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@ Perron-Frobenius theorem for irreducible nonnegative tensors.
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Overview

@ Perron-Frobenius theorem for irreducible nonnegative tensors.

@ Diagonal scaling of nonnegative tensors to tensors with given
rows, columns and depth sums.
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values
Ay; = oj(A)x;, ATx; = oj(A)y;
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values

Ay; = oi(A)x;, ATx; = oi(A)y;

+0i(A),i =1,... are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values

Ay; = oj(A)x;, ATX; = oi(A)y;

+0i(A),i =1,...are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1
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UeRT VERT, u'u=viv=1Av=0¢(Au, ATu=o(AV

T ol
MaXyerm yern,|x|,=yl,=1 X AY = U AV.

G(A) = (V4 U Wy, E) bipartite graph on
Vi=(my:={1,....m},Vo:=(n), (i,j) € E < a; > 0.
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values

Ay; = oj(A)x;, ATX; = oi(A)y;

+0i(A),i =1,...are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1

Perron-Frobenius for A = [g;] € R
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T ol
MaXyerm yern,|x|,=yl,=1 X AY = U AV.

G(A) = (V4 U Wy, E) bipartite graph on
Vi=(my:={1,....m},Vo:=(n), (i,j) € E < a; > 0.

If G(A) connected. Then u, v unique.
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SVD of nonnegative matrices

A e R™M g4(A) > ... > 0singular values

Ay; = oj(A)x;, ATX; = oi(A)y;

+0i(A),i =1,...are critical values of f(x,y) = x" Ay
restricted to [|x||2 = ||Y]|2 = 1

Perron-Frobenius for A = [g;] € R

UeRT VERT, u'u=viv=1Av=0¢(Au, ATu=o(AV

T ol
MaXyerm yern,|x|,=yl,=1 X AY = U AV.

G(A) = (V4 U Wy, E) bipartite graph on
Vi=(my:={1,....m},Vo:=(n), (i,j) € E < a; > 0.

If G(A) connected. Then u, v unique.

Proof: ATA, AAT are irreducible
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

Shmuel Friedland Univ. lllinois at Chicago () Fixed points theorems for nonnegative tensors




Rank one approximations for 3-tensors

R IPS: (A, B) = Y1

aijkbijks 1T l2 = {T,T)

xeyz,uaveow) = (u'x)(viy)(w'z)

X subspace of R™*"x/ x|

..., Xg an orthonormal basis of X

Px(T) = XL (T, X)X, |Px(T)]3 = 20 (T. X2
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = XL (T, X)X, |Px(T)5 = X(T, )2

IT115 = |Px(T)|13 + |7 — Px(7)|3
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = XL (T, X)X, |Px(T)5 = X(T, )2

IT115 = |Px(T)|13 + |7 — Px(7)|3

Best rank one approximation of 7:
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = XL (T, X)X, |Px(T)5 = X(T, )2
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = SL(T, X)X, |[Px(T)I5 = Xi4(T, &;)?

IT115 = |Px(T)|13 + |7 — Px(7)|3

Best rank one approximation of 7:
Minkyz |7 =X @Y @ 2|2 = Mijjx,=|y|,=|z|,=12 7 —ax @Y 2|2

. . m,n,/
Equivalent: maXjx|,=ylp=|zl,=1 22i=j=k lij.kXi¥jZk
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = SL(T, X)X, |[Px(T)I5 = Xi4(T, &;)?

IT115 = |Px(T)|13 + |7 — Px(7)|3

Best rank one approximation of 7:
Minkyz |7 =X @Y @ 2|2 = Mijjx,=|y|,=|z|,=12 7 —ax @Y 2|2

; . m,n,/
Equivalent: maXjx|,=ylp=|zl,=1 22i=j=k lij.kXi¥jZk
Lagrange multipliers: 7T xy®z := Zj:k:1 lijkYjZk = AX

TXXQRZ=XY, T XXRY =Mz
A singular value, x,y, z singular vectors
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Rank one approximations for 3-tensors

R IPS: (A, B) = Y™, aijkbijk, [Tl = (T, T)

xeyozugveow) = (u'x)(vy)(w'z)

X subspacedof RM*M - yy L Xy an orthc(I)normaI basis of X
Px(T) = SL(T, X)X, |[Px(T)I5 = Xi4(T, &;)?

IT115 = |Px(T)|13 + |7 — Px(7)|3

Best rank one approximation of 7:
Minkyz |7 =X @Y @ 2|2 = Mijjx,=|y|,=|z|,=12 7 —ax @Y 2|2

. . m,n,/
Equivalent: maXjx|,=ylp=|zl,=1 22i=j=k lij.kXi¥jZk

Lagrange multipliers: 7T xy®z := Zj:k:1 lijkYjZk = AX
TXXQRZ=XY, T XXRY =Mz

A singular value, x,y, z singular vectors

How many distinct singular values are for a generic tensor? -
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¢, maximal problem and Perron-Frobenius

1
16, xn) Tl == (27 [XilP)?
. m,n,|
Problem: max x| ,=|ly|l,=lizllo=1 2_izjk ik Xi¥jZk

Lagrange multipliers: T x y @z := Y, 4 ti;, kyjzk = P!
Txx@z=XYyP", T xx@y=X2""" (p=525,t,seN)
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¢, maximal problem and Perron-Frobenius

1
1t - Xn) Tllp = (357 1XilP)
. ) 7/
Problem: max x| ,—yjj,=allp=1 2ol tij.kXi¥ 2k
Lagrange multipliers: T x y @z := Y, 4 ti;, kyjzk = P!

Txx@z=XYyP", T xx@y=X2""" (p=525,t,seN)
See L.-H. Lim 2005 for more general results
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¢, maximal problem and Perron-Frobenius

Tl=

(X155 xn) Tl == (i [XilP)
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p = 3 is most natural in view of homogeneity
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¢, maximal problem and Perron-Frobenius

1
16, xn) Tl == (27 [XilP)?
. m,n,|
Problem: max x| ,=|ly|l,=lizllo=1 2_izjk ik Xi¥jZk

Lagrange multipliers: T x y @z := Y, 4 ti;, kyjzk = P!
Txx@z=XYyP", T xx@y=X2""" (p=525,t,seN)
See L.-H. Lim 2005 for more general results

p = 3 is most natural in view of homogeneity

Assume that 7 > 0. Then x,y,z >0

For which values of p we have an analog of Perron-Frobenius
theorem?, UNIQUENESS

Yes, for p > 3, No, for p < 3,
Friedland-Gauber-Han [5]

Shmuel Friedland Univ. lllinois at Chicago () Fixed points theorems for nonnegative tensors




Outline of the proof

Shmuel Friedland Univ. lllinois at Chicago () Fixed points theorems for nonnegative tensors -
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Define: F: RT x R7 xR/, - RT x R? x R, :
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Outline of the proof

Define: F: RT x R7 xR/, - RT x R? x R, :
1
_3 / =1 .
F(Oxy.2))i = (XI5 S tiyysz) ™ i=1,0..om
1
-3 =1 .
F((X7Vaz))j,2 = (HyHg Z/ k=1 tl,j kXIZk>p 1 ] = 17‘ ., n

F(x.y.2)ka = (1257 Sy tjwxyy)” k=1,
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Outline of the proof

Define: F: RT x R7 xR/, - RT x R? x R, :

L
F(Oxy.2))i = (XI5 S tiyysz) ™ i=1,0..om
F(Y. )2 = (I etz )™
F(O Y. 2)s = (121575 Sy tjwxiyy) ™" ok =1,

Assume Z]’.’;'kﬂ tijk>0i=1,....m,
ml ¢ 0,j=1 mn 0,k =1 /
Zf:k:1 i,k >0,y=1,...,n, E,‘:j:1 ij.k >U,K=1,...,
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Outline of the proof

Define: F: RT x R7 xR/, - RT x R? x R, :

1

F(Oxy.2))i = (XI5 S tiyysz) ™ i=1,0..om
1
F((X7Vaz))j,2 = (Hyngis Z/ k=1 tljkxlzk>p 1 7j = 17‘ ., n

-3
F(O Y. 2)s = (121575 Sy tjwxiyy) ™" ok =1,
Assume Zj’.’;'kﬂ tijk>0i=1,....m,

272221 ti,j,k > O,j: 1,...,n, Z,’-Zj’-’:1 ti,j,k > 0,k: 1,...,/

F 1-homogeneous monotone, maps open positive cone R x R7 x R’+
to itself.

T = [t;j k] induces tri-partite graph on (m), (n), (/):

i € (m) connected to j € (n) and k € (/) iff t; ; x > 0, sim. for j, k
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Outline of the proof

Define: F: RT x R7 xR/, - RT x R? x R, :

1

F(Oxy.2))i = (XI5 S tiyysz) ™ i=1,0..om
1
F((X7Vaz))j,2 = (Hyngis Z/ k=1 tljkxlzk>p 1 7j = 17‘ ., n

-3
F(O Y. 2)s = (121575 Sy tjwxiyy) ™" ok =1,
Assume Zj’.’;'kﬂ tijk>0i=1,....m,

272221 t,'J’k >0,j=1,...,n, Zﬁj’-’:1 ti,j,k >0k=1,...,/

F 1-homogeneous monotone, maps open positive cone R x R7 x R’+
to itself.

T = [t;j k] induces tri-partite graph on (m), (n), (/):

i€ {m) connected to j € (n) and k < (/) iff f; j x > 0, sim. for j, k

If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive
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Numerical counterexamples

F = [fijx] € R&®2: fy 11 = fhpp = a> 0 otherwise, fijx = b > 0.

f(x,y,2) = b(x1 + x2)(y1 + ¥2)(21 + 22) + (@ — b)(X1y121 + XoY222).
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Numerical counterexamples

F = [fijx] € R&®2: fy 11 = fhpp = a> 0 otherwise, fijx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,
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Numerical counterexamples

F = [fijx] € R&®2: fy 11 = fhpp = a> 0 otherwise, fijx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,

Fora=1.2,b = 0.2 and p = 2 additional positive singular vectors:
X =y =12~ (0.9342,0.3568)",
X =y =2~ (0.3568,0.9342)".
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Numerical counterexamples

F = [fijx] € R&®2: fy 11 = fhpp = a> 0 otherwise, fijx = b > 0.
f(x,y,2) = b(x1 + X2)(y1 + yo)(Z1 + 22) + (@ — b)(X1 Y121 + X2Y222).

For py = p» = p3 = p > 1 positive singular vectors:
x=y=2z=(05"P0.5"/P)T,

Fora=1.2,b = 0.2 and p = 2 additional positive singular vectors:
X =y =12~ (0.9342,0.3568)",
X =y =2~ (0.3568,0.9342)".

Fora=1.001,b = 0.001 and p = 2.99 additional positive singular
vectors:

X =y =2z~ (0.9667,0.4570)7,

X =y =2~ (0.4570,0.9667)"

Shmuel Friedland Univ. lllinois at Chicago () Fixed points theorems for nonnegative tensors




Fixed point iterations for p > 3

Assume F completely irreducible
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Fixed point iterations for p > 3

Assume F completely irreducible
To find the fixed point iterate:

(XK, Yk, Zk) = F(Xk—1,Yk—1,2Zk_1)

and renormalize Xk, Yk, Zx to have £, norm to be one
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Fixed point iterations for p > 3

Assume F completely irreducible
To find the fixed point iterate:

(XK, Yk, Zk) = F(Xk—1,Yk—1,2Zk_1)

and renormalize Xk, Yk, Zx to have £, norm to be one

This iterations should converge geometrically to unique positive
singular vectors
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Scaling of nonnegative matrices to matrices with given

row and column sums
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Scaling of nonnegative matrices to matrices with given

row and column sums

0 < A =[aj] € RT*" has row and column and sums:
r=(r,....tm)",c=(c1,...,cn)",:
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Scaling of nonnegative matrices to matrices with given

row and column sums

0 < A =[aj] € RT*" has row and column and sums:
r=(r,....tm)",c=(c1,...,cn)",:
> jaj=1>0,%a;=c¢c>0.

D=6
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Scaling of nonnegative matrices to matrices with given

row and column sums

0 < A =[aj] € RT*" has row and column and sums:
r=(r,....tm)",c=(c1,...,cn)",:
> jaj=1>0,%a;=c¢c>0.

D=6

Find nec. and suf. conditions for scaling:
A = [g;e" 1], x € R™,y € R" such that A" has given row, column
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Scaling of nonnegative matrices to matrices with given

row and column sums

0 < A =[aj] € RT*" has row and column and sums:
r=(r,....tm)",c=(c1,...,cn)",:
> jaj=1>0,%a;=c¢c>0.

D=6

Find nec. and suf. conditions for scaling:
A = [g;e" 1], x € R™,y € R" such that A" has given row, column

Most known case: m=n,r=c¢ = 1:
rescaling to doubly stochastic matrix
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Scaling of nonnegative matrices to matrices with given

row and column sums

0<A= [a;j] € RTX” has row and column and sums:

r=(r,....tm)",c=(c1,...,cn)",:
>jaj= r,>0 >iaj=¢>0.
D=6

Find nec. and suf. conditions for scaling:
A = [g;e" 1], x € R™,y € R" such that A" has given row, column

Most known case: m=n,r=c¢ = 1:
rescaling to doubly stochastic matrix

A: completely irreducible: A # Ay @ Ag, Ay € RV ™:
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Scaling of nonnegative matrices to matrices with given

row and column sums

0<A= [a;j] € RTX” has row and column and sums:

r=(r,....tm)",c=(c1,...,cn)",:
>jaj= r,>0 >iaj=¢>0.
D=6

Find nec. and suf. conditions for scaling:
A = [g;e" 1], x € R™,y € R" such that A" has given row, column

Most known case: m=n,r=c¢ = 1:
rescaling to doubly stochastic matrix

A: completely irreducible: A # Ay @ Ag, Ay € RV ™:

Exists permutation matrices P, Q: PAQ has posmve diagonal and is
irreducible
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Scaling of nonnegative matrices |l

Thm A € R}*" rescable to d.s. iff there exists a d.s. matrix with the
same zero pattern as A.
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Scaling of nonnegative matrices |l

Thm A € R}*" rescable to d.s. iff there exists a d.s. matrix with the
same zero pattern as A.

Sinkhorn algorithm 1964-67: Rescaling rows and columns converges
geometrically to d.s.

Menon-1968 A € R™" rescable to have r, ¢ row and column sums if
there exists a matrix B € R"*" with the same zero pattern as A and
r,c row and column sums.

The rescaled matrix is unique
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Scaling of nonnegative matrices |l

Thm A € R}*" rescable to d.s. iff there exists a d.s. matrix with the
same zero pattern as A.

Sinkhorn algorithm 1964-67: Rescaling rows and columns converges
geometrically to d.s.

Menon-1968 A € R™" rescable to have r, ¢ row and column sums if
there exists a matrix B € R"*" with the same zero pattern as A and
r,c row and column sums.

The rescaled matrix is unique

Brualdi 1968: A € RT*", A completely irreducible
A#£ A @ A, Ay € RMxm,

PAQ = 2” AO ] then the columns sums of ¢ corresponding to the
21 A2

columns of Aq¢ are strictly less then the row sums of r of the rows of

A11 .
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak

Find nec. and suf. conditions for scaling:

T' = [t € 1¥it2],X,y,z such that 7’ has given row, column and
depth sum
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak

Find nec. and suf. conditions for scaling:

T' = [t € 1¥it2],X,y,z such that 7’ has given row, column and
depth sum

Solution: Convert to the minimal problem:
MiNgTy—cTy—dTz—0 Ir(X,¥,2), fr(X,y,2) =37, ;  tij k€2
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak

Find nec. and suf. conditions for scaling:

T' = [t € 1¥it2],X,y,z such that 7’ has given row, column and
depth sum

Solution: Convert to the minimal problem:
MiNgTy—cTy—dTz—0 Ir(X,¥,2), fr(X,y,2) =37, ;  tij k€2

Any critical point of fr on S := {r'x =c'y =d'z = 0} gives rise to a
solution of the scaling problem (Lagrange multipliers)
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak

Find nec. and suf. conditions for scaling:

T' = [t € 1¥it2],X,y,z such that 7’ has given row, column and
depth sum

Solution: Convert to the minimal problem:

MiNgTy—cTy—dTz—0 Ir(X,¥,2), fr(X,y,2) =37, ;  tij k€2

Any critical point of fr on S := {r'x =c'y =d'z = 0} gives rise to a
solution of the scaling problem (Lagrange multipliers)
fr is convex
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0 < 7T = [t;j«] € R™™/ has row, column and depth sums:
r=(,....,tm)",c=(cy,...,cn)",d=(d4,...,d)" >0:
Zj,k lijk="ri> 0, Zi,k lijk=C> Oin,j tijk = dc >0

/
Sl =306 = Yk Ak

Find nec. and suf. conditions for scaling:

T' = [t € 1¥it2],X,y,z such that 7’ has given row, column and
depth sum

Solution: Convert to the minimal problem:

MiNeTx_cTy—dTz—0 IT(X,¥,2), FT(X,¥,2) = 37,  bij k€ 5Vit2

Any critical point of fr on S := {r'x =¢c'y =d'z = 0} gives rise to a
solution of the scaling problem (Lagrange multipliers)

fr is convex

fr is strictly convex implies 7 is not decomposable: 7 # 71 ® 7».
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if fr is strictly convex and is co on 9S8, fr achieves its unique minimum
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Scaling of nonnegative tensors |l

if fr is strictly convex and is co on 9S8, fr achieves its unique minimum

Equivalent to: L.the inequalities x; + y; + zx < 0 if t;; x > 0 and
equalities . r'x=c'y=d’z=0
imply x =045,y =0,,2=0,.
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if fr is strictly convex and is co on 9S8, fr achieves its unique minimum

Equivalent to: L.the inequalities x; + y; + zx < 0 if t;; x > 0 and
equalities . r'x=c'y=d’z=0
imply x =045,y =0,,2=0,.

In general 7 is rescalable if I. and Il. imply
X,'—l—yj—{—Zk =0if t,'J’k >0
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Scaling of nonnegative tensors |l

if fr is strictly convex and is co on 9S8, fr achieves its unique minimum

Equivalent to: L.the inequalities x; + y; + zx < 0 if t;; x > 0 and
equalities . r'x=c'y=d’z=0
imply x =045,y =0,,2=0,.

In general 7 is rescalable if I. and Il. imply
X,'—l—yj—{—Zk =0if t,'J’k >0

T is rescalable iff there exists 77 € RT*™ withr, ¢, d
row,column,depth sums, and the same zero pattern as 7.
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Scaling of nonnegative tensors |l

if fr is strictly convex and is co on 9S8, fr achieves its unique minimum
Equivalent to: L.the inequalities x; + y; + zx < 0 if t;; x > 0 and
equalities . r'x=c'y=d’z=0

imply x =045,y =0,,2=0,.

In general 7 is rescalable if I. and Il. imply
X,'—l—yj—{—Zk =0if t,'J’k >0

T is rescalable iff there exists 77 € RT*™ withr, ¢, d
row,column,depth sums, and the same zero pattern as 7.

Are variants Brualdi theorem hold in the tensor case?
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Rescaling versus Newton method

Fact: Forr =1,,¢ =1,,d = 1, Sinkhorn scaling algorithm works T.
Kolda.
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Rescaling versus Newton method

Fact: Forr =1,,¢ =1,,d = 1, Sinkhorn scaling algorithm works T.
Kolda.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function (Use Armijo rule or first
rescaling rows and columns)
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Rescaling versus Newton method

Fact: Forr =1,,¢ =1,,d = 1, Sinkhorn scaling algorithm works T.
Kolda.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function (Use Armijo rule or first
rescaling rows and columns)

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
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Rescaling versus Newton method

Fact: Forr =1,,¢ =1,,d = 1, Sinkhorn scaling algorithm works T.
Kolda.

Newton method works, since the scaling problem is equivalent finding
the unique minimum of strict convex function (Use Armijo rule or first
rescaling rows and columns)

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm

True for matrices too
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