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Abstract

A multistagemanufacturingsystem(MMS) is the nor-
mal paradigmusedfor the final assemblyof a consumable
good, for examplea car or printedcircuit board. A simple
MMS consistsnormallyof a linearsequenceof workstations
at which componentsor valueis addedto a product,this is
essentiallyan assemblyline. Whenplanningthe production
scheduling,normallyonly workstationrepair, failure,andde-
fective piecesareconsideredasstochasticeventsthatcanaf-
fect theproductionratesfor thevariousworkstations.Addi-
tionally, it is assumedthatall of the raw materialsnecessary
to assemblethe finishedproductareavailable,andtherefore
the supply routing problemof raw materialsis not consid-
ered.In this treatmentof theproblem,weconsidertheeffects
of strikesandof naturaldisasters.A strike or naturaldisaster
canaffect theMMS itself and/ortheway in which raw mate-
rials areintroducedinto the MMS that is the supplyrouting
problemis treatedaswell. A numericalexampleis presented
to illustratethemodelthat includesa strike aswell aswork-
stationrepairandfailure.

1. Introduction

The final assemblyof a consumablegoodcanbe mod-
eled by a multistagemanufacturingsystem(MMS). In this
manufacturingsystem,raw materialsin the form of compo-
nentpartsare input into the systemat variousstagesin or-
der to producethe finishedproduct. In determiningthe pro-
ductionratesfor the variousworkstationsin eachstage,we
have previously only consideredworkstationrepair, failure,
andsmall fluctuationsdueto defective piecesin the control
model[11, 12, 14].

In thesetreatmentsit is assumedthat the raw materials
arepresentwhenthey areneeded.That is the loadingstage,
themechanismsby which raw materialsentertheMMS, and�
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the unloadingor final stage, the mechanismsby which the
finishedgoodsaredelivered,arenot consideredasa part of
thesemodels.This is anessentialassumptionin orderto de-
terminetheproductionrates,from theseproductionratesthe
demandof raw materialsfor the variousstagescanthenbe
determined.This determinationof a timetablefor thearrival
of theraw componentsallows for thesystemto utilize a Just
in Timeor stocklessproductionmanufacturingdiscipline(see
Hall [4]). Justin Timemanufacturingsystemsaredesignedso
that large inventoriesof raw materialsarenot necessary, the
goal is to keepthe quantityon handof raw materialsto just
meetthedesiredproductiongoalover thetimehorizonof the
productionrun. Furthermore,Bielecki andKumar[2], show
that for anunreliablemanufacturingsystem,theoptimalpol-
icy is a zeroinventorypolicy. This timetablemustallow for
all aspectsof thedeliveriesof theraw materialsto arrive in a
timely manner.

Theroutingof raw materialsinto theMMS is averydif-
ficult problem. This is oneof the key featuresthat differen-
tiatethelocal perspective of a flexible manufacturingsystem
(FMS), from thatof theglobalview of aMMS (seeKimemia
andGershwin[7]). In a FMS,eachpieceneedsto betracked
androutedto all of theworkstationsnecessaryto completeit,
whereasin theMMS thefocusis on theglobalprocessthatis
moreconcernedwith thethroughputof thesysteminsteadof
tracking/routingindividual pieces.Note,thateachstageof a
MMS canbeviewedasa FMS.

For theMMS formulationsconsideredin this paper, the
trueroutingproblemisnotconsidered,butcatastrophicevents
that affect the delivery of the raw materialsare considered.
Weconsidertwo typesof strikes,primaryandsecondary. Pri-
mary strikesdirectly affect either the productionof compo-
nents,raw materials,or theactuallaborusedin theassembly
processof theMMS. This is motivatedby thestrikesagainst
the automobilemanufacturerGeneralMotors (GM) in 1996
and1998[1, 6, 10]. In both cases,a small numberof em-
ployeeswentonstrikethatproducedessentialpartsnecessary
for the final assemblyof cars. Due to the lack of raw ma-
terials for the productionof carsthe assemblylines (MMS)



wereidled. SinceGM utilizes a Just in Time manufacturing
discipline,thework stoppageat thestrikingplantsidledall of
theworkersin all of theplantsproducingtheraw materialsas
well asthosewho assembledtheautomobiles.In bothcases,
GM sufferedgreatfinancial losses,with total lossesfor the
two month1998strikesreportedas$2 billion sothatthecur-
rentclimatebetweenthemanufacturerGM andUAW (United
Auto Workers) union being lessbelligerent[3]. Secondary
strikesarestrikesthat do not directly affect the MMS itself,
but affectthedeliveryof raw materialsto beusedin theMMS.
In today’smanufacturingenvironment,it is notuncommonto
rely uponraw materialsthatmay comefrom greatdistances
andforeigncountries.Thustransportationof theraw materi-
alsto themanufacturingsiteis of greatimportance,especially
for Just in Time manufacturingdisciplines.The inclusionof
this featureis motivatedby theUnitedParcelService(UPS)
strike in 1997. In this strike, over

�����
of the workerswent

on strike, which reducedthedelivery capacityto about ��	 � .
This had a wide impact on the United StatessinceUPS is
responsiblefor deliveringmorethan 
�	 � of all parcels[8, 9].

Naturaldisasterscanoccur that canaffect the MMS in
a wide variety of ways. Thesetypesof catastrophicevents
candirectly affect either the MMS itself, the productionof
raw materials/components,or thedelivery infrastructure.For
an exampleof theapplicationof naturaldisastersto optimal
resourceharvestingwith price fluctuationsseeHansonand
Ryan[5]. Massmortalities,severeweather, or governmen-
tal regulation in the harvestingof a consumablefood item,
for examplesalmon,canhave a greatimpacton thefisheries
industrywhosecanningprocesscanbeviewedasa MMS.

The reductionof the assumptionthat the raw materials
arepresentwhenneededto accountingfor delaysin the de-
liveriesof materialsfor variousreasonsallows for additional
realisminto theplanningof aproductionrunfor aconsumable
good.Thefinal assemblyof anautomobileor aprintedcircuit
boardin a MMS providesexcellentmotivation to studythis
problem.In this paper, we considertheeffectsof strikesand
naturaldisastersto the routing portion of the raw materials
for theMMS in conjunctionwith workstationrepair, failure,
andsmall fluctuationsdueto defective piecesin the control
model. Oneof thegoalsof this production-schedulingprob-
lem is to reducethe impactof the rareeventsof strikesand
naturaldisasterson the productionof the final consumable
good.

In Section2., a linear dynamical formulation (LQGP
Problemsee[11]) of theMMS is presentedandin Section3.
anumericalexample.

2. LQGP Problem Formulation for MMS

Themodelpresentedhereis in thecanonicalform for the
LQGPproblemthatoriginally appearsin WestmanandHan-
son[11] with modificationsfor statedependentPoissonnoise
[13]. The lineardynamicalsystemfor theLQGPproblemis
governedby thestochasticdifferentialequation(SDE)subject
to GaussianandstatedependentPoissonnoisedisturbancesis

givenby�� � � ���������������� �!��"#�%$� � &('*)+,����-.'0/1324�657�8� &:9;)+�(����-�9</1=2>�65� &:?@��-A? /1324�65B2
(1)

for generalMarkov processesin continuoustime,with CED3F
statevectorX(t), GHDHF control vectorU(t), IJDKF Gaussian
noisevectordW(t), and L0M#D�F space-timePoissonnoisevec-
tors N�O.M PRQ�PRSUTWVBSUT , for X(YZF to � . Thedimensionsof the re-
spectivecoefficientmatricesare: [(P1SUT is CED(C , \]P1SUT is C^DG , _]P1SUT is C`DaF , b3PRSUT is CcDdI , while the e M PRSUT aredimen-
sioned,sothat f e=g%P1SUTihkjml*YEfon�pqe=g6rts p PRSUTvu p lxwzy|{6} , f e�~�P1SUT;h� l�Y�f n�p e�~@ros p P1SUTv� p lxw,y7{4� and e���PRSUT�Y�f e��@rts�P1SUTvl�w,y7{4� .
The quadraticperformanceindex or cost functional that is
employed is quadraticwith respectto the stateand control
costs,is givenby thetime-to-goor cost-to-gofunctionalform:� � 326�=24�>���^�� /1������5@/��v� 5|�����1���� /1=/x��5B2v�J/x��5B2>��5>�%��2

(2)

where ��P1j;V � VBSUT�Y g~=� j��i�3PRSUTvj;V+  � �;¡�P1SUT �£¢ V with the
time horizon P1SWVBSU¤�T . ¥APRSU¤�T�¦§¥£¤ is the quadraticfinal cost
coefficient matrix and ��P1j;V � VBSUT is quadraticinstantaneous
cost function. The final cost, known as the salvage cost,
is given by the quadraticform, j��¨¥£¤�j©Yª¥�¤¬«�j�j��Y®�¯+°�±k² f ¥£¤�j�j��;l . Thecoefficients ¡�P1SUT and �3PRSUT areassumed
to besymmetricfor simplicity. TheLQGPproblemis defined
by (1, 2).

Considera MMS that producesthe single consumable
commodity. The MMS consistsof ³ stagesthat form a lin-
ear sequencethat is usedto assemblethe finishedproduct.
StatedependentPoissonnoisesareusedto modelcatastrophic
eventsthat affect the delivery of raw materialsto the MMS.
This advancesthe modelusedin [11], additionally the state
equationfor thenumberof activeworkstationsis modeledus-
ing statedependentPoissonnoise.At time S in themanufac-
turingplanninghorizonfor stagé , thereare G£rBP1SUT operational
workstations.For eachstagé , all workstationsareassumed
to beidenticalandproducegoodsat thesamerate µ r P1SUT with a
capacityof producing¶ r partsperunit time. Eachworksta-
tion is subjectto failureandcanberepaired.Themeantime
betweenfailuresandtherepairdurationis exponentiallydis-
tributed.Theproductionrate, µkrBPRSUT is a utilization, that is the
fraction of time busy. The physically realizableproduction
rate is boundedby 	¸·¹µkrUP1SUTº·¹µ wA»W¼r PRSUTWV where ½@¾À¿WÁÂ /��v5:�ÃZÄ Â /��65B2 Å�� �ÆzÇtÈ � � 2�É4ÊxË }WÌ ��ÍÏÎ ÊxË }+Ì �xÍÑÐ ÊxË }@Ì �xÍ�Ò Ê1Ë }Ð Ê Ì �xÍ�Ò Ê �12 �AÓ Å£Ô�Õ×Ö 2

wherethe

maximumproductionrate, µ wA»W¼r P1SUT , is theminimumvalueof
thephysicalproductionrate, F�Ø 	�	 or full utilization,andpro-
ductionlimitations thatarisedueto a shortfall of production
from thepreviousstagedueto eithermachinefailure,strikes,
or naturaldisasters,where Ù r P1SUT is the impactof strikesand
naturaldisasterson stagé . The strike influenceis usedto
limit the amountof piecesthat canbe producedby a given
stageandis boundedby 	�·ÚÙÛr@P1SUT,·ÜF , suchthat ÙÛrBP1SUT:Y×	
meansthat no productioncanoccur. In this formulationthe
productionrateis a parameterof the dynamicsystemandis
adjustedby thecontroldecision.



The total number of workstationsfor stage ´ is Ý r .
Thereforetheevolution of thenumberof active workstations
is boundedÞ by 	×·ßG£rUPRSUTH·àÝ(r , for all time, and can be
viewedasabirth (repair)anddeath(failure)processor a ran-
domwalk on thediscreteinterval f 	7V@Ý r l . Thedefiningequa-
tion for thenumberof operationalworkstationsevolvesby the
stochasticprocessusingstatedependentPoissonnoisesgiven
by �%á Â /��v5£�8��â�ãÀ/xá Â /��65B2>�65åäº��â�æq/xá Â /��65B24�v5B2 (3)

where N�çzèéP1GiPRSUTWVUSUT and N�çzêAP1GiP1SUT0VUSUT areusedto modelthe
repairandfailure processes,respectively, which dependson
the currentnumberof active workstations. The numberof
active workstations,G£rBPRSUT , determinesthe arrival ratesand
meanmark amplitudesfor failure and repair eventsrespec-
tively givenby}>ëvìWíÊmîoï Ê îoð�ñ�òóð�ñ%ô:õ ö ò÷ï Ê îtðÑñ%ô ö}óëvì íÊ ò }|ø ï Ê îoð�ñ ø#ù Êdú òû�íÊ îoï Ê îoð�ñ�òóð�ñ%ôzü ö ò ï Ê îtðÑñ�ô ön ï Ê îoð�ñý ô } ý

Pr þ ï Ê îtðÑñ�ô ý1ÿ ò }|ø ï Ê îoð�ñ øéù Ê�� ò}>ëvì��Êmîoï Ê îoð�ñ�òóð�ñ%ô õ }óëvì��Ê£ò ö ø ï Ê îoð�ñ�� ù Êö ò÷ï Ê îtðÑñ%ô ù Ê ú òû �Ê îoï Ê îoð�ñ�òRð�ñ%ô ü n ù Ê Ë ï Ê îtðÑñý ô } ý
Pr þ ï Ê îoð�ñ%ô ù Ê Ë ý1ÿ ò ö ø ï Ê îoð�ñ�� ù Êö ò ï Ê îtðÑñ%ô ù Ê ���

The impact of strikes and naturaldisasterson stage ´ ,Ù<rUP1SUT , evolvesaccordingto thepurelystochasticequation,� Ä Â /��65 � äi��-	��
å/ Ä Â /��v5B2>�v5!����-	�!ãÀ/ Ä Â /��65B2>�65ä ��-	
�
Â / Ä Â /��65B24�v57����-	
�ãÂ / Ä Â /��65B24�v5� (4)

Theterm ��N�O����ÀP>ÙÛrBP1SUT0VUSUT is usedto modeltheeffectsof pri-
marystrikes. The arrival ratefor this typeof strike is deter-
ministic in thesensethatnormallythereis afixeddate,say S�� ,
for theterminationof alaboragreement,whichif notresolved
canleadto a primarystrike. If a primarystrike occursat any
stage,thenall stagesof the MMS will becomeidle, that isÙ<rUP1SUT#Y�	 for all ´ . Theterm N�O��£èAP>Ù<rBPRSUTWVUSUT is usedto model
theresolutionof theprimarystrikeswhichreturnsthestateof
theMMS to prestrike conditions.Theterm ��N�O����r P>Ù r PRSUTWVUSUT
is usedto model the effects of secondarystrikes and natu-
ral disasters.The arrival rate is the meantime betweenthe
occurrencesof suchevents,while theterm N�O���èr PóÙ r PRSUTWVBSUT is
usedto modeltheresolutionof secondarystrikesandnatural
disasters.

The surplusaggregate level representsthe surplus(if
positive) or shortfall (if negative) of theproductionof pieces
thathave successfullycompleted́ stagesof themanufactur-
ing process.Thestateequationfor thesurplusaggregatelevel
for stagéÀY F to ³ is givenby��� Â /��65 � � � Â ½ Â /��65>á Â /��657��� Â /��65mäº� Â /��65ó�@� �!��� Â /��65>��� Â /��65ä  ���
���-	��
!/ Ä Â /��v5B24�65mä! �
�
Â ��-	
�
Â / Ä Â /��v5B2>�v5� (5)

The change in the surplus aggregate level, N#" r P1SUT , is
determinedby the number of pieces that have success-
fully completed ´ stages of the manufacturing process
( ¶ r G r PRSUT6µ r P1SUTUN�S ), that are not defective, and are not con-
sumedby stagé| �F ( N�rUPRSUT6N�S ), andby thestatusof thework-
stations.Thefirst term, ¶8rRG£rBP1SUTUµ0rBPRSUT6N�S , ontherighthandside
of (5) representsthe quantityproduced.The term �mrBPRSUT6N�S is
usedto adjustthe productionratewherethe control �årBP1SUT is

expressedasthe numberof piecesper unit time. The term,$ r PRSUT6N�% r P1SUT , is usedto modeltherandomfluctuationsin the
numberof piecesproduced,for exampledefectivepieces.The
demandterm, N r P1SUTUN�S , is the consumptionof the piecespro-
ducedby stagé by stagéi  F , 	¸·¹N�r@P1SUTd·§¶8rRÝ r . The
last two termsusePoissonprocessesto representthe effects
of strikes and naturaldisasterswherethe coefficients, &����
and &#���r , aretheexpectedvaluefor theshortfall in thenum-
ber of piecesproduced. The surplusaggregatelevel, "�r@P1SUT ,
for stagé is dependenton the numberof operationalwork-
stations,G£rBPRSUT . The birth anddeathprocessfor the number
of operationalworkstationsis anembeddedMarkov chain for
thesurplusaggregatelevel. Hence,thesurplusaggregatelevel
is apiecewisecontinuousprocesswhosediscontinuousjumps
are determinedby the stochasticprocessfor the numberof
operationalworkstations.

Thecostfunctionusedis thestandardtime-to-goor cost-
to-go form (2) that is motivatedby a zero inventoryor Just
in Time manufacturingdiscipline (seeHall [4] andBielecki
andKumar [2]) while utilizing minimum control effort. In
this formulation,thesalvagecost, ¥APRS ¤ T , is usedto imposea
penaltyon surplusor shortfall of productionat theendof the
planninghorizon.Theterm �3P1SUT is usedto penalizeshortfall
andsurplusproductionduringtheplanninghorizon,this term
is usedto maintaina strict regimenon whentheconsumable
goodsareto beproduced.Theterm ¡�PRSUT is usedto enforcea
minimumcontroleffort penalty.

The regular controlledproductionlevel which assumes
the regular or unconstrainedcontrol, µ�')(+*r PRSUT Y µ r P1SUT� � ')(+*r P1SUT-,�P>¶ r G r P1SUTBT when G r PRSUT/.¸	 , whichanticipatesfor the
stochasticeffectsof workstationrepairandfailure,defective
parts,strikesor naturaldisasters,andis zerowhen G r PRSUT¨Y�	 .
Note,thatwith theassumptionof regularcontrol,thesurplus
aggregatelevel will alwaysbeforcedto bezero,thereforethe
regularcontrolledproductionlevel maynot bephysicallyre-
alizable. In the caseof a primary strike, µkrUP1SUT Y¬	 for all ´ ,
the regular controlledproductionlevel which is the sameas
theregularcontrolwould bethenumberof piecesthatneeds
to be producedto force the surplusaggregatelevel to zero,
which clearly is not physically realizable. The constrained
controlledproductionlevel, µ10r P1SUT¨Y325476*f µ ')(+*r PRSUTWVBµ wé»0¼r P1SUTvl , is
therestrictionof theregularcontrolledproductionlevel to be
physicallyrealizable.Theconstrainedcontrolledproduction
rateis usedastheproductionratefor theworkstationsin the
stateequationfor thesurplusaggregatelevel (5).

3. Numerical Example of LQGP MMS

For numericalconcreteness,consideraMMS with ³3Y��
stageswith a planning horizon of 100 days. Let the ini-
tial surplusaggregate level for all stagesbe zero, the de-
mandbe N r P1SUTdY � ��	 piecesper day for all stages,the to-
tal numberof workstations,Ý r , for eachstagebe 3, 5, and
4, respectively, the Gaussianrandomfluctuationsof produc-
tion is assumedabsent( $ r P1SUT�Y 	 for ´¸Y F to � ), and
that secondarystrikes and naturaldisastersare not consid-
ered( N�O����r PóÙ<rBPRSUTWVBSUTaY N�O���èr P>Ù<rBPRSUTWVUSUT Y 	 for ´�Y F to



� ). A single primary strike can occur at the beginning of
day 63 of the planninghorizonwith an expectedtime of 14
daysto resolve itself, thatis thearrival ratesfor thestrike are

given by ��8:9 ��
 / Ä Â /��v5B24�65(� ü /<;1=Aä=�v5?>#@BA�C@2 � Ó ;:=D >#@BA�C+2 �FEG;:= � , and��8:9 �|ã / Ä Â /��65B2ó�65 � ü D >�@�A�C@2 Ä Â /��v5£� ��BH >#@BA�C+2 Ä Â /��v5 ÓK� � with an impact

of a shortfall of a
� ��	JI=FLK�YNM�K#O�	 pieces. Note that the

effectsof aprimarystrikeon theMMS disableor enablepro-
ductionfor all stages.Theoperationalcharacteristicsfor the
workstationsaresummarizedin thetablebelow.

Production MeanTime MeanTime
Stage Capacity,

� Â betweenFailure to RepairÅ
(pieces/day) ��8:9 æÂ (days) �P819 ãÂ (days)

1 238 85.0 0.50
2 143 75.0 0.50
3 178 90.0 0.75

Let Q#èp:R r R s and Q#êpSR r R s denotethediscretemarktransition
probabilitiesfor therepairandfailure, respectively, of TJ��F
workstationsfor stage³ whenthereare ´ operationalwork-
stations,with transitionmatricesgivenbyU ã ' �WV D  D:DXD  YSZ D  D ZD  D:D �  D:D[D  D:D�  D:DXD  D:D[D  D:D]\ 2 U æ ' �WV �  D:D[D  D:D^D  D:DD  D:D �  D:D^D  D:DD  D:D[D  Y D^D  � D]\ 2U ã9 �`_ab D  D1D^D  Y DXD  D:c[D  D �^D  D �D  D1D^D  Y �^D  D:c[D  D � D  D:DD  D1D^D  Y1= D  D:c[D  D:DXD  D:DD  D1D �  D1DXD  D1D^D  D:DXD  D:D�  D1D^D  D1DXD  D1D^D  D:DXD  D:D dfeg 2

U æ9 �`_ab �  D1D^D  D1DXD  D1D^D  D:DXD  D:DD  D1D �  D1DXD  D1D^D  D:DXD  D:DD  D1D^D  Y:Z D  D Z D  D:DXD  D:DD  D1D^D  Y H D  D Z D  D � D  D:DD  D1D^D  Y �^D  D Z D  D �^D  D �
d eg 2

U ã? �Wh D  D:D^D  Y:; D  D = D  D �D  D:D^D  Y ciD  D = D  D1DD  D:D �  D:D[D  D1DXD  D1D�  D:D^D  D:D[D  D1DXD  D1D]jU æ? �Wh �  D1D^D  D1DXD  D1D^D  D:DD  D1D �  D1DXD  D1D^D  D:DD  D1D^D  Y:Z D  D Z D  D:DD  D1D^D  Y DXD  D:c[D  D = j 2
Thecostfunctionalusedis (2) wherethecoefficientmatrices
aregivenby�q/��v�%5��kV D ?Pl�? D ?Pl�? D ?Pl�?D ?Pl�? �!� D ?Pl�?D ?Pl�? D ?Pl�? D ?Pl�? \ 2�|���kV �Û� D1D:D D  D D  DD  D �Bm D1D:D D  DD  D D  D � ; D1D:D]\ 2n /��v5��kV D ?Pl�? D ?Pl�? D ?Pl�?D ?Pl�? n�9 D ?Pl�?D ?Pl�? D ?Pl�? D ?Pl�? \ 2n 9 �kV �<� D1D:D D  D D  DD  D ��m D1D:D D  DD  D D  D � Z D1D:D]\ 2o /��65£�kV �<� D DD �<� DD D �<� \ 
By comparingthecoefficientsof (1) with thestateequations
for the MMS (3,5,4) the deterministiccoefficientsaregiven
by ��/��v5��Wh D ?Pl�? D ?Pl�? D ?Pl�?> Ç @Lp � qH�7> Ç @1p7� r�/��v5ó� D ?Pl�? D ?Pl�?D ?Pl�? D ?Pl�? D ?Pl�? j 2

�(/��v5��Wh D ?Pl�? W?Pl�?D ?Pl�? j 2 � /��65£�Whts ?Pl�'ävuÀ/��v5s ?Pl�' j 2

where wx4 °�y f z l:Yàf ¶ r|{kr R s l p y p is the diagonalmatrix rep-
resentation of
the vector z andwith the only nonzero stochasticprocess
andcorrespondingcoefficientmatrixgivenby

��-A? /1=/��65B2ó�65£�
� ��- ã /<}À/��v5B24�65B24��- æ /<}*/��65B2>�v5B2v��â ��
 /<~ /��65B2ó�65B2v��â �|ã /<~ /��65B2ó�65 ¢ � ,

& ? /��65�� _aaaaab
� DiD ä � D D D DD � D D ä � D D DD^D � D D ä � D DD^DiD D D D ä c H �1D[DD^DiD D D D ä c H �1D[DD^DiD D D D ä c H �1D[DD^DiD D D D ä � �D^DiD D D D ä � �D^DiD D D D ä � �

d eeeeeg 
Using the above numericalvaluesand assumingthe regu-
lar control the regularandconstrainedcontrolledproduction
ratescanbe determined.The resultsareshown in Figure1,
Figure 2, and Figure 3 for stages1, 2, and 3, respectively.
At the final time of the planninghorizon the percentrela-
tive error of productionfrom the productiongoal is given
by f 	7Ø 	�
�K�K � V@	7Ø 	�O�M�� � VL��	|Ø 	�K�	�F � lx� , which meansthat the
productiongoalhasbeenessentiallymetandexceeded.The
discrepancy in thepercentrelativeerrorarisesfrom not com-
pensatingfor the effectsof the saturationof the constrained
controlledproductionratesdueto workstationfailure. This
meansthat therearepiecesthat aresurplusfor stages1 and
2, which theplantmanagerneedsto consumeon theremain
stagesin a way consistentwith the productiongoals dur-
ing the remainingtime of themanufacturinghorizon. When
this is done,the percentrelative error for all stageswill be	7Ø 	�
�K�K � for all stages.
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Figure 1: Workstations Stage 1: statesamplepath realization,
regular controlled production rates, constrainedcon-
trolled productionrates,andpercentrelativeerror.

4. Conclusions

TheLQGPmodelis anextensionof thecanonicalLQG
modelfor optimalstochasticcontrol theoryanda benchmark
model for computationalstochasticcontrol for hybrid sys-
tems.Thesomewhatgeneralform of thePoissontermsleads
to nonlinearextensionsfor the usualLQG Riccati equation
simplification. However, the Poissontermsand the subse-
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Figure 2: Workstations Stage 2: statesamplepath realization,
regular controlled production rates, constrainedcon-
trolled productionrates,andpercentrelative error.

quent resultsare more interestingfor more realistic appli-
cations,which involve discreterandomjumpsin continuous
time, but at the cost of additionalcomputationalcomplex-
ity. A suddenlaborstrike or naturaldisastercanhave catas-
trophic consequencesthat are much more seriousthan por-
trayedby the typical continuousstatemodel, in addition to
the jumpsdueto therandomfailureandrepairof multistage
manufacturingsystem(MMS) workstations. Our computa-
tional procedureslead to systematicapproximationsto the
MMS model formulatedhere for strikes and other random
catastrophicevents.
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