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Abstract

Considertheoptimalcontrolof amanufacturingsystemconsistingof
�

stagesin whichasingleconsumablegood

is producedin a randomjump environment. At eachstageof the manufacturingprocessthereare � workstations

thatcanfail andberepaired.Theworkstationsareassumedto have differentoperatingparametersfor a givenstage.

The meantime to failure for a given workstation,on a given stage,is modeledasa function of the uptimeof the

workstation.Theuptimeof theworkstationsis amonotoneincreasingfunction,whichcanberesetto a lower level by

preventive maintenance.This formulationcombinesfeaturesof flexible andmultistagemanufacturingsystems.The

goalis to scheduletheproductionof theconsumablegoodsubjectto randomeffectsandpreventive maintenance.

1. Introduction

A flexible manufacturingsystem(FMS) is a collectionof workstationsthat producea family of relatedpartsthat

requiresimilar operations.A key featureof a FMS is the way in which raw materialsareroutedinto andfinished

piecesare routedout of the FMS. In modelsfor FMS, a focus is given on how a given piecetravels throughthe

system.This localperspectiveof how thepiecesmoveis not includedin themultistagemanufacturingsystem(MMS)

model. In a MMS the focusis on the overall throughputof the manufacturingsystem.Eachstageof a MMS may

be viewedasa FMS. The flow of piecesis modeledasa continuumandthe discretemodelof the FMS becomesa

fluid likemodel.KimemiaandGershwin[13] describethedifferencesandsimilaritiesbetweenFMSandMMS, while

presentinga hierarchicalschemefor modelingandproviding an algorithmfor the operationalcontrol of a FMS. A

survey of many typesof realflexible manufacturingsystemsis givenby Dupont-Gatelmand[8]. WestmanandHanson

provide LQGP(LinearQuadraticGaussianPoisson)andnonlinearmodelsfor theproductionschedulingof a MMS

subjectto workstationfailureandrepair[16, 17, 20] aswell asstrikesandnaturaldisasters[21, 12].

For a FMS, OlsderandSuri [14], first proposeda stochasticmodelutilizing a homogeneousjump Markov pro-

cesses to describetheevolutionof thestateof theoperational(or failed)workstations.They statethattheusefulnessof

themodelis limitedby theability to solvetheHamilton-Jacobi-Bellman(HJB)partialdifferentialequationof dynamic�
Work supportedin partby theNationalScienceFoundationGrantsDMS-96-26692andDMS-99-73231.
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programming.This is dueto theexponentialgrowth of computationalandmemoryresourcesneededto solvetheHJB

equationutilizing finite differences,commonlyreferredto astheCurse of Dimensionality [2].

BoukasandHaurie[4] presenta modelfor a continuous-timestochasticflow control for productionscheduling

with preventive maintenanceof the workstations. In this formulation, the meantime betweenfailuresfor a given

workstationis dependenton the operationalageof the machine,which is definedasthe time sincethe last restart

(repair or preventive maintenance).The transitionbetweenthe statesof a given workstation(operational,failed,

preventivemaintenance)formsanirreducibleMarkov chain.For � workstations,therearea total of ��� statesin the

Markov chainfor thedescriptionof theoperationalstateof theFMS.Thevariablesfor thesystemarethevectorfor the

cumulativeproductionsurplusandtheoperationalagesfor all workstations.A numericalmethodbasedonKushner’s

methodis usedto approximatethesolutionfor thedynamicprogrammingproblem,whichrequiresadiscretemesh.In

this method,themeshselectedis finite andartificial boundaryconditionsareusedwhich introducesadditionalerror.

In theexamplepresentedfor 2 workstationsand1 part type,using21 pointsfor themeshof theproductionsurplus

andoperationalages,the total numberof meshpoints is given by 	�
� � 
�� � 
���� � ����������������� . The additionof

anotherworkstationwould yield a needfor 	�
� � 
�� � 
�� � 
���� � ����� ���!
���"������# meshpoints,clearlytheCurse of

Dimensionality is presentin thismethod,andthereforewouldnotbesuitablefor a largenumberof workstations.

In this paper, a hybrid modelof productionschedulingfor a manufacturingsystemis consideredthat is subject

to randomdisturbances.Themodelincorporateslocal featuresof a FMS with theglobalperspective of a MMS. The

goalof themodelis generatetheoptimalproductionratesto achieve thedesiredproductiondemandor profile while

compensatingfor workstationrepair, failure,andpreventivemaintenance.Thelocal aspectsof a FMS areutilized to

describethestateof theoperationalworkstationsin themanufacturingsystemsubjectto repair, failure,andpreventive

maintenance.Thisallowsfor agreaterrealism,sinceeachworkstationcanhavedifferentcharacteristics,asopposedto

homogeneousassumptionsmadein many othertreatments(seefor example,[16, 17, 20, 21, 12]). Theglobalaspects

of a MMS areusedto modelthethroughputof productionfor themanufacturingsystem.

In theformulationfor themanufacturingsystempresentedin thispaper, thecurseof dimensionalityis notpresent.

Theproblemformulationusedis a LQGPproblem(see[16]) utilizing statedependentPoissonprocesses(see[19])

to modelthe failure, repair, andpreventive maintenancefor theworkstations.Thenumericalmethodfor theLQGP

problemrequiresthesolutiontoacoupledsetof nonlinearordinarydifferentialequationsin time only andthusdoesnot

suffer from thedimensionalityproblemsassociatedwith partialdifferentialequations,suchastheHJBequation.The

solutionfor the dynamicprogrammingproblemrequiresthe multiplicationof the statevalueby theseevolutionary

coefficients,and thereforeno discretemeshis necessary. The amountof memoryrequiredto solve the systemis

approximately$ � where $ is the total numberof statevariables.Theoperationalstatefor all of theworkstationsis

convertedinto appropriateparametersfor thestatedependentPoissonprocesses.

Thepaperis arrangedasfollows. In Section2., a summaryof theLQGPProblemwith statedependentPoisson

noiseisgiven.In Section3.,aLQGPproblem[16] utilizing statedependentPoissonprocesses[19] is usedto formulate

thedynamicalsystemfor themanufacturingsystemandin Section4., a numericalexampleis presented.
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2. LQGP Problem Formulation

For completenesswe review in part the canonicalform for the LQGP problemthat originally appearsin Westman

and Hanson[16], for the casewith stateindependentPoissonnoise,and [19] for statedependentPoissonnoise.

Additionally, considerationsfor modelinga physicalsystemarepresentedaswell, aswell asformal solutionto the

LQGPproblem.

Thelinear-likedynamicalsystemfor theLQGPproblemis governedby thestochasticdifferentialequation(SDE)

subjectto GaussianandstatedependentPoissonnoisedisturbancesis givenby%�& 	(')�*� + ,-	(')� & 	�')�/.102	(')�435	�')�/.768	(')�:9 % ';.1<=	(')� %�> 	�')�/.?+ @BA�	(')�DC & 	(')�E9 %�F A�	 & 	(')�!�G')�. + @ � 	(')�DCH35	�')�:9 %�F � 	 & 	(')�I��')�/.1@ � 	�')� %�F � 	 & 	�')�!��')�I� (1)

for generalMarkov processesin continuoustime, with JLK7� statevectorX(t), MNKN� control vectorU(t), OPKN�
GaussiannoisevectordW(t), and QSRTK1� space-timePoissonnoisevectors

%�F RU	 & 	(')�I��')� , for V2�W� to � . Note that

the term + @ A 	�')�XC & 	(')�E9 %�F A 	 & 	�')�!�G')� is not linear in thestate.Thedimensionsof the respective coefficient matrices

are: ,-	�')� is JYKZJ , 08	(')� is JYKZM , 68	�')� is JYK[� , <=	(')� is JLK\O , while the @�RU	(')� are dimensioned,so that+ @BA�	�')�DC^]_9;�`+ba?cD@BA)dbe c 	(')�gf c 9ihTj�k)l , + @ � 	(')�DCHmn9_�`+ aocp@ � dqe c 	�')�Er c 9ihsjkgt and @ � 	(')�u�v+ @ � dbe�	�')�:9ihTj�kgw . Notethatthe

space-timePoissontermsareformulatedto maintainthe linearnatureof thedynamics,but thefirst two areactually

bilinearin either
&

or 3 and
%�F R for Vx�y� or 
 , respectively.

The state dependent Poisson noise canbe viewed asa sequenceof eventsthat is representedby its z th couple{}| d 	 & 	 | d �)�I�G~ d 	 & 	 | d ���G� , for z���� to � , where
| d 	 & 	 | d �)� is the time for theoccurrenceof the z th jump with state

dependentmarkamplitude~ d 	 & 	 | d � . Thisrepresentationof thePoissonprocessprovidesmorerealismandflexibility

for awiderrangeof stochasticcontrolapplicationssincethearrival timesandamplitudesmaydependof thestateof the

system.Additionally, thisformulationallowsfor simplerdynamicalsystemmodelingof complex randomphenomena,

but the inclusionof statedependencein thePoissonnoisemeansthat theproblemis not strictly a LQGPproblemin

thedynamicsandsoit is assumedthatthisstatedependenceis notdominant.

ThestatedependentvectorvaluedmarkedPoissonnoisesarerelatedto thePoissonrandommeasure(seeGihman

andSkorohod[9] or Hanson[11]) andaredefinedas%�F RU	 & 	�')�!��')���y+ %�� R�� d 	 & 	(')�I��')�:9 kE�Hj�A � �4��� �E� ����� RG� d 	 % � � & 	(')�!� % ')�:� kE�}j�A � (2)

for V�� � to � whichconsistsof QSR independentdifferentialsof space-timePoissonprocessesthatarefunctionsof the

state,
& 	(')� , where� is thePoissonjumpamplituderandomvariableor themarkof the

%�� RG� d 	 & 	�')�!��')� Poissonprocess

whereVx�y� to � and z��y� to Q R . Themeanor expectationis givenby�P�}��� + %�F R 	 & 	�')�!�G')�:9;�?� R 	 & 	(')�I��')� % ' �� ����� R 	 � � & 	(')�!�G')� % ��� � R 	 & 	�')�!�G')� � R 	 & 	�')�!��')� % '!� (3)
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where��R}	 & 	(')�I��')� is thediagonalmatrix representationof thestatedependentPoissonrates�R�� d 	 & 	(')�I��')� for V���� to� and z��y� to QIR , �uRH	 & 	(')�I��')� is themeanof thejumpamplitudemarkvectorand � R�� d 	 � � & 	(')�!�G')� is thedensityof the	iV��)z)� th amplitudemarkcomponent.Assumingcomponent-wiseindependence,
%�F RU	 & 	�')�!�G')� hascovariancegivenby X¡�¢ ��£ + %�F R 	 & 	(')�!�G')�!� %�FT¤R 	 & 	(')�!�G')�:9n�[� R 	 � � % ' � � � 	 �-¥ � R 	 � ���I	 �T¥ � R 	 � ��� ¤ � R 	 � � � � % ��� � R 	 � �g¦ R 	 � � % '!� (4)

with, for instance,¦ R 	 � �u�[¦ R 	 & 	�')�!�G')�u�y+ ¦ RG� d � eU§^d � eS9¨k � j�k � denotingthediagonalizedcovarianceof theamplitudemark

distribution for
%�F R 	 & 	�')�!�G')� .

TheGaussianwhite noiseterm,
%�> 	(')� , consistsof r independent,standardWienerprocesses

%�© d 	(')� , for z��ª�
to O . TheseGaussiancomponentshave zeroinfinitesimalmean,Mean+ %�> 	(')�:9D��«�¬ j�A andanddiagonalcovariance.

Covar+ %�> 	(')�I� %�>® 	�')�:9;�[¯S¬ % ' . It is furtherassumedthatall of theindividualcomponenttermsof theGaussiannoise

areindependentof all of thePoissonprocesses.

The quadraticperformanceindex or costfunctionalthat is employed is quadraticwith respectto the stateand

controlcosts,is givenby the time-to-go or cost-to-go functionalform:$B+ & ��35��':9;� �
 	 & ¤X° & �S	('4±��n. �Z²�³²µ´ 	 & 	·¶��I��3¸	·¶��!��¶�� % ¶� ´ 	·]��Gm��G')��� �
5¹ ] ¤�º 	(')�g]��!.»m ¤u¼ 	(')�4mn½p� (5)

wherethe time horizon is 	('!��' ± � , with
° 	(' ± � � ° ± is the quadraticfinal costcoefficient matrix and ´ 	(]���mX��')� is

quadraticrunningcostfunction. In orderto minimize(5) requiresthat thequadraticcontrol costcoefficient
¼ 	(')� is

assumedto beasymmetricpositivedefinite M¾K8M array, while thequadraticstatecontrolcoefficient
º 	�')� is assumed

to beasymmetricpositivesemi-definiteJ®K¿J array. TheLQGPproblemis definedby (1, 5).

For thestochasticdynamicprogrammingformulation,theoptimal, expected cost, is takento beÀ 	·]��G')� � �ÂÁÃ�Ä�Å ² � ²�³IÆ8ÇÈ �P�H���É � Ê Å ² � ²�³IÆ + $B+ & �G3Ë�G':9pÌ & 	(')�u�[]���3¸	(')�u�?m/9ÎÍÏÂ� (6)

wherethe restrictionson the stateandcontrol are that they belongto the admissibleclassesfor the state, ÐsÑ , and

control, Ð Ä , respectively. A final conditionon theoptimal,expectedvalue, À 	·]���'4±��s� A� ] ¤ ° ±�]��7Ò ¡ £ ]ÔÓ1ÐsÑ , is

determinedfrom thefinal costusing(6) with $2+ & ��35��'4±�9 in (5).

Uponapplyingtheprincipleof optimality to theoptimal,expectedperformanceindex, (6, 5) andthechainrule

for Markov stochasticprocessesin continuoustime for theLQGPproblemyields" � Õ ÀÕ ' 	·]��G')�n. �PÁÃ�Ä Ö 	�,-	(')�g]8.Z08	(')�4m¿.762	�')�)� -×�Ø + À 9g	·]��G')�. �
�Ù <s< pÚ 	�')�XÛ × Ø + × ¤Ø + À 9Ü9E	(]���')�/. �
 ] ¤uº 	(')�E]2. �
 m ¤�¼ 	(')�4m. k lÝcIÞ A � A � c 	·]��G')� �� l � ß + À 	(]2.[+ @ A 	(')�pC^]_9 c � �G')� ¥ À 	·]��G')�:9 � A � c 	 � ��]���')� % �
4



. k tÝcIÞ A � � � c 	·]��G')� � � t � ß + À 	(]2.[+ @ � 	(')�pC}m/9 c � ��')� ¥ À 	·]���')�E9 � � � c 	 � �)]��G')�!�G')� % �. k wÝcIÞ A � � � c 	·]��G')� � � w � ß + À 	(]2.Zà � � c 	(')� � �G')� ¥ À 	·]��G')�:9 � � � c 	 � ��]���')� % � ��� (7)

wherethedoubledot productis definedby ,vÛ�0 � a d a e ,�d � e}0»d � eá� Trace+ ,�0 ¤ 9 . Thebackwardpartialdifferen-

tial equation(PDE)(7) is known astheHamilton-Jacobi-Bellman(HJB) equationandis subjectto a final condition.

Theargumentof theminimumis theoptimalcontrol, m�â�	(]���')� . Regularcontrol, m reg 	·]���')� , is theoptimalcontrolprior

to theapplicationof thecontrolconstraints.

To solve(7) subjectto thefinal condition,for theLQGPproblemamodificationof theformalstatedecomposition

of thesolutionfor theusualLQG problem(for theusualLQG, seeBrysonandHo [6] or Doratoetal. [7]) is assumed:À 	·]���')��� �
 ]  ° 	�')�E]2.Zã  	�')�E]8.1äB	(')�/. �
 � ²�³² Ù <s< DÚ 	(¶��åÛ ° 	·¶�� % ¶æ (8)

Theterminalconditionis satisfied,providedthat° 	�' ± ��� ° ± �çã¸	(' ± ���[«/� ����è äB	�' ± �u�["æ (9)

Theansatz(8) would not, in general,betruefor thestatedependentcase,but wouldbeapplicableif thePoisson

noiseis locally stateindependent,while globally statedependent.That is, the statedomainis decomposedinto

subdomains,ÐsÑN�êé d Ð Ø � , wherethe arrival ratesandmomentsfor all the Poissonprocessesareconstantin the

region Ð Ø � andcanbeexpressedas �»	 & 	�')�!�G')���o�Xd�	(')� , ��	 & 	(')�!�G')�X� �Xd)	�')� and ¦�	 & 	(')�!�G')���o¦�dG	(')� for
& 	�')�åÓ¿Ð Ø � ,

for all subdomainsz . If thereare any explicit dependenceon
& 	�')� then the resultingsystemwould then form a

LQGP/Uproblem(for moredetailsseeWestmanandHanson[17, 18, 19, 20]).

Assumingtheansatz(8) holdstheregular, unconstrainedoptimalcontrol, m�âx�?m/ë(ìgí , is givenbym/ë·ìgí�	(')�u� ¥¿î¼�ï A 	�')� î0  	�')�_+ ° 	(')�E]8.1ã¸	(')�:9�æ (10)
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Assumingregularcontrol,thecoefficientsfor theoptimalexpectedperformance(8) aregivenby" hTj�h �ñð° 	(')�/. ¹ ,  ° . ° ,\. º ½ 	�')�n. �ò A 	�')� ¥ Ö ° î0 î¼ ï A î0  °Dó 	(')�I� (11)«�hTj�Aå� ðã¸	(')��. Ö Ù ,\.?	(�ôA �åA^�  @ A Ú  ã ó 	(')�/. Ö ° Ù 6?.1@ � � � � � Ú ¥ ° î0 î¼ ï A î0  ã ó 	(')�!� (12)"-� ðäB	(')�n. Ö Ù 6Ô.1@ � � � � � Ú  ã ó 	(')�/. A� Ö Ù @ � ° @ � Ú Û�� � õ»õ�� ¥ ã  î0 î¼ ï A î0  ã ó 	(')�!� (13)ò A�	(')� � ¹)Ù + @ A 9¨d ° + @=A!9ÎesÛ��ôA õ»õ A Ú 	(')�E½ hTj�h .\
 Ö Ù �ôA �öA Ú  @ A ° ó 	(')�I� (14)ò � 	(')� � ¹)Ù + @ � 9¨d ° + @ � 9ÃeáÛ�� � õ»õô� Ú 	�')� ½^÷ j ÷ � (15)õ»õ RH	�')� � ¦;RH	(')�/. ø �uR � RDù 	(')��� ¹ ¦�RG� d § d � e . õ RG� d õ R�� e ½ kE�}j�kE� (16)

for V5�ú� to 3 with î¼ 	(')� � ¼ 	�')��. �ò � 	(')� , î08	(')� � 02	(')�ö.ª	)	�� � � � �  @ � �S	(')� , and
�ò R � 	 ò R . ò R � . Sincethe

matrix
¼

is positivedefinite,
¼ ï A existsandthensodoes î¼ ï A . Note(11)appearsto haveRiccati-likequadraticform,

but in generalis highly nonlineardueto the
°

dependenceon î¼ through
ò � 	�')� . If @-R8�û+ @�R�� d � e � c 9 hTj�kE�}jhX� , then@ R �`+ @�R�� e � d � c 9 kE�}j�hTjhX� .

Due to uni-directionalcouplingof thesematrix differentialequations,it is assumedthat the nonlinearmatrix

differentialequation(11) for
° 	(')� is solved first andthe result for

° 	(')� is substitutedinto equation(12) for ã¸	(')� ,
which is thensolved,andthenboth resultsfor

° 	(')� and ã5	�')� aresubstitutedinto equation(13) for thestate-control

independentterm äB	�')� . Sincethequadraticform in (8) dependsonly onthesymmetricpartof
° 	�')� , only atrianglepart

of
° 	(')� needbesolved,or M=C�	·M�.\���)ü�
 componentequations.Thus,for thewholecoefficientset

{ ° 	(')�I��ã¸	(')�I��äB	�')�G� ,
only MXC·	·M�.ý�U��ü�
�.áM�.ý� componentequationsneedtobesolve,sothatfor large M thecountis þB	(Mn�Uü�
�� , asymptotically,

which is thesameorderof effort in gettingthetriangularpartof
° 	(')� .

3. Manufacturing System LQGP Problem Formulation

Consideramanufacturingsystemthatproducesthesingleconsumablecommoditythatrequiresa linearsequenceof �
stagesto assemblethefinishedproduct.Theplanninghorizonfor themanufacturingsystemis + "���'4±U9Eæ Themechanisms

by which the input, loading stage, of raw materialsandthe delivery of finishedproducts,unloading stage, arenot

consideredasstagesin the manufacturingsystem. The modelpresentedhereusesfeaturesof FMS for the active

numberof workstationsin which themomentsfor therepair, failure,andpreventivemaintenancearefunctionsof the

stateof thesystem,in particulartheoperationalagesfor theworkstations.For similarmodelsfor FMSwith variations

seeAkella andKumar[1] far a treatmentof optimal inventorylevels,aswell asBoukasandco-workers[4, 5] for a

treatmentwhich includespreventivemaintenanceandmachineagestructure.
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3.1. Local Workstation State Equations

Assumethatthereareatotalof � c workstationsfor stage� . Thedescriptionof thestateequationsfor theworkstations

is similar in natureto thatof a FMS.For workstationz , let ~ c d denotethemaximumnumberof piecesperunit time

thatcanbeproduced.Theworkstationsfor agivenstageareassumedtohavedifferentoperationalproperties,therefore

themodelmustaccountfor eachworkstationseparately. All workstationswill producegoodsatthesamerate ÿ c 	(')� for

a givenstage� , therebydistributing theworkloadacrossall workstations.Theproductionrate, ÿ c 	(')� is a utilization,

thatis thefractionof timebusy, whichis aparameterof thesystemandneedsto bedetermined.For eachworkstationz
onstage� , four statevariablesareusedto describethestatusof theworkstation,they aretheoperationalstatus,� c dG	(')�I�
which describesthe failure and repairevents,the preventive maintenancestatus, J c dG	(')�I� the availableproduction

capacityO c d 	(')�!� andthe currentoperationalagefor the workstation,� c d 	(')�Iæ Thestatevariablesfor workstationz on

stage� is givenby:

] c d 	(')��� Ç���È � c d 	�')�J c d 	(')�O c d!	(')�� c d 	(')� Í����Ï æ (17)

Eachworkstationis subjectto failureandcanbe repairedandpreventive maintenanceis utilized to reducethe

numberof failures. The arrival rates,meantime till an event occurs,is a function of the operationaltime. This

implies that the failurerateincreasesastime goeson, which makespreventive maintenancedesirable.It is assumed

that the cost incurredfor preventive maintenance,and the resultingloss of production,is much lessthan that of

workstationfailure. The operationaland preventive maintenancestatusesevolve accordingto a purely stochastic

differentialequationthat usestatedependentPoissonprocesses.The statedependentPoissonprocessesallow for

eventsto occur only when they are allowable, thus thereare no problemsat boundaries.The statusvaluestake

valueson the rangefrom + "�^�^9:� which correspondto thepercentageof availableproductioncapacity(themaximum

possibleratefor manufacturing). In this treatment,preventive maintenancedoesnot have to disabletheproduction,

but mayjust limit thethroughputof theworkstation.It is assumedthatfor any time '!� thateachworkstationis either

operational,failed,or in maintenance,that is a machinemaynot be listed in morethanonecategory. Theavailable

productioncapacityreflectsthechangesin the statusvariablesandis usedto determinetheoverall piececountthat

canbeproduced.

Themeantimebetweenfailuresandtherepairdurationis exponentiallydistributedandis afunctionof thecurrent

operationalage.Thedefiningequationfor theoperationalstatusof workstationz onstage� is givenby:% � c d 	(')��� %����c d 	·] c d 	(')�I��')� ¥ %����c d 	·] c d 	�')�!��')�I� (18)

where
%�� �c d 	·] c d 	�')�!��')� is usedto modelthefailure(F) processfor theworkstationand

%�� �c d 	·] c d 	�')�!��')� is usedto model

therepair(R) process.Preventivemaintenanceis performedondeterministicschedulethatis basedontheoperational

7



ageof theworkstation.Thedefiningequationfor themaintenancestatusis givenby:% J c d 	(')��� %����c d 	·] c d 	(')�I��')� ¥ %��
	c d 	(] c d 	(')�I��')�!� (19)

where
%�� 	c d 	·] c dG	�')�!�G')� is usedto modelwhentheworkstationundergoespreventivemaintenanceand

%�� �c d 	(] c d!	(')�I��')�
is usedto modelthedurationfor themaintenance.

Theeventsfor workstationfailureandpreventive maintenancearemutuallyexclusive. Therefore,theavailable

productioncapacitycanbedeterminedby usinganindicatorfunctional, ¯ c d!	(')�I� givenby:¯ c d 	�')��� �ÂÁÃ� + � c d 	(')�I�)J c d 	(')�E9:æ (20)

However, this functionaldoesnot fit in the LQGP problemparadigm.To remedythis, a new statevariablefor the

availableproductioncapacity, O c d 	(')� , takingvalueson theinterval + "��^�^9 is utilized thatrelieson themutualexclusive

propertiesfor workstationfailureandpreventivemaintenance,andis givenby:% O c d!	(')� � % � c d!	(')�n. % J c dG	(')�� %�� �c d 	·] c d!	(')�I��')� ¥ %�� �c d 	·] c d!	(')�I��')�n. %�� �c d 	·] c d!	(')�I��')� ¥ %�� 	c d 	(] c d!	(')�I��')�!æ (21)

Therefore,at time '!� workstationz of stage� hasa maximumproductioncapacityof piecesperunit timegivenby

�~ c d 	(')���o~ c d O c d 	(')�I� (22)

thereforethemaximumproductionfor thestageis givenby~ c 	(')���� ¤c�� c 	�')�!� (23)

where

� c � Ç�È ~ c AC}C^C~ c � ß Í �Ï � ß�j�A � � c 	(')�u� Ç�È O c A 	�')�C^C}CO c � ß 	(')� Í �Ï � ß�j�A æ (24)

ThestatedependentPoissonprocessesin (18),(19),and(21)consistof anarrivalandamplitudeprocesses,which

dependon thecurrentstateof theworkstation.Thesojourntimesfor thefailureprocesses,
%�� �c d 	(] c d!	(')�I��')� , andrepair

processes,
%�� �c d 	·] c dG	�')�!�G')� , aregivenby�� �c d 	(] c d!	(')�!�G')� � �� � | �c d ¥ � c dG	(')�!� O c d�	�')�u�`�"� ¡���� �}£��ôÁ��)� � �

� � (25)
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and �� �c d 	·] c d 	(')�I��')� � �� � | �c d � � c d 	�')�u�[""� � c d�	�')�u�y� � �� � (26)

where
| �c d and

| �c d arethe meantimesbetweenfailureandrepair, respectively. Theamplitudesfor theseprocesses

are õ �c d � õ �c d � ��æ The sojourntimesfor preventive maintenanceprocesses,
%�� 	c d 	(] c d 	(')�I��')�!� andthe processes

correspondingto theduration,
%�� �c d 	·] c d 	(')�I��')�I� aregivenby�� 	c d 	(] c d 	(')�I��')� � �� � | 	c d ¥ � c d 	�')�!� O c d 	�')�u�y�"� ¡���� �^£��ôÁ���� � �

� � (27)

and �� �c d 	(] c d!	(')�I��')� � �� � | �c d � "! \J c dG	�')�#"o�"� J c dG	(')�u�`� � �
� � (28)

where
| 	c d and

| �c d arethe meantimesbetweenmaintenanceandits duration,respectively. The amplitudefor the

preventivemaintenance,õ 	c d , shouldbemodeledasthemeanpercentof productioncapacitylostontheinterval + "�}�S9 ,
wherethevalue � is interpretedasfully disablingtheworkstation.Theamplitudefor thedurationof themaintenance

shouldbethesameasfor themaintenance,õ �c d � õ 	c d æ
Thecurrentoperationalageof aworkstationis a monotoneincreasingfunctionof timeandthenumberof pieces

producedbasedon the productionrate ÿ c 	(')�Iæ The operationalageof the workstationis resetto a lower value, for

simplicity 0, uponthecompletionof workstationrepairor maintenanceis givenby:% � c d 	�')�u�$p	�ÿ c 	�')�!��')� % ' ¥ @ �c d 	(')� %����c d 	·] c d 	(')�I��')� ¥ @ �c d 	(')� %����c d 	(] c d 	(')�!�G')�!� (29)

where@ �c d 	(')� and @ �c d 	�')� arethecoefficientsthatareusedto reset(here,zeroout), theoperationalagedueto mainte-

nanceandrepair, respectively, with

� c dG	·¶ c d4�u�N" (30)

where¶ c d is thetimeof thelastreset.

3.2. Global Surplus State Equations

Thegoalof theglobalsurplusstateequationsis tracktheproductionfor eachstage� of themanufacturingsystemto

a specifieddemandfunction,
% c 	�')� , which is expressedasthenumberof piecesperunit time. Thestatevariableused

for this trackingproblemis thesurplusaggregatelevel, %HdG	(')�I� which representsthesurplus(if positive)or shortfall (if

negative) of the productionof piecesthat have successfullycompletedstagez of the manufacturingprocess,where
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zx� � to � . The ideal for themanufacturingsystemis to have % d 	(')�»�ª" for all time ' in theproductionhorizonfor

everystagez!æ Thecontrol r c 	�')� , expressedasthenumberof piecesperunit time,is usedto adjusttheproductionrates

to compensatefor all randomeffectsin themanufacturingsystemsuchasworkstationfailure,repair, andpreventive

maintenanceaswell assmall local effectsmodeledasa Gaussiannoisefor exampledefective pieces.In theuncon-

strainedcase,thecontrolcanbeselectedsothattheproductiongoalfor all time is satisfiedfor all stages,thatis %HdG	(')� .
However, theresultingproductionratesmaynotbephysicallyrealizable.

Thestateequationfor thesurplusaggregatelevel for stagezp�`� to � is givenby% % d 	�')�u� ¹ � ¤d � d 	(')�4ÿ d 	(')�n.Zr d 	(')� ¥ % d 	�')�:½ % '_.'& d 	�')� %�© d 	(')�Iæ (31)

Thechangein thesurplusaggregatelevel,
% % d 	�')� , is determinedby thenumberof piecesthathave successfullycom-

pletedz stagesof themanufacturingprocess( � ¤d � d 	�')�gÿ d 	(')� % ' ), thatarenot defective,andarenot consumedby stagez�.¾� (
% d 	(')� % ' ). Thefirst term, � ¤d � d 	�')�gÿ d 	(')� % ' , on theright handsideof (31) representsthequantityproducedwhich

dependson the numberof operationalworkstationsfor stagez . The term r_d)	�')� % ' is usedto adjustthe production

rate.Theterm, &�d�	�')� %�© dG	(')� , is usedto modeltherandomfluctuationsin thenumberof piecesproduced,for example

defectivepieces.Thedemandor consumptionterm,
% d�	�')� % ' , is theconsumptionof thepiecesproducedby stagez by

stagez_.[� .
The surplusaggregatelevel, % d 	(')� , for stage z is dependenton the numberof operationalworkstations. The

processesfor the failure,repair, andpreventive maintenancefor theworkstationsis anembedded Markov chain (see

Taylor andKarlin [15], for instance),for thesurplusaggregatelevel. Theseeventsareusedto describethe sojourn

timesfor the discontinuousjumpsin the surplusaggregatelevel. Hence,the surplusaggregatelevel is a piecewise

continuousprocesswhosediscontinuousjumpsaredeterminedby thestochasticprocessesof theworkstations.

Thedemandrate
% dG	(')� is thenumberof partsneededperunit time to insurethat themanufacturingprocessis a

continuousflow of work, so that thedesirednumberof completedpiecesareproduced.Thedemandratemustalso

take into account,basedon pasthistory, a minimal buffer level sufficient to compensatefor defective piecesaswell

asworkstationfailures,andto insurethattheproperstart-upsurplusaggregatelevelsarepresentfor thenext planning

horizon.In orderfor themanufacturingsystemto bewell posed,it is requiredfor all time ' that"! % d 	(')�( ~ (32)

wheretheminimumproduction(manufacturingbottleneck)is givenby

~ � �PÁÃ�c � � ßÝ d Þ A ~ c d � (33)

sothattheproductiongoalof themanufacturingsystemis attainable.
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3.3. Cost Functional

Thecostfunctionusedis thestandardtime-to-go or cost-to-go form (5), thatis motivatedby azero inventory or Just in

Time manufacturingdiscipline(seeHall [10] andBieleckiandKumar[3]) while utilizing minimumcontroleffort. In

this formulation,thesalvagecost,
° 	(' ± � , is usedto imposeapenaltyonsurplusor shortfall of productionat theendof

theplanninghorizon.Theterm
º 	(')� is usedto penalizeshortfall andsurplusproductionduringtheplanninghorizon,

this term is usedto maintaina strict regimenon whenthe consumablegoodsareto be produced.The term
¼ 	�')� is

usedto enforcea minimumcontroleffort penalty.

3.4. Manufacturing Model Outputs

To solve this problem,assumethe regularor unconstrainedcontrol (10) andsolve thenonlinearsystemof ordinary

differentialequations(11,12,13).This allows theplantmanagerof themanufacturingsystemto calculatethedesired

or idealproductionrateandthephysicallyrealizableproductionrate.With theseproductionrates,theplantmanager

canprojectover theremainingproductionhorizontheexpecteddeviation from thefinal productiongoal.

Let Mnd�	(')� denotethenumberof operationalworkstationsonstagez andis givenbyM d 	�')�u�*) ¤ � d 	(')�!� (34)

where ) is a � c K � vectorwhoseelementsare � . Theregularcontrolledproductionlevel for stagez anticipatesfor

thestochasticeffectsof workstationfailure,repair, andmaintenanceaswell asdefectivepartsis givenby

ÿ ë(ìgíd 	�')�u� �+� +� "�� MndG	(')���?"ÿ d 	(')�/. r ë·ìgíd 	(')�� ¤d � d 	(')� � M d 	(')�#, " � +�+� � (35)

where r ë·ìgíd 	�')� is the regular control. Note that with the assumptionof regular control, the surplusaggregatelevel

will alwaysbe forcedto be zero,thereforethe regularcontrolledproductionlevel maynot be physicallyrealizable.

The constrainedcontrolledproductionlevel, ÿ âd 	(')� , is the restrictionof the regularcontrolledproductionlevel to be

physicallyrealizableandis givenby ÿ âd 	�')���.- ÁÜ� + ÿ ë·ìgíd 	(')�!�Gÿ h0/ Ød 	�')�:9E� (36)

whereÿ h(/ Ød 	(')� is definedas

ÿ h0/ Ød 	(')��� �+� +� ��� zD�y�
- ÁÜ� +Î��� ÿ âd ï A 	(')�1� ¤d ï A � d ï A 	(')�� ¤d � d 	�')� 9:� �2"7z3 � � +�+� � (37)

wherethe maximumproductionrate, ÿ h0/ Ød 	�')� , is the minimum valueof the physicalproductionrate, ��æ "�" or full

utilization, andproductionlimitations that arisedueto a shortfall of productionfrom the previous stagedueto ei-
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thermachinefailure,maintenance,or defective pieces.Theconstrainedcontrolledproductionrateis usedto setthe

productionratefor theworkstations.

4. Numerical Example of LQGP MMS

For numericalconcreteness,considera manufacturingsystemwith � �L
 stageswith a planninghorizon of 80

hours.Let the initial surplusaggregatelevel for all stagesbezero,thedemandbe �54�
 piecesperhour for all stages

(
% A 	�')�s� % � 	(')�s�W�}��� ), the total numberof workstations,� d , for eachstagebe3 and2, respectively, the Gaussian

randomfluctuationsof productionis assumedabsent( &�d�	(')�ý�W" for z��û� and 
 ). The operationalcharacteristics

for the workstationsaresummarizedin the tablebelow. During preventive maintenanceandworkstationfailure no

productionoccurs.Therefore,themomentsfor themomentsfor thestatedependentPoissonprocessesin (18), (19),

(21),and(29) aregivenby õ �c d � õ �c d � õ �c d � õ 	c d ��� with all covariancesbeing0.

Assumethatwhentheoperationalageof a workstation(29) is reseteitherdueto a repairor preventivemainte-

nancetheoperationalageof theworkstationis setto zeroandthat theagingprocessis basedon theamountof time

operationalonly. This impliesthat,

$p	(ÿ c 	(')�!�G')� % 'u�y��� @ �c d 	�')�u�[@ �c d 	(')��� ¶ c d ¥ ' ¥ � c d�	(¶ c d4�!� (38)

where ¶ c d is thetime of thelastreset(initial valueis 0) and � c dG	·¶ c dg� is viewedasa parameterthatrepresentstheage

of theworkstationat thelastreset,which is zerofor all ¶ c d76�N" andis specifiedin thetablebelow for ¶ c dp�[" .
Production Operational MeanTimes(hours)

Stage Workstation Capacity, ~ c d Age, � c d 	("��� z (pieces/hour) (hours)
| �c d | �c d | 	c d | �c d

1 1 60 10 120 6 70 1

1 2 70 60 140 8 90 2

1 3 75 80 140 7 90 2

2 1 120 10 120 8 95 2

2 2 110 0 120 6 85 2

This manufacturingsystemconsistsof 
�" local and 
 globalstatevariablesfor a stateof dimension
�
 . Define

thelocalstatevectorsas

8 	�')��� Ç���������È
� A�A 	(')�� A � 	(')�� A � 	(')�� � A�	(')�� ��� 	(')�

Í����������Ï �:9[	�')��� Ç���������È
J AGA 	(')�J A � 	(')�J A � 	(')�J � A�	(')�J �G� 	(')�

Í����������Ï � � 	�')�u� Ç���������È
O AGA 	�')�O A � 	�')�O A � 	�')�O � A�	�')�O �G� 	�')�

Í����������Ï �:;/	(')�u� Ç���������È
� AGA 	(')�� A � 	(')�� A � 	(')�� � A�	(')�� �G� 	(')�

Í����������Ï (39)
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for theoperationalstatus,preventivemaintenancestatus,andcurrentoperationalage,respectively. Definetheglobal

statevectorfor thesurplusaggregatelevel as

< 	�')��� ÇÈ % A 	(')�% � 	(')� ÍÏ æ (40)

Thetotalstateandcontrolvectorsaregivenby

& 	(')��� Ç���������È
8 	�')�9[	(')�� 	�')�;n	(')�< 	�')�

Í ���������Ï �êmX	�')�u� ÇÈ
r A 	(')�r � 	(')� ÍÏËæ (41)

Thecostfunctionalusedis (5) wherethecoefficientmatricesaregivenby° 	�'4±��u� ÇÈ " �>= j ��= " ��= j �" � j ��= ° ± ÍÏ � ° ±-� ÇÈ ���H"�"�" "" �}��"�"�" ÍÏ �º 	�')��� ÇÈ " ��= j �>= " �>= j �" � j ��= º � ÍÏ � º � � ÇÈ ��"�"�" "" �H��"�"�" ÍÏ � ¼ 	�')�u� ÇÈ 
�
 "" 
�
 ÍÏ æ
By comparingthecoefficientsof (1) with thestateequationsfor themanufacturingsystem(18), (19), (21), (29),

and(31) thedeterministiccoefficientsaregivenby

,-	(')��� ÇÈ " �>= j�A = " �>= j@? " ��= jBA" � j�A = ~DCö	(')� " � j@A ÍÏÂ� 02	(')��� ÇÈ " �>= j �¯ � j � ÍÏÂ� ´ 	(')�u� Ç������È
« A1?�j�A)E?�j�A% A�	(')�% � 	(')�

Í ������Ï � (42)

where

~ C 	�')��� ÇÈ ~ AGA ÿ A 	(')� ~ A � ÿ A 	(')� ~ A � ÿ A 	�')� " "" " " ~ � A ÿ � 	(')� ~ �G� ÿ � 	(')� ÍÏ æ
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Theonly nonzero stochasticprocessandcorrespondingcoefficientmatrixgivenby

%�F � 	 & 	(')�I��')��� Ç������È
%�F � 	 & 	(')�I��')�%�F � 	 & 	(')�I��')�%�F � 	 & 	�')�!�G')�%�F 	 	 & 	(')�I��')�

Í ������Ï � @ � 	(')��� Ç���������È
¯ ?�j@? ¥ ¯ ?UjB? " ?�j@? " ?UjB?" ?�j@? " ?UjB? ¯ ?UjB? ¥ ¯ ?UjB?¯ ?�j@? ¥ ¯ ?UjB? ¯ ?UjB? ¥ ¯ ?UjB?¥ @ �� 	(')� " ?UjB? ¥ @ �� 	(')� " ?UjB?" � j@? " � jB? " � j@? " � jB?

Í ���������Ï �
with

¥ @ �� 	(')��� ¥ @ �� 	�')�u� èÁÜ��F Ç���������È
¶ AGA ¥ ' ¥ � A�A 	·¶ AGA �¶ A � ¥ ' ¥ � A � 	·¶ A � �¶ A � ¥ ' ¥ � A � 	·¶ A � �¶ � A ¥ ' ¥ � � A 	·¶ � A �¶ �G� ¥ ' ¥ � ��� 	·¶ �G� �

Í ���������Ï �
where

è�ÁÜ��F + G;9n�y+ À d § d � e 9 c j c is thediagonalmatrixrepresentationof the �ôKT� vectorG andthestatedependentPoisson

processesaregivenby

%�F � 	 & 	(')�I��')� Ç���������È
%�F � AGA 	 & 	�')�!�G')�%�F � A � 	 & 	�')�!�G')�%�F � A � 	 & 	�')�!�G')�%�F �� A 	 & 	�')�!�G')�%�F ��G� 	 & 	�')�!�G')�

Í ���������Ï � %�F � 	 & 	�')�!�G')� Ç���������È
%�F � AGA 	 & 	(')�I��')�%�F � A � 	 & 	(')�I��')�%�F � A � 	 & 	(')�I��')�%�F �� A 	 & 	(')�I��')�%�F ��G� 	 & 	(')�I��')�

Í ���������Ï �

%�F � 	 & 	�')�!��')� Ç���������È
%�F � A�A 	 & 	(')�I��')�%�F � A � 	 & 	(')�I��')�%�F � A � 	 & 	(')�I��')�%�F �� A 	 & 	(')�I��')�%�F ���� 	 & 	(')�I��')�

Í ���������Ï � %�F 	 	 & 	(')�!�G')� Ç���������È
%�F 	AGA 	 & 	(')�I��')�%�F 	A � 	 & 	(')�I��')�%�F 	A � 	 & 	(')�I��')�%�F 	� A 	 & 	(')�I��')�%�F 	�G� 	 & 	(')�I��')�

Í ���������Ï æ
Using the above numericalvaluesandassumingthe regular control the temporaldependentcoefficients

° 	(')� ,% ã¸	(')� , and ä2	(')� canbedeterminedfrom (11,12,13).With thetemporalcoefficientsknown theregularcontrolcanbe

determinedfrom (10) for any statevalue.Finally, theregularcontrolandvaluefor thestatecanbeusedto determine

the regular controlledproductionrate, ÿ ë·ìgíd 	�')� , andconstrainedcontrolledproductionrate, ÿ âd 	(')� , and the deviation

from thetargetproductiongoal, î % d 	('!�G'1$n� . This informationcanbeprecomputedandstoredin adatabasethatcanthen

beusedto controltheproductionof anautomatedmanufacturingsystem.

Considerthesamplepathtrajectorydescribedin thetablebelow.
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EventTime Stage Workstation Type Duration

(hours) (hours)

15 1 3 failure 7

30 1 2 maintenance 2

60 1 1 maintenance 2

The constrainedandregular controlledproductionratesfor the manufacturingsystemaregiven in Figure1. These

productionratesshow the anticipationof workstationrepairand failure. In Figure2, the percentrelative error is

given. At thefinal time of theplanninghorizonthepercentrelative error is 	("æÜ�����}���� ¥ "�æ ��#H4���4�� ¤ . Onedrawback

of themodelis that it only considersfeedforwardeffects.In this example,morepiecesareproducedon stage1 then

consumedon stage2. Theplantmanagershouldadjusttheproductionratesto consumetheexcessproductionfrom

stage1, which would resultin a "æÜ�����}��� percenterrorfor manufacturingsystem.Theresultspresentedhererequired

66CPUsecondsand68wallclocksecondsto completeonaSunUltra 5, with a memorydemandof 1.75megabytes.
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Figure1: Regularandconstrainedcontrolledproductionratesfor stages1 and2.

5. Conclusions

The LQGP model is an extensionof the continuoussamplepathLQG model for optimal stochasticcontrol theory

and is a benchmarkmodel for computationalstochasticcontrol for hybrid systemsin which discontinuouspaths

arepermitted.Herewe have relaxed the linear dynamicsassumptionof LQGPby allowing the space-timePoisson

noiseto be statedependent.Thesomewhatgeneralform of the Poissontermsleadsto nonlinearextensionsfor the
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Figure2: Percentrelativeerrorfor stages1 and2.

standardLQG Riccatiequation.However, thePoissontermsandthesubsequentresultsaremoreinterestingfor more

realisticapplications,which involve discreterandomjumpsin the samplepathsin continuoustime, but at the cost

of additionalcomputationalcomplexity. Preventive maintenancecan extend the life of a workstationand thereby

insurethestability of a manufacturingsystem.Theinclusionof preventivemaintenancein this model,which results

in discontinuousjumps in the statevalue,addsmore realismthat is muchmore importantthan thosemodeledby

continuousstatemodels,andthentherearetheadditionaljumpsdueto therandomfailureandrepairof manufacturing

systemworkstations. Our computationalprocedureswill lead to systematicapproximationsto the manufacturing

systemmodelformulatedherefor preventivemaintenanceandotherrandomcatastrophicevents.
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