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Abstract

Considertheoptimalcontrolof a manufacturingsystem
consistingof

�
stagesin which a single consumablegood

is producedin a randomjump environment. At eachstage
of the manufacturingprocessthereare � workstationsthat
can fail and be repaired. The workstationsare assumed
to have different operatingparametersfor a given stage.
The mean time to failure for a given workstation, on a
given stage,is modeledas a function of the uptime of the
workstation. The uptimeof the workstationsis a monotone
increasingfunction, which can be resetto a lower level by
preventivemaintenance.This formulationcombinesfeatures
of flexible andmultistagemanufacturingsystems.The goal
is to scheduletheproductionof theconsumablegoodsubject
to randomeffectsandpreventivemaintenance.

1. Introduction

A flexible manufacturingsystem(FMS) is a collection
of workstationsthatproducea family of relatedpartsthatre-
quiresimilar operations.A key featureof a FMS is the way
in which raw materialsareroutedinto andfinishedpiecesare
routedout of the FMS. In modelsfor FMS, a focusis given
on how a given piecetravels throughthe system.This local
perspectiveof how thepiecesmoveis notincludedin themul-
tistagemanufacturingsystem(MMS) model. In a MMS the
focusis on the overall throughputof the manufacturingsys-
tem.Eachstageof aMMS maybeviewedasaFMS.Theflow
of piecesis modeledasa continuumandthe discretemodel
of theFMSbecomesafluid likemodel.KimemiaandGersh-
win [9] describethedifferencesandsimilaritiesbetweenFMS
andMMS, while presentinga hierarchicalschemefor mod-
eling andproviding an algorithmfor the operationalcontrol
of a FMS. A survey of many typesof real flexible manufac-
turing systemsis givenby Dupont-Gatelmand[6]. Westman
andHansonprovide LQGP (Linear deterministicdynamics,�
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Quadraticcosts,GaussianandPoissondisturbances)andnon-
linearmodelsfor theproductionschedulingof aMMS subject
to workstationfailureandrepair[12, 13, 15] aswell asstrikes
andnaturaldisasters[16, 8].

For a FMS, Olsder and Suri [10], first proposeda
stochasticmodelutilizing a homogeneousjump Markov pro-
cesses to describetheevolutionof thestateof theoperational
(or failed)workstations.They statethat theusefulnessof the
modelis limited by theability to solve theHamilton-Jacobi-
Bellman(HJB) partial differentialequationof dynamicpro-
gramming.This is dueto theexponentialgrowth of computa-
tional andmemoryresourcesneededto solve theHJB equa-
tion utilizing finite differences,commonlyreferredto asthe
Curse of Dimensionality [2]. BoukasandHaurie[4] present
amodelfor acontinuous-timestochasticflow controlfor pro-
ductionschedulingwith preventivemaintenanceof thework-
stations. In this formulation, the meantime betweenfail-
uresfor a givenworkstationis dependenton the operational
ageof the machine,which is definedas the time sincethe
last restart(repair or preventive maintenance).The transi-
tion betweenthe statesof a given workstation(operational,
failed,preventivemaintenance)formsanirreducibleMarkov
chain. For � workstations,therearea total of ��� statesin
the Markov chainfor the descriptionof theoperationalstate
of the FMS. The variablesfor the systemare the vectorfor
the cumulative productionsurplusand the operationalages
for all workstations.A numericalmethodbasedonKushner’s
methodis usedto approximatethe solutionfor the dynamic
programmingproblem,which requiresa discretemesh. In
this method,the meshselectedis finite andartificial bound-
ary conditionsareusedwhich introducesadditionalerror. In
theexamplepresentedfor 2 workstationsand1 parttype,us-
ing 21 pointsfor themeshof theproductionsurplusandop-
erationalages,the total numberof meshpoints is given by	�
����
����
����� ���������������� . Theadditionof anotherworksta-
tion wouldyield aneedfor

	�
���� 
���� 
��� 
����!� ��"#�%$� 
 $'&���'�)(
meshpoints,clearlytheCurse of Dimensionality is presentin
this method,andthereforewould not be suitablefor a large
numberof workstations.
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In this paper, a hybrid modelof productionscheduling
for a manufacturingsystemis consideredthat is subjectto
randomdisturbances.The modelincorporateslocal features
of a FMS with theglobalperspectiveof a MMS. Thegoalof
themodelis generatetheoptimalproductionratesto achieve
the desiredproductiondemandor profile while compensat-
ing for workstationrepair, failure, and preventive mainte-
nance. The local aspectsof a FMS areutilized to describe
thestateof theoperationalworkstationsin themanufacturing
systemsubjectto repair, failure,andpreventivemaintenance.
This allows for a greaterrealism,sinceeachworkstationcan
havedifferentcharacteristics,asopposedto homogeneousas-
sumptionsmadein many othertreatments(seefor example,
[12, 13, 15, 16, 8]). The global aspectsof a MMS areused
to model the throughputof productionfor the manufactur-
ing system. In the formulation for the manufacturingsys-
tempresentedin thispaper, thecurseof dimensionalityis not
present.The problemformulationusedis a LQGP problem
(see[12]) utilizing statedependentPoissonprocesses(see
[14]) to modelthefailure,repair, andpreventivemaintenance
for theworkstations.

The paper is arrangedas follows. In Section 2., a
summaryof theLQGPProblemwith statedependentPoisson
noiseis given. In Section3., a LQGPproblem[12] utilizing
statedependentPoissonprocesses[14] is usedto formulate
the dynamicalsystemfor the manufacturingsystemand in
Section4.,a numericalexampleis presented.

2. LQGP Problem Formulation

For completenesswe review in part the canonicalform
for the LQGP problemthat originally appearsin Westman
andHanson[12], for thecasewith stateindependentPoisson
noise,and [14] for statedependentPoissonnoise. The lin-
eardeterministicdynamicalsystemfor theLQGPproblemis
governedby thestochasticdifferentialequation(SDE)subject
to GaussianandstatedependentPoissonnoisedisturbancesis
givenby*�+ , - .0/21435+7698:/21435;<6>=?/21@3�AB*�16 CD/2143�*FEG/21436H- I?J!/2143LK!+MAN*�ODJP/Q+SR51@3

(1)6 - IMTU/2143VKW;:AB*�OXT�/Q+SR51@3�6YI[Z�/21@3�*�O\Z�/Q+]R5143^R
for generalMarkov processesin continuoustime,with _a` �
statevector X(t), �b` �

control vector U(t), cH` �
Gaus-

siannoisevectordW(t), and d!eX` �
space-timePoissonnoise

vectors f)gDe 	�h9	Qij� � ij� , for k�� �
to � . Note that the terml mSn�	Qij�[oLh9	Qij�@p f)g n�	qhr	Qij� � ij� is not linear in the state. The

dimensionsof the respective coefficient matricesare: s 	Qij�
is _t`u_ , v 	Qij�

is _t`u� , w 	Qij�
is _x` �

, y 	Qij�
is _t`uc ,

while the
m e 	Qij� are dimensioned,so that

l mSnF	qij�zo|{Vp �l }�~�mSn4��� ~ 	qij�@� ~ p2�:���4�
,
l m � 	qij��oF�|p � l }�~�m � ��� ~ 	qij�@� ~ p2�:���5�

and
m " 	Qij� � l m " ���)	qij�5p��M���5� . Note that the space-timePois-

sontermsareformulatedto maintainthe linearnatureof the
dynamics,but thefirst two areactuallybilinearin either

h
or�

and f�g e for k�� �
or



, respectively.

The state dependent Poisson noise can be viewed as
a sequenceof events that is representedby its � th couple

�U���j	�h9	q�V�5�j� ��� ��	qhr	Q���5�j�P�
, for �:� �

to
�
, where

���j	�h9	q�V�5�j�
is the time for the occurrenceof the � th jump with statede-
pendentmark amplitude � �j	�h9	Q���5�j�

. This representationof
thePoissonprocessprovidesmorerealismandflexibility for a
widerrangeof stochasticcontrolapplicationssincethearrival
timesandamplitudesmaydependof thestateof thesystem.
Additionally, this formulationallows for simplerdynamical
systemmodelingof complex randomphenomena,but thein-
clusionof statedependencein the Poissonnoisemeansthat
theproblemis not strictly a LQGPproblemin thedynamics
andso it is assumedthat this statedependenceis not domi-
nant.

Thequadraticperformanceindex or costfunctionalthat
is employedis quadraticwith respectto thestateandcontrol
costs,is givenby thetime-to-go or cost-to-go functionalform:� - +]R4;�R51�At, �� /Q+��|��+�3�/21@��3�6>� �Q¡�£¢ /Q+]R4;�R@¤ 3�*F¤�R

¢ /�¥|R5¦§R@143¨, ��ª© ¥ �|« /21@3�¥|R56¬¦ �® /21435¦�¯|R (2)

where the time horizon is
	Qi � ij°�� , with ± 	qij°��u² ± ° is the

quadratic final cost coefficient matrix and ³ 	q{ � � � ij� is
quadraticrunning cost function. In order to minimize (2)
requiresthat the quadraticcontrol cost coefficient ´ 	Qij�

is
assumedto be a symmetricpositive definite �µ`¶� array,
while thequadraticstatecontrol coefficient · 	Qij�

is assumed
to be a symmetricpositive semi-definite_¸`>_ array. The
LQGPproblemis definedby (1, 2).

3. Manufacturing System LQGP Problem Formulation

Considera manufacturingsystemthatproducesthesin-
gleconsumablecommoditythatrequiresa linearsequenceof�

stagesto assemblethefinishedproduct.Theplanninghori-
zonfor themanufacturingsystemis

l &�� i ° p�¹ Themechanisms
by which the input, loading stage, of raw materialsandthe
delivery of finishedproducts,unloading stage, arenot con-
sideredas stagesin the manufacturingsystem. The model
presentedhereusesfeaturesof FMS for theactivenumberof
workstationsin whichthemomentsfor therepair, failure,and
preventive maintenancearefunctionsof the stateof the sys-
tem, in particularthe operationalagesfor the workstations.
For similar modelsfor FMS with variationsseeAkella and
Kumar[1] for a treatmentof optimalinventorylevels,aswell
as Boukasand co-workers [4, 5] for a treatmentwhich in-
cludespreventivemaintenanceandmachineagestructure.

3.1. Local Workstation State Equations
Assumethat there are a total of � ~

workstationsfor
stage

�
. Thedescriptionof thestateequationsfor thework-

stationsis similar in natureto thatof a FMS.For workstation� , let � ~ �
denotethe maximumnumberof piecesper unit

timethatcanbeproduced.Theworkstationsfor agivenstage
are assumedto have different operationalproperties,there-
fore themodelmustaccountfor eachworkstationseparately.
All workstationswill producegoodsat thesamerate º ~ 	Qij� for
a givenstage

�
, therebydistributing the workloadacrossall
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workstations.Theproductionrate, º ~ 	Qij� is a utilization, that
is the fractionof time busy, which is a parameterof thesys-
tem andneedsto be determined.For eachworkstation � on
stage

�
, four statevariablesareusedto describethestatusof

theworkstation,they aretheoperationalstatus,» ~ ��	Qij� � which
describesthefailureandrepairevents,thepreventivemainte-
nancestatus,_ ~ � 	Qij� � theavailableproductioncapacityc ~ � 	qij� �
andthecurrentoperationalagefor theworkstation,¼ ~ � 	Qij�W¹

Eachworkstationis subjectto failureandcanberepaired
andpreventive maintenanceis utilized to reducethe number
of failures.Thearrival rates,meantime till aneventoccurs,
is a function of the operationaltime. This implies that the
failure rate increasesastime goeson, which makespreven-
tive maintenancedesirable. It is assumedthat the cost in-
curredfor preventive maintenance,andthe resultinglossof
production,is muchlessthanthatof workstationfailure.The
operationaland preventive maintenancestatusesevolve ac-
cording to a purely stochasticdifferential equationthat use
statedependentPoissonprocesses.ThestatedependentPois-
sonprocessesallow for eventsto occuronly whenthey are
allowable,thusthereareno problemsat boundaries.Thesta-
tusvaluestake valueson the rangefrom

l &�� �!p � which corre-
spondto thepercentageof availableproductioncapacity(the
maximumpossibleratefor manufacturing).In this treatment,
preventive maintenancedoesnot have to disabletheproduc-
tion, but may just limit the throughputof theworkstation.It
is assumedthatfor any time

i � thateachworkstationis either
operational,failed,or in maintenance,that is a machinemay
not be listed in more thanonecategory. The availablepro-
ductioncapacityreflectsthe changesin the statusvariables
andis usedto determinethe overall piececount that canbe
produced.

Themeantime betweenfailuresandtherepairduration
is exponentiallydistributed and is a function of the current
operationalage. The defining equationfor the operational
statusof workstation� on stage

�
is givenby:*F½�¾�¿@/2143®,u*�ÀXÁ¾�¿ /�¥V¾^¿4/21@3^R�1@3�ÂÃ*�ÀXÄ¾�¿ /�¥V¾^¿4/21@3^R�1@3^R

(3)

wheref)ÅMÆ~ � 	Q{ ~ �P	qij� � ij� is usedto modelthefailure(F) process
for the workstationand f�ÅMÇ~ � 	q{ ~ �P	Qij� � ij� is usedto modelthe
repair(R) process.Preventive maintenanceis performedon
deterministicschedulethatis basedon theoperationalageof
the workstation. The definingequationfor the maintenance
statusis givenby:*FÈz¾�¿5/2143®,u*�ÀXÉ¾�¿ /�¥L¾�¿@/2143^R51@3VÂÃ*�ÀXÊ¾�¿ /�¥V¾�¿@/21@3^R�143^R

(4)

where f�Å:Ë~ � 	Q{ ~ � 	qij� � ij� is usedto model when the worksta-
tion undergoespreventivemaintenanceand f)ÅMÌ~ � 	Q{ ~ � 	qij� � ij� is
usedto modelthedurationfor themaintenance.

Theeventsfor workstationfailureandpreventive main-
tenancearemutuallyexclusive. Therefore,theavailablepro-
duction capacitycan be determinedby using an indicator
functional, Í ~ �P	qij� � given by: Í ~ �P	Qij� �ÏÎYÐNÑ l » ~ �P	Qij� �j_ ~ �P	Qij�@p�¹
However, this functionaldoesnot fit in the LQGP problem
paradigm.To remedythis, a new statevariablefor theavail-
ableproductioncapacity, c ~ ��	Qij� , takingvalueson theinterval

l &�� �Òp is utilized that relies on the mutual exclusive proper-
ties for workstationfailure andpreventive maintenance,and
is givenby: *FÓÒ¾^¿4/21@3Ô, *F½�¾^¿4/21@3�6Õ*FÈ]¾^¿5/2143^Ö

(5)

Therefore,at time
i � workstation� of stage

�
hasa maximum

productioncapacityof piecesperunit timegivenby ×� ~ � 	Qij� �� ~ � c ~ � 	qij�W¹
ThestatedependentPoissonprocessesin (3), (4),and(5)

consistof an arrival andamplitudeprocesses,which depend
on thecurrentstateof theworkstation.Thesojourntimesfor
the failure processes,f�ÅMÆ~ � 	q{ ~ �P	Qij� � ij� , and repair processes,f�ÅMÇ~ � 	q{ ~ � 	Qij� � ij� , aregivenby�Ø Ä¾�¿ /�¥V¾�¿@/21@3^R5143 , ÙÛÚ Ä¾^¿ ÂªÜ ¾�¿ /21@3^R Ó ¾^¿ /21@3®, �Ý R ÞÒß4à)á�â@ã#ä�å@áçæ R

(6)

�Ø Á¾�¿ /�¥V¾�¿@/21@3^R5143 , ÙÛÚ Á¾^¿ R ½�¾�¿j/21@3®, ÝÝ R ½�¾�¿j/21@3®, � æ R
(7)

where
� Æ~ � and

� Ç~ � are the meantimes betweenfailure and
repair, respectively. The amplitudesfor theseprocessesareè Æ ~ � � è Ç ~ � � ��¹

The sojourn times for preventive main-
tenanceprocesses,f�Å:Ë~ � 	q{ ~ � 	Qij� � ij� � andthe processescorre-
spondingto theduration,f)ÅMÌ~ � 	Q{ ~ �P	qij� � ij� � aregivenby�Ø Ê¾�¿ /�¥ ¾�¿ /21@3^R5143 , ÙÛÚ Ê¾^¿ ÂÃÜ�¾�¿@/2143^R ÓÒ¾�¿@/2143®, �Ý R ÞUß4à�á�â@ã#ä�å@áçæ R

(8)

�Ø É¾�¿ /�¥V¾�¿@/21@3^R5143 , ÙÛÚ É¾^¿ R ÝDé È]¾�¿@/2143§ê �Ý R È]¾�¿@/21@3|, � æ R
(9)

where
� Ë~ � and

� Ì~ � arethemeantimesbetweenmaintenance
andits duration,respectively. Theamplitudefor thepreven-

tive maintenance,
è Ë~ � , shouldbe modeledasthe meanper-

centof productioncapacitylost on the interval
l &� �!p , where

the value
�

is interpretedasfully disablingthe workstation.
Theamplitudefor thedurationof themaintenanceshouldbe

thesameasfor themaintenance,
è Ì ~ � � è Ë~ � ¹

Thecurrentoperationalageof a workstationis a mono-
toneincreasingfunctionof timeandthenumberof piecespro-
ducedbasedontheproductionrate º ~ 	Qij�!¹ Theoperationalage
of theworkstationis resetto a lower value,for simplicity 0,
uponthecompletionof workstationrepairor maintenanceis
givenby:*FÜ)¾^¿4/21@3ë, ìL/�íW¾�/21@3^R5143�*�1LÂîISÉ¾^¿ /21@3�*�ÀXÉ¾�¿ /�¥V¾^¿4/21@3^R�1@3Â ISÁ¾�¿ /2143�*�ÀXÁ¾�¿ /�¥V¾�¿@/21@3^R5143^R

(10)

where
m Ì~ � 	Qij� and

m Ç~ � 	Qij� arethecoefficientsthatareusedto
reset(here,zeroout), theoperationalagedueto maintenance
andrepair, respectively, with ¼ ~ ��	Qï ~ �5� �ð& where

ï ~ �
is the

time of thelastreset.

3.2. Global Surplus State Equations
The goal of the global surplusstateequationsis track

theproductionfor eachstage
�

of themanufacturingsystem
to a specifieddemandfunction, f ~ 	Qij� , which is expressedas
the numberof piecesper unit time. The statevariableused
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for this trackingproblemis thesurplusaggregatelevel, ñ �^	qij� �
which representsthesurplus(if positive) or shortfall (if neg-
ative)of theproductionof piecesthathavesuccessfullycom-
pletedstage� of themanufacturingprocess,where�ò� �

to
�
.

The ideal for the manufacturingsystemis to have ñ �^	qij� �ó&
for all time

i
in theproductionhorizonfor every stage� ¹ The

control
� ~ 	Qij�

, expressedasthenumberof piecesperunit time,
is usedto adjustthe productionratesto compensatefor all
randomeffects in the manufacturingsystemsuchas work-
stationfailure, repair, andpreventive maintenanceaswell as
small local effectsmodeledasa Gaussiannoisefor example
defectivepieces.In theunconstrainedcase,thecontrolcanbe
selectedsothattheproductiongoalfor all time is satisfiedfor
all stages,thatis ñ ��	Qij� ��& . However, theresultingproduction
ratesmaynot bephysicallyrealizable.

The stateequationfor the surplusaggregate level for
stage�ò� �

to
�

is givenby*'ô ¿ /2143ë, ©�õ �¿®ö ¿ /21@3�í ¿ /2143�6î÷ ¿ /21@3LÂª* ¿ /2143 ¯ *�16 ø ¿ /21@3�*'ù ¿ /2143^Ö
(11)

The changein the surplus aggregate level, f ñ � 	qij� , is de-
termined by the number of pieces that have success-
fully completed � stages of the manufacturing process
( úüû�òý � 	Qij� º � 	Qij� f i ), that are not defective, and are not
consumedby ��þ �

st stage ( f �^	Qij� f i ). The first term,úÿû�òý �^	qij� º �P	qij� f i , on theright handsideof (11) representsthe
quantity producedwhich dependson the numberof opera-
tional workstationsfor stage� . The term

�L�^	Qij� f i is usedto
adjusttheproductionrate. Theterm, � �j	qij� f�� �P	Qij�

, is usedto
model the randomfluctuationsin the numberof piecespro-
duced,for exampledefective pieces. The demandor con-
sumptionterm, f ��	Qij� f i , is theconsumptionof thepiecespro-
ducedby stage � by stage �Dþ �

. The surplusaggregate
level, ñ � 	Qij� , for stage� is dependenton thenumberof opera-
tional workstations.Theprocessesfor thefailure,repair, and
preventive maintenancefor the workstationsis an embedded
Markov chain (seeTaylor andKarlin [11], for instance),for
thesurplusaggregatelevel. Theseeventsareusedto describe
the sojourntimesfor the discontinuousjumpsin the surplus
aggregatelevel. Hence,thesurplusaggregatelevel is apiece-
wise continuousprocesswhosediscontinuousjumpsarede-
terminedby thestochasticprocessesof theworkstations.

Thedemandrate f � 	qij� is thenumberof partsneededper
unit time to insurethatthemanufacturingprocessis acontin-
uousflow of work, so that the desirednumberof completed
piecesareproduced.Thedemandratemustalsotake into ac-
count,basedon pasthistory, a minimal buffer level sufficient
to compensatefor defectivepiecesaswell asworkstationfail-
ures,andto insurethat the properstart-upsurplusaggregate
levelsarepresentfor thenext planninghorizon. In orderfor
themanufacturingsystemto bewell posed,it is requiredfor
all time

i
that &��üf ��	Qij� �ç� wherethe minimumproduc-

tion throughputfor thedifferentstages(manufacturingbottle-

neck)which is givenby � � ÎÕÐ Ñ~ � } ����	�§n � ~ ��

so that the

productiongoalof themanufacturingsystemis attainable.

3.3. Cost Functional
Thecostfunctionusedis thestandardtime-to-go or cost-

to-go form (2), that is motivatedby a zero inventory or Just
in Time manufacturingdiscipline (seeHall [7] andBielecki
andKumar [3]) while utilizing minimum control effort. In
this formulation,thesalvagecost, ± 	qij°�� , is usedto imposea
penaltyon surplusor shortfall of productionat theendof the
planninghorizon.Theterm · 	Qij�

is usedto penalizeshortfall
andsurplusproductionduringtheplanninghorizon,this term
is usedto maintaina strict regimenon whentheconsumable
goodsareto beproduced.Theterm ´ 	qij�

is usedto enforcea
minimumcontroleffort penalty.

3.4. Manufacturing Model Outputs
To solve this problem, assumethe regular or uncon-

strainedcontrol andsolve the nonlinearsystemof ordinary
differentialequationsof the associatedLQGP problem(see
[12]). This allows the plant managerof the manufacturing
systemto calculatethe desiredor ideal productionrateand
thephysicallyrealizableproductionrate.With theseproduc-
tion rates,the plant managercanprojectover the remaining
productionhorizontheexpecteddeviation from thefinal pro-
ductiongoal.

Let � � 	Qij� denotethenumberof operationalworkstations
on stage � and is given by � �^	Qij� ���û ý �^	qij� � where � is a� ~ ` �

vectorwhoseelementsare
�
. Theregularcontrolled

production level for stage � anticipatesfor the stochastic
effectsof workstationfailure,repair, andmaintenanceaswell
asdefectivepartsis givenbyí������¿ /2143®,�� Ý R � ¿ /2143®, Ýí ¿ /21@3�6 ÷��	���¿ /2143õ �¿ ö ¿ /21@3 R � ¿ /2143�� Ý�� R

(12)

where
����� �� 	Qij�

is the regular control. Note that with the
assumptionof regular control, the surplusaggregate level
will always be forced to be zero, therefore the regular
controlled production level may not be physically realiz-
able. The constrainedcontrolled production level, º"!� 	Qij� ,
is the restrictionof the regular controlledproductionlevel
to be physically realizable and is given by º !� 	Qij� �# ÐNÑ l º ��� �� 	Qij� �^º �%$'&� 	Qij�@p � where º �%$'&� 	Qij�

, themaximumproduc-
tion rate is the minimum value of the maximum physical
production rate,

��¹ &�& , and the piece production limitation# ÐNÑ lB� � 	 º !��(®n 	Qij� úÿû��(�n ý ��(�n'	Qij�^�*)	 úÿû� ý ��	Qij�^�5p when �,+ �
, or

else
��¹ &�& when � � �

. Thepieceproductionlimitation arises
from workstation failure and maintenance,which requires
thatpiecesfromstage�^þ �

mustbeavailableto stage� for pro-
cessing.Theconstrainedcontrolledproductionrateis usedto
settheproductionratefor theworkstations.

4. Numerical Example of LQGP MMS

For numericalconcreteness,considera manufacturing
systemwith

� � 

stageswith a planning horizon of 80

hours. Let the initial surplusaggregatelevel for all stages
be zero, the demandbe

�"-)

piecesper hour for all stages

( f nF	qij� �%f � 	Qij� � � �)$ ), thetotal numberof workstations,� �
,

for eachstagebe3 and2, respectively, theGaussianrandom
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fluctuationsof productionis assumedabsent( � �j	qij� � & for�ò� �
and



). Theoperationalcharacteristicsfor theworksta-

tions aresummarizedin the tablebelow. During preventive
maintenanceand workstationfailure no productionoccurs.
Therefore,themomentsfor themomentsfor thestatedepen-
dentPoissonprocessesin (3), (4), (5), and(10) aregivenbyè Æ ~ � � è Ç ~ � � è Ì ~ � � è Ë~ � � �

with all covariancesbeing0.

Assumethat when the operationalage of a worksta-
tion (10) is reseteither due to a repair or preventive main-
tenancethe operationalageof the workstationis setto zero
and that the aging processis basedon the amountof time
operationalonly. This implies that, . 	 º ~ 	Qij� � ij� � � � andm Ì~ � 	Qij� � m Ç~ � 	qij� � ï ~ �0/ri�/ ¼ ~ ��	qï ~ �5� � where

ï ~ �
is thetime

of thelastresetand ¼ ~ ��	Qï ~ �@� is viewedasaparameterthatrep-
resentstheageof the workstationsincethe last reset,which
is zerofor all

ï ~ �21�ü& andis specifiedin the tablebelow forï ~ � �¶& , theinitial agesof theworkstations.

Work-
station

Produc-
tion

Capacity,3 ¾�¿
Opera-
tional
Age,Ü�¾�¿@/ Ý 3 MeanTimes

(hours)/�4�R 5�3 687�9 ��:���;<>= ? �A@ (hours) Ú Ä¾�¿ Ú Á¾�¿ Ú Ê¾�¿ Ú É¾�¿/ � R � 3 60 10 120 6 70 1/ � R � 3 70 60 140 8 90 2/ � RCB�3 75 80 140 7 90 2/ � R � 3 120 10 120 8 95 2/ � R � 3
110 0 120 6 85 2

This manufacturingsystemconsistsof

 & local and



global

statevariablesfor a stateof dimension

�


. Definethe local
statevectorsasD , © ½ J@J ½ J�T ½ JqZ ½ T^J ½ T@T ¯ � RE , © ÈÃJ@JÔÈÃJ�T È�JqZ ÈzT^JëÈzT@TÕ¯ � Rö , © Ó J@J Ó J�T Ó JqZ Ó T^J Ó T@T ¯ � R

(13)F , © Ü J@J Ü J�T Ü JqZ Ü T^J Ü T@T ¯ � Ö
Definethe globalstatevectorfor thesurplusaggregatelevel
as G 	Qij� � l ñ n�	Qij� ñ � 	qij�5p û ¹

Thetotal stateandcontrolvectors
aregivenby+S/2143¨, © D /21@3 E /2143 ö /21@3 F /21@3IH�/21@3�¯ � R¦�/21@3ë, © ÷ J /21@3 ÷ T /2143 ¯ �

(14)

Thecostfunctionalusedis (2) wherethecoefficientmatrices
aregivenby

�ò/214�F3®,KJ Ý TMLON�TML Ý TMLON)TÝ T'N)TML ��� P R ���X,KJ ��� ÝUÝ�Ý ÝÝ �'Q ÝUÝ�Ý P R
« /2143�,KJ Ý TMLON�TML Ý TMLON)TÝ T'N�TML «�T P R «�T ,KJ2R ÝUÝ�Ý ÝÝ �'S ÝUÝ�Ý P R

 /2143®,KJ ��� ÝÝ ��� P Ö
By comparingthecoefficientsof (1) with thestateequations
for themanufacturingsystem(3), (4), (5), (10), and(11) the

deterministiccoefficientsaregivenby.0/21@3�,KJ Ý TMLONJ�L Ý TMLONUT Ý TMLONUVÝ T'NJ�L 3XW /2143 Ý T'NUV P R
8:/2143®,KJ Ý TMLON�TY T'N)T P R ¢ /2143�,[Z\]X^ J�T'NJ_ T'NJ* J /21@3* T /21@3a`cbd R

3eW /21@3|,KJgf3 J@J f3 J�T f3 JqZ Ý ÝÝ Ý Ý f3 T^J f3 T@T P
with h� ��� � � ��� º ��	Qij� . The only nonzero stochasticprocess
andcorrespondingcoefficientmatrixgivenby

*�O Z /Q+S/2143^R51@3�,iZ\] *�O Á /Q+S/2143^R�143*�O Ä /Q+S/2143^R�143*�O É /Q+�/21@3^R�1@3*�O Ê /Q+�/21@3^R�143 ` bd R
I Z /2143®, Z\\\] Y T'NUT Â Y T'NUT Ý T'NUT Ý T'NjTÝ T'NjT Ý T'NjT Y T'NjT Â Y T'NUTY T'NUT Â Y T'NUT Y T'NjT Â Y T'NUTÂ�I ÁZ /21@3 Ý T'NjT Â�I ÉZ /2143 Ý T'NjTÝ T'NjT Ý T'NjT Ý T'NUT Ý T'NjT `cbbbd R

Â�I ÁZ /21@3�,<Â�I ÉZ /21@3®,ak'äcl"m Z\\\] ¤�J@J®Â�1�ÂªÜ�J@J!/�¤�J@Jj3¤�J�T�Â�1�ÂªÜ�J�T�/�¤�J�TP3¤ JqZ Â�1�ÂªÜ JqZ /�¤ JqZ 3¤ T^J Â�1�ÂªÜ T^J /�¤ T^J 3¤!T@T�Â�1�ÂªÜ�T@T�/�¤!T@TP3 ` bbbd R
where n�Ð�oqp l r�p � l s��utÒ��v �!p ~ � ~

is thediagonalmatrix represen-
tationof the

� ` �
vector

r
andthestatedependentPoisson

processesÅxw � ´��Ay¬�{zÕ�ò� �
aregivenby

*�O}|#/Q+S/2143^R�143 Z \\\] *�O | J@J /Q+S/2143^R�143*�O | J�T /Q+S/2143^R�143*�O | JqZ /Q+S/2143^R�143*�O |T^J /Q+S/2143^R�143*�O |T@T /Q+S/2143^R�143 `cbbbd Ö
Considerthesamplepathtrajectorydescribedin thetablebe-
low.

Time Workstation Type Duration
(hours) (i,j) (hours)

15 (1,3) failure 7
30 (1,2) maintenance 2
60 (1,1) maintenance 2

Theconstrainedandregularcontrolledproductionratesfor theman-
ufacturingsystemaregivenin Figure1. Theseproductionratesshow
the anticipationof workstationrepairandfailure. In Figure2, the
percentrelativeerroris given.At thefinal timeof theplanninghori-
zonthepercentrelative error is

/ Ý Ö ���U�'Q B'RÒÂ Ý Ö Q�~�� B � 3 � . Onedraw-
backof themodelis that it only considersfeedforward effects. In
this example,morepiecesareproducedon stage1 thenconsumed
on stage2. The plant managershouldadjustthe productionrates
to consumethe excessproductionfrom stage1, which would re-
sult in a

Ý Ö �U����Q B percenterror for manufacturingsystem. The re-
sultspresentedhererequired66CPUsecondsand68wallclocksec-
ondsto completeon a SunUltra 5, with a memorydemandof 1.75
megabytes.
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Figure 1: Regularandconstrainedcontrolledproductionratesfor
stages1 and2.
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Figure 2: Percentrelativeerrorfor stages1 and2.

5. Conclusions

The LQGP model is an extension of the continuous
samplepathLQG modelfor optimalstochasticcontroltheory
and is a benchmarkmodel for computationalstochastic
control for hybrid systemsin which discontinuouspaths
are permitted. Here we have relaxed the linear dynamics
assumptionof LQGP by allowing the space-timePoisson
noise to be statedependent. The somewhat generalform
of the Poissonterms leadsto nonlinearextensionsfor the
standardLQG Riccati equation. However, the Poisson
terms and the subsequentresults are more interestingfor
more realistic applications,which involve discreterandom
jumps in the samplepaths in continuoustime, but at the
cost of additional computationalcomplexity. Preventive
maintenancecanextendthelife of a workstationandthereby
insurethestability of a manufacturingsystem.Theinclusion
of preventive maintenancein this model, which results in
discontinuousjumpsin thestatevalue,addsmorerealismthat
is much more importantthan thosemodeledby continuous
statemodels,and then there are the additional jumps due
to the randomfailure and repair of manufacturing system
workstations. Our computationalprocedureswill lead to
systematic approximations to the manufacturing system
modelformulatedherefor preventivemaintenanceandother

randomcatastrophicevents.
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