Math 330 - Abstract Algebra I Spring 2009

SOLUTIONS TO HW #7

Chapter 9

16.

The order of RgoZ(Dg) in Dg/Z(Dg) is 3, since

(Re0Z(Ds))? = ReoReoZ(Ds) = R120Z(Dg), while

(RGOZ(DG))S = R60R60R6OZ(D6) = ngoz(D(;) = RoZ(DG), the identity element in the factor
group.

18. By Lagrange’s Theorem, since |Zgo| = 60 and | (15) | = 4,
|Zeo| _ 60
[ Z6o/ (15)] = = =15
[(15)[ 4
22. Notice that the set {(n,0)|n € Z} is an infinite subset of (Z®Z)/ ((2,2)), since (n,0)+((2,2)) =
(m,0)+((2,2)) iff n = m. Hence this factor group is of infinite order. We now show that this
group cannot be cyclic.
Claim. An infinite cyclic group cannot contain an element of finite order.
Proof. Suppose G is an infinite cyclic group, say G = (a), and b € G is an element of finite
order, say |b| = n. Then since a generates G,
b=a+a+---+a=ka
—_——
k
for some k € Z, so that
0=b+---+b=nb=n(ka)=(nk)Ja=a+---+a
—_——— —_———
n nk
or in other words, a has finite order. But a generates an infinite cyclic group, so this is a
contradiction. This proves the claim.
To show that (Z& Z)/ ((2,2)) is not cyclic, then, we need only to produce an element of finite
order. Note that ((1,1)+ ((2,2))) +((1,1)+((2,2))) = (2,2) +((2,2)) = (0,0) +((2,2)). This
completes the proof.
Chapter 10
6. Let ¢ : G — G be the homomorphism defined in the problem. Then we examine what ¢ does

to a general element of G:
/(anz”Jran_lx”*l +darrtag)dr = apx™ T /(n+1) Fan_12™/n+- - '+a1:c2/2+a0x+6’

But the initial conditions (0,0) force C' = 0. So if F' is the antiderivative of f under these
initial conditions, then o(f) = F.

Now let fi = apz™ + ap_12" '+ +a1x +ag and fo = b 2™ +bpp_12™ L+ -+ bz + by
and suppose (without loss of generality) that n > m. So by the initial conditions given, ¢(f1)
and ¢(f2) will not have a constant term. Similarly, p(f; + f2) will not have a constant term



12.

14.

either. By the properties of integrals, all the other terms will coincide. More specifically, if
we denote F} and F5 to be the respective antiderivatives under these initial conditions of f;
and fo, then

o(f1+ f2) = F1 + Fa = ¢o(f1) + (f2).

Hence, ¢ is a homomorphism. The kernel of ¢ is the zero polynomial, since we cannot integrate
any other polynomial to obtain the zero polynomial.

Now let ¢ : G — G be the map that sends a polynomial f to its integral f f under the initial
conditions (0,1). Then, doing the calculations on a general polynomial, one finds that C' = 1.
If we consider f; and f> as above, we have

V(fi+fo) = Y(anz"+ -+ amp 2™+ (@m + b))z 4+ (a1 + 1)z + (ag + bo))
= a4+ 1)+ -+ (ag +b1)x?/2+ (ag + bo)x + 1
while
V(f1) +U(f) = lans™ + -+ a1z 4 ag) + Y (bpa™ + - 4 brx 4 bo)

= (@™ /(n+ 1) +ap_ 12" /n+ -+ ar12%/2 + apz + 1)
+ (™ (m 4 1) + byy_12™/m 4 -+ bz /2 4+ box + 1)
= apz" ™/ (n+ 1)+ (ag +b)x? /2 + (ag + bo)x + 2.

This means that, if ¥ is a homomorphism, then 1 = 2, which is absurd. Hence 9 is not a
homomorphism.

Define the homomorphism f : Z,, — Zj as f(a mod n) = a mod k. First we check that this
is well defined. Let x,y € Z,, 2 Z/nZ be equal, i.e., v = y mod n, i.e., n|(z — y). But we are
given that k|n, so k|(x — y), which means that = y mod k, or x = y in Z = Z/kZ. This
means that f(x +nZ)=x 4+ kZ =y + kZ = f(y + nZ), so the map is well-defined.

Note that f is onto, since if a + kZ € Z/kZ, then there is an equivalence class a + nZ € Z/nZ
for which f(a + nZ) = a + kZ.

f is a homomorphism, since

f((a+nZ)+(b+nZ)) = f((a+b)+nZ) = (a+b)+kZ = (a+kZ)+(b+kZ) = f(a+nZ)+f(b+nZ).

ker(f) = {a+nZ|f(a+nZ)=0+EkZ}
= {a+nZla=0mod k}
= (k)
Hence, by the First Isomorphism Theorem, Z,,/ (k) & Z.
Define a function ¢ : Z19 — Z19 as  +— 3z. Then if ¢ were a homomorphism,
O=p(l+--+)=p0)+---+¢(1)=3+---+3=36=6
—_———— R ) N———

12 12 12
in Zq9, which is a contradiction.



