguments
apply if A is an upper triangular matri. This proves 3. O

Proposition 5.6 Let A € R™™ be an invertible matriz such that A =
F\Fy ... Fy, where Fy, ..., Fy are elementary matrices. Then

det A = (det Fy)(det Fy) ... (det Fy). (5.40)

Proof. Let E; = F[l. Note that F; is also an elementary matrix. Fur-
thermore , Corollary 5.3 yields that det E; = (det F;)~!. Clearly (5.38) holds.
Apply Part 1 of Theorem 5.5 to deduce (5.40). O

Theorem 5.7 Let A, B € R"*". Then det (AB) = (det A)(det B).

Proof. Assume first that B is singular, i.e. det B =0. So rank B < n and
there exists a nonzero x € R” such that Bx = 0. Then (AB)x = A(Bx) =
A0 = 0. So AB is singular, i.e. rank(AB) < n. Hence = 0det (AB) =
(det A)0 = (det A)(det B).

Assume next that B is invertible and A is singular. So Ay = 0 for some
nonzero y. Then (AB)(B™'y) = Ay = 0. As B~'y # 0 it follows that AB
singular. So = det (AB) = 0(det B) = (det A)(det B).

It is left to prove the theorem when A and B are invertible. Then

A:FlFQ...Fk, GlGQ...Gl,
where each F; and Gj is elementary. So AB = F} ... FyG, ...G;. By Proposi-
tion 5.6

det (AB) = (ﬁ det Fi)(ﬁldet G;) = (det A)(det B).

5.4 Permutations

Definition: A bijection, i.e. 1 — 1 and onto map, o : {1,2,...,n} —
{1,2,...,n}, is called a permutation of the set {1,2,...,n}. The set of all
permutations of {1,2,...,n} is called the symmetric group on n-elements,
and is denoted by S,,.
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o() is the image of the number i for i = 1,...,n. (Note that 1 < o(i) <n
fori=1,...,n. ¢ €8, is called the identity element, (or map), if ¢() = i for
1=1,...,n.

Proposition 5.8 The number of elements in S, isn!=1-2---n.

Proof. o(1) can have n choices: 1,...,n. o(2) can have all choices: 1,...,n
except o(1), i.e. n — 1 choices. o(3) can have all choices except o(1),0(2), i.e.
o(3) has n — 3 choices. Hence total number of o-sisn(n —1)...1=nl. O

Definition. 7 € S,, is a transposition, if there exists 1 < i < 7 < n so that
7(i) = j,7(j) =i, and 7(k) = k for all k # 1, 5.

Since o,w € S,, are bijections, we can compose them o o w, which is an
element in S, ((0 ow)(i) = o(w(i))). We denote this composition by cw and
view this composition as a product in S,,.

Claim. Any o € S, is a product of transpositions. There are many different
products of transpositions to obtain ¢. All these products of transpositions
have the same parity of elements. (Either all products have even number of
elements only, or have odd numbers of elements only.)

Definiiton. For o € S,,, sgn(o) = 1 if ¢ is a product of even number of
transpositions. sgn(o) = —1 if ¢ is a product of odd number of transpositions.

Proposition 5.9 sgn(ow) = sgn(o)sgn(w).

Proof. Express ¢ and w is a product of transpositions. Then ow is also a
product of transpositions. Now count the parity. O

5.5 Sy

Sy consists of two element: the identity ¢: ¢(1) = 1,4(2) = 2 and the trans-
position 7: 7(1) = 2,7(2) = 1. Note 72 = 77 = ¢ since 7(7(1)) = 7(2) =
L, 7(7(2)) = 7(1) = 2. So ¢ is a product of any any even number of 7, i.e.
v = 7% while 7 = 72" for m = 0,1, .. ..

Note that this is true for any transposition 7 € S,,,n > 2. Thus sgn(z) =
1,sgn(7) = —1 for any n > 2.
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5.6 S3

S3 consists of 6 elements. Identity: . There are three transpositions in Sj:

7'1(1):1, T1(2):3, 7'1(3):2,
7‘2(1) = 3, ’7'2(2) = 2, 7'2(3) =1,
7'3(].) = 2, 7'3<2) = 1, 7'3(3) =3.
(1, fixes j.)
There are two cyclic permutations
o 2, 0(2)=3, o(3)=1,
w(l)=3, w2)=1 w(3) =2
1

Note wo = ow =, i.e. 07" = w. It is straightforward to show

0 = T1To = T27T3, W = ToT1 = T3T2.

So

sgn(t) =sgn(o) =sgn(w) =1, sgn(r) = sgn(m) = sgn(r3) = —1.

5.7 Rigorous definition of determinant

For
a1 a12 AT
A CL.21 a‘gz a?n c Rrxn
anl amz ann
define
det A = Z SEN(0)a15(1)820(2) - - - Ano(n)- (5.41)
UESn

Note that det A has n! summands in the above sum.

5.8 Casesn=2,3

11 Q12
Q21 A22

det

1 = aq,(1)A2,(2) — A1r(1)d27(2) = a11d22 — a12a21,

a11 a1z ais
det 91 G922 G923 =
asy as2 ass
(1,(1)02,(2)A3,(3) + A1o(1)@20(2)A30(3) T A1w(1)B2w(2) A3w(3)
— Q17 (1) @27 (2) W37 (3) T A7 (1) A272(2) B372(3) — Glrs(1)A273(2) A373(3) =
11022033 + Q12023031 + Q13021032

—a11G023032 — A13A22031 — A12A21433.
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5.9 Minors and Cofactors

For A € R™™ the matrix M;; € R®V*=1 denotes the submatrix of A
obtained from A by deleting row ¢ and column j. The determinant of M;; is
called (i, j)-minor of A. The cofactor A;; is defined to be (—1)"*/det Mj;.

a b c 0 e
A= d e f ,Mggz s A32:—(lf+0d.
. d f
g h 1

Expansion of the determinant by row ¢, (Laplace expansion)

det A = aj;Ai + aipAis + ... + ainAjy = Z aijAjj.

j=1

Expansion of the determinant by column p:
det A = aip A, + agpAsgy + oo+ anpAap = Y Ay,
j=1

One can compute also the determinant of A using repeatedly the row or column
expansions

Warning: Computationally the method of using row/column expansion
is very inefficient. Expansion of determinant by row/column is used primarily
for theoretical computations.

5.10 Examples of Laplace expansions

a b c
Expand the determinant of A= [ d e f | by the second row:
g h 1

det A = dAgl + eA22 + fA23 -

b ¢ a c a b
d(—1)det [h Z.}—i—edet {g Z.}—i—f(—l)det {g h}_
(—d)(bi — he) + e(ai — cg) + (— f)(ah — bg) = aei + bfg + cdh — ceg — afh — bdi.
-1 1 -1 3
: 0 3 11 )
Find det 0o 0 92 9| Expand by the row or column which has
-1 -1 -1 2

the maximal number of zeros. We expand by the first column: det A =
an A + ag1Agr + agiAs; + an Ay = ap Ay + ag Ay since ag; = ag = 0.
Observe that (—1)! =1, (1) = —1. Hence

det A = (—1)det

_ o W
N = W

11 1 1
2 2 | +(=1)(=D)det | 3 1
-1 2 0 2
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Expand the first determinant by the second row and the second determinant
by the third row.

2 2 11
det A = (—1)(3 det { 15 ] + (—1)det { 5 9 ] )+
1 3 1 -1
((—2)det{3 1]+2det[3 1])—18—1—16—1—86.
-1 1 -1 3
0 3 11
Another way to find det A, A = 0 0 2 2
-1 -1 -1 2
-1 1 -1 3
. 0o 3 1 1
Perform ERO: Ry — Ry — R4 to obtain B = 0o 0 2 9| So
0 -2 0 -1
det A = det B. Expand det B by the first column to obtain det B = —det C,
3 1 1
C = 0 2 2 |. Perform the ERO Ry — 0.5Ry — Ry to obtain D =
-2 0 -1
30 0
0 2 2 |. Expand det D by the first row to get det D = (3)(2- (—1) —
-2 0 -1
2-0) = —6. Hence det A = 6.
5.11 Adjoint Matrix
ai a2 <o Qip
21 22 oo Qop .. -
For A = ] ] ) ] the adjoint matrix is defined as
an1 (n2 -o Qpp
All A21 cee Anl
T e
Aip Asp, v Apn

where A;; is the (i,j) cofactor of A. Note that the i-th row of adj A is
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Examples:

A= {“H “12},ade:{

ag1 A2

ail aig ais
A= a21 A2z A23
az1 asz as3

11 Q12
Agg = det
Q21 Q22

A12 = —det |: @21

a3

@23
a33

,adj A =

All
A12

A21 } _ [ a22
A22 —a21

All A21 A31
A12 A22 A32
A13 A23 A33

] = aj1agy — 412421,

= —agiagg + ag3ag3y-

A way to remember to get the adjoint matrix correctly:

—ai2
a11

E

An Ap A 1"
adJ A _ A21 A.QZ AZTL _
A Aw A
Aqy Ag An
A12 A22 AnZ
A s, Au

5.12 The properties of the adjoint matrix
Proposition 5.10 Let A € R"*". Then A adj A = (adjA)A = (det A)L,,

Proof. Consider the (i, j) element of the product A adj A: a;1Aj1+ai2Ajp+
oo + ajnAjp. Assume first that ¢ = j. Then this sum is the expansion of the
determinant of A by ¢ — th row. Hence it is equal to det A, which is the (4,17)
entry of the diagonal matrix (det A)IL.

Assume now that ¢ # j. Then the above sum is the expansion of the de-
terminant of a matrix C' obtained from A by replacing the row j in A by the
row i of A. Since C has two identical row, it follows that det C = 0. This

shows A adj A = (det A)I. Similarly (adj A)A = (det A)L O
Corollary 5.11 det A # 0= A~ = ——adj A.
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. Find adj A and A%

[anTEN \V]
S Ot W

1
Example: Let A= | 0
0

All - 247 A12 - _O) A13 - 07 A21 - _127 A22 - 67

Agg = —0,A31 =10 =12 = =2, Ay = =5, A33 = 4,
T

240 0 24 —12 -2
adjA=| —-12 6 0 = 0 6 —5
-2 -5 4 0 0 4

Since A is upper triangular det A =1-4-6 = 24 and

L[ 24 -12 -2
A—lzﬂ 0 6 —5
0 0 4

5.13 Cramer’s Rule

Theorem 5.12 Consider the linear system of n equations with n unknowns:

anlxry + appre + ...+ a1pT, = b1
a1y + agxre + ... + a9,T, = bg
a1 + apata + ... + G, = by,

Let A€ RV b = (by,...,b,)" be the coefficient matriz and the column vector
corresponding to the right-hand side of these system. That is the above system
is Ax = b, x = (x1,...,2,)". Denote by B; € R™" the matriz obtained from
A by replacing the j —th column in A by: B; =

air ... al(j—l) bl al(j+1) N AT
as1 ... ag(j_l) b2 Clg(j+1) ... Qo
(075 an(j—l) bn CLn(j+1) oo App
_det B; .
Then €Ty = qdot A fO?"] = 1, .

Proof. Since det A # 0, A7l = ﬁadj A. Hence the solution to the
system Ax = b is given by: A7!'x = ﬁadj A b. Writing down the formula
for the matrix adj A we get: z; = A1 b1+A2§:5+A"'+A"jb". The numerator of this

quotient is the expansion of det B; by the column j. O

Example: Find the value of z5 in the system

Ty + 23?2 — T3 — 0
—21‘1 — 5172 + 5I3 =3.
31‘1 + 73[72 — 51‘3 =0
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1 0 -1
det [ =2 3 5

3 0 =5
Ty =
1 2 —1
det | =2 =5 5
3 7 =5
Expand the determinant of the denominator by the second column to obtain
1 0 -1 -
det | =2 3 5 | =3det L=l 3(—=5+3) = —6. On the coefficient
3 =5
3 0 =5 -
1 2 —1]
matrix A= | —2 —5 5 | perform the ERO Ry +3Ry — Ry, Ry —3R; —
3 7T =5
1 2 -1
R3 to obtain Ay, = | 0 —1 3 |. Expand det As by the first column to
0o 1 =2
obtain det A = det Ay = 1(2—-3) = —1. So 2o = 6. (Note that A™!

was computed before in the notes. Check the answer by comparing it to
A710,3,0)T = (-9,6,3)T.)

5.14 History of determinants

Historically, determinants were considered before matrices. Originally, a de-
terminant was defined as a property of a system of linear equations. The
determinant ”determines” whether the system has a unique solution (which
occurs precisely if the determinant is non-zero). In this sense, two-by-two de-
terminants were considered by Cardano at the end of the 16th century and
larger ones by Leibniz about 100 years later. Following him Cramer (1750)
added to the theory, treating the subject in relation to sets of equations.

It was Vandermonde (1771) who first recognized determinants as indepen-
dent functions. Laplace (1772) gave the general method of expanding a deter-
minant in terms of its complementary minors: Vandermonde had already given
a special case. Immediately following, Lagrange (1773) treated determinants
of the second and third order. Lagrange was the first to apply determinants to
questions outside elimination theory; he proved many special cases of general
identities.

Gauss (1801) made the next advance. Like Lagrange, he made much use
of determinants in the theory of numbers. He introduced the word determi-
nants (Laplace had used resultant), though not in the present signification,
but rather as applied to the discriminant of a quantic. Gauss also arrived
at the notion of reciprocal (inverse) determinants, and came very near the
multiplication theorem.

The next contributor of importance is Binet (1811, 1812), who formally
stated the theorem relating to the product of two matrices of m columns and
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n rows, which for the special case of m = n reduces to the multiplication
theorem. On the same day (Nov. 30, 1812) that Binet presented his paper
to the Academy, Cauchy also presented one on the subject. (See Cauchy-
Binet formula.) In this he used the word determinant in its present sense,
summarized and simplified what was then known on the subject, improved the
notation, and gave the multiplication theorem with a proof more satisfactory
than Binet’s. With him begins the theory in its generality.

Source: http://en.wikipedia.org/wiki/Determinant

(See section History)

6 Eigenvalues and Eigenvectors

6.1 Definition of eigenvalues and eigenvectors

Let F be the field, and C be the filed of complex numbers. Let A € F"*".
x € F" is called an eigenvector (characteristic vector) if x # 0 and there exists
A € C such that Ax = Ax. A is called an eigenvalue (characteristic value of
A). In this Chapter we will deal mostly with the two fields F = R, C. For the
sake of generality we will state some results fr general fields F.

Proposition 6.1 X is an eigenvalue of A if and only if det (A — AI) = 0.

Proof. Let B(\) :== A — AI. Then x is an eigenvector of A iff and only iff
x € N(B())), i.e. xisin the null space of B(\). Suppose first that B(A\)x = 0.
Since x # 0, B(\) is singular, hence det B(A) = 0. Vice versa suppose that
det B(A) = 0 for some A. Then there exists a nonzero x such that B(A\)x =0
i.e. x is an eigenvector of A. O

The polynomial p(\) := det (A — AI) is called a characteristic polynomial
of A.

p(A) = (=D)"\" = N4 oA 4 (1))

is a polynomial of degree n. The fundamental theorem of algebra states that
p(A) has n roots (eigenvalues) A1, Aa, ..., A, and

p()\) = ()\1 - )\)()\2 - )\) T ()\n - A)-

Given an eigenvalue A then a basis to the null space N(A — AI) is a basis for
the eigenspace of eigenvectors of A corresponding to A.
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6.2 Examples of eigenvalues and eigenvectors

Example 1. Consider the Markov chain given by A = 8; 8; ] . (%70 of
healthy remain healthy and %20 of sick recover.)
0.7—X 0.2
A=AL= 0.3 O.8—>\}’

det (A — AI) = (0.7 = X\)(0.8 —A\) —0.2-0.3=\? — 1.5A + 0.5

is the characteristic polynomial of A. So det (A — AI) = (A — 1)(A — 0.5).
Eigenvalues of A are the zeros of the characteristic polynomial, i.e. solutions
of det (A —A)=0: \; =1, Ay =0.5.

To find a basis for the null space of A=\ I = A—1, denoted by N(A—X\1),
we need to bring the matrix A — I to RREF:

A—1T= { —03 0'2} So B = { L =5 } is RREF of A — 1

0.3 —0.2 | 0 0 ’

N(B) corresponds to the system x; — %xz = 0. Since z; is a lead variable
and x5 is free 1 = 2”02 . By choosing x5 = 1 we get the eigenvector x; = (g, H
which corresponds to the eigenvalue 1.

Note that the steady state of the Markov chain corresponds o the coordi-
nates of x;. More precisely the ratio of heathy to sick is o= 2

To find a basis for the null space of A — Aol = A — 0. 5] denoted by
N(A — XoI) we need to bring the matrix A — 0.57 to RREF. A—-05] =

0.2 0.2 1 1.
{0'3 0'3].800—[0 O]lsRREFofA—O.SI.
N(C) corresponds to the system x;+x9 = 0. Since x; is a lead variable and

1y is free 71 = —x5. By choosing 7o = 1 we get the eigenvector x, = (—1,1)"
which corresponds to the eigenvalue 0.5.

2 =31 2— A -3 1
Example2: Let A= | 1 —2 1 |.SoA-\ = 1 —2—-A 1
1 -3 2 1 -3 2—-A

Expand det (A — AI) by the first row:
2=M((=2=X2=N+3)+(-1(=3)(12-AN)—-1)+1( =3+ (2+N))
-\ =1)+31-N)+(A-1)
A=D(2=ANA+1)=3+1)=A=1(=N+X) =-AA—1)>

So A\; = 0 is a simple root and A\, = 1 is a double root.

2 =31
A-MNMI=A=1|1 -2 1
1 -3 2
RREF of A is
1 0 -1
B=|01 -1
00 O
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The null space N(B) is given by x; = x3, x5 = x3, where x3 is the free variable.
Set w3 = 1 to obtain that x; = (1,1,1)" is an eigenvector corresponding to
)\1 == 0

1 -3 1
A-dl=|1 -3 1
1 -3 1
RREF of A — X1 is
1 -3 -1
B=|0 0 0
0O 0 0

The null space N(B) given by x; = 3x9 —x3, where xq, 23 are the free variable.
Set 19 = 1,23 = 0 to obtain that x, = (3,1,0)". Set x5 = 0,23 = 1 to obtain
that x3 = (=1,0,1)7. So x»,x3 are two linearly independent eigenvectors
corresponding to the double zero Ay = 1.

6.3 Similarity

Definition. Let V be a vector space with a basis [vy vo...v,] over a field F.
Let T': V — V be a linear transformation. Then the representation matrix

A =[a; ay...a,) € F"" of T in the basis [v; va...V,] is given as follows.
The column j of A, denoted by a; € R, is the coordinate vector of T'(v;).
That is, T'(v;) = [v1 v2...V,]a; for j =1,... n.

Change a basis in V: [vy vy.. .Vn]i)[ul Uy ...u,]. Then the representation
matrix of 7' in the bases [u; uy...u,] is given by the matrix QAQ~!.

Definition. A, B € F™ " are called similar if B = QAQ™! for some invertible
matrix () € F"*".

Definition. For A € F™*" the trace of A is the sum of the diagonal elements
of A.

Proposition 6.2 Two similar matrices A and B have the same charac-
teristic polynomial. In particular A and B have the same trace and the same

determinant.
Proof. Fix A € F. Clearly
det (B — M) = det (QAQ ™" — AI) = det (Q(A — A)Q™!) = (6.42)

det Q(det (A — AI))det Q' = det Q(det (A — AI))(det Q)" = det (A — AI).

Express det (A — AI) as a sum of n! product of elements of A — A\ (§6.1)
we get det (A — M) = (=1)"A" + (=1)"1tr A \» ! + ... + det A. Hence
tr A :=aj; + aga + ... + Gpy. In view of (6.42) we deduce that A and B have
the same trace and the same determinant. O
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Theorem 6.3 Suppose that A, B € F™" have the same characteristic
polynomial p(N). If p(\) has n distinct roots then A and B are similar.

We will prove this result later. However if p(A\) has multiple roots than it is
possible that A and B have the same characteristic polynomial but A and B
are not similar.

6.4 Characteristic polynomials of upper triangular ma-
trices

Suppose that A is upper triangular. Hence A — AI is also upper triangular.
Thus det (A — AI) = (a;3 — A)(age — A) ... (apn — A) So the eigenvalues of up-
per or lower triangular matrix are given by its diagonal entries, (counted with
multiplicities!)

Example 1:

aix G2 13 ap — A ai2 ai3

A= 0 922 A923 ,A—)\I: 0 CLQQ—)\ 923

0 0 as3 0 0 ass3 — A

det (A — AI) = (a;; — A)(ags — A)(ass — A).
0.7 0.2
Let A = 03 08 |- (See §77.) Recall det (A—AI) = (1—X)(0.5—\). Let
D= [ (1) Og } So det (A — AI) = det (D — AI). We show that A and D are
2 _

similar. Recall that Ax; = x1, Axs = 0.5x2. Let X = (x1 X3) = { ?i 1 ]

So AX = XD (Check it!). This is equivalent to the fact that x;, x5 are the cor-
responding eigenvectors). As det X = g # 0 X is invertible and A = XDX 1.
So A and D are similar.

Example 2:: Matrices nonsimilar to diagonal mattrices.

Let
0 0 01
[52]e[23)
Both matrices are upper triangular so det (A — AI) = det (B — AI) = A2 Since
TAT'=0= A +# B, A and B are not similar.

Proposition 6.4 : B is not similar to a diagonal matriz.

a 0
0 b]' As det (B — \I) =

A =det (D — M) = (a— A)(b—\) we must have a =b =0, i.e. D =A. We
showed above that A and B are not similar.

Proof. Suppose that B is similar to D = [
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6.5 Defective matrices

Defininiton )\ is called a defective eigenvalue of A € F™*™ if the multiplicity
of Ao in det (B — AI) (= 0) is strictly greater than dim N(B — A\oI). B € F™*"
is called defective if and only if one of the following conditions hold.

1. det (B — Al) is not of the form [}, (\; — A), for some \;,..., \, € F.
2. det (B—AI) =J]L;(Ai — A), for Aq,..., A\, € F, and B has at least one

i=1
defective eigenvalue.

Note that B = 8 (1) } is defective since the only eigenvalue \g = 0 is
defective: rank(B — 0/) = rank B = 1,dim N(B) = 2 —rank B = 1, and the

multiplicity of A\g = 0 in det (B — AI) = \? is 2.

Definition: A € F"*" is called diagonable if A is similar to a diagonal matrix
D € F™*". (The diagonal entries of D are the eigenvalues of A counted with
multiplicities.)

Theorem 6.5 : B € F"*" is a diagonable matriz if and only if B is not
defective.

(Note that A € R3*® given in Example 2 of §6.2 is not defective, hence ac-
cording to the above Theorem A is diagonable.)
To prove Theorems 6.5 and 6.3 we need the following lemma.

Lemma 6.6 : Lety,,y2,...,y, be p eigenvectors of AF™" corresponding
to p distinct eigenvalues. Then yi, ..., y, are linearly independent.

Proof. The proof is by induction on p. Let p = 1. By the definition an
eigenvector y; # 0. Hence y; is lin.ind. . Assume that the lemma holds for
p=k. Let p=Fk+ 1. Assume that Ay, = \jy;,y; #0,i =1,...,k+ 1 and
i # Aj for i # j. Suppose that

a1y1+ ...+ apyr + agr1yx+1 = 0. (643)
So

0=A0=A(a1y1 + ...+ apyr + Gpi1Yri1) =
a1 Ay + ...+ agAyr + ap1 Ay = aa Ay + o GARYE F Q1 Ak 1Ykt

Multiply (6.43) by Axs1 and subtract it from the last equality above to get
ar(A — M)y + -+ ap( M — App)yr = 0.

The induction hypothesis implies that a;(A\; — Ap41) = 0fori=1,... k. Since
Ai — g1 #O0fori < k41 wegeta; =0,i=1,...,k Use these equalities
in (6.43) to obtain agi1yk+1 = 0 = ags1 = 0. So yi,...,yk+1 are linearly
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independent. O

Proof of Theorem 6.3. Suppose that the characteristic polynomial of

A € F™" has n distinct eigenvalues A{,...,\,. To each eigenvalue \; we
have an eigenvector y; for i = 1,...,n. Since \; # \; for ¢ # j Lemma 6.6
yields that yq,...,y, are linearly independent. Let Y &€ F"*" such that the
columns of Y are yy,...,y,. Since yi,...,y, are linearly independent then
rankY = n and Y is invertible. Let A = diag(Ay,...,\,) be the diagonal
matrix whose diagonal entries are \q,...,\,. A straightforward calculation
shows that AY = YA. So A =YAY ! ie. A issimilar to A. Similarly B is
similar to A. Hence A is similar to B. O

Proof of Theorem 6.5. Consider first a diagonal matrix D = diag(dy, ..., d,)
<™. Clearly, det (D — AI) = [[i_,(d; — A). Let e; = (1;,...,0,) . Clearly
De; = d;e; for t = 1,...,n. So if a diagonal element X\ in D appears k times,
the k£ corresponding columns of the identity matrix [, are the eigenvectors
corresponding to A. Clearly these vectors are linearly independent. Also A is
a root of the characteristic polynomial of multiplicity k. Suppose that A is
similar to D, i.e. A=Y DY . Sodet (A—\) =det (D—AI) =[[L,(di—\).
Then a straightforward calculation shows that i-th column of Y is an eigen-
vector of A corresponding to d;. That is, if A is similar to a diagonal matrix
it is not defective.

Assume now that A € F™" is not defective. First det (A — M) =
prod; (Ai—A). Let g, ..., uy be the distinct roots of the characteristic polyno-
mial of A. Assume that the multiplicity of u; is n; > 1. So A has n; linearly in-
dependent eigenvectors y; 1, ..., ¥in, such that Ay, ; = iy, for j =1,... n,.
We claim that the n eigenvectors y11,...,¥ini,-- s Yk 1s-- -, Ykn, are linearly
independent. Indeed suppose that

k n;
Z Z a; 5Yij = 0.

i=1 j=1

j
are linearly independent, it follows that a; ; = 0 for j = 1,...,n;. Let I be the

set of all indices i such that > 7" a; ;yi; # 0. Then x; := Y7 a;;yi; =0 is
an eigenvector of A corresponding to p;. Our assumption is that ), ,x; = 0.
But each eigenvector x;,7 € I correspond to a different eigenvalue p; of A.
Lemma 6.6 yields that the set of eigenvectors x;,7 € I are linear independent.

We claim that all a; ; = 0. Suppose not. If > a; ;y;; = 0, since y;1,...,¥in,

So we can not have that ) .., x; = 0. Hence y11,...,¥ins,- - Yeis-- s Ve,
are linearly independent. Let Y be the matrix with the columns

Yids--sYims-->Yhis s Yhn, S0 Y is invertible. Since each column of ¥
is an eigenvector a straight computation implies that AY = YA, where A is a
diagonal matrix, whose entries are u; repeating n; times for : = 1,...,k. So
A=YAY L 0
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6.6 An examples of a diagonable matrix

2 -3 1
Example: See Example 2 in §6.2. Let A = 1 =2 1 |. det (A—
1 -3 2
1 3 -1 0 00
M) = - 2XA—1% X =[x xox3)=1[11 0[,D=1]010
10 1 0 0 1
1 3 —1 000 -1 3 -1
A=XDX'=1]111 0 010 1 -2 1
10 1 0 01 1 -3 2

6.7 Powers of diagonable matrices

A=XDX 1= A™ = XD"X"! D™ =diag(A\"...\"), m=1,....
Iteration process:

Xy = AXp1, m=1,... = X, = A"'Xo. (6.44)
Problem: Under what conditions x,, converges to x := x(xg)?

Proposition 6.7 Assume that A € C"" s diagonable. Then x,, con-
verges to x for all Xq if and only if each eigenvalue of A satisfies either |\| < 1
or A=1.

Proof. Let A =Y DY ! where D = diag()\y, ..., \,) is a diagonal matrix.
In (6.44) replace x,,, = Yy,,. Then the system (6.44) becomes y,, = Dy,—1.
SO ¥ = D™y = diag(A", ..., \™)yo. Assume that yo = (ay,...,a,)". Then
the ¢ coordinate of y,, is A\"a;. If a; # 0 then the sequence A\"a;,i =0,1,...,
converges if and only if either |\;| <1 or \; = 1. O

Markov Chains: A € R™*" is called column (row) stochastic if all entries of
A are nonnegative and the sum of each column (row) is 1. That is ATe = e,
(Ae = e), where e = (1,1,...,1)". Under mild assumptions, e.g. all entries
of A are positive lim,,_,oo A™Xy = x. If A is column stochastic and e'x, = 1

then the limit vector is a unique probability eigenvector of A:
Ax=x, x=(v1,...,2,), 0<my,....2,, X1 +a0+...2,=1

Examples:
1. See Example 1 in §6.2:

a_for02]_ 73 -1][1 o g
0.3 0.8 1 1]]0 05[]~

=[5 0] -1 esr] |-

(6.45)

(S NG11[%]
| I

oot
[\ [ev)
| IS



o (07 02] [3 -1 10 3
;3520’4_{0.3 08|~ |1 1]loo]| -3

(The columns give proportions of healthy and sick.)

tnoot|

| IS |
I
| — ]

(S35 )

[S[SS N
| IS

2. See Example 2 in §6.2. A* = A since diag(0,1,1)* = diag(0*,1%,1%) =
diag(0,1,1). (This follows also from the straightforward computation A% = A.)

A is called projection, or involution if A2 = A. For projection limy,_,., A* =
A.

6.8 Systems of linear ordinary differential equations

A system of linear ordinary differential equations with constant coefficients,
abbreviated as SOLODEWCC, is given as.

Yy = anyi + anpys +...+ awmis
Yy = amyi + axnys +...+ G
S ) . (6.46)
Yo = am¥i + @na¥p ...+ @Y

In matrix terms we write: y’ = Ay, where 'y = y(¢) = (y1(¢), %2(¢), ..., yn(t))T
and A € C™*" is a constant matrix.

We guess a solution of the form y(t) = e*x, where x = (21,...,1,)" € C"
is a constant vector. We assume that x # 0, otherwise we have a constant non-
interesting solution x = 0. Then y’ = (e)'x = Ae’x. The system y’' = Ay is
equivalent to Ae*x = A(eMx). Since eM =# 0, divide by e to get Ax = \x.

A

Corollary 6.8 Ifx(+# 0) is an eigenvector of A corresponding to the eigen-
value \ then y(t) = e x is a nontrivial solution of the given SOLODEWCC.

Theorem 6.9 Assume that A € C"*" is diagonable. Let det (A — AI) =
(A1 =A™ (A = A)™2 (A — A)™, where \; # A\; fori# 5, 1 < m;. (The
multiplicity of \;), and Aim N(A — N\, I) = m;, N(A — \;) = span(Xi1, - - - , Xim,)
forvo=1,... k. Then the general solution of SOLODEWCC is:

k,m;
y(t) = Z cije it T0x, (6.47)
i=1,j=1
The constants c;j,t = 1,...,k,j = 1,...,m; are determined uniquely by the

initial condition y(to) = yo.
Proof. Since each x;; is an eigenvector of A corresponding the eigen-

value \; it follows from Corollary 6.8 that any y given by (6.47) is a solu-
tion of (6.46). From the proof of Theorem 6.5 it follows that the eigenvectors
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Xij,t=1,...,k,7=1,...,m; form a basis in C". Hence there exists a unique
. . . . st k,m; _
linear combination of the eigenvectors of A satisfying 21:1, i CijXiy =c¢. O

Example 1:
v, = 0.7y, + 0.2y,
vy = 03y1 + 0.8y’

0.7 0.2
0.3 0.8

(6.48)

The right-hand side is given by A =
So det (A — AXI) = (A —1)(A—0.5).

] which was studied in §6.2.

2
AXl = Xi, AX2 = O.5X2, X1 = (g, 1)T, X9 = (-1, 1)T

The general solution of the system is y(t) = cie'x; + coe®5xy:
Y1 (t) t % o5 | —1
= € + co€ ,
R A
2cie! 0.5¢ t 0.5¢
yi(t) = 3 — ce” ) ya(t) = cre’ + e
Example 2:
yi= 2y =3y +us
Y= Y1 —2y2  +ys .
ys= Y1 —3y2 +2y3
2 =31
SoA= 1|1 —2 1 | asin Example 2 in §6.2. Hence
1 -3 2

det (A—A)=-MAXA—=1)>, Ay =0, g =3 =1,

1 3 -1
X=[xxex3]=|11 0
10 1

The general solution is y(t) = ¢1e%%x; + caelxy + c3elx3, where

yi(t) = 1+ 3eze’ — ez’ yo(t) = 1 + o€, ys(t) = 1 + cz€’.

6.9 Initial conditions

Assume that the initial conditions of the system (6.46) are given at the time
to = 0: y(0) = yo. On the assumption that A is diagonable, i.e. XAX ™! it
follows that the unknown vector ¢ appearing in (6.47) satisfies Xc = y,. We
solve this system either by Gauss elimination or by inverting X: ¢ = X ly,.

Example 1: In the system of ODE given in (6.48) find the solution satisfying
IC y(0) = (1,2)".
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2 _
Solution. This condition is equivalent to [ ? ! } [ } = [ 1 }

2
c 2 _1717'71 3 3 9
=1 =|_3 3 i
& 11 2 5 2 !
(The inverse is taken from (6.45).) Now ubstltute these values of ¢1, ¢y in
(6.47).

6.10 Complex eigenvalues of real matrices

Proposition 6.10 Let A € R™"™ and assume that A := a+if, a,f € R
is non-real eigenvalue (5 # 0). Then the corresponding eigenvector x = u +
iv, u,v € R" (Au = \u) is non-real (v # 0). Furthermore X\ = a — i # A
is another eigenvalue of A with the corresponding eigenvector X = u — iv.
The corresponding contributions of the above two complex eigenvectors to the
solution of y' = Ay is

ey (cos(ft)u — sin(Bt)v) + e Cy(sin(Bt)u + cos(Bt)v). (6.49)

These two solutions can be obtained by considering the real linear combination
of the real and the imaginary part of the complex solution eMx.

Proof. Recall the Euler’s formula for e* where z = a + ib, a,b € R:
e” = e = % = ¢%(cosb + isinb)

Now find the real part of the complex solution (O + iCs)e @t (u + iv) to
deduce (6.49). O

6.11 Second Order Linear Differential Systems

Let Aj, Ay € C™™ and y = (y1(t),...,yn(t))". Then the second order differ-
ential system of linear equations is given as

y' = Ay + Ay’ (6.50)

It is possible to translate this system to a system of the first order involving

matrices and vectors of the double size. Let z = (y1,..., ¥, ¥}, ..., 4,) . Then
!/ o On In 2nx2n

z =Az, A= {Al A, e€C . (6.51)

Here 0,, is n x n zero matrix and I,, is n X n identity matrix. The initial
conditions are y(ty) = a € C", y'(ty) = b € C" which are equivalent to the
initial conditions z(ty) = ¢ € C*".

Thus the solution of the second order differential system with n unknown
functions can be solved by converting this system to the first order system
with 2n unknown functions.
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6.12 Exponential of a Matrix
For A € C™*" let

1
A § : 2 3

If D = diag(A1, A2, ..., \,) it is straightforward to show that
= diag(eM, e, ..., eM). (6.53)
Hence for a diagonable matrix A we get the indentity
A= XePXT! A=XDX' (6.54)

Similarly, we define

o0

1
oA k'Ak_]+tA+ 't2A2+§t3A3+.... (6.55)
e ! !

So taking the derivative with respect to t we obtain

— k! 1 1
Ay k 2 2 43 At
(e )—E i A —0+A—|—2!2tA +3!3tA +...=Ae™.
k=1

If Ais diagonable A = XDX ! thentA = X (tD)X ! =. So e/’ = X diag(eM?
The matrix Y (¢) := e(*%)4 satisfies the matrix differential equation

Y'(t) = AY (t) = Y (¢t) Awith the initial conditionY (to) = I. (6.56)

(As in the scalar case, i.e. Ais 1 x 1 matrix.)
The solution of y' = Ay with the initial condition y(¢y) = a is given by
y(t) = et=t0)4a,

6.13 Examples of exponential of matrices

Example 1
4|07 02 2 111 o0 § 3
0.3 0.8 1 1]]0 05| -2 2]
{g } [ } [ 3 3 2¢—3e05  2e—2¢0°
3 % 3 } - { 6_560‘5 e 56045 } )
1 0 605 -2 2 3 g 3 +§
tA |: 2 :| |: e :| [ § § 2€t7360'5t 2€t7260'5t
e 3 ] 3 :| - |: et_580A5t ot 560A5t } .
1 0 et || -3 2 33600 3t

In the system of ODE (6.48) the solution satisfying IC y(0) = (1,2)" is given

as 2€t7360'5t 2€t72€0,5t 1 6€t77€0‘5t

— LAt — 5 5 — 5

y(t) =e Y(O) - |: 3ef—3e95t  3ef42e0-5¢ :| |: 2 :| - |: 9et+e0-5t | -
5 5 5

87



Compare this solution with the solution given in §6.9 in Example 1.

Example 2. B = ( 8 0

series (6.55). Note B? = 0. Hence B* =0 for k > 2. So

) is defective. We compute e?,e!® using power

1 1 11
B __ 2 ~ 3 — —
¢ =1+B+ B+ B +...=1+B [o L
etB=1+tB+thB2+lt3B3+ —r4+tp=| !
2! 3! 01

Hence the system of ODLE

y/1 = Y2
Yy = 0

Has the general solution
)| _ |l a|_|atet
=e = .
Ya(t) C2 C2
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