Math 330 - Abstract Algebra I Spring 2009
SOLUTIONS TO HW #11

Chapter 13
18. Well,
(4+i)(4+4i) =44+ (4+44)i+ 4432 =1+4+ (4+1)i =0.
Since neither of (4 + ¢ and (4 4 4¢) are zero, they are zero divisors.

22. (a) Let f: R — R be a function with some a € R so that f(«) =0.

Define g : R — RR by g(x) = 0 if 2 # « and g(o) = 0. Then for all z € R we have
(f-g)(x) =0. If f is not the zero function, it is a zero divisor.

Conversely, suppose that f(a) # 0 for all « € R, but that (f.g) is the zero function. This
implies that g(«) = 0 for all & € R, so g is the zero function, and so f is not a zero divisor.

Therefore, the set of zero divisors is the set of functions which have a zero, but are not
identically zero.

(b) Suppose that for some n € N we have f™ is the zero function. Then for all x € R we have
(f(x))™ = 0. But this means that f(z) =0 for all z € R, and so f is the zero function.

Therefore, the only nilpotent element is the zero function.
(c) If f is not a zero divisor, we have to show that it is a unit.

Suppose that f is a nonzero fiunction which is not a zero divisor. Then we know from Part
(a) that f(a) # 0 for all & € R. Define g : R — R by g(z) = ﬁ We know that this is

well-defined, and that for all € R we have (g.f)(z) = ﬁf(x) =1, so g.f is the function
which is identically 1, which is the multiplicative identity. Therefore f is a unit.

Chapter 14

4. Let S ={(m,m) | meZ} CZDZ.
It is straightforward to see that S is a subring of Z & Z.
However,

(170) = (1,1)~(1,0) Z S,

so S is not an ideal.

8. Let R be a ring, let A a set, and consider a set of ideals {Iy}rca of R. Let I = () I.
AEA

Then since 0 € I, for all A, we have 0 € I.
Now suppose a,b € I and r € R.

Then, a,b € I, for all A\. Hence, since I, is an ideal, we must have, for all A € A,

a+bely,—aelyabe Iy ar,rac Iy.

This means that a + b, —a, ab, ar,ra € I, so I is an ideal as required.



10. Wel,0=0+0€ A+ B.

12.

14.

Suppose that x,y € A+ B and r € R. Then « = a; + b; and y = ag + bs for a;,as € A and
b1,bs € B. Since A is an ideal, we have

a1 + asz, 7011,011(127(11172,0117"7 ra € A

and, since B is an ideal,
bl + b27 _bla b1b27 blCLQ, blra Tbl € B.

Now,
(a1 +b1) + (ag +b2) = (a1 + az) + (b1 + b2) € A+ B,
—(a1+b1) =(—a1)+ (-by) € A+ B,
(a1 + b1)(az + b2) = (a1az + a1b2) + (bras + bibe) € A+ B,
(a1 4+ b1)r = (a17) + (1) € A+ B,
and

r(ay +b1) = (ra1) + (rby) € A+ B.
This proves that A + B is an ideal of R.
First, 0 = 0.0 € AB.
Now suppose that ai,...,an,¢1,...,¢m € Aand by,...,b,,d1,...,dn € B, and that r € R.
For each 7 we have .
b;r € B,—(Li,T’CLi € A,bi(Zdej) € B.

j=1

Then

(Z aibi) + (Z dej) = aby+...+apyb, +c1di +...+cpmd,y,, € AB
i=1 j=1

n

_(Zaibi> = Z(—ai)bieAB

=1

(Z azbz)(z Cldl) = Zaz(bl(z dej)) € AB
i=1 j=1 i=1 j=1

(iaibi)r = iai(bir)eAB
i=1 i=1

T(Zaibi) = Z(mi)biGAB.
i=1

i=1
This proves that AB is an ideal.

Since A is an ideal, for all a € A, b € B we have ab € A. Since B is an ideal, for all a € A and
b € B we have ab € B. Consider a1,...,a, € A and b1,...,b, € B. Then, for each i we have
a;b; € AN B. Since AN B is an ideal, we have

zn:aibi € AN B.

i=1

This proves that AB C AN B.



