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Abstract

While the volatility of portfolios areoften modeledby continuousBrownian motion processes,discontinuous
jump processesaremoreappropriatefor modelingimportantexternaleventsthat significantlyaffect the pricesof
financial assets. Here the discontinuousjump processesare modeledby stateand control dependentcompound
Poissonprocesses,suchthat the randomjumpscomeat the timesof a purePoissonprocesswith jump amplitudes
thatarerandomlydistributed. Theoptimal consumptionandinvestmentportfolio policy formulationis in termsof
stochasticdifferentialequationswith optimal discountedutility objectives. This paperwasmotivatedby a recent
paperof Rishel(1999)concerningportfolio optimizationwhenpricesaredependentonexternalevents.However, the
modelhasbeensignificantlygeneralizedfor realisticcomputationalconsiderations.

1. Introduction

While muchof the continuoustime modelsof financialmarketshave beenbaseduponcontinuoussamplepathge-

ometricBrownian motion processes,Merton [14] applieddiscontinuoussamplepathPoissonprocesses,alongwith

Brownianmotionprocesses,i.e., jump diffusions,to theproblemof pricing options.He derivedseveralextensionsof

thealreadyclassicaldiffusiontheoryof Black andScholes[1] applyingminimizing theportfolio variancetechniques

to jump diffusionmodelssimilar to thosetechniquesusedto derive theclassicBlack andScholesformulae.Earlier,

Merton[13] treatedoptimalconsumptionandinvestmentportfolio with eithergeometricBrownianmotionor Poisson

noise,illustratedexplicit solutionsfor constantrisk-aversionin either relative andabsoluteforms. In [12], Merton

alsoexaminedtheseconstantrisk-aversioncases.In [9], Karatzas,Lehoczky, SethiandShreve pointedout that it

is necessaryto enforcenon-negativity feasibility conditionson bothwealthandconsumption,deriving formally ex-

plicit solutionsfrom aconsumption-investmentdynamicprogrammingmodelswith atime-to-bankruptcy horizon,that

qualitatively correcttheresultsof Merton[13]. SethiandTaksar[18] directly presentcorrectionsto certainformulae�
Work supportedin partby theNationalScienceFoundationGrantDMS-99-73231.
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Merton’s finite horizonconsumption-investmentmodel [13]. Merton [15] revisited the problemin the 6th chapter

of his book, correctinghis earlierwork by addingan absorbingboundaryconditionat zerowealthandusingother

techniques.

Wilmott’s [23] presentsa gooddiscussionon hedgingwith jump diffusion modelsin finance. Lipton-Lifshitz

[11] presentsa gooddiscussionof predictabilityandunpredictability, mainly for foreignexchangeapplications,but is

applicableto otherfinancialapplicationsaswell.

Recently, Rishel[17] introducedaoptimalportfolio modelfor stockpricesdependentondeterministicscheduled

andstochasticunscheduledjump externaleventsbasedon optimal stochasticcontrol theory. The jumpscanaffect

both thestockpricesdirectly or indirectly throughparameters.Thedeterministicjumpsaredeterministiconly in the

timing of thescheduledevents,but themagnitudeof thejumpsis random.Rishel’spaperandrelatedbioeconomicand

manufacturingresearchof Hansonandco-workers[7, 20, 21, 22] arethemotivationfor thepresentpaper. Hereour

formulationis a modificationon Rishel’s paper, with heavier relianceon stochasticdifferentialequations,constrained

control,moregeneralutility objectives,generalizedfunctions,andrandomPoissonmeasure.Many of themodifica-

tionsmakethemodelmorerealisticandcomputationalfeasible.Major computationsfor themodelwill bethesubject

of anotherpaper. Theapproachhereis moretowardappliedmodelingandcomputationalfeasibility ratherthanpurely

mathematicaltheoremstatementandproving.

Thepaperis arrangedasfollows. In Section2., thestochasticdifferentialequationmodelfor theunderlyingrisk-

freeandrisky assetsareformulatedin termsof stateandcontroldependentmarkedPoissonprocesseswith diffusion

processesusedfor the less importantbackgroundevents. In Section3., the wealth equationsare formulatedfor

the portfolio. In Section4., the portfolio optimizationproblemis formulatedandthe subsequentpartial differential

equationof stochasticdynamicprogrammingis derivedfrom thegeneralizedItô chainrule. The formulationof the

solutionfor the power utilities examplein Section5. is significantlyreducedto muchsimplerequationswith many

explicit terms,althoughsomeimplicit termsremain,especiallythosePoissonrelated,but theseequationsaresuitable

for computation.Furthercomputationalconsiderationsarediscussedin Section6.

2. State and Control Dependent Asset Models

In this paperwe areinterestedin selectinga financialportfolio from a risk-freeassetor bondanda numberof risky

assetsor stocks.Let thebondearna fixedrate � of interestsuchthatits price
�����
	

at time
�

satisfiesthedeterministic

dynamicalprocess, � �����
	� � �����
	 � ����������	�������� (1)

Thecoefficient � alsocouldbemadetimedependent,e.g.,jumpingat timesof eventsof thechangein federalrates.

Let ��� ���
	 denotethepriceof the � th stockwhichsatisfiestheMarkov geometricjump-diffusionstochasticdiffer-

entialequation, � � � ���
	�� � � ���
	  !#" � �%$& ���
	
	 � �('*)+,.-0/21 ��3 , �%$& ���
	
	 �54 , ���
	6' �87 � ���
	 (2)
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':96;+< -6/6=�> 3 � ����� $? > 3 <A@ $& ���
	.	#BDCE���%FHG > 3 < 	 � �JIK� ��� ���8	�� � � 3 � �
for � �ML��ONP�D�A�D�Q�SR stocksandwith parametervector

$& ���
	��T� & / � & > 	 . First thetermsin (2) will bebriefly identified,

but will be morethoroughlydescribedlater. The

" � � $U 	V� " � � U / � U > 	 denotethe meanappreciationratefor the � th
stockasafunctionof unscheduledU / andscheduledU > parameters;the 1 ��3 , � $U 	 arethevolatilities for the � th stockdue

to the
? �
W

continuous,Brownianmotion processes
4 , ���
	 for

? �XL��SNP�A�D�A���SY
; the

��7 � ���
	 denotethe discontinuous,

random,space-timePoissonprocessesrepresentingimportantunscheduledevents;andthe Z 96;< -6/ = > 3 � B C ���[F\G > 3 < 	 � �
representthecorrespondingscheduledeventswith deterministicjump times,excepthave randomamplitudeslike the

space-timePoissonprocesses.

The
4 , ���
	 , for

? �]L��SN^�D�D�A�Q�SY
, denoteindependent,standardBrownianmotionprocessesand

7 � ���
	 denotesthe� th componentof a markedPoissonprocess.Thecontinuoussamplepathprocesses
4 , ���
	 modelthe lessimportant

backgroundrandomeventsthat affect the market, while the discontinuoussamplepathprocesses
�87 � ���
	 model the

rare,importanteventsthatleadto largefluctuationsin risk sensitivemarketassets.Thespace-timedifferentialPoisson

processes
�87 � ���
	 arerelatedto Poissonrandommeasureor space-timePoissonprocesses,_ � � ��� �0`? / 	 , (seeItô [8],

GihmanandSkorohod[4], or SnyderandMiller [19]):�87 � ���
	��baPc^d = / 3 � ����� ` ? / @ $& 	 _ � � ��� � ` ? / 	�� (3)

for � �e�f�DL��A�D�A�Q�.R
, where = / 3 � is the � th Poissonjump amplitudefunction correspondingto the � th stock price,` ? / �g� ? / 3 � � $? / 	h�gi ? / 3 ��j /�kml 9on /#p.qr/ is the(

Rs'�L
)-dimensionalrandommarkvectoron themarkspacet / . Eachtime

the constituentPoissoncountingprocesshasa jump signifying an unscheduledevent, a randommark vector
` ? / is

generatedwhich in turn generatesthe valueof the vectorjump amplitude
`= / �u� = / 3 ���h$= / 	D����� ` ? / @ $& 	 , resultingin the

jump in the unscheduledparameter
& / from = / 3 � andin the jump in stockprice ��� from = / 3 � for � �vL��SN^�D�D�A�Q�.R

,

respectively. Thecomponent
�87 � ���
	 of thePoissondrivenprocesshastheexpectation:wxi �87 � ���
	 k �by(���
	 a^c d = / 3 � ����� ` ? / @ $& 	
z / � ` ? / 	 � ` ? / � �{|y6���
	
wxi = / 3 � k � ��� (4)

for � �T�^�DL��D�A�D�Q�SR , where
y6���
	

is theratefor thecommonPoissoncountingprocess,and
z / � ` ? / 	 is the joint density

of theamplitudemarks.Assumingcomponent-wiseindependence,
�87 � ���
	 hascovariancegiven[19] by}�~���i �87 � ���
	 k �by(���
	#wxi = >/ 3 � k � ��� (5)

for � �ML��ONP�A�D�D���SR . Giventhatthereis a jumpat
G / 3 < , thestockprice ��� ���
	 jump magnitudeisi ��� k ��G / 3 < 	�{ ��� ��G n/ 3 < 	0F ��� ��G j/ 3 < 	� = / 3 � ��G / 3 < � ` ? / @ $& 	 ��� ��G j/ 3 < 	��

for � �XL��SNP�A�D�A���.R , assumingthat the jump amplitudeis continuousin
�
. A simplePoissonjump amplitudemodel

couldhave = / 3 � ����� ` ? / @ $U 	�� ? / 3 � , i.e., thejumpamplitudevectorbeingthesameasthemarkvector.

Theunscheduledeventparameter
& / ���
	 is generatedby thesamespace-timePoissonprocess_ asabove,reserv-

ing thecomponents= / 3 � of thejumpand
? / 3 � of themarkfor

& / ���
	 , sothatthejump in
& / ���
	 is generatedat thesame

time by thesingleunderlyingPoissoncountingprocessof the unscheduledeventasit is for thestocksin (2) at rate

3



y(���
	
for unscheduledevents, � & / ���
	� & / ���
	 �87 �����
	Q�

where
�87 �����
	

is givenby (3) when � ��� , with conditionalexpectedjump amplitudeof theparameterdifferentialwxi � & / ���
	D�P$& ���
	�� $U k ��y6���
	 U / wxi = / 3 �8�P$& ���
	[� $U k � ���
where

wxi = / 3 � k is theaveragejumpamplitudeof the
�
th componentof thespace-timePoissonprocess.Again,arelative

jumpsizeis usedhere,ratherthananabsolutejump amplitude.

The last term on the right handsideof (2) modelsthe jumpsresultingfrom scheduledeventsat times
G > 3 < , for� ��L��SN^�D�D�A�Q�.R > andrelative jump amplitudeof = > 3 � ����� $? > 3 < @ $& ���
	
	 causing� � ���
	 to jump by = > 3 � � � ��G j> 3 < 	 , assumingG > 3 <E� G > 3 < n / , where

$? > 3 < �Ti ? > 3 ��3 < k 9 qr/ is therandommarkvectorfor scheduledjumpswhile
$= > is thecorresponding

relative jump amplitude,suchthat���S����� ? > 3 ��3 <�� � ? > 3 � � ? > 3 � ' � ? > 3 � 	A� & > ��G j> 3 < 	[� U j> 3 <.� �bz > 3 � � ? > 3 � @ U j> 3 < 	 � ? > 3 � � (6)

where z > 3 � � ? > 3 � @ U > 	���aPc ; BP� ? > 3 � F ? > 3 � 	.z > � `? >
@ U > 	 � `? >

is a properdensityfunction,which mayincludediscretedistributionsthroughgeneralizedfunctions,with
BP���2	

denot-

ing theusualDirac deltafunctionand
`? > �Mi ? > 3 ��j /�kJl 9hn /#pSqf/ . Thegeneralizedfunctionsymbol

B C ���0F�G > 3 < 	 denotesa

right continuousdeltafunctiondefinedbya��j ��� ���
	#BACE���0FHG
< 	�� � ��G j

< 	��
for someright-continuousfunction � , compatiblewith theright continuity (continuity from theright) of thePoisson

process.UnliketheDiracdeltafunction,
BDCh����F�G > 3 < 	 is aboundedstepfunctionembodiedin its constructivedefinition

asthedifferenceof stepfunctions,BDCE���6F�G > 3 < 	 � �����KCh���(' � �%FHG > 3 < 	%F��KCo���%FHG > 3 < 	��
for infinitesimal

� �
, where

�KCh����FKG > 3 < 	 is theright-continuousunit stepfunctionthatcharacterizesthesimplePoisson

countingprocessZ �< -6/ �KCh���%F�G > 3 < 	 . Thus,thescheduledjump amplitude��� at
G > 3 < isi ��� k ��G > 3 < 	�{ ��� ��G n> 3 < 	%F ��� ��G j> 3 < 	�� =�> 3 � ��G j> 3 < � ? > 3 <�@ $& ��G j> 3 < 	
	 ��� ��G j> 3 < 	Q�

dueto non-anticipating,right-continuityandsuchthat stock � jumpsfrom ��� ��G j> 3 < 	 to =8> 3 �J��� ��G j> 3 < 	 at the scheduled

jumptime
G > 3 < . It is furtherassumedthatthefinal scheduledjumpat

G > 3 9 ; takesplacebeforetheterminaltime
G

, i.e.,G > 3 9 ; � G � G > 3 9 ; n / . Thesescheduledjumpsaffect themarketdueto eventssuchaschangesin monetarypolicy or

announcementsof laborstatisticsor othereconomicannouncementsor eminentlaborstrikes,althoughthemagnitude

of the jumpscanberandom,asdescribedby Rishel[17]. A recent(February17, 2000)exampleis thesemi-annual

economicreportof ChairmanAlan Greenspanof theFederalReserveBoardto Congressthatconcernedtheraisingof

interestratesandothermattersfollowedthenext day(February18,2000)by a ”doublewitching day” in which there

wasa simultaneousexpirationof contractson stockoptionsandstockindices.

For thecontinuousportionof thesamplepaths,thenon-anticipatingmeanappreciationrateis

" � �%$& ���
	
	 andthe
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squaredvolatility is Z ),.-6/ 1 >��3 , � $& ���
	
	 , relative to andconditionedon thecurrentstockprice ��� ���
	 , i.e., in absenceof

thescheduledor randomjumpevents.Thevector
$& ���
	�]� & / ���
	�� & > ���
	.	 representsparametricargumentsof themean

appreciationrate

" � , volatility 1 ��3 , andscheduledjump amplitudes.Theparameter
& > ���
	 is assumedto have jumpsat

thesametimesasthatof thescheduledevents,� & > ���
	�� & > ���
	�9 ;+ < -6/6=�> 3 ������� ? > 3 � 3 < �E$& ���
	
	#BACE���%F�G > 3 < 	 � ��� (7)i & > k ��G > 3 < 	�� & > ��G j> 3 < 	 = > 3 � ��G j> 3 < � ? > 3 � 3 < �E$& ��G j> 3 < 	.	�� (8)w�� ;
� � i & > ��G n> 3 < 	A� & > ��G j> 3 < 	�� U j> 3 < k � �#L[' = > 3 � 	 U j> 3 < � (9)

wherethemeanjumpdistribution = > 3 � for
& > is likely differentfrom scheduledmeanjumpdistribution = > 3 � for � � for� � L��SN^�D�D�A�Q�.R stocks.Here,arelative jumpsizeis used,ratherthananabsolutesizein Rishel[17], i.e.,geometricor

multiplicativenoiseis usedhereratheradditivenoise.

Our modelfor the underlyingassetsis the similar to thatof Rishel[17], exceptthatmoregeneraldistributions

areusedherefor theappreciation,volatility andunscheduledjump parameters,ratherthanthediscreterandomstates

usedin [17]. Also, space-timePoissonprocessesareusedextensively in themodel.

3. Portfolio Wealth Equation

Let ¡ ���
	 be the portfolio wealthprocessfor a portfolio at time
�

that includesa risk-freebondassetat price
�����
	

and the
R

risky stocks ��� ���
	 . Let ¢�� ���
	 be the fraction of the wealth ¡ ���
	 investedin the � th assetat time
�

for� � L��SN^�D�D�A�Q�.R and ¢ � ���
	 will denotethefractioninvestedin bondsat time
�
, sothat¢ �����
	6' 9+ � -6/ ¢�� ���
	�]L�� (10)

which serves as the defining constraintfor the bond fraction ¢ �����
	 in termsof the stock fraction vector
$¢ ���
	H�i ¢�� ���
	 k 9 qr/ . Along with consumptionof capital,thestockinvestmentfractionswill comprisethecomponentsof the

control vector,
$¢ ���
	��£i ¢�� ���
	 k 9 qf/ , for this problem,suchthat ¢�� ���
	 cantake on arbitrary real valuesif ��¤ � in

theory, sincethe fraction of stock � canbe negative if the stock is sold shortat time
�

in anticipationof a drop in

pricesmakingit profitableto buy backlater, while thefractioninvestedin bondscanbenegativeif money is borrowed

on the bondandinvestedin stock � with �K¤ � (i.e., the sumover the stockfractionsin (10) canexceedunity and

thusareunboundedabove, in theory).However, for practicalreasons,thestockfractionsmustbeboundedor limited

sinceborrowing andshortsellingwould belimited. Further, if thejump modelleadsto singularcontrolcalculations,

thenthe control spacewould needto be bounded.Thus,the control spacewill be assumedbounded,for example,

component-wiseconstraints,¢%¥�¦ §53 ��¨ª©2�%¨«¢%¥�¬.®3 � , with ¢�¥�¦ §�3 �%¨ � and ¢%¥�¬.®3 �%¤ � , specified.

Thus the wealth ¡ ���
	�� Z 9� - � ¢�� ���
	 ¡ ���
	 at time
�

and the dynamicsof the amount ¢�� ���
	 ¡ ���
	 investedin

instrument� at time
�

satisfies(1) for the bondwhen � �¯� and(2) for the � th when �V¤ � stock. The wealth less

consumption,° ���
	 , satisfiestheSDE,� ¡ ���
	�� F ° ���
	 � �(' ¡ ���
	�± � � �('²$¢´³ ���
	®µ�� $" �%$& ���
	.	%F � $L®	 � �(' 1 ��$& ���
	
	 � $4 ���
	(' � $7 ���
	 (11)
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'¶96;+< -6/ $=�> ����� $? > 3 <A@ $& ���
	.	#BAC����0FHG > 3 < 	 � �®·�I¸�
with matrix-vectornotation:

$¢ ³ ���
	��Xi ¢ , ���
	 k /Aq 9 denotesthe transposeof
$¢ ���
	 , $LK�Xi¹L k 9 qf/ , $" � $U 	��Xi " � � $U 	 k 9 qf/ ,1 � $U 	��*i 1 ��3 , � $U 	 k 9 q ) ,

� $4 ���
	��*i �®4 � ���
	 k ) qf/ , � $7 ���
	º�*i ��7 � ���
	 k 9 qf/ (the 0th componentfor associatedwith the

randomunscheduledjump parameter
& / ���
	 is not directly includedin the wealthequation),and

$=8» �*i =8» 3 � k 9 qf/ ,¼ �ML
for unscheduledjumpsand

¼ ��N
for scheduledjumps.Notethatthejump in wealthis givenbyi ¡ k ��G » 3 < 	{ ¡ ��G n» 3 < 	%F ¡ ��G j» 3 < 	� 9+ � -6/ ¢�� ��G j» 3 < 	 = » 3 � ��G » 3 < � $? » 3 <A@ $& ���
	.	 ¡ ��G j» 3 < 	Q� (12)

at eachjump time
���MG » 3 < , for � �½L��SNP�S¾^�A�D�D� when

¼ �gL
for unscheduledjumpsor � �¿L��ONP�A�D�D���SR > when

¼ �TN
for scheduledjumps.

4. Consumption and Portfolio Optimization for Expected Utility Problem

Let ÀÁ ��Â @ $U 	 betheutility functionof final wealthaswell asof thevectorparameter$U , and À ��ÃA	 betheinstantaneous

utility of consumptionfor the investor. Supposethe investorconsumes
ÃÄ� ° ���
	 at time

�
andendsup with wealthÂ � ¡ ��G�	 at thefinal time

G
andthattheinvestorseeksto maximizetheconditionalexpected,currentvalueat

�
of

thediscountedutility of theterminalwealthandinstantaneousconsumption,i.e.,Åx�����.Â�� $© �.Ã @ $U 	�� w�±ÇÆ jfÈ lÊÉ j2Ë p ÀÁ � ¡ ��G�	 @ $U 	(' a ÉË Æ jrÈ l¹Ì jrË p À � ° ��Íf	
	 � Í (13)ÎÎÎÎÎ ¡ ���
	�«Â�� $¢ ���
	�� $© � ° ���
	��Ã @ $& ���
	� $U I��
by selectingthemaximizingportfolio policies

$¢ ���
	 andconsumption° ���
	 , assumingthewealthprocess¡ ���
	 satisfies

thestochasticdynamicsspecifiedby (11). Discountingis usedhereto accountfor opportunitycostsdueto alternative

investments,in contrastto [17]. Here, Ï is the real (nominal lessinflation) discountrate,assumedfixed here,but,

for example,couldbemadeto jump with theannouncedannouncedchangesin the federalfundsdiscountrate. The

utility functionsÀ ��ÃD	 and À Á ��Â @ $U 	 areassumedto be increasingconcave functions,i.e., ÀÑÐ �mÃD	 ¤ � and ÀÑÐ Ð ��ÃD	 � � ,
for example.Thedifferencesfrom Rishel’s [17] paperarethatparametervector $U is includedin theterminalwealth

utility making $U genuinelyincludedin themodelandalsothecumulativediscountedrunningutility for consumption

of wealthis partof theobjective.

Let the optimal expectedutilities of the portfolio be Ò �����
Â @ $U 	��¿ÓK~�ÔrÕ�Ö× 3 Ø#ÙQÚ ËÇ3 É p i Åx�����
Â�� $© �SÃ @ $U 	 k , subjectto the

non-negative feasibility conditionson consumption° ���
	ÜÛe�
and on wealth ¡ ���
	ÝÛe�

making zero wealth an

absorbingstateto avoid thepossibilityof arbitrage[15], wherethevectorparameter$U �Þ� U / � U > 	 formsanextension

of the statespacefrom the wealthstate
Â

. Due to the non-anticipatingpropertiesof the Markov anddeterministic

processes,Bellman’sPrincipleof optimality is valid in infinitesimalform asÒ �����
Â @ $U 	�� ÓÄ~®ÔÕ�Ö× 3 Ø#ÙQÚ ËÇ3 Ë n(ß Ë p �Êw Ú ËÇ3 Ë n6ß Ë p � À �mÃD	 � �('|�
LEF Ï � �
	 Ò ���6' � ���
Â�' � ¡ ���
	
@ $U ' � $& ���
	.	 �®� � (14)

for
� ¨ � � G , subjectto non-negativeconsumption° ���
	EÛª� , zerowealthabsorbingboundaryconditionÒ �����.� n @ $U 	���Æ jrÈ l¹É jrË p À Á ��� @ $U 	(' À ����	D�#L�F�Æ jfÈ lÊÉ j2Ë p 	Sà Ï � (15)
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to accountfor thenon-negativewealthcondition ¡ ���
	�Ûb� assumingthatconsumptionmustbezerowhenwealthis

zero,andsubjectto thebequestor terminalwealthconditionÒ ��G��.Â @ $U 	�� ÀÁ ��Â @ $U 	�� (16)

Assumingthat Ò �����
Â @ $U 	�� Ò �����.Â @ U / � U > 	 is continuouslydifferentiablein
�
, twicecontinuouslydifferentiableinÂ

andcontinuousin thevectorparameter$U betweenscheduledjumps,thenstochasticdynamicprogrammingequations

betweenscheduledjumps(seeKushner[10], Itô [8], GihmanandSkorohod[5], SnyderandMiller [19] for the less

familiarPoissondriventerms)is� � Ò Ë �����
Â @ $U 	0F Ï�Ò �����.Â @ $U 	�'ÜÓÄ~�ÔÕ�Ö× 3 Ø#Ù � À �mÃD	('Þá8� � ' $©�³ � $" � $U 	%F � $L5	
	âÂ�F�ÃQã Ò�ä �����.Â @ $U 	 (17)' LN $© ³ 1 � $U 	 1 ³ � $U 	 $© Â > Ò ä�ä �����.Â @ $U 	'by6���
	fa c^dÑ� Ò �����A�#Lh' $© ³ $= / ����� ` ? / @ $U 	
	#Â @ �
Lo' = / 3 � ����� ` ? / @ $U 	
	 U / � U > 	%F Ò �����.Â @ $U 	 � z / � ` ? / 	 � ` ? /�å �� Ò®Ë �����
Â @ $U 	0F Ï�Ò �����.Â @ $U 	�' À �mÃAæ�	(' á � � '�� $© æA	 ³ � $" � $U 	0F � $L®	
	#Â«F�Ã�æ ã Ò ä �����.Â @ $U 	' LN � $© æD	 ³ 1 � $U 	 1 ³ � $U 	 $© æQÂ > Ò ä�ä �����
Â @ $U 	'Ñy6���
	 a c dÑ� Ò �����A�
Lo'|� $© æA	 ³ $= / ����� ` ? / @ $U 	
	âÂ @ �#Lh' = / 3 ������� ` ? / @ $U 	
	 U / � U > 	�F Ò �����.Â @ $U 	 � z / � ` ? / 	 � ` ? / �
where $© æ � $© æ �����
Â @ $U 	 and

Ã æ �çÃ æ �����
Â @ $U 	 are the optimal controls if they exist, Ò ä and Ò ä�ä are the partial

derivativeswith respectto wealth, when
G > 3 < � � � G > 3 < n / , or in jump time notation

G n> 3 < ¨ � � G j> 3 < n / , for� �|R > �A�D�D�AL��S� by backwardcountingwith
G > 3 90;
n / �«G j> 3 9 ; n / {«G finally and

G > 3 � �|G n> 3 � {�� initially.

At thescheduledjumps,backward from
���ÞG n> 3 < to

���ÞG j> 3 < , thevaluefunction jumpsdueto the fact that the

scheduledjump timesarenot averagedoverasaretheunscheduledPoissonjumps(see[17] for a somewhatdifferent

formulation)andtakesits valuefrom thejump(8) in
& > and(12) in wealth,Ò ��G j> 3 < �
Â @ $U 	��²ÓÄ~®ÔÕ�Ö×�è;#� é Ù�ê a c ; Ò ��G n> 3

< ���#L['�� $© j> 3 < 	 ³ $= > ��G j> 3 < � $? > @ $U 	
	#Â @ U / �A�
L[' = > 3 � ��G j> 3 < � ? > 3 � @ $U 	
	 U > 	.z > � `? > 	 � `? > å � (18)

for � �ëL��SN^�D�A�D�Q�SR > , where $© j> 3 < { $© ��G j> 3 < 	 since ¡ ��G n> 3 < 	h�Þ�#Lh' $© ³ ��G j> 3 < 	$= > 	 ¡ ��G j> 3 < 	 , and
`? > �g� ? > 3 � � $? > 	 , andthe

right continuitypropertyalongwith theinstantaneousjumppropertyhasbeenused.Sincedynamicprogrammingis a

backwardformulationin time,(18) is aconditionfor Ò ��G j> 3 < �
Â @ $U 	 ratherthan Ò ��G n> 3 < �.Â @ $U 	 givenby (17),althoughthe

argumentof themaximumis theoptimalcontrol © æ ��G j> 3 < �
Â @ $U 	 , while thereis no correspondingvaluefor theoptimal

consumptionat
G n> 3 < in this equation. This jump condition illustratesthat deterministicjumpsaremoredifficult to

treat thanPoissonjumps. Here, the bondfraction hasbeeneliminatedby (10) in favor of the stock fractions,i.e.,© � �MLhF Z 9� -0/ © � �]LhF $© ³ $L , where
$Lì{Mi¹L k 9 qf/ is thesummingvector.

If theunconstrainedmaximumin (17) is attainedby theregularcontrols $© reg
�����
Â @ $U 	 and

Ã
reg
���
	

, thenon
G > 3 < j / �� � G > 3 < they implicitly satisfytheequationsÀ Ð ��Ã reg

�����
Â @ $U 	.	� Ò�ä �����
Â @ $U 	�� (19)Â > Ò�ä�ä �����
Â @ $U 	 1 � $U 	 1 ³ � $U 	 $© reg
�����.Â @ $U 	��MFEÂ Ò�ä �����.Â @ $U 	D� $" � $U 	0F � $L®	Fìy6���
	âÂ�í c^d $= / ����� ` ? / @ $U 	 Ò ä �������#Lo' $© ³reg

�����.Â @ $U 	$= / ����� ` ? / @ $U 	.	âÂ @ �#LE' = / 3 ������� ` ? / @ $U 	
	 U / � U > 	.z / � ` ? / 	 � ` ? / � (20)
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for theoptimalconsumptionandportfolio policieswith respectto theterminalwealthandinstantaneousconsumption

utilities (13).

At thescheduledjumps,
�o��G > 3 < , theportfolio policy mustjump whentheoptimalportfolio valuejumps,but it

maybepracticalto bringpolicy constraintsinto play sincethefirst derivativecritical condition,Â aPc ; $= j> 3
< Ò ä ��G n> 3 < ���#Lo'�� $© jreg 3 > 3 < 	 ³ $= j> 3 < 	âÂ @ U / ���#L[' = j> 3 � 3 < 	 U > 	.z > � `? > 	 � `? > � $�^� (21)

for theargumentthemaximumin theoptimaljumpcondition(18),maynothavearegularor unconstrainedsolutionfor$© reg, especiallyif thevaluepolicy derivative, Ò�ä , isnonvanishing.Themathematicallyidealinfinite investmentfraction

control domainmaynot be practical,so thata finite control domainis considered.Here, $© jreg 3 > 3 < { $© reg
��G j> 3 < �.Â @ $U 	 ,$= j> 3 < {î$= > ��G j> 3 < � $? > @ $U 	 and = j> 3 � 3 < { = > 3 � ��G j> 3 < � ? > 3 � @ $U 	 .

5. Constant Relative Risk-Aversion Utility Example

Whentheutility functionsappearingin theobjective functional(13)arepower functions,À ��ÃA	�� ÃQï�à�ð%��Ã�Ûª�^��� � ð � L��À Á ��Â @ $U 	�� À ��Â�	 À / � U / 	 À > � U > 	Q��Â]Û��^� (22)À » � U » 	�� � U » � ïDñ ��ð »�ò�|�f� ¼ � L��SN^�
Usingarbitrarypowersof consumptionandwealthmeansthat,in orderto enforcerealvalueson theutility functions,

consumptionandwealthmustbenon-negative.This is thecaseof iso-elasticmarginalutility or constantrelativerisk-

aversion(CRRA),sincetheelasticityof themarginalutility or relativerisk-aversion(RRA) is theratioof themarginal

rateto theaverageratefor themarginal utility. This alsoa specialsubcaseof theHyperbolicAbsoluteRisk Aversion

(HARA) utility casetreatedby Merton[12, 13].

With thesepowerutility functions,agoodguessfor theform of thesolutionis by partialmultiplicativeseparation

of variables, Ò �����.Â @ $U 	�� À Á ��Â @ $U 	 Ò � ��� @ $U 	�� (23)

wheretheseparatedtime function Ò � ��� @ $U 	 is to bedetermined.Theabsorbingboundarycondition(15) is nominally

satisfiedby (23) since À Á ��� @ $U 	ó�¿� by (22). Substitutionof the solutionform (23), yields an explicit form for the

regularcontrolconsumptionvaluesusing(19),Ã
reg
�����
Â @ $U 	��«Â�ô > � $U 	.à Ò /.õ l / j ï p� ��� @ $U 	Q� (24)

provided Ò � ��� @ $U 	 ò�b� , where
ô > � $U 	o{ëL5àhi À / � U / 	 À > � U > 	 k /.õ l / j ï p , provided U » ò��� for each

¼
. Also, animplicit form

for thestockfractionsusing(20) ,$© reg
��� @ $U 	�� LLEFHð � 1�1 ³ 	 j / � $U 	 ê $" � $U 	%F � $Lo' y6���
	ð $ö Ð/ � $© reg

��� @ $U 	Q�
� @ $U 	 å � (25)
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where $ö Ð/ � $© �
� @ $U 	�{ a c d÷$= / ����� ` ? / @ $U 	 À �#Lo'*$= ³/ ����� ` ? / @ $U 	 $© 	�#L['*$= ³/ ����� ` ? / @ $U 	 $© 	 À / �#L[' = / 3 �5	âø������ $? /
@ $U 	
z / � ` ? / 	 � ` ? / � (26)ø������ $? / @ $U 	�{ Ò � ��� @ �
Lo' = / 3 � ����� $? / @ $U 	 U / � U > 	Ò �8��� @ U / � U > 	 �

(27)

andprovidedthat thediffusionmatrix, 1 � $U 	 1 ³ � $U 	 , is invertible. Note that $© reg
��� @ $U 	 is independentof thewealth

Â
,

which is acrucialpropertyneededfor partialseparability.

Substitutionof the power solutionansatz(23) and the regular controlsin (24-25) into the stochasticdynamic

programmingequation(17), leadsto anordinarydifferentialequationdependingon the vectorparameter$U andthis

equationcanbe viewed asan implicit Bernoulli equationwith variablecoefficientsfor sufficiently small parameter

values, � � Ò Ð� ��� @ $U 	�'��#L�FHð�	[áDô Ð/ 3 reg
��� @ $U 	 Ò �8��� @ $U 	('Ýô > � $U 	 Ò]ùù è d� 3 reg

��� @ $U 	#ã¸� (28)ô Ð/ 3 reg
��� @ $U 	�{ LLEFúð � F Ï '\ð á � ' $© ³reg

��� @ $U 	Q� $" � $U 	%F � $L�	 ã '�y6���
	Q�mö / � $© reg
��� @ $U 	��.� @ $U 	%FªL�	 (29)F ð%�
LEFúð�	N û $© ³reg

��� @ $U 	Q� 1 � $U 	 1 ³ � $U 	
	 j / $© reg
��� @ $U 	âü å �ö / � $© �
� @ $U 	�{ ð aPc d À �#L['ý$= ³/ ����� ` ? / @ $U 	 $© 	 À / �
L[' = / 3 �D��� ` ? / @ $U 	.	âø������
��� ` ? / @ $U 	.z / � ` ? / 	 � ` ? / � (30)

for
�

on
i G n> 3 < j / �
G j> 3 < 	 for � ��R > '�L��A�D�Q�ONP�DL subintervalswith

G > 3 �´{�� and
G > 3 9 ; n / {�G . Theformula(26) defin-

ing
ö Ð/ � $© �.� @ $U 	 is the controlgradientof

örL�� $© �
� @ $U 	�� In the presenceof control constraints,constrainedperturbations

of
ô / 3 reg

��� @ $U 	 , upon replacingthe unconstrained$© reg with the constrainedoptimal $© æ , force iterative perturbations

on Ò � 3 reg
��� @ $U 	 to yield approximationsof the constrained,scaledoptimal value Ò � ��� @ $U 	 . The advantageis that the

perturbationis still independentof thestateof thewealth.

Thepartialseparabilityassumptionwhere $U still appearsin thetime function Ò � ��� @ $U 	 is dueto the $U -dependence

of thecoefficientsof thevariance1 � $U 	 , themeanreturn

" � $U 	 , andtheutilities À » � U » 	 . If thesecoefficientswereinde-

pendentof $U , thenthetime functioncouldbeheuristicallyreplacedby just Ò �8���
	 . Otherwise,theimplicit dependence

on
ø������ $? / @ $U 	 in Eqs.(26,30)will requireiterative, interpolation,or otherapproximatesolutions.

Theimplicit Bernoulli equation(28)canbeformally transformedto aneasilyintegrablelineardifferentialequa-

tion by thechangeof variablesþ ���
	� Ò / j ï õ l ï j /#p� ��� @ $U 	�� Ò /
õ l / j ï p� ��� @ $U 	 ,��� þ Ð ���
	('Ýô Ð/ 3 reg
��� @ $U 	 þ ���
	('�ô > � $U 	�� (31)

which hasthegeneralsolutionwhicheasilybeconvertedto thegeneralsolutionfor thedesiredtime function,Ò � ��� @ $U 	�� þ / j ï2��� @ $U 	�� ê Æ j�ÿ d � reg
l Ë�� Ö� p���� � F�ô > � $U 	fa Ë Æ ÿ d � reg

l¹Ì � Ö� p � Í�� å / j ï � (32)

where
� �

is aconstantof integration.SinceÒ � ��� @ $U 	 will beonly piece-wisecontinuouswith jumpsatscheduledjump

times,
� �

will bedifferentondifferentintervalsbetweenscheduledjumpswith separatejump conditions,i.e.,Ò � ��� @ $U 	��
	� � Å � 3 < ��� @ $U 	�� G n> 3 < j / ¨ � � G j> 3 < � � �|R > '«L��A�D�A�SNP�ALÅ � 3 < ��G j> 3 < @ $U 	Q�²���«G j> 3 < � � �|R > �A�D�D�A�SN^�DL  �� � (33)

with semi-openintervals appropriatefor right continuouslimits and where
G > 3 ��{*�

and
G > 3 9 ; n / {£G

, are the
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specifiedstartingandstoppingtimes,respectively.

Onthefinal timestep,
i G > 3 96; �.G�	 , theoptimalutility valuefunctionfinal condition,Ò ��Gì�
Â @ $U 	�� À Á ��Â @ $U 	 , using

(16) and(13),sothepartially separatedtime functionsatisfiesthereducedfinal condition, Ò � ��G @ $U 	o�ëL . Thus,using

(32), Ò � ��� @ $U 	��bÅ � 3 96;.n / ��� @ $U 	�{e±JÆ j ÿ d � reg
l Ë�� Ö� p�� L['Üô > � $U 	fa ÉË Æ ÿ d � reg

l¹Ì � Ö� p � Í�� I / j ï � (34)

setting
ô / 3 reg

��G @ $U 	\{ �
to fix

ô / 3 reg’s constantintegration, so that the solution for the optimal value function isÒ �����
Â @ $U 	h� À Á ��Â @ $U 	.Å � 3 90;.n / ��� @ $U 	 with optimalcontrols, $© æ ��� @ $U 	 , in absenceof controlconstraints,usingsolutions

from (25),while if thereareconstraintson $© suchascomponent-wiseconstraints,then

© æ� ��� @ $U 	�� 	���� ����
¢%¥�¦ §®3 � � © reg 3 � ��� @ $U 	 ¨�¢�¥�¦ §®3 �© reg 3 � ��� @ $U 	�� ¢ ¥�¦ §®3 � ¨ª© reg 3 � ��� @ $U 	 ¨«¢ ¥�¬
53 �¢ ¥�¬.�3 � � ¢ ¥�¬.�3 � ¨Ý© reg 3 � ��� @ $U 	  �������� (35)

for � �ML��ONP�A�D�D���SR , and ÃAæ������
Â @ $U 	�«Ã
reg
�����.Â @ $U 	�«Âìô > � $U 	Sà�Å /.õ l / j ï p� 3 9 ; n / ��� @ $U 	Q�

Onearliertime steps
i G n> 3 < j / �.G j> 3 < 	 betweenscheduledjumps,for � ��R > �A�D�A�D�SN^�DL , in thenaturalbackwardtime

of dynamicprogramming,the Ò ����� @ $U 	 using(18)and(23)mustsatisfythelocalfinal jumpconditionfor thatinterval,Åf� 3 < ��G j> 3 < @ $U 	�� ö > � $© j> 3 < �
G j> 3 < @ $U 	Q� (36)

where ö > � $© �
G j> 3 < @ $U 	{ªð a c ; À �
L['|�6$= j> 3
< 	 ³ $© 	 À > �
Lo' = j> 3 � 3 < 	
Åf� 3 < n / ��G n> 3 < @ U / �A�#Lh' = j> 3 � 3 < 	 U > 	
z > � `? > 	 � `? > � (37)

andthecorrespondingcontrolis givenby theoptimalcontrol,$© j> 3 < � $U 	{ � © æ� ��G j> 3 < @ $U 	 � 9 qf/ � argmaxÖ× � ö > � $© �
G j> 3 < @ $U 	 � � (38)

with the maximizationover the constrainedcontrol domain,taking the regular control vectorwhen the constraints

aresatisfied.Also notethat sincethe factor
�#Lì' $= ³> $© 	 arisesasa multiplying factorof wealthin the power utility

function,thereis in factanotherconstrainton thecombinedcontrol $© andthescheduledjumpamplitude
$=8> , suchthat�#L['ý$= ³> $© 	oÛ�� is anadditionalconditionon theselectionof

$=�> and $© æ .
With local final conditionin (36)andthegeneralsolutionin (32),Ò ����� @ $U 	��bÅ^� 3 < ��� @ $U 	�{ ± Æ j ÿ d � reg

l Ë�� Ö� p � Æ ÿ d � reg
l¹É ;
� é � Ö� p �ÇÅ^� 3 < 	 /
õ l / j ï p ��G j> 3 < @ $U 	('Ýô > � $U 	 a ÉË Æ ÿ d � reg

l¹Ì � Ö� p � Í � I / j ï �
(39)

for theinterval
i G n> 3 < j / �
G j> 3 < 	 when � ��R > 'ÝL��������Q�ONP�AL subintervalsbetweenscheduledjumps,where

Åf� 3 < ��G j> 3 < @ $U 	 is

givenby (36)with
Å � 3 < n / ��G n> 3 < j / @ $U 	�|Å � 3 < n / ��G > 3 < @ $U 	 by piece-wisecontinuityandright continuouslimits supplying

thevalueundertheintegralon theRHSof (36)with � '�L replacedby � . ThecorrespondingoptimalconsumptionisÃ æ ��G j> 3 < �
Â @ $U 	��|Ã reg
��G j> 3 < �
Â @ $U 	��«Â�ô > � $U 	.àh�JÅ � 3 < 	 /
õ l / j ï p ��G j> 3 < @ $U 	Q� (40)

which is linear in thewealth,but piece-wisecontinuouswith jumpsat thescheduledjump timesaccordingto on the

jumpsof Ò � ��� @ $U 	 . Theoptimalcontrolon
i G n> 3 < j / �
G j/ 3 < 	 hasthesameform asin (35) for

i G n> 3 9 ; �
G�	 , sinceit depends
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only on thediffusivevolatility 1 � $U 	 , themeanappreciationrate

" � $U 	 lesstheinterestrate � , thejump amplitudesand

their distributions.

6. Further Computational Considerations

In theprevioussection,theoptimal,expectedrunningconsumptionandterminalwealthinvestmentportfolio problem

usingpower utilities reducesthecomputationalproblemto a muchmorefeasibleform thanthat for themoregeneral

problemin the Section4.. The main computationaldifficulty over the more standardGaussiannoiseproblemis

the numericaltreatmentof the markedPoissonprocessrelatedintegralsthatappearin the reducedequationsfor the

optimalcontrol $© æ �����
Â @ $U 	 in bothregularform (25) aswell asjump form (38), thegrowth rate
ô / 3 reg

��� @ $U 	 in (29) for

theseparatedtime function Ò ����� @ $U 	 -equationandthejump conditionsfor Ò ����� @ $U 	 in (36).

HansonandWestman[21] havedevelopednumericalproceduresfor treatingthesemarkedPoissonjump integral

thatarevalid for arbitraryjumpdensities.TheproceduregeneralizesGaussianquadraturerulesusingthedensityasthe

integral weightingfunctionunrestrictedto normalor exponentialdistributions.Givena continuousdensity
z0���8	

, sayz / � ` ? / 	 , this Gaussian-Statisticsquadrature for jump integralsapproximatesthe integralsover continuousfunctions� ����	 as

� {�a c � ���8	.z6���8	 � ��� + » Â » � ��� » 	�� (41)

wherethenodes
� » � t andcorrespondingweights

Â » arerelatedto thefirst few momentsof thedensity
z0����	

, which

for the two point rule hascubic momentaccuracy up to andincluding skewness.Piece-wiserules,with piece-wise

renormalization,werealsoconstructedin [21]. In the casewherethe densityis not continuous,suchasfor discrete

distributions,interpolationcanbeusedon theresultingdiscretesumsat discretevalues,� ��� � 	 , for approximationsat

specifiednodes.

The implicit equationsgoverning the regular or optimal controls in (25) and the scheduledjump controls in

(38) requiresomeiterationproceduresuchasNewton’s methodor canbebesolvedwithin thegeneralextrapolator-

predictor-correctorproceduresummarizedby Hanson[6] for computationalstochasticdynamicprogrammingprob-

lemsfor Markov noisein continuous-time.Also, the separationimperfectionfunction
ø������ $? / @ $U 	 in (27) in general

requiresinterpolationto evaluatethe valuefunction when
�#L�' = / 3 � 	 U / is not an U / -node. Also, interpolationis a

neededfor theargument
�
L[' = j> 3 � 3 < 	 U > in themaximizationof thejump integral

ö > in (38).

7. Numerical Test Model

A simplejumpmodelhasbeenformulatedfor thepurposesof codedevelopment.It is assumedthestatespacehasthe

dimensionof onestock(
R �XL

) andbothunscheduled(random)andscheduled(deterministic)jumpsresult in two

equallylikely, discreterandomjumpamplitudemarksat eachjump time, i.e.,� � ���
	[� � ���
	Ñ± " � U / � U > 	 � �(' 1 �®4 ���
	6'ªa c^d = / 3 / � ? / 	 _ � � ��� � ? / 	('�9 ;+< -6/0= > 3 / � ? > 3 < 	 � � C ���%F�G > 3 < 	 I � (42)
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whereboththedrift

" � U / � U > 	 andvolatility 1 arescalarprocesses.Thesymbol
�¸CE���rFºG > 3 < 	 representsthedetermin-

istic stepfunctionjumpprocessthatis right continuousat jump time
G > 3 < andits differentialof alsoa stepfunctionin

pulseform. Thejumpamplitudesareassumedto belinear(affine) in themarks, = » 3 / � ? » 3 / 	�� = » 3 / 3 � ' = » 3 > 3 � � ? » 3 / , for

eachjumptype,
¼ �ML

or
N

andarerealizedthroughtwopossiblemarks
? » 3 / �]L��SN , with probabilities� » 3 / � ? » 3 / 	�«�f� � .

For thescheduledprocess,when
¼ �bN

, only thejump timesarescheduled,but theamplitudes,i.e., theresponses,are

random.

Sincethe stockdynamicsarisefrom a geometricjump-diffusion-deterministicprocess,the logarithmicprocess

by thegeneralchainrule satisfiestheSDE,���! � � ���
	.	�� i " � U / � U > 	�F��f� � 1 > k � �(' 1 �®4 ���
	6' a c^d �" �
L[' = / 3 / � ? / 	.	 _ � � ��� � ? / 	 (43)' 9 ;+ < -6/ �" �#L[' =�> 3 / � ? > 3 < 	.	 � �¸Cì���0FHG > 3 < 	��
which hasjumps i �" � � 	 k ��G » 3 < 	�� �" �#L[' =8» 3 / � ? » 3 < 	
	Q� (44)

for unscheduledjumpswhen
¼ � L

andscheduledjumpswhen
¼ �¯N

with amplitudesdeterminedby the realized

marks
? » 3 < atjumptime

G » 3 < . Thetimeaveragedexpectationof thelogarithmoverthetimehorizonof oneyear(
G«�ML

)

is #%$'& �Ai wxi �! � � ���
	
	 kÊk � " � U / � U > 	%F��^�(� 1 > 'Ý�^�(��y >+, d -6/ �" �#L[' = / 3 / � ? / 	
	6'Ü�f� � R >G >+, ; -6/ �! �
L[' =8> 3 / � ? > 	.	 (45)

andthetimeaveragedvarianceis#%$'& ��i }�~���i �" � � ���
	.	 kÊk � 1 > 'Ü�f� ��y >+, d -6/ �! > �#L[' = / 3 / � ? / 	
	6'Ü�f� � R >G >+, ; -6/ �" > �#L[' = > 3 / � ? > 	
	Q� (46)

Thetimeaveragingis usedto smoothout thedeterministicjumpsin timesothefirst andsecondmomentscanbeused

to estimatemodelparameters.

In order to get realistic valuesfor the coefficients, the daily closingsof the S&P500stock index from 1995-

1999[3] areusedasa largesamplecompositeestimateof a stockmarket mutualfund. The S&P500datahasbeen

transformedinto changesin the naturallogarithmof the index closingsfrom day to day as illustratedin Figure1.

Theuseof higherordermomentsfor determiningthemodelcoefficientsareavoideddueto thehigh ill-conditioning

in nonlinearcurve fitting. The Poissonrate is taken as
y��²¾

per yearasa roughestimateof numberof extreme

outliers in the datacorrespondingto the day to day changesin the logarithm of the index. Approximateextreme

valuesin the logarithmic changes
�*)�+-, �#L�	H� F��f� �/.

and
�0)1+-, �JN�	ú� '��^� �*�

lead to the unscheduledjump linear

coefficients = / 3 / 3 � � & Ô�2�� �0)1+-, �mN�	
	hF & Ô�2(� �*)�+-, �
L�	.	
and = / 3 / 3 � � & Ô�2(� �0)1+-, �#L5	
	oF�L´F = / 3 / 3 � , usingjump equation

(44). Taking lessextremevaluesfor scheduledjumps,
�0)1+-, �#L5	º� F��^� �*�

and
�0)1+-, �JN�	��ý'��^� ��¾

, similarly leads

to valuesfor =�> 3 / 3 � and =�> 3 / 3 � for the scheduledjump coefficients. With the S&P500samplestandarddeviation of�^� �^L
, the volatility 1 canbe found directly from (46), sinceall jump processparametershave beenspecified. The

sampletime stephasbeentake as 3 ���sL®à®¾'40� yearsfor simplicity, ignoringweekendsandholidaysfor this simple

model. Finally with the volatility determined,the leadingdrift

" ���^�S��	
coefficient follows from the expecteddrift

incrementin (45). Theparameterprocesses,
� U / � U > 	 , areassumedto effect only thedrift andin a linearway, sothat
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Figure1: Changesin thelogarithmof theS&P500stockindex from onedayto thenext versustime of theyear. Linearfit (light
solid line) is nearlyzeroandhorizontal.Theconfidenceintervals for one(68%), two (95%)andthree(99%)standarddeviations
arepresented(light dashedlines)." � U / � U / 	�� " �m�^�S��	Q�
LÑF��^�ÊL�� U / ' U > 	
	 . Economicparametersare � �¿�^� �0.®�0��¾/. from the averageratefor Moody

AAA bondsand Ï �«�f� �'5*4fL�40. from theaveragediscountrate,bothfrom theFederalReserveBank[2] for 1995-1999.

Thepowersof theutility functionsweretakenas
ð��]�f� N��

and
ð / �]�^� �^L���ð > with

R > �gL�N scheduledjumpsper

yearin themiddleof themonth. Otherparametersof theparameterprocesses
� U / � U > 	 aretakento be = / 3 �V�gF��f� �0�

and =�> 3 �ó�ÞF��^� �*� , similar to otherjump amplitudes.Controlconstraintsare ¢%¥�¦ § �gFìNP� � and ¢%¥�¬. �M'ÑNP� � , while° ¥�¬. ��'65����^� � for consumption.

Preliminaryresultsfor thescaledvaluefunction Ò � ��� @ $U 	 , theoptimalexpectedvalue
Åx�����.Â @ $U 	 when

Âb�]LA���f� �
,

the regular control © reg 3 / ��� @ $U 	 and the optimal control © æ/ ��� @ $U 	 areall presentedin the subfigures7 & �.��� ° �98;:
of

Figure2, respectively. Here,theparameterprocessvaluesaresetas $U �¿�#L��DL�	 . Thenumericalandgraphicalresults

weregeneratedusingtheMATLAB matrix laboratorysystemFull Version5.3.1R11.1[16]. Theoptimalvalueappears

to benearlylinearly decreasingwith time, exceptfor small jump decrementsat scheduledjump times. Theoptimal

controlalsojumps,but in largersizeandasjump increments.Theoptimalconsumptionhassmalljump incrementsat

thescheduledjump timeswhile theoptimalvaluejumpdownward.

8. Conclusions

In thispaper, theportfolio optimizationmodelfor investmentwealthdependentonexternaljumpeventsintroducedby

Rishel[17] hasbeenimprovedandgeneralized.Theunderlyingstockprice,randomscheduledanddeterministicun-

scheduledexternaljump processeshavebeenmodeledconsistentlyby Markov noisein continuoustimeandsimilarly

modeleddeterministicprocesses.TheMarkov noiseincludesbothBrownianmotionandmarkedPoissonprocesses,

while the deterministicprocessesare modeledby right continuousgeneralizedfunctionsin the samespirit as the

marked Poissonprocessesleadingto a moreintegratedapproach.The expectedterminalwealthutility objective of
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D. Jump Events: Regular and Optimal Consumption Policies
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Figure2: NumericalResultsfor TestModel. A. Scaledoptimal valueapproximation<�=?>A@CBCDFEGDIH (dashedline) versustime @ .
B. OptimalexpectedvalueapproximationJ �= >A@CELK%BGD�EIDMH (solid line) versustime @ atwealth KONPDGQFQ . C. RegularoptimalcontrolR

reg S T >A@9BGDFEGDIH (dashedline) andconstrainedoptimal control R � T >A@CBCDFEGDIH (solid line) approximationsversustime @ . D. Regular
optimalconsumptionU reg >A@CE9DIQFQVBMDFEGDIH (dashedline) and U � T >A@9ECDIQ�Q'BMDFECDMH (solid line) versustime @ .
Rishel[17] hasbeenextendedby includingthescheduledandunscheduledjumpparameterin a genuineway through

including themin the terminalutility, while consumptionhasbeenaddedin termsof the cumulative instantaneous

utility. Discountinghasbeenincludedin theterminalobjectiveandtheinstantaneousor runningobjectiveaswouldbe

in any policy strategy sensitiveto otheropportunitiesthatmightproduceahighergainor interest.Also, constraintsare

placedon thestockfractioncontrolsto makeoptimalcontrolcomputationfor thepowerutility, jumpmodelfinite and

well-posed.Formulaearecarefullyworkedout for thepiece-wisecontinuoussolutionswith jump conditionsfor the

powerutility modelsof theconstantrelative risk aversiontype.Overall, themodificationsmake theoptimalportfolio

jump modelmorerealisticandcomputationallyfeasible.Furthercomputationalrecommendationsaregiventhat in-

cludegeneralizedGaussianquadraturefor arbitraryjumpamplitudedensityintegralsandpredictor-correctormethods

for stochasticdynamicprogramming.Preliminaryresultsaregivenfor amodeltestproblemwith two discreterandom

14



jumpamplitudes,for bothscheduledandunscheduledtypejump events.
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