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Abstract

In the first part of the paper we show that the Busemann 1-compactification of the
Siegel upper half plane of rank n: SH, = Sp(n,R)/K,, is the compactification as a
bounded domain. In the second part of the paper we study certain properties of discrete
groups I' of biholomorphisms of SH,,. We show that the set of accumulation points of
the orbit I'(Z) on the Shilov boundary of SH,, is independent of Z, and denote this set
by A(I"). We associate with I" the standard class of Patterson-Sullivan p-measures. For
p-regular I' these measures are supported on A(T"). For 1-regular I' Patterson-Sullivan
1-measures are conformal densities. For I, with A(T") # 0, we give a modified version
of the class of Patterson-Sullivan measures, which are always supported on A(T). *

1 Introduction

In the past thirty years there have been a great deal of mathematical activity on Fuchsian and
Kleinian groups. One of the most important notions is the Patterson-Sullivan (PS) measures.
This class of conformal measures was introduced by Patterson [?] for Fuchsian groups. The
construction of conformal measures were extended by Sullivan [?] to hyperbolic groups
acting on n-dimensional hyperbolic spaces H™ in general and in particular for Kleinian
groups (n = 3). A good summary of the ideas and results on this subject are in [?]. One
way to extend these results is to consider PS measures for discrete groups in higher rank
symmetric spaces G/K as was done by Albuquerque [?]. In that case the boundary of G/K
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consists of several strata. The important stratum is the Furstenberg boundary [?]. Using
recent results of Benoist [?], Albuquerque shows that there are families of Zariski dense
groups for which the PS measures are supported on the Furstenberg boundary.

In his fundamental paper [?] Siegel introduced a special symmetric space SH,, of rank
n for n = 1,...,, which is called now the (n — th) Siegel upper half plane. SH; is the
hyperbolic upper half plane H?. SH,, is formally defined as the subset of n x n complex
symmetric matrices Sym(n, C) whose imaginary part is a positive definite matrix. In fact,
the origin of SH,, can be traced to Riemann, who defined the Riemann matrix A € SH,,
corresponding to a compact Riemann surface of genus n, endowed with a specific complex
structure. SH,, is the homogeneous space corresponding to the symplectic group Sp(n,R) C
SL(2n,R) quotient by the maximal compact subgroup K,, := Sp(n,R) N SO(2n,R). SH,,
is a complex manifold of complex dimension w Sp(n, R) is the biholomorphism group
of SH,,. Of special interest is the lattice Sp(n, Z), which is called the Siegel modular group.
Siegel upper half plane and Siegel modular group have many applications to modular forms
[?]. The natural compactification of SH,, is the compactification as a bounded domain
SD,, :={Z € Sym(n,C) : ||Z||2 < 1}. We show that this compactification is equivalent to
Busemann 1-compactification of Sp(n,R)/K,, viewed as a submanifold of GL(2n,C)/Ug,
with respect to the metric d; introduced in [?] Recall that SD,, is biholomorphic to SH,,.
The compact strata of the boundary of SD,, is the Shilov boundary of SD,,. It is the set of
n X n unitary symmetric matrices USym(n), which is a manifold of real dimension w
USym(2) fibers over the circle with the fibre S2.

The object of this paper is to study certain problems for a discrete groups I' C Sp(n, R):
the appropriate definitions of the limit set of I' and the appropriate constructions of the
PS measures. These problems are closely related to % dimensional complex manifolds
whose universal cover is SH,,. As we show, there are many common features of discrete
groups I' C Sp(n,R) for n > 1 with the classical Fuchsian groups (n = 1). Of course there
are still many differences with Fuchsian groups, and more generally with discrete subgroups
in rank one symmetric spaces. It will be apparent to the reader that the discrete groups
I' € Sp(n,R) posses remarkable properties, some of which we were able to expose. The
most promising case is n = 2. Here a discrete group I' C Sp(2,R) acts on USym(2), which
seems to be a natural generalization of the action of the Kleinian group on the Riemann
sphere. That is why we study in detail various compactifications of SHy and the action of a
single element v € Sp(2,R) on SHy in [?]. There is an overlap between some of our results
on the fixed points of the action of elements M € Sp(n,R) on SH,, and the forms of special
representatives of the conjugacy class of M in Sp(n,R), and the two papers of Gottschling
[?] and [?]. In his papers Gottschling considered only the fixed points of M € Sp(n,Z)
and the forms of special representative of the conjugacy class M in Sp(n,Z). He was not
concerned with the exact location of the fixed points with respect to the stratification of
0SD,,.

We now outline briefly the main results of our paper. In §2 we recall the known models
of SH,,. In §3 we consider the compactifications of these models as bounded domains. In
84 we discuss the properties of symplectic matrices needed here. In §5 we discuss discrete
subgroups I' C Sp(n,R) which act on SH,,. We define the limit set A(T") as the set of



accumulation points of the orbit I'(Z) on the Shilov boundary for some Z € SH,,. Our
main result is that A(T") is independent of the choice of Z € SH,,, as in the classical case of
Fuchsian and Kleinian groups. In §6 we define the notion of the Patterson-Sullivan measure.
We give conditions for this measure to be supported on the Shilov boundary of SH,,. In §7
we discuss briefly a modified definition of the Patterson-Sullivan measure for discrete groups
I satisfying A(T') # 0. In §8 we discuss briefly the notion of the critical exponent.

Some of the results here were obtained by the second author in his Ph.D. thesis [?] under
the direction of the first author. The second author was supported by an FCT-Praxis XXI
scholarship during his studies at UIC.

2 The Siegel upper half plane

We recall the well known facts about Sp(n,R), SH,,, SD,, which can be found in [?], [?],[?]
and [?]. We use the notations of [?] given in the §1 and §3. For F = R,C denote by
Sym(n, F) C M(n, F) the subspace of n x n symmetric matrices. The symplectic group
Sp(n, F) is defined as

0 I

Sp(n,F) = {M & GL(2n, F) : MTJ,M = J,.}, J = ( o

) € SL(2n,R).

Equivalently

A B - DT Bt
M:(C D)eSp(mF)(:)Ml:(_CT AT ><:>

ATC and BT D are symmetric and ATD - CTB =1I,. (2.1)

Let Y, := Sp(n,R)/K,,. Then Y, is a submanifold of Xa, = GL(2n,C)/Us,,. Further-
more Y, is a complete metric space with respect to dj, for p € [1,00] [?]. Recall that Sp(n,R)
acts on SH,, as follows: For M of the form given in (??) M(Z) := (AZ + B)(CZ + D)~ ..
We will call these maps generalized Mdébius transformations. The matrices M and —M have
the same action on SH,,. Then PSp(n,R) := Sp(n,R)/{£Is,} is equal to the group of
biholomorphisms of SH,,. Furthermore, PSp(n,R) acts as a subgroup of isometries with
respect to the Siegel metric ds(-,-) on SH,,.
It is straightforward to show that the map ¢; : SH,, — Sp(n,R) given by

¢1(X+HY):<é)I(>(\/O? %)(f"fg> (2.2)

Induces a bijection ®; : SH,, — Sp(n,R)/K,, given by Z — ¢1(Z)K,,. It is not difficult
to show that ds(Z, W) = /2da(®1(Z), ®1(B)) for any Z, W € SH,,.

The next model for SH,, is the SD,,, which a bounded domain in Sym(n, C). There are
two complex symplectic maps connecting these two models:

®y :SH, —»SD,,, Zw— (Z—-—11,)(Z+ v—11I,)7",
o, :SD,, —SH,,, Zw——1(I,+2)(I, - 2)"".



Let
SU(n,n) :={M € SL(2n,C): M*diag(I,,—1I,)M = diag(I,,—1I,)}.

Then all biholomorphisms of SD,, are given by generalized Mobius transformation induced
by the subgroup Sp(n,R)" := Sp(n,C) N SU(n,n). Let Stab(0) := {M € Sp(n,R) :
M(0) = 0}. Then Stab(0) is isomorphic to Uy:

M € Stab(0) <<= M(Z)=UzU", UecU,, ZcSD,. (2.3)
The classical result of Schur [?] (see also [?]) states:

Lemma 2.1 Let Z € Sym(n,C). Then there exists a unitary U € U, so that Z =
US(Z)UT.

Corollary 2.2 Let Wy, Wy € SD,,. Then there exists M’ € Sp(n,R)" such that
Ml(Wl):O7 M/(W2):D(Y)7 y:(yla“'vyn)TERn7 1>y1 ZZZ/nZO

Suppose furthermore that Zy,Zs € SH,,. Then there exists M € Sp(n,R) such that
M(Zy) = /=11, M(Zy) = /—1D(x)), where x = (21, ...,x,)", 1 > ... > 2, > 1.

We now cousider the projective model of SH,,. Consider the Grassmannian Gr(2n,n,TF,
which is the variety of all n-dimensional subspaces of F?". Denote by M r(2n,n,F) C
M(2n,n,F) the subset all 2n x n matrices of maximal rank n. Let A € M¢(2n,n,F) and
view the columns of A as a basis of a subspace of F?". Denote by [A] the n-dimensional
subspace spanned by the columns of A. Note [B] = [4] if and only if B € AGL(n,F). Hence
Gr(2n,n,F) = M;(2n,n,F)/GL(n,F). Let S°(2n,n,F) be the following quasiprojective
variety in Gr(2n,n,F): S°(2n,n,F) = {[A] : A = ( IZ , Z € Sym(n,F).} The
projective model for SH,, is the set of all n dimensional subspaces of S°(2n,n,C) that
admit a representative a matrix A of the above type with Z € SH,,. We denote this set by
SPH,,. This embedding intertwines the action of Sp(n,R) on SH,, with the restriction to
the subgroup of Sp(n,R) of the standard action of GL(2n,C) on Gr(2n,n,C):

(2 2)2]-&13)- o]

The map connecting SH,, to SPH,, is &3 : SH,, — SPH,, given by Z — { IZ . which is

a 1-1 map. This model and the action are studied in a more general setting in [?].

Finally consider another related projective model. Let A,SPH, := {A,W : [W] €
SPH,,}, where we identify v = w if and only if there exists a nonzero complex number z
such that v = uz. This is a subset of the projective space CPY~%, N = (>"). The action
is defined as left multiplication by A, M: for M € Sp(n,R) and v € A,,SPH,,, the action
is [v] — [ApMuv]. It is straightforward to show that one obtains a well defined map from
SPH,, to A,SPH,, given by [V] — [A,V].



3 Compactifications

The closure of SD,, is {Z € Sym(n,C) : ||Z]|2 < 1} which is denoted by Cl(SD,,). Observe
that 9SD,, has the following stratification :0,SD,, = {Z € 9SD,, : rank (I — ZZ) = n—k}
for k = 1,...,n. Note that 9,SD,, = {Z € Sym(n,C) : 01(Z) = ... =0px(Z2) =1 >
or+1(2)} for k <n—1, and 9,SD,, = USym(n) := U, NSym(n,C). The group acting on
SD,, is Sp(n,R)’. The quotient of this group by the subgroup {+Is,} is the biholomorphism
group of SD,,. The action of Sp(n, R)" extends to C1(SD,,). It is known that each stratum
of 9SD,, is an orbit for the action of Sp(n,R)’" [?, p. 200].

It is useful to consider a similar compactification SH,,. For A € M(m,n,C)let Re A,Im A €
M(m,n,R) be the unique matrices such that A = ReA + /—1ImA. For A,B € H,
A>B <= A-B € H!. Let CI(SH,) be the closure of the Siegel upper half
plane in Sym(n,C), which consists of all Z € Sym(n,C), ImZ > 0. Call the bound-
ary of CI(SH,,) as a finite boundary of SH,, and denote it by fin, which consists of all
Z € Sym(n,C) such that ImZ > 0 and rank Im Z < n. Clearly, we have the following
stratification of the finite boundary: fin(9,SH,,) consists of all Z € Sym(n,C) such that
ImZ >0 and rank ImZ =n — k for k = 1,...,n. A straightforward calculation [?] shows:
O, (fin(0x,SH,,)) C 0,SD,, for k = 1,...,n. The complete compactification of SH,, by con-
sidering C1(SPH,,) in the compact manifold G(2n,n,C). We identify 0SPH,, with 0SH,,.
The following lemma follows straightforward [?]

Lemma 3.1 The compactification of SPH,, is equivalent to the compactification of SD,,
as a bounded domain. Furthermore, the finite boundary of SH,, correspond to the set of all

? with Z and Im Z > 0,
and such a representative is unique. Moreover, let Z1, Zs be points in the finite boundary of

SH,, such that ( 4 B ) { % } = [ Z2 } Then CZ1 + D is invertible.

equivalence classes that admit a representative of the type

C D 1 1

The infinite boundary of SH,, corresponds to the set {Z € 9SD,, : det (Z —I) = 0},
where ® !is not defined. The following proposition follows straightforward:

Proposition 3.2 Let G be a subgroup of 2x2 block upper triangular matrices in Sp(n,R).
Then G is generated by translations and congruencies:

Z—T(Z)=Z+B, BeSym(R,n), T:(Ig IB>,
n

Z Q(Z) = AZA", Ac GL(n,R), Qz(é (ATO)_1>.

G stabilizes each fin(0p,SH,,). Furthermore, G acts transitively on SH,, and on each fin(0,SH,,).

Recall that SD,, is a complex manifold. The Shilov boundary of SD,, is the minimal
closed subset of S C 9SD,, with the following property: The maximum modulus of any
continuous complex valued function f on Cl(SD,,), which is analytic on SD,,, is achieved
on S. It is well known that USym,, is the Shilov boundary of SD,,, e.g. [?]. One can show



that USym(n) can be presented as a homogeneous spaces U,,/O(n,R) and K, /O(n,R),
where O(n,R) C Sp(n,R) is the group matrices of the form diag(@, Q) with @ € O(n,R)
[?]. The main result of this section is:

Theorem 3.3 The compactification of SH,, as a bounded domain is equivalent to the
compactification of Y, with respect to the Busemann function dy

The proof of this theorem is given at the end of the next section.

4 Properties of symplectic matrices and applications

Let F be a field of characteristic 0. Let W be a vector field over F of dimension 2n. Let
(u,v) be a skew form on W. That is (v,u) = —(u,v). (-,-) is called nondegenerate if the
linear functional f : W — T, given by f(x) = (x,u), 0 # u € W, is a nonzero functional.
A symplectic basis (e!,...,e", f1, ... f") in W satisfies

(e, %) = —(f*,e’) = 65, (e/,e") = (f/,f*) =0 forall j,k=1,...,n.

A subspace V C W is isotropic if for all u,v in the subspace, (u,v) = 0. An isotropic
subspace is called Lagrangian if it has the maximal dimension n. Clearly, span(el, ..., e") and
span(f!, ..., f*) are Lagrangian subspaces. A nontrivial subspace U is called nondegenerate
if the restriction of the form (-,-) to U is nondegenerate. Two subspaces U,V C W are
called skew orthogonal if (u,v) = 0 for every u € U,v € V. A decomposition W = &f_, U;
is called to an orthoskew decomposition if any two distinct subspaces U;, U; are orthogonal
with respect to the given skew form. The following lemma is well known:

Lemma 4.1 Let (+,-) be a nondegenerate skew form on a vector space W of dimension
2n. Then the following are equivalent:
(a) W = @k_,U; is an orthoskew decomposition with U; # {0} fori=1,...k;
(b) There exists a symplectic basis (e',...,e" f1,... ") of W and k + 1 integers jo =
0, 1 <j1 <jo<...<jr=mn such that U; = span(efi—1T1 .. . efi fli-1tl  fii) for
i=1,... k.

On F?" x F?" define a skew (symplectic) form as (u,v) := uTJv. Note that this skew form
is nondegenerate. Then M € GL(2n,TF) is symplectic if and only if (Mu, Mv) = (u,v)
for all u,v € F?". Furthermore, M € GL(2n,F) is symplectic if and only if it is a change
of basis matrix from one symplectic basis to another one. Let A € M(m,C). Denote by
spec(A) C C the spectrum of A: spec(A) := {A € C: det(A,, — A) = 0}. In what follows
we need the following subsets of spec(A):

speci+ (A) :={X € spec(4) : |A| > 1}, specy-(A) := {X € spec(4) : |A] <1},
specy (A) := {X € spec(A) : || =1}, spec,(A) := {X € spec(4) : [A| <1, Im A > 0}.

For any set L C C let Pr(A) € M(m,C) be the spectral projection on the generalized
eigenspace of A associated with L Nspec(A). Note that if L Nspec(A4) = @ then Pr(A4) = 0.



Furthermore, if L = L and A € M(m, R) then Pr(A) € M(m,R) and C ® Pr(A)R™ =
Pp(A)C™. Suppose that L c C\{0}. Then L=! := {2z € C: 27! € L}. Denote by
P+ (A), Pi-(A), P1(A) the spectral projections on specy+(A),spec;—(A),spec;(A) respec-
tively. On C™ define a symmetric form < u,v >= u'v any u,v in C™. Note that on R™
this symmetric form is positive definite. The following claims can be deduced straightfor-
ward:

Proposition 4.2 Let A € M(m,C), L,L’ € C,LNL = 0. Then u,v >= 0 for
u € P(A)C™ and v € P, (AT)C™.

Proposition 4.3 Let M € Sp(n,C). Let L, Ly C C\{0} such that Ly N L= = (. Then
Pp(M)C?*, Pp, (M)C?" are skew orthogonal. Assume furthermore that LN L~ = 0. Then
Pr(M)C?" is an isotropic subspace. Suppose furthermore that M € Sp(n,R) and L = L.
Then Pr(M)R?" is an isotropic subspace of R?".

0.
0.

Corollary 4.4 Let M € Sp(n,R). Then P+ (M)R?" and P,-(M)R?*" are isotropic
subspaces.

Lemma 4.5 Let M € Sp(n,R). Then

R = Z @P{/\,X,Afl,ﬁ} (M)R>" (4.1)
)\Gspecq(M)

is an orthoskew decomposition of R*™. Assume that X € spec,(M)\spec,(M). Then
P, 5., A,Hﬁ}(M)R?“ = P, /\,X}(M)RQ" ® P A,l’ﬁ}(M)R?” (4.2)
s a decomposition of P{,\,X,,\fl,ﬁ} (M)R?"™ to a direct sum of its two Lagrangian subspaces.
Let Sp(n,R)* := Sp(n,R) NH*(2n,C). Then
Corollary 4.6 Assume that A € Sp(n,R) N Sym(2n,R). Then
A=0BO", 0¢cK,, Be¢cSp(nR)ND(2n,R). (4.3)
Furthermore any A € Sp(n,R) has the SVD:

A=0,(D&D 10, 01,0, €K,, D=diag(dy,..,d,), 0<d; <...<d, <1
(4.4)
In particular any A € Sp(n,R)T has the above form with Oy = OF.

Use the above results to deduce the analog of [?, Lemma 3.1] for Y,:

Corollary 4.7 Let (A,B),(C,D) € Y, x Y,,. Then there exists T € Sp(n,R) such
that T(A, B) = (C, D) if and only if S(A™'B) = X(C~'D). In particular, for any pair
(A,B) € Y, x Y, there exits T € Sp(n,R) such that T(A, B) = (Iz,,D & D™, where D
satisfies (77).



An equivalent statement in the above Corollary is due to Siegel [?].

Proof of Theorem ??. Corollary ?7 yields that Y, can be presented by Sp(n,R)*.
Let ®;' : Sp(n,R)* — SH,, be the inverse map to ®; : SH,, — Sp(n,R)/K,,. Consider
a sequence of matrices D,, ® D)} € Sp(n,R)T, m = 1,..., where each D,, is of the form
given in (??). [?, Theorem 6.3] yields that the sequence {D,, ® D,,1}3° converges to a point
in 0,Y,, if and only if

Dm:diag(dl,ma-“vdn,m)a Ogdl,mggdn,mSL m=1,...,
lim D,, = A :=diag(d1,...0n), (4.5)

m— 00
0:51:---:6i1<5i1+1:-~-:5i2<---<6il,1+1:---:5ilSL
O=i<i1<19<...<t=n.

Note that i1 = n if and only if A = 0. Thus, lim,, . <I>f1(Dm @ D;;') = vV/—1A2 Hence
V—1A2? € fin(9;,SH,,). Assume that the limit point in d;Y,,, given by the sequence (??),
corresponds to the boundary point /—1A2. Let {B,,}3° C Sp(n,R)™ be a sequence of
points converging to a point n € Y, 1(c0). Corollary ?? yields that B,, = O, (D, &
D, HOY | where O,, € K,, and D,, is of the above form. As {B,,}$° converges to n [?,
Theorem 6.3] yields that (??) holds. Pick up a subsequence {O,, }7°; which converges to
O € K,,. Let {B,,,} correspond to a boundary point C' = O(v/—1A?) in the finite or infinite
boundary of SH,,. Our first claim is that C' does not depend on the subsequence {B,, },
i.e. C = C(n). By considering the sequence {PB,, PT}3° for a suitable P € K,,, to prove
the first claim we may assume that n corresponds to the limit point given by the sequence
(7?). Use [?, Theorem 6.3] to deduce that O has the block diagonal form:

21
0= Z@Oj, Oj,OQl_j+1 € O(Z] - ij_l,R), j=1,..,1L (46)

Jj=1

As O € K,, we have the additional equalities Og;_j 11 = O; for j = 1,...,l. Thus O(v/—1A?%) =
V/—1A? and the first claim is proved. Our second claim that C(n) = O(v/—1A2) gives any
point on the finite or infinite boundary of SH,,, for a suitable choice of A and O € K,,. (We
can assume that O,, = O, m =1,....) Observe that

— 0y (V—1A2%) = (I = A?)(I 4+ A%t =5((I — A%)(I 4+ AH)Y).

Use Schur’s lemma ?? to deduce that any B € 9,SD,, is of the form U(I — A?)(I + A?)UT
for some U € U, and a corresponding A. The second claim is established. Our third claim
is that for £,n € 1Y, & # n we have C(n) # C(&). Let n be given by {D,, ® D,,'}5°,
where each D,, is of the form (??). Assume that B,, = O (D,, ® D;)OT 0,, € K,,
where each D,, is of the form (?7), converges to . The above arguments show that we can
assume limy, oo Dy = A and lim,, .o Oy, = O € K,,. Then C(€) = O(\/ZAQ). Assume
to the contrary that C(£) = C(n) = vV—1A2%. We claim that A = A and O is of the form
(??). A simple way to show this claim is to consider the equality —®2(C(§)) = —P2(C(n)):

USUT =%, 5=I-A)I+AY)", S=I-A)I+A*"' UeU,.



Schur’s lemma ?? yields that ¥ = . Hence A = A. Use the original arguments of
Schur [?] (or [?, Lemma 2]) to deduce that the above equality implies U,, = 695:10]- where
O; € O(i; —4;—1,R) for j = 1,...,1. It is straightforward to show that the above equality
yields that O is of the form (??). From the arguments of the proof of our first claim it
follows that n = &, contrary to our assumption. O

Proposition 4.8 Let & be a point in the compact strata of the Busemann 1-boundary of
Sp(n,R)/K,,. Then ¢ is uniquely presented by the Lagrangian subspace = C R?™. Identify &
with a unit vector in the one dimensional subspace A,=. Then with respect to the reference
point Xg:

be(X) = 21og|[(An X)€]|> — 210g [|(An Xo)€] .

Proof. A point ¢ in the compact strata of the Busemann 1-boundary of Sp(n,R)/K,
corresponds to the two flag

P+ (AR?" C P+ (AR @ P, (AR*™ =R?", A< Sp(n,R)".
Hence A is hyperbolic and Z := P;+(A)R?" is a Lagrangian subspace. Clearly, =+ =
P, (A)R?", [?, Theorem 6.3] yields that ¢ is determined uniquely by Uy = Z, U_ = Z+
(H(Up) = 0). Vice versa, assume that = is a Lagrangian subspace. Use Corollary ?? to find
A € Sym(2n,R), e* € Sp(n,R)™, such that P+ (e?)R?" = =. Note that \,(A4) > 0. Then
et = fast — .

We use [?, Theorem 4.1] to calculate b 1(X). Observe that A,(A4) > 0 > A\,11(4), ie.
jk =mn. As Sp(n,R) C SL(2n,R) we deduce that be 1(X) = 2a,, (A, X) — 2, (A4, Xo). Use
the definition a,, (A4, X) and the fact that A,E is a one dimensional subspace to obtain the
proposition. O

Corollary 4.9 The compact strata of the Busemann 1-boundary of SH,,, denoted by
0nSH,,, is equivalent to the Shilov boundary USym,,.

Proof. Let
B = diag(by,...,b,) € D(n,R), by <bs < ...<b,<0,C=B®—-B. (4.7)

Then C represents a Weyl chamber in Sp(n,R)/K,,. The geodesic ray e'“ ¢ > 0 converges
to the point £ on the compact strata of the Busemann 1-boundary of SH,,. Clearly ¢
corresponds to 0 € fin(9,SH,,). As the compact strata of the Busemann 1-boundary is
given by the limit of the geodesic rays Oe!“OT, O € K,,, we deduce the corollary. O

5 Discrete subgroups of Sp(n,R)

In the rest of this paper we always assume that I' is a discrete subgroup of Sp(n, R). Assume
that I is torsion free. As PSp(n,R) is the group of biholomorphisms of SH,, it follows that

SH,,/T =T'\Sp(n,R)/K,, is a complex manifold of dimension %, whose universal cover
is SH,,. Assume that I" has torsion. According to Selberg [?] T' has a subgroup I'y of finite



index in such that Ty is torsion free. Hence the manifold SH,, /T is a finite cover of the
orbifold SH,,/T". Therefore SH,,/T" is a complex space [?]. The case when T is a lattice in
Sp(n,R) is very closely related to modular forms and algebraic geometry [?], [?]. (In many
known cases SH,, /I is a quasiprojective variety.) As Sp(n,R) is a simple Lie group of rank n,
for n > 1 the study of I falls into category of discrete subgroups in higher rank groups. Some
aspects of such discrete subgroups, in particular the Patterson-Sullivan theory, is treated in
Albuquerque [?]. For n = 1T is a Fuchsian group. The modern treatment of Fuchsian and
Kleinian groups can be found in [?]. To compare the properties of I' (for n > 1) with the
properties of Fuchsian groups it is useful to note that SL(2,R)" := SL(2,R) x...x SL(2,R)
is isomorphic to a subgroup of Sp(n, R):

©:SL(2,R)" — Sp(n,R), O(M; x ... x M,) =M, & ...® M,,

a1 by

a bl o ® QAp bn _ Qn bn
C1 d1 o Cn dn o C1 d1

Cn dn

Note that the action of SL(2,R)" on (H?)" is isomorphic to the action of ©(SL(2,R)") on
DH,, := D(n,C)NSH,,. Namely M1 ®...® My, (diag(z1, ..., z,)) = diag(M (z1), ..., M (2y,))
for z1, ..., zn € H2.

For any set T C SH,, denote by BCI(T) the closure of T with respect to Busemann
1-compactification of SH,,. Note that C1(SH,,) C BCI(SH,,). To define the limit set of T
we need the following theorem:

Theorem 5.1 Let v, € Sp(n,R), k = 1,..., be a given sequence. Assume that for
Z € SH,, the sequence vi(Z), k = 1, ..., converges to a point P € 8,SH,,. Then for any
W € SH,, the sequence ~v;(W), k=1, ..., converges to P.

Proof. Since Sp(n,R) acts transitively on 9,SH,, there exists v € Sp(n,R) so that
lim; oo vv:(Z) = 0 € fin(0,SH,). Hence to prove the lemma it is enough to consider
the case P = 0. Write vi(Z) = Xp + V—1Y%, (W) = U + V=1V for k = 1, ... Let
AK,, and BK,, be the cosets in Sp(n,R)/K,, corresponding to Z and W respectively.
The isomorphism ®; : SH,, — Y,, given by (?7?), implies that v, AK,, and v, BK,, have

1 1 1 1
2 ~3 2 ~3
the representatives A = Yy Xk)j’ﬁ and Bj, = Vi Uk‘i"; respectively.
0 Y, 2 V, 2
Clearly ||[B7'Alls = o01(B7'A) = 01(B;'Ax) = ||B;, ' Ax||2. Furthermore B, 'A, =
111 _1 _1 _1
V., Y2 V. 2X.Y, 21_Vk' UnY, 2
0 V2Y, ?
Lo
[[Vi2Y, ?|l2. The last inequality follows from the standard inequalities on ly norms of
matrices as follows. For any C' € M(2n,R), its operator norm is given by ||C|l2 =

N

(NI

). We claim that |[B7'Alls = ||B; ' All2 >
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Cnn C
MAX| |||, =] |y||a=1 lyTCx|. Hence ||C||2 > max; j—1,2]||Cij||2 for C = < C; C;; ) , Cij €
M(n,R), 4,5 = 1,2. Observe next

Vi ll2 = [[(VE Yy D)Y2 [l < V2 Yy 2 [l[V2 1 = [[VEYs 2 s > IViE[]¥2 5
k2 = [I\VE Tg kU2 =1V T 11204 112 kTt 2= Ve 112014k ll2 -

1 _1
Hence ||[B71Allz > |[Vill3 [Yally * = [[Vill2 < [[BFA|[3][Ye[l2- As [[Yk||2 — 0 we deduce
that ||Vi|| — 0. Using the above arguments for (1,2) block of B, *Aj, we obtain

1
2

_1 _1 1
1B~ All2 > |V}, 2 (X — Up)Yy, 22 2 |V 2 (X = Un)ll2 [1V2 12 >
i 1
V2 (X — Un)ll2 1,215

1 1
Thus || Xx — Ugll2 < [|B72A|2||Yl|3 ||Vkl|3 for k = 1,... Since X, Y%, Vi — 0, we deduce
that ’}/k(W) =Up++v-1V, — 0. O

We remark that Theorem ?? does not hold if v(Z) — P € 0,,SH,, := <I>2_1(8mSDn)
for any m € [1,n — 1] N Z. Indeed, let M = diag(3,2) € SL(2,R) and define v, =
MFo...oMFOL®...0 L € Sp(n,R) for k =1,... Then limg_ o v (diag(z1, ..., 2,)) =

m times n—m times

diag(0, ...,0, zma1, - - -, 2n) for any diag(z1, ..., z,) € DH,,..

Corollary 5.2 Let v, € Sp(n,R), k = 1,..., be a given sequence. Then for any Z €
SH,, all the accumulation points of the sequence {vi(Z)}3° lie in the Shilov boundary of
SH,, if and only if

leII;O oi(vk) =00, i=1,...,n. (5.1)

Proof. Corollary 7?7 implies that v = 017k(Dk@D,€_1)027k, where Oy, 021 € K, Dy, =
diag(o2n(Vk), -+ > 0ns1(k)), for k = 1,... Let Z = /—11I,,. Then Z is represented by the
coset I, in Sp(n,R)/K,, Suppose that a subsequence v, (Z) — P. Pick up a subsequence
{ki}2, such that Oy — O € K,,. Then Oy (Z) — O(P). Clearly OEk'yk(Z) =
V—1diag(o2n ()%, - - -, ont1(k)?) for k € N. Thus v (Z2) — P <= lim; o0 0j(k) =
Oon—j+1 <1, j=1,..,n. Then P € 0,SH,, if and only if §,,11 = 0. Thus all the accumu-
lation points of the sequence {vx(Z)}$° lie in 9,,SH,, if and only if and only if (??) holds.
Use Theorem ?? to deduce the corollary. O

Definition 5.3 Let T be a discrete group of Sp(n,R). Then the limit set A(T") is given
by the set BCI(T'(Z)) N 9,,SH,, for some Z € SH,,.

Theorem ?? implies that the definition of A(T") is independent of the choice of Z € SH,,
as in the case of Fuchsian groups. Corollary ?? gives a necessary and sufficient conditions
for T' so that A(T') # @. For a Fuchsian group I the limit set A(T') # 0 if and only if T
is infinite. For m > 1 there exist infinite T for which A(T') = @. Indeed, let T'y,..., T, be
Fuchsian groups, where I'y is finite and I's, ..., T, infinite. Then the above arguments show
that AT; @ ...0T,) =0.
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An element v € Sp(n,R) is called hyperbolic if it does not have eigenvalues on the unit
circle, i.e. spec;(y) = 0.

Proposition 5.4 Let v € Sp(n,R) be hyperbolic. Then ~ is conjugate in Sp(n,R) to
- C 0 ~
T=\lo (@mt ) C € GL(n,R), spec, - () = spec(C). (5.2)

Proof. Corollary ?? yields that P,- (y)R?" and P+ (7)R?" are Lagrangian subspaces.
Pick bases e',...,e™ and f!,...,f" in the above Lagrangian subspaces such that such that
el ...,e™ fl .. f" is a symplectic base of R?". Let e!,...e”, f!, ..., f" be the columns of T.
Then T € Sp(n,R) and 4 has the block diagonal form diag(C,C"), where C,C’" € M(n,R).
As diag(C, C") is symplectic we deduce that €’ = (CT)~!. As C represents the restriction
of v to P,- (M)R?". Hence the last equality of (??) holds. O

Lemma 5.5 Let v € Sp(n,R) be hyperbolic. Then there exist two distinct fized points
Er(7),€-(v) € 9,SH,, of v such that

klim V(Z) = €4 (7), klim v R(Z)=¢_(y), for all Z e SH,,. (5.3)

Proof. Without loss of generality we may assume that v is equal to 4 given in (77?).
Then 4%(Z) = C*Z(CT)* for k € Z. As all the eigenvalues of C' are in the open unit disk,
we deduce limy_.o, C¥ = 0. Hence the first equality of (??) holds with &, (§) = 0. Observe
next that y~! = J,,7TJ 1. Hence the second equality of (??) holds with ¢_(vy) = J,(0). O

For n = 1 the hyperbolic element v € SL(2,R) has exactly two fixed points in the
closure of H? which are located on the boundary. For n > 1 a hyperbolic element can have
more then two fixed points in d BCI(SH,,). Indeed, let 71, ..., v, € SL(2,R) be n hyperbolic
elements so that the set {&1(71),&— (M), &+ (Yn), €~ (n)} is a set of 2n distinct real
points. Let v =71 ® ... ® v, € Sp(n,R). Then the following 2" points are fixed points of
~v: diag(€x(m), .-, €+ (1)) € fin(0,SH,,). With some effort one can show that such « has
exactly 2" fixed points in BCI(SH,,). Note that

§+(v) = diag(€+(11)s - -5 &+ (1m)),  E-(v) = diag(€- (1) - -+, €~ (n))-

It is possible to show that a hyperbolic transformation has at most 2" isolated fixed points
in BCI(SH,,). It may happen that a hyperbolic transformation has less than 2™ isolated
points. In [?] we show that for n = 2 any hyperbolic transformation has either 2, 3 or
4 isolated fixed points in d,SHsy or two isolated fixed points and a closed connected real
1-dimensional variety of fixed points ~ S' in 9,SH,.

Denote by I'y, the set of all hyperbolic elements in I'. Assume that v € T',. Then
Ex(y) € AT). As aya™! €T, for any a € T it follows that a(éx(7y)) € A(T).

Definition 5.6 Let T' be a discrete subgroup of Sp(n,R). Then

Ay, (F) = BCI(U’YEF;L {E-‘r (7)7 §- (’7)})

12



Ap(T) is a closed T-invariant subset of A(T'). If T is a nonelementary Fuchsian group
then Ap(T') = A(T"). Moreover Ap(T") is an uncountable perfect set [?]. An analog of a
nonelementary Fuchsian group is a discrete Zariski dense subgroup I' C Sp(n,R). Since
Sp(n,R) is a simple Lie group, the results of Goldsheid-Margulis [?] yields that any Zariski
dense subgroup of Sp(n,R) contains hyperbolic elements. The following theorem is closely
related to the Lemma in [?, 3.6]:

Theorem 5.7 LetT' C Sp(n,R) be a discrete Zariski dense subgroup. Let T be a closed
I-invariant subset of BCI(SH,,). Then T contains Ap(T'). Furthermore, Ap(I") is a perfect
set.

Proof. By conjugating ' by an element in Sp(n,R), we may assume that I’ has an
element 7 of the form (??). Let W € BCI(SH,,)\fin(0SH,,). Consider the projective model

A
B , det B = 0.

That is, W; is located on algebraic variety of G(2n,n,R). As I is Zariski dense in Sp(n,R),
there exists a € T such that V = «(W) € CI(SH,,). Assume that T is I-invariant set.
The above argument show that there exists V' € T'N CI(SH,,). Then 7*(V) — 0 = &,.(7).
Since T is closed 0 € T. Hence {4 (B) € T for any 8 € T'y,. Thus T' D Ap(T"). To show
that Ap(T) is a perfect set we must show that A, (') does not contain isolated points.
Assume to the contrary that n € Ay (I') is an isolated point. From the definition of A, (T) it
follows that n = 4 («) for some a € T',. Without a loss of generality we may assume that
n=2¢&: () =0. As T Zariski dense, there exists § € T such that 0 # 3(0) € fin(9,,SH,,).
Then 7%(3(0)),k = 1, ..., is a sequence of pairwise distinct points in Ay, (I") which converges
to 0, contrary to our assumption. O

SPH,,. Then W is presented by the following representative: W; =

We do not know if A(T') = Ap,(T) for any Zariski dense subgroup I' and n > 1. Let (T")
be the open set of the Shilov boundary of SH,, on which I' acts properly discontinuously.
(Q(T) may be an empty set.)

Definition 5.8 Let I be a discrete subgroup of Sp(n,R). Denote by Ay(T") the smallest
closed set in the Shilov boundary of SH,, such that I acts properly discontinuously on the
complement of Aq(T) in the Shilov boundary of SH,, (Q(T)).

Aq(T) is a closed T-invariant set of 9,SH,,. For a Fuchsian (Kleinian) group A4(T") = A(T).
Lemma 5.9 Let I" C Sp(n,R) be a discrete group. Then A(T') C Ag(T).
Proof. . Clearly, it is enough to consider the case where A(T') # () Assume that v (Z) —
P e A(T"), where v, € I', k=1,... and Z € SH,,. Assume that -, is of the form as in the
proof of Corollary ??. By choosing a subsequence of v;, & = 1,..., we may assume that
O1x — 01,02 — Oz. Use the proof of Corollary ?? to deduce that P = O1(0). Let

W = 05'(0) € 9,SH,,. Use the proof of Corollary ?? again to conclude that v (05*(0)) —
01(0) O

It is not difficult to find simple examples for which A(T') # A4(T'). Let a = diag(3,2) €
SL(2,R),y=a®a € Sp(2,R) and I' =< v >. Then A(T") = {0, J2(0)}. In [?] it is shown

13



that v has a curve of fixed points F' C 92SHjy, which belongs to A4(T'). Hence A(T) is
strictly contained in Ag(T).

The structure of Q(I") is closely related to the fundamental domains of I'" in Y, =
Sp(n,R)/K,,. We consider here the Dirichlet domains. Fix p € [0,00] and A € Y,,. Let

D,(AT):={BeY,: dy(B,vA) —d,(B,A)>0, ~eTl}. (5.4)

Let D,(A,T) := BCI(D,(A,T)) N 8,SH,. If D,(A,T) has an open interior (relative to
the Shilov boundary) then it belongs to Q(T'). Since the compact strata of the Busemann
1-boundary is the Shilov boundary it is natural to choose p = 1. In (??) let B converge
to £ in the compact strata of the Busemann 1-boundary. Use the definition of Busemann
1-function to obtain with the reference point A

Di(AT)={¢€d,SH, : be1(vA) >0, yeT}. (5.5)

See Proposition ?? for the simple formula for b¢ 1 (B).

6 Patterson-Sullivan measures

Let S C Sp(n,R) be a countable discrete set. (S has no accumulation points in Sp(n,R).)
Assume furthermore that S is symmetric, i.e. y €S <<= 77! € S. (We assume that
an empty set is a symmetric set.) Fix A, B € Sp(n,R)/K,, and p € [1,00]. For r > 0 let

Ny(S,r, A, B)=#{yeS: dy,(A~B)<r}

be the p-orbital counting function [?]. Taking in account the properties of d,(-,-) given
in [?], the fact that ||z||,, € R™ is a decreasing function of p,p > 1, we deduce in a
straightforward manner that

Np(87T7A7B) = NP(SvraBaA)7 NP(S7T7A7 B) S Np(S,T"‘dp(A,C),C,B),
Ns p, (1, A, B) < Ny, (8,7, A, B), 1 < p1 < pa, Neo(S,7, 4, B) < N, (S, (2n) 77, A, B).

Hence, the p-Poincaré exponent: 6,(S) := limsup,_, M, is independent of the
choices A, B. Note that 6,(0) = —oco and 0,(S) = 0 if S is a nonempty finite set for all

p € [1,00]. The associated Poincaré series is

9s.p(S, A, B) i= Y e W AIB) 550, (6.1)
yES

Assume that S is infinite. Then 6,(S) > 0 and go,(S, A, B) = oco. Assume that 0 <
0p(S) < oo. It is straightforward to show that the Poincaré series converges for s > ,(S)
and diverges for s < 6,(S) [?]. If the Poincaré series diverges for s = §,(S) then S is
called of p-divergence type. Otherwise, S is called of p-convergence type. (The divergence
(convergence) type of S depends only on the value of p.) The construction of the family of
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PS measures is straightforward for infinite discrete symmetric sets S of divergence type. In
what follows B is kept fixed while A may vary. Let

1

= —sdp(AVBIA 0. 6.2
HS,s,A,p gs’p(S,B7B) Z € vB) s > ( )

yeES

Here Ap denote the Dirac measure on Y,, at the point B. Then ps s 4, is a finite measure
on Y,. Identify Y, with SH,. We view ps s 4, as a finite measure on BCI(SH,,). Let
{sm}{° be a strictly decreasing sequence which converges to d,(I'). The Helly selection
principle states that we can find a subsequence {m;}72; so that the sequence of measures
IS, 5m, ,A,p converges weakly to a finite measure ps 4. The assumption that S was of
divergence type implies straightforward

supp fs,4p, C BCI(S(B)) N0 BCI(SH,,). (6.3)

Let Ms, 4, be the family of all measures ps, 4., obtained by considering all weakly conver-
gent subsequences of {us s, Aptoo_;. If S is of p-convergent type, then one has to modify
the definition of the Poincaré series (??7) and induced measures (?7?) as in [?].

Lemma 6.1 Let S C Y, be an infinite discrete set. Assume that 0 < 6,(S) < 00 and S
be of p-convergent type. Then there exists a continuous nondecreasing function hy, : [0, 00) —
[0, 00) with the following properties:

(a) For any A, B € Y, the series ) s et (ATB)p (edr(ATB)) converges for s > 6,(S)
and diverges for s = 6,(S).
(b) For a given € > 0 there exists r. > 0 so that for r > re, t > 1 hyp(rt) < thy(r).

Proof. Fix A, B € Y,,. Use the construction of h in [?, Lemma 3.1.1] to construct h,,
using the metric d,(-,-), which satisfies properties (a) and (b). Use property (b) to deduce
that the convergence and the divergence of the series in (a) do not depend on the choice of
ABeY,. O

Let S be an infinite discrete set of p-convergent type. Let hy(-) be the function defined
in Lemma ?7. Set

95p(S,A,B) = e A, (d,(A,4B)), s>0, (6.4)
vES
1

= -—mm—m—m—m—mm—— 75dp(A7’YB) A B A .
HS,s,A,p 95 (8. B.B) Z e hp(dy(A,vB))Ayg, s>0

YES

Then Mg 4, is the family of all measures s 4, obtained by considering all weakly con-
vergent subsequences {(is s, A,ptoo—q, where {s,, }1° is a strictly decreasing sequence which
converges to 0,(I'). Clearly, (??) holds. Note that if a subsequence {fis s,, Ap}ro—q cOD-
verges weakly for A = Aj then this sequence converges weakly for any A € Sp(n,R)/K,
[?]. Hence each us, 4, represents a family of measures, which depends on a parameter A.
For a measurable set T C Y,, denote by vol(T) the volume of T" with respect to the
Haar measure on Y,, induced by the by the Riemannian metric ||Allz on T;Y,. Let
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I' C Sp(n,R) be an infinite discrete group. Then Mr 4, is the set of PS measures. We
claim that 6,(I') < v, , < oo for any p € [1,00]. The constant v, , is the volume growth
of p-balls in Y,,: Let B, ,(A,7) ={B € Y,, : d,(A,B) < r} be the open p-ball of radius
r > 0 for any p € [1,00]. Then

log vol(B, (A, 1))

Up,p := limsup , pEIl o0
r—00 r

Clearly, vy, , is independent of A € Y,,. In what follows we use the standard notation f < g,
for two positive functions f(r), g(r) defined on (¢, 00), if

f(r) fr)

0 < liminf ——= < limsup ——= < co.
r—oo g(r) T rmoe g(r)

Proposition 6.2 For n > 1, there exists a constant £, > 0, such that for p € [1, 0]
andr >0

vol( By (I, 7)) = Hn/ I (iy; — V(i —9)) I (y? D g dye,

log y€On (1) 1<icj<n YiY; 1<i<n i

Onp(r) == {z = (21, n) ER": 0< 2, <...<a1, ||, <27 r}. (6.5)
In particular

Up,1 =" < Un,p < Un,co = ’fl('fl + 1) (66)

Proof. Recall that Stab(y/—11I,) = K,,. Furthermore, for each Z € SH,, there exists
O € K, such that O(Z) = /—1diag(y1, ..., yn) With 1 > y2 > ... > y, > 1 such that
0i(01(0(2))) = 0i(¢1(Z)) = \/yi for i = 1,...,n. Assume that y1 > y2... > y, > 1. Then
the stabilizer of ¢ (v/—1diag(yi, ..., y»)) is a finite group of diagonal matrices Do, NK,,. Let
R2 :=={y = (y1, -, yn)T ER": y; >ys > ... >y, > 1}. Then up to a zero measure we
have the decomposition

SH, ~ K, /(Da, NK,,) x RTZL, (6.7)
U+ V=1V = O(diag(y1, ---»yn)), O € Ky, (y1,.,yn) € RL.

With respect to the above decomposition the ball B, ,(I,r) is identified with {y = e* :
z € O, ,(r)}. Recall [?] that Riemannian metric on the tangent bundle of SH,, is given by

ds® = trace(V" 21UV 1dU + V~1aVV—dV), U,V € Sym(n,R), U ++/—1V € SH,,.

We compute ds? for U =0,V =Y = diag(y1, ..., yn) using (??). Recall that the Lie algebra
of K,, is given by

A B " "
(—B A)v _AT:A:(aij)laBT:B:(bij)l'
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A straightforward computation shows
dU =dB —-Y(dB)Y, dV =(dA)Y —YdA+dY,
iy — 1)?(dbij)* + (yi — y,)*(dai;)? (7 — 1)%(dbii)? + (dyi)”
d82 — 2 (yzy_] 1) (2 ] 1) + 7 11 (3 )
2 Yiy; 2 y:

1<i<j<n 1<i<n

Hence the volume element is

do =200+ (yiy; — D(yi —y5) 11 y; —1 I das [ v ] -

Yiys Y7
1<i<j<n v43 1<i<n T 1<i<j<n 1<i<j<n 1<i<n

Integrate the above expression over K,,/(Da, NK,,) X ©,, ,(r) to deduce (??). As ||z||, is a
decreasing function of p we deduce that B,, ,(I,r) are increasing set in p for any fixed values
of n and r. Hence v, ) are increasing functions in p € [1, o] for any integer n > 1. We first
estimate v,, oo from above. Clearly

s — oy 2 _ .
H (yzy] 1)(?& y]) H Yi 1< H (yi_yj)< H yin—z7 yeRg’

Y 2
1<i<j<n YilYs 1<i<n Yi 1<i<j<n 1<i<n

/ H Yy, . dy, < e DT
1

SYn<yn-1< Sy <€ ooy,

The definition of v, o0, (?7) and the above inequalities yield vy, o < n(n+1). Fix € > 0 and
let Oppe(r) ={2€On0(r): e<z,, zi+e<wmip1, i=1,..,n—1}. A straightforward
argument show that

yiv; — )y — vy yi — 1
/ I (wiy; — 1) (Wi — y5) I ( . Vi, dy, =
log Y€O 1, o0, ( i

™) 1<i<j<n Yi¥j 1<i<n i

/ H YV ldyy . dy, = et hr — gnintr,
K3
1

Ogyeen,oo,e(r) 1<i<n
Hence vy, 00 = n(n + 1). Similar arguments show that v, ;1 =n. O
Recall that T' C Sp(n,R) is called a lattice if T is discrete and vol(SH,,/T") < oo. Siegel

modular group Sp(n,Z) is a lattice. The volume estimate for discrete groups and lattices
[?], [?], [?] combined with Proposition ?? yield:

Theorem 6.3 Let I' C Sp(n,R) be a discrete group. Then 6,(I') < vy, ,. Assume that
T is a lattice. Then §,(T') = v, p and T is of divergence type.

Definition 6.4 Let ' < Sp(n,R) be a discrete group and n > 1. Then T is called
p-regular if for any p € Mr 4, supp p C A(T).

We are interested in conditions which insure that for a given p € [1,00] T is p-regular. For
a fixed ¢t > 0 let

Sp(n,R); :={y € Sp(n,R):  o,(7) <e'}, T;:=TnNSp(n,R).
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Definition 6.5 LetT' < Sp(n,R) be a discrete group. Then T is called p-strongly regular
if for any t > 0: 6,(I'y) < 6,(T).

Lemma 6.6 Let I' C Sp(n,R) be a p-strongly regular discrete subgroup of Sp(n,R) for
some p € [1,00]. Then 6,(T) >0, A(T') # 0, and supp p C A(T) for every p € Mr 4.

Proof. Since I € I it follows that I'; # (. Hence 0 < §,(I";) < §,(I"). Moreover, T
contains a sequence {7x}7° which satisfies the condition (??). Hence A(T') # (). Assume
first that I is of divergence type. Fix t > 0. Let

1

—sdp(A,vB)
_ e %% Avg, s>0,().
gs,p(F’B’B) Z vB p( )

yel'y

Hr,s,A;p,t =

Then for any sequence s, \, §,(I") pr.s,, p,t — 0. Corollary ?? and Theorem ?7 yield that
for any pr € Mp ap supp p C A(T"). Similar arguments apply if I' is of p-convergence type.
O

Lemma 6.7 Let T' be a lattice in Sp(n,R). Then T is strongly regular.

Proof. Fix t > 0. Let v, ,; be the volume growth of B(A,r) N Sp(n,R);. Observe that
B(A,r) N Sp(n,R); has the decomposition (??) with {y =e” : x € 0, ,(r), z, < t}. Use
the arguments of the proof of Proposition ?7 to deduce that v, < vpp. As I'is a lattice
the volume estimates yield 6(T') = vnpt < Unp = 0p(I). O

Note that our results for lattices are analogous to the results of [?]. Asin [?, §4], recent
results of Benoist [?] imply the existence of many discrete Zariski dense subgroups I' of
Sp(n,R) which are p-regular for any p € [1,00]. Let H(T') C R?" be the set of rays spanned
by all limit directions of the sequences

log o (k)
[log & ()2’

As logo(vy) = —logo(v) for any v € Sp(n,R) we deduce the —H(T") = H(T"). It is shown
in [?] that if " is a Zariski dense subgroup in Sp(n,R) then H(T") is a closed convex cone in
R2". Clearly, this cone can be identified with a subcone of R?” (the cone of all nonnegative
vectors in R™). Benoist shows that for any closed convex cone K C R} there exists a Zariski
dense subgroup I' C Sp(n,R) such that PH(T') = K, where P : R?" — R" is the projection
given by P(z1,...,72,)T = (21, ..., z,)T.

wel, k=1,.., klingo [|log o (vk)]|2 = oo.

Definition 6.8 A discrete subgroup T' C Sp(n,R) is called generic if T' is Zariski dense
in Sp(n,R) and any nonzero vector x € H(I") has nonzero coordinates.

Proposition 6.9 Let T' be a generic subgroup of Sp(n,R). The T is p-regular for any
p € [1,00].

Proof. As T is generic, we easily deduce that the set I'; is a finite set for any ¢t > 0. The
arguments of the proof of Lemma ?? yield that supp p C A(T") for any p € Mrp 4,. O
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Theorem 6.10 Let I' be a discrete Zariski dense subgroup of Sp(n,R). Then 6,(T") > 0
for any p € [1, 00].

Proof. The results of Tits [?] (see also the results on Schottky groups in [?]) imply
that T' contains a free subgroup IV on k& > 2 generators such that I" is Zariski dense in
Sp(n,R). Fix p € [1,00]. Clearly, §,(I") < §,(I"). We use the results in [?] to show that
0,(I") > 0. From here until the end of the proof we refer by numbers to the displayed
formulas, Theorems and Corollaries in [?]. Let v1, ...,y be a minimal set of generators of
I'V. Associate with these generators a subshift S of finite type on 2k letters 1, ..., 2k. Here the
letter ¢ € [1, k] corresponds to the generator v; and the letter j € [k + 1,2k] NZ corresponds
the generator v; := 'y;_lk. S is the set of reduced infinite words

W = Vi1 Vig « -+ » Z'j S [172]6] NZ, j=1,.., |Z] — Z'j+1| 7& k, j=1,... (68)

S is a compact topological space respect to product topology. Let 7 : § — S be the shift
map given by 7(w) = Vi, Vig - - .- Let wy =1, ..., be areduced word of length m. Then
C(wy,) C S is the set of all infinite words in S which start with w,,. Define the function
¢m : S — Ry by assuming that ¢,, is constant on each C(w,,) and its value is equal to
dp(I, wy,) which is denoted by ¢, (wy,). As Sp(n,R) acts as a subgroup of isometries with
respect to the metric d,(-,-) on Sp(n,R)/K,,, we deduce that the family {¢,, }{° satisfies the
conditions (0.1). Since I is discrete the condition (0.2) holds. Hence the sequence {¢y, }$°
defines a metric d : S x S — R* given by (0.3). Let §(¢) be the Hausdorff dimension of S
with respect to d. Observe next that x(¢) defined in (1.12) of is equal to J,(I"). Theorem
1.14 yields 6,(I") > §(¢). Let £ be the set of ergodic measures on S with respect to 7. For
v € & one can define the v-Hausdorff dimension of £ denoted by §(v, ¢). By the definition
0(v,¢) < 6(¢). Theorem 2.4 and Corollary 2.6 yield é(v, ¢) = ZEZ% > ;1((”’/)). Here h(v) is
the entropy of v and

2k
a1(v) =3 dp(1,75)0(C (7)) < max dy(1,7;).
i=1 ==

Note that for any nontrivial v € IV d,(I,7) > 1. Otherwise v € K,, and < v > is a
discrete, hence a finite subgroup of K,,. This contradicts the freeness of I'. Let vp be the
equidistributed measure given by vp(C(wy,)) = W for m € N. Then Corollary
2.10 yields

log(2k — 1)

ay(vp)

2k
5p(I") 2 5(9) = (vr,0) 2 S (ve) = g D dy(1,)
j=1

and the theorem follows. O

In [?] we show that for a Kleinian Schottky group I" we have equalities x(¢) = §(¢) =

SUp,ce ZEZ; It is an interesting problem if the above equalities hold for a generic subgroup

I' € Sp(n,R). Theorem ?? can be considered as a generalization of the result of Beardon [?]
that the Hausdorff dimension of a nonelementary Kleinian group is positive (see [?, (4.1)]).
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Corollary 6.11 Let T' be a generic subgroup of Sp(n,R). Then T is strongly p-regular
for any p € [1, 00].

Proof. As T is a finite set J,(I'y) = 0. Theorem ?? implies that 6,(I') > 0. O

In what follows we restrict our attention to p = 1. Recall that Busemann 1-compactification
of Y,, gives the compactification of SH,, as a bounded domain. In view of Corollary 77 we
identify the compact strata of the Busemann 1-boundary of Y,, with the Shilov boundary
of SH,,. Let T be a discrete subgroup of Sp(n,R). By abuse of notation we view A(T") as
a closed subset of 01Y,,. Use the definition of the Busemann functions and the standard
arguments for Patterson-Sullivan measure as in [?] and [?] to obtain:

Theorem 6.12 Let I’ be a discrete 1-reqular subgroup of Sp(n,R). Choose a family of
Patterson-Sullivan measures ux € Mr x1 depending on a parameter X € Y,,. Then
(a) Y ux = py-1(x) for y €T
(b) Zf—xxo(ﬁ) = —01(T)be,1(X) for any & € A(T'), where be 1 is computed for the reference
point Xg.

7 Modified Patterson-Sullivan measures

In this section we assume that A(T') # 0. We suggest here another definition of the PS
measures MF’A’p so that supp p C A(T") for any p € MF’A}p. For any subgroup G C Sp(n,R)
let Gt := G\Sp(n,R);. The assumption A(T') # () yields that I'* is an infinite set for
any t > 0. We now consider families Mr¢ 4 ,. Clearly, supp g C BCI(T*(B)) for any
€ Mrpe g, Let ./\;lnA,p be the set of weak limits of measures in Mr: 4, as t — oco. Note
that each p € Mp+ g, is a probability measure on BCI(SH,,). Hence MRB’Z, is a set of

probability measures which is supported on A(I'). Thus /\;lp’ A,p is a set of positive finite
measures which is supported on A(T).

Proposition 7.1 Assume that I" is strongly p-reqular. If ' is of p-divergence type then
for each t > 0 Mri a, = Mr ap. In particular Mr a, = Mr a,. Assume that T is of
p-convergence then for each t > 0 it is possible to choose Myt 4, to be equal to Mr 4 p.
For these choices /\;lp,Ayp =Mr ap.

Proof. Assume first that I is of p-divergence type. Then I'! is of p-divergence type. The
arguments of the proof of Lemma ?7 imply the equality M+ 4 , = Mrp 4 ,. Assume that I'is
of convergence type. Fix the function h, : Ry — Ry such that the series g; (', A, B) given
by (??) diverges for s = 6,(I'). For t > 0 choose hy; = hy,. Then the series g} (I, A, B)
diverges for s = §,(I") and converges for s > 0,,(I"). For this choice of hy s Mrt 4, = Mr ap.
O
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Let 0,(I') = limsup, .., 6,(I"") and §,(I") = liminf,_. 6,(I'*). We conjecture that for
any T', A(T') # 0 each ux € Mr x, is a 3 density:

X (g = a0, £ A, fe [5,(D),5(D)]
1220

Theorem 7.2 Let I' be a discrete Zariski dense subgroup of Sp(n,R). Then §,(I') >0
for any p € 1, 00].

Proof. We use the notations and the results of the proof of Theorem ?7?. Consider the
free Zariski dense group I'V on k > 1 generators, the associated subshift of finite type S on
2k letters and an ergodic measure v € £. With each infinite reducible word w € S of the
form (??) we associate the matrix cocycle A(w,m) = Wy, = Y4, - - - Vi,, € SP(n,R). One can
view A(w, m) as a random product of m matrices from the set {v1, ..., y2x} with respect to
the stationary measure v. The fundamental result of Oseledets [?] claims that

lim log o (wyy,)

m—oo m

=\i(w,v), 1=1,..,2n, (7.1)

for almost all w € S with respect v. Since I C Sp(n,R) we deduce that \;(w,v) =
—Aopt1—i(w,v) for i = 1,...,2n. As v is ergodic we obtain A\;(w,v) = \;(v), i = 1,...,2n
are v-Lyapunov exponents of I'V. Since Sp(n,R) is a simple group, the fundamental result
of Goldsheid-Margulis [?] claims that all the v-Lyapunov exponents are simple:

M) > o> A ) > Ap1(v) > o> Aan(v).

As A\pt1(v) = —An(v) we deduce that A, (v) > 0. That is, for a.a. w with respect to v
on(wm) < €™ () The arguments of the proofs of Theorem 2.4 and Corollary 2.6 in [?]
imply that d,((I")") > d(¢) > d(v, ¢) for any t > 0. Hence §,(I") > 6(¢) > d(v, ¢). Choose
v = v, to deduce that 0,(T") > 6,(I") > 6(vp, ¢) > 0. O

8 Critical exponent

We now define the critical exponent for the action of I' on the Shilov boundary 0,,SH,, as

it done for Kleinian groups [?, (1.1)]. As in Proposition ?? we identify £ with a unit vector
2n 2n

in R(7) in the one dimensional subspace A\,= C R(Y). Note that & is determined up to a

sign. Then

dist(¢,n) := min(|l¢ — nll2, 1€ +nll2), & n € 0,SHy.

Definition 8.1 A discrete group T' C Sp(n,R) is called a Siegel group, ifn > 1, A(T') #
0 and Ag(T) is strictly contained in the Shilov boundary of SH,,.

Note that the Siegel modular group Sp(n,Z) is a lattice in Sp(n,R). It can be shown
that A(Sp(n,Z)) is the Shilov boundary of SH,,. Hence Sp(n,Z) is not a Siegel group. It
is not difficult to show that if I'; € SL(2,R) are Schottky Fuchsian groups for i = 1,...,n
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then T :=T1®...0T, < Sp(n,R) is a Siegel group. The critical exponent ¢(T', £) of Siegel
group I is defined as

e, &) :=inf {s>0: > dist(y(£),Aa(I))}, &€ Q). (8.1)

yel

It seems that €(I', &) does not depend on £ € Q(I'). The interesting question is how (T, )
is related to 61 (T).

References

[1]

2]

P. Albuquerque, Patterson-Sullivan theory in higher rank symmetric spaces, GAFA, 9
(1999), 1-28.

W. Baily Jr., Introductory Lectures on Automorphic Forms, Iwanamo Shoten, Publish-
ers, and Princeton University Press, 1973.

A. Beardon, The Hausdorff dimension of singular sets of properly discontinuous groups,
Amer. J. Math. 88 (1966), 722-736.

A. Beardon, The Geometry of Discrete Groups, Springer-Verlag, 1983.
Y. Benoist, Propriétés asymptotiques de groupes linéares, GAFA 7 (1997), 1-47.

C.J. Bishop, Geometric exponents and Kleinian groups, Invent. Math. 127 (1997), 33-
50.

E. Freitag, Siegelsche Modulfunktionen, Springer Verlag, 1983.

P.J. Freitas, On the action of the symplectic group on the Siegel upper half plane, PhD
thesis, Univ. of Illinois at Chicago, 1999.

S. Friedland, Generalized Hadamard inequality and its applications, Linear Multilinear
Algebra 2 (1975), 327-333.

S. Friedland, Discrete Lyapunov exponents and Hausdorff dimension, Ergod. Th. &
Dynam. Sys. 20 (2000), 145-172.

S. Friedland and P.J. Freitas, p-metrics on GL(n,C)/U,, and their Busemann com-
pactifications, to appear.

S. Friedland and P.J. Freitas, Revisiting Siegel upper half plane II, to appear.

H. Furstenberg, A Poisson formula for semisimple Lie groups, Annals Math. 77 (1963),
335-386.

I. Goldsheid, G. Margulis, Lyapunov exponents of a product of random matrices, trans-
lated in Russian Mathematical Surveys, 44 (1989), 11-71.

22



[15]

[16]

[17]
(18]

[19]
[20]

[21]

[22]

[23]
[24]

[25]

[26]

[27]

[28]

[29]

E. Gottschling, Uber die fixpunkte der Siegelschen modulgruppe, Math. Annalen 143
(1961), 111-149.

E. Gottschling, Uber die fixpunktegruppen der Siegelschen modulgruppe, Math. An-
nalen 143 (1961), 399-430.

H. Grauert, R. Remmert, Coherent Analytic Sheaves, Springer-Verlag, 1984.

S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Academic Press,
1978.

S. Helgason, Geometric Analysis and Symmetric Spaces, Amer. Math. Soc. 1994.

K. Johnson, Differential equations and the Bergman-Shilov boundary on the Siegel
upper half plane, Arkiv for Matematik, 16 (1978), 95-108.

P. Nicholls, The Ergodic Theory of Discrete Groups, London Math. Soc. Lecture Note
Series 143, Cambridge University Press, 19809.

V.I. Oseledets, A multiplicative ergodic theorem: Lyapunov characteristic numbers for
dynamical systems, Transactions Moscow Math. Soc. 19 (1968), 197-221.

S.J. Patterson, The limit set of a Fuchsian group, Acta Math. 136 (1976), 241-273.

I. Schur, Fin Satz tiber quadratische Formen mit kompleren Koeffizienten, Amer. J.
Math. 67 (1945), 472-480.

B. Schwarz, A. Zaks, Matrix Mobius transformations, Communications in Algebra, 9
(1981), 1913-1968.

A. Selberg, On discontinuous groups in higher dimensional symmetric spaces, Contri-
butions to Function Theory, edited by K. Chandrasekharan, Tata Inst. Fund. Res.,
Bombay 1960, 147-164.

C.L. Siegel, Symplectic Geometry, Academic Press, New York, 1964, reprinted from
Symplectic Geometry, Amer. J. Math. 65 (1943), 1-86.

D. Sullivan, The density at infinity of a discrete group of hyperbolic motions, Publ.
Math. LH.E.S. 50 (1979), 171-202.

J. Tits, Free subgroups in linear groups, Jour. of Algebra 20 (1972), 250-270.

23



