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Abstract

Considertheproductionof asingleconsumableproductthatis fabricatedin aprocessof � stagesthatis subjectto
anuncertainenvironment.Thereareanumberof workstationsoneachstagethathavedifferentoperatingparameters.
Theworkstationsaresubjectto thediscreteeventsof repair, failure,andpreventive maintenancethatgeneratea jump
in thestateof thesystem.Betweeneachstageof themanufacturingprocessis a finite buffer thatholdspiecesbefore
they canbe processedby the next stage. If a buffer is full, thenthe precedingstagecannotproducepiecessince
therewill beno placefor themto go. This formulationof a manufacturingsystemis a hybrid systemconsistingof
themeetingtheglobal productiondemandwhile locally managingtheoperationalstatusof the workstations.This
formulationof theoptimalschedulingof productionis a quasi-LQGPproblemwhosejumpsaregeneratedby State
DependentPoissonProcesses(SDPP).A numericalexampleis presentedto illustratethemodel.

1. Introduction

Therearetwo classesof manufacturingsystemsbasedon perspective of the plant manager. Thefirst type is a flex-

ible manufacturingsystem(FMS) thathasa local perspective of part routing, following the part asit undergoesthe

manufacturingprocess,which is inherentlya discreteprocess.Theothertype, is a multistagemanufacturingsystem

(MMS), which takesa globalperspective in orderto determinetheproductionratesnecessaryto achieve thedesired

productiongoal. In anMMS thepartsflowing throughthevariousstagesof themanufacturingprocessaretypically

vieweda fluid andthereforea continuousmodelis usedto approximatethephysicalsystem.Eachstagein anMMS

maybeviewedasanFMS.KimemiaandGershwin[9] describein detailthedifferencesandsimilaritiesbetweenFMS

andMMS while providing ahierarchicalschemeandalgorithmfor theoperationalcontrolof anFMS.

In Westman,Hansonand Boukas[14], an optimal productionschedulingwas presentedfor a manufacturing

systemconsistingof � stagesthat producesa single consumablegood. The model for the productionscheduling�
Preprintof paperacceptedin Proceedings of of 41st Conference on Decision and Control, Orlando, Florida, December 4-7, 2001�
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wasformulatedasa quasi-LQGPproblem. On eachstage,therewerea numberof workstationsthat weresubject

to the eventsof failure, repair, andpreventive maintenance.Theseevent transitions,jumpsin the valueof the state,

aremodeledusingstatedependentPoissonprocesses(SDPP)whosecoefficientswereparameterizedby the current

valueof thestate.This manufacturingsystemis a hybrid systemin thesensethat thecontinuousmodelfor meeting

the productiongoal is that of an MMS, with local considerationsfor the discreteevent transitionsof the individual

workstationson eachstagethatcausejumpsin thevalueof thestate,which is similar to anFMS.

In this paperwe reformulatetheoptimalproductionschedulingmodelpresentedin [14] to includefinite buffers

betweenthestages.In [14], thestagesareassumedto have infinite buffersbetweenstages.This causesa decoupling

of the stagesandadditionalhandlingis neededto clearthe buffers. In this paper, all of the stagesarecoupledand

the productionof piecesfor stage	 is restrictedto be lessthanor equalto the total capacity, productionplus buffer

capacity, of stage	�
� ; seeFigure1. This new formulationgreatlychangesthecharacteristicsof themanufacturing

Stage i
�

Stage i+1
�Buffer� �

Stage i�
Figure1: In betweenthestagesthereis a buffer with finite capacityto hold piecesthathave completed	 stagesbut
cannot beprocessedimmediatelyby stage	�
�� .
system.Thestatespacedecompositionof theLQGPandquasi-LQGPproblemallow for largerdynamicalsystemsto

bemodeledsincethey arenot subjectto theCurse of Dimensionality [1] of dynamicprogrammingin statespace.

Themodelformulationhereis similar to thatof Sethi,Zhang,andZhang[10] andSethiandZhang[11] of the

dynamicalor � -machineflowshop. In thesemodels,eachstageonly consistsof onemachineandno maintenance

is performed. The modelsareanalyzedusingasymptoticsfor the hierarchalproductionplanningfor the flowshop

with machinesthatcanfail andberepaired.In themodelpresentedhere,eachstagecanhave a numberof different

machinesandthereforetheconstraintsaremorecomplex andchangewith thevalueof thestate,which is subjectto a

largernumberof discretejumps.Theuseof thequasi-LQGPproblemallows for theability to modellargerandmore

complex manufacturingsystemsthanthosepresentedin [11, 10].

Motivationfor themanufacturingmodelpresentedhereaswell asthatof [14] canbefoundin thefabricationof

semiconductors(seetheonlinetutorials[3, 8, 7]). Thefabricationprocesscanbeviewedglobally astwo operations

thatarecommonlyreferredto asthefront- andback-end.Thefront-endis wheretheactualwafersareproducedand

the back-endis wherethe wafer processedandpackagedinto individual integratedcircuits. The overall fabrication

with two stageswould bemodeledasthatof paradigmpresentedin [14]. However, theback-endandsubtasksof the

front-endwould bestbe modeledasthe manufacturingsystemparadigmpresentedherewith finite buffers between

theprocessingstages.Thedeterminationof which paradigmto usedependson therelative processingtimes,ability

to storeexcesspieces,andon thephysicalparametersandlayoutof theworkstationsin thevariousstages.

Thefront-endis wherethewafercontainingmany of theindividualdies(eachof whichwill becomeanintegrated
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circuit) is fabricated.Theprocessbeginsby growing thesilicon ingot from a seedcrystalusinga pulling technique.

Thin wafersare sliced off of the ingot, groundto the desireddiameter, polished,a layer of additionalultra-pure

crystallinesilicon is depositedby epitaxyin orderto insurethesurfaceis freeof defects,know astheepi-layer, and

finally the epi-layeris exposedto high temperaturesto form an oxide layer. After the wafer is prepared,a series

processesareperformedto grow the16 to 24 layersthatmake up the integratedcircuit. Thefirst stepof theprocess

is an applicationof photoresistmaterial,next photolithographyusinga reticle or maskoutlinesthe patternsfor the

materialto bedeposited,which is donefor oneor severaldiesat a time andthenis stepped to thenext position,then

thephotoresistis developedto generatethepatterns.Next anetchingprocessremovestheoxide in placeswherethe

photoresistpatternis not presentgeneratingchannelsin the substrate,thenthe photoresistmaterialis strippedfrom

thefrom thewafer. Dopantmaterialof thedesiredtypeis thendiffusedontothesurfaceof thechannelsor implanted

into the surfaceof the silicon via an ion beam. The dopantmaterialproducesthe sourceanddrain for the CMOS

transistor. Thegateof thetransistoris formedby repeatingthephotolithographyprocess,chemicalvapordepositionis

usedto grow a thin oxidelayerto actasaninsulatorbetweenthegateandthesilicon,finally thegateregion is grown

usingsputtering (physicalvapordeposition)of a conductivepolysilicon. Oxidesarethegrown to isolateandprotect

thetransistorsfrom theeffectsof surroundingtransistors.Connectionsto the regionsof the transistorareformedby

usingphotolithographyto drill holesor vias, aluminumis thendepositedto fill thevias,theexcessaluminumis then

removed, a dielectric isolationoxide is grown andchemicalmechanicalplanarizationis usedto polish the surface

completingthe layer. Subsequentlayersarethengrown andviasareusedto connectthevariouslayers. During the

growth of thelayerstestingis performedto insurethequalityof thedies.

Theback-endis wherethewafersareprocessedandpackaged.Thefirst stepin this procedureis to testthedies

on the waferandmarkall of the unacceptabledies. The wafer is thendiced to remove the gooddies(unacceptable

diesarediscarded).Thediesarethenbondedor mountedto theframeof thepackage.Theconnectpadsonthesurface

of the diesneedto be connectedto the correspondingpin of the packaging.This is traditionally doneusinga fine

gold or aluminumwire, howevernew technologiessuchasflip-chip canalsobeusedto make theseconnections.The

bondeddie andframearethenencapsulatedfinishingthefabricationprocess.Finally thecompleteintegratedcircuits

aretested.

Theback-endcanbeviewedasanFMS or anMMS wherethevarioussubtasksarethestages.Normally in the

automatedfabricationplant an assemblyline is usedto packagethe integratedcircuits wherethereis a finite buffer

betweenthe stages.The manufacturingparadigmpresentedherecanbe usedto determinethe optimal scheduling

of productionfor the back-end.Productionschedulingfor the entirefabricationprocessusingtwo stages,the front

andbackends,would fall underthe paradigmof [14]. A combinationof thesetwo paradigmscanbe utilized for a

multistagefabricationprocessusingthematerialpresentedhere,wheredecoupledstageshavea largebuffer size.

Thepaperis arrangedasfollows. In Section2.,asummaryof thequasi-LQGPProblem[14] with statedependent

Poissonprocesses[13] is presentedfor completeness.In Section3., a quasi-LQGPproblemutilizing statedependent

Poissonprocessesis usedto formulatethedynamicalsystemfor themanufacturingsystemandin Section4.,anumer-

ical exampleis presented.
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2. Summary of Quasi-LQGP Problem

The canonicalform for the LQGP problemusedhereappearsin WestmanandHanson[12], for the casewith state

independentPoissonnoise,andin [13] for statedependentPoissonprocesses.The LQGP problemis characterized

by linear deterministicdynamics,quadratic costs,Gaussian noisedisturbance,andPoisson jumpsin thestatevalue.

In the quasi-LQGP problem[14] the LQGP problemis expandedwith the dynamicandcostcoefficientsto be pa-

rameterizedby thevalueof thestate.This allows for greaterflexibility of modelingin a convenientnotationalform.

Additionally, the cost functional usedis the full quadraticform which extendsthe classicLQGP cost functional.

Considerationsfor modelingphysicalsystemsaresummarized,aswell asformal solutionto theLQGPproblem.

Thequasi-lineardynamicalsystemfor thequasi-LQGPproblemis governedby thestochasticdifferentialequa-

tion (SDE) subjectto a GaussianprocessandstatedependentPoissonprocesses(SDPPs)disturbancesis given by

����������� �  !���#"$�%�����&�'�%����� 
)( �*�#"$�%�����&�'+������ 
-, ���#"$�%�����&�/.0�1� 
32 ���#"&�4�����&�'�657�����
(1)
 � 8:9;�*�#"$�%�����&�'�4�*���/.0�6<=96�>�4�����@?���� 
 � 8BA����#"&�4�*���$��+%�*���/.0�6<CAD�*�%�����@?���� 
 8FE6�*�#"$�4�*���$���6<CE��*�%�����@?����#?

for generalMarkov processesin continuoustime, with GIH-� statevectorX(t), JKHK� control vector U(t), LMHK�
GaussiannoisevectordW(t), and N#OPH�� space-timePoissonnoisevectors

�6< O �*�%�����@?���� , for Q � � to R . Notethatthe

term
� 8 9 ���#"&�4�*���$�TSU�4�*���/.0�6< 9 �*�%�����#?$���

is not linearin thestate.Thedimensionsof therespectivecoefficientmatrices

are:
 !���#"$VW�

is GXHYG , ( ���#"$VW� is GZHYJ , , ���#"$V[� is GXH!� , 2 �*�#"�VW� is GZH\L , while the
8 O ���#"$VW� aredimensioned,sothat� 8 9 �*�#"�VW�]S^V�.[�_� `baT8 9'ced a �*�#"�VW�'f a .0gihkj'l

,
� 8 A ���#"$VW�]SUm�.[�n� `aT8 A$ced a �*�#"�VW�'o a .0gihkj/p

and
8 E �*���q�_� 8 E$ced ���#"$V[�/.0gihkj/r

.

Thecoefficientsfor thedynamicalsystemcandependon thevalueof thestateasa parameter, andnumericallymust

beevaluatedfirst, i.e.,weassumethecoefficientsaresubdominantor arelocally in thestate.Notethatthespace-time

Poissontermsareformulatedto maintainthe linear natureof the dynamics,but the first two areactuallybilinear in

either
�4�����

or
+������

with
��< O for Q � � or s , respectively.

TheSDPPcanbeviewedasa sequenceof eventsthatis representedby its 	 th couple t^u c��>�4� u c/���@?&vwc$�*�4� u cx�$�zy ,
for 	 � � to � , where u c �>�4� u c ��� is thetime for theoccurrenceof the 	 th jump with statedependentmarkamplitudev c �>�4� u c ��� . The form for the SDPPallows for a greatdealof realismto be includedin the model for determinis-

tic andrandomjumpsin the evolution of the statevalues. A wider rangeof stochasticcontrol applicationscanbe

accuratelymodeledsincethearrival ratesandamplitudescandependon the valueof thestate.The statedependent

vectorvaluedmarked Poissonnoisesarerelatedto the Poissonrandommeasure(seeGihmanandSkorohod[4] or

Hanson[6]) andaredefinedas
��< O �>�4�����@?����{�}|�~;���/� �D�Uc�� O&� c��>�6��c�?$�4�*���#?&�1����� j � h 9 for Q � � to R which consistsofN O independentdifferentialsof space-timePoissonprocessesthat are functionsof the state,

�4�*���
, where

�Uc
is the

Poissonjump amplituderandomvariableor the mark of the
��� O&� c&�*�4�*���#?$��� Poissonprocesswhere Q � � to R and	 � � to N O . Themeanor expectationis givenby �M�U��� � ��< O �*�%�����@?����/.[�K� O �>�4�*���#?���� � O �*�%�����@?����'�6� where

� O �*�%�����@?����
is the diagonalmatrix representationof the statedependentPoissonarrival rates �kO$� c �*�%�����@?���� for Q � � to R and	 � � to N#O , � O �>�4�����@?���� is the meanof the jump amplitudemark vectorand ��O&� c �>� c ?$�%�����@?���� is the densityof the� Q ? 	 � th amplitudemark component.Assumingcomponent-wiseindependence,

��< O �>�4�����@?���� hascovariancegiven
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by �q�;���1� � �6< O �*�%�����#?$���#?&�6<i�O �*�4�*���#?$���/.Y��� O �/����� O �x�����1� with, for instance,
� O �x�1�!��� O �*�4�*���#?$���!��� � O$� c � d^� c � d@. j � hkj �

denotingthediagonalizedcovarianceof theamplitudemarkdistribution for
��< O �*�%�����@?���� . Again, themarkvectoris

not assumedto have a zeromean,i.e.,
� O4¡��¢

, permittingadditionalmodelingcomplexity. Note, that for discrete

distributionstheaboveintegralsneedto bereplacedby theappropriatesums.TheGaussianwhitenoiseterm,
�157�*���

,

consistsof r independent,standardWienerprocesses
�D£ c �*���

, for 	 � � to L . TheseGaussiancomponentshave zero

infinitesimalmean,Mean
� �657������.¤�¦¥¨§ h 9

andanddiagonalcovariance.Covar
� �157�*���#?$�65ª©«������.¬�¦@§ �6�

. It is fur-

therassumedthatall of the individual componenttermsof the Gaussiannoiseareindependentof all of the Poisson

processes.

Theimpactof stochasticprocessesonaphysicalsystemhasagreatinfluenceonhow thestatevalueswill evolve.

It is difficult to determinecoefficientsfor the stochasticprocessesin (1). Using historicaldatafrom the processto

bemodeledallows for thedeterminationof all of thecoefficientsfor thedynamicalsystem.Thedatapointsneedto

be divided into setsin which jumpsarenot presentandthe valueof the stateis stable. The statisticalmomentsof

the individual setscanthenbeusedto determinethecoefficientsfor thedeterministicdynamicsandthebackground

Gaussianprocessby matchingthemwith themomentsfor thedynamicalsystempresentedbelow (3,4). After these

coefficientshave beendetermined,the datapointscorrespondingtransitionsor jumpsbetweenthe setsareusedto

determinethe coefficientsfor the SDPPbasedon the currentvaluefor the state. Thesecoefficientsneedto capture

theeffectsof theseimpulseson thesystemproperly. To do this, we needto matchthemomentsof the jumpsto that

of thedynamicalsystem(3,4) andthe impactof the jumpson thevalueof thestate(2). An importantfeatureof the

quasi-LQGPproblemis theability for thesecoefficientsto changeasthesystemevolvesin time. This is alsoimportant

if theamountof initial datais smallandestimatesareused,sincethecoefficientscanbedynamicallymodifiedasthe

physicalsystemevolvesover time. The ® th jump of the t Q ? 	 y th space-timePoissonprocessat time
� O$� c � d with mark

amplitude
� c �v O$� c � d causesthefollowing jump from

�z¯O&� c � d to
�'°O&� c � d in thestate:

� �±.���� O&� c � d �¬�
²³³³´ ³³³µ � 8 9 ��� O&� c � d "&�4�*�z¯O$� c � d �����4���z¯O&� c � d �/. c v O$� c � d ? ¶¸· Q � �� 8 A ��� O&� c � d "&�4�*� ¯O$� c � d ����+%�*� ¯O$� c � d �/. c v O$� c � d ? ¶¸· Q � s� 8FE6�*� O$� c � d1"$�%���z¯O&� c � d �$�/.0cxv O&� c � d;? ¶¸· Q � R

¹ ³³³º³³³»3¼ (2)

Fromtheabovestatisticalpropertiesof thestochasticprocesses,
�15

and
��< O , it followsthatthefirst two conditional

infinitesimalmomentsof thestate,fundamentalfor modelingapplications,are�M�^�1�-½¾ �6�%�����T¿¿¿¿¿¿
�4�����q�KV+������¬�bm ÀÁ � Â  !���#"$VW��V 
3( ���#"$V[�'m 
), ���#"$VW� 
 � 8:91���#"�V[�'V�./�>�«9 �«9@� ��V]?����
 � 8FA1���#"$V[�'m[./�>�qA �¬AU� ��V]?���� 
 8FE1�*�#"�VW� �*�¤E �qE^� ��V]?$���/Ã[�6�#? (3)

andtheconditionalinfinitesimalcovariance,

�q�;�;��� ½¾ ���4�*��� ¿¿¿¿¿¿
�%�����¬�KV+%�*���¬�bm ÀÁ � ²³³³´ ³³³µ Â � 2C2 ©T�@���#"$VW� 
 � 8 9 ���#"�VÄ��V�.��*� 9 � 9 �@�*V]?���� � 8 9 ���#"$V[��V�.��
 � 8 A ���#"�V[��m�.��*� A � A � ��V]?$���@� 8 A �*�#"�V[�'m[. �
 8FE6���#"�VÄ�@�*�¤E �¨EU� ��V]?$���'84�E ���#"�V[� Ã �1� ¼

¹ ³³³º³³³» (4)

Notice that the conditionalinfinitesimalmeanof the evolution of the statedependsonly on the linear deterministic

dynamicsandthecontributionsfrom jumpsdueto theSDPP, whereastheconditionalinfinitesimalcovariancedepends

only on thesmallfluctuationsfrom theGaussianprocessandthejumpsfrom theSDPP.
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Thecostfunctionalor performanceindex thatis usedis givenby thetime-to-go or cost-to-go functionalform:Å � �Æ?&+4?$�/.Ç� �s � � �*��È6�$ÉÊ����ÈD���4����ÈD� 
-ËwÌ>ÍÌÏÎ �*�4�*Ð��#?&+%�*Ð��#?�Ð����1Ð�? (5)

wherethe time horizon is
���#?���È��

, with
ÉÊ����È��ÒÑÓÉ�È

is the quadraticfinal costcoefficient matrix and Î �*V]?$mq?���� is

quadraticrunningcost function. The form for the instantaneouscostemployed hereis the general,quasi-quadratic

form:

Î ��V]?$mq?����q� �s Â V �ÕÔ A ���#"$V[�'V 
 m �ÕÖ A ���#"�V[�$m 
 V � Î A �*�#"�V[�$m Ã 
-× �9 �*�#"�V[��V 
3Ø �9 �*�#"�V[�$m 
 ÎqÙ ���#"$V[� (6)

wherethe coefficient matricesareof the appropriatedimension. In order to minimize (5) with instantaneouscost

function (6) requiresthat the quadraticcontrol costcoefficient the quadraticcontrol costcoefficient,
Ö A ���#"$V[�

, is a

symmetricpositive definite J-HÚJ array, while the quadraticstatecontrol coefficient,
Ô A ���#"$VW�

, is assumedto be a

symmetricpositivesemi-definiteGªHÛG array.

Thequasi-LQGPproblemis definedby (1, 5, 6) andtheapproachof stochasticdynamicprogrammingis usedto

obtainasolution.Hereonly thematerialfor determiningtheregularcontrolis presented,for completedetailssee[14].

In orderto determinea solution,thestatedomainis decomposedinto subdomains,ÜCÝ �¦Þ c ÜCß � , wherethe arrival

ratesandmomentsfor the Poissonprocessesandthe coefficientsfor the dynamicsandcostsareindependentof the

state.Theregular, unconstrainedoptimalcontrol,
m]àP��m[á�â�ã

, for theregion ÜCß � droppingthesubscripts	 is givenbym[á�â�ãD�����Õ�ZäÛåÖ ¯ 9A �*��� | å( �*����V 
 åæ �*��� � ? (7)

where
åÖ A6�����

, given below, is relatedto
Ö A6�����

but with Poissonterm corrections.For the region ÜCß � , droppingthe

subscripts	 andassumingregularcontrol,thecoefficientsfor theoptimalexpectedperformancearegivenby¢ gihçg �éèÉ«����� 
 |  Y�¬É 
 É] 
 Ô A 
 �ê 9¤ä_å( �BåÖ ¯ 9A å( � �*���#? (8)¥¨gCh 9 �ëèæ ����� 
 |zì  
 8 �9 � 9 � 9 í � æ 
)× 9 
 É ì ,b
 8 E � E � E^í ä å( � åÖ ¯ 9A åæ{� �����@?
(9)¢i�îèï �*��� 
 |&ì ,ð
 8FE �¤E �¬E í © æ 
 Î Ù 


9A � ê E«ä 9A åæ �BåÖ ¯ 9A åæ{� �����@?
(10)

where ê 9;�*���ÕÑ Â ì � 84©9 .0c>ÉÊ� 8:9&.¸d íCñ[ì �«9 òYòY9 í �����/Ã gihkg 
3s |&ì �Ê9 �¤9 í © 8Æ©9 É � �*���#?ê A �����ÕÑ Â ì � 8Æ©A . c ÉÊ� 8 A . d í ñ ì � A ò\ò A í �*��� Ã ó h ó ? ê E �����¬Ñ Â ì 84©E É]8 E í ñ ì � E ò\ò E í Ã �*���#? �ê O �*���¬Ñ ì ê O]
 ê ©O í �*���òYò O �*���¬Ñ � O ����� 
_ô � O � ©OÄõ �����Õ� Â � O&� c � c � d 
 ò O&� c ò O$� d@Ã j � hkj � ? åÖ A �����¬Ñ Ö A ����� 
 �ê A �����@?å( �*���ÕÑ |zì ( ����� 
 8FA^�qA �ÕA í © É 
 9A Î �A � �*���#? åæ �*���¬Ñ |#ì ( �*��� 
 8FA^�qA �ÕA í © æ 
)Ø 9 � �����@?
for Q � � to 3, where

 ñ ( � ` c ` d  Pc � d ( c � dÒ� Trace
�  ( �T. , with initial conditions

Éö����È��i��É�È
,
æ �*��È��i��¥

,

and
ï �*� È �Ê�Z¢

. Sincethematrix
Ö A

is positive definite,
Ö ¯ 9A

existsandthensodoes
åÖ ¯ 9A

. Note(8) appearsto have

Riccati-like quadraticform, but in generalis highly nonlineardueto the
ÉÊ�*���

dependenceon
åÖ A �*���

through ê A ����� . If8 O �÷� 8 O$� c � d � a .0gihkj � hçg � , then
84©O �÷� 8 O$� d � c � a .�j � hçgihkg � . Dueto uni-directionalcouplingof thesematrix differential

equations,it is assumedthatthenonlinearmatrixdifferentialequation(8) for
ÉÊ�����

is solvedfirst andtheresultfor
ÉÊ�����

is substitutedinto equation(9) for
æ �����

, which is thensolved,andthenbothresultsfor
ÉÊ�����

and
æ �����

aresubstituted

into equation(10) for
ï �*���

.
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3. Production Scheduling Manufacturing System Model with Finite Buffers

Considera manufacturingprocessthat requires� sequentialstepsto fabricatea singleconsumablecommodity, for

exampleintegratedcircuits. Theplanninghorizonfor theproductionhorizonis
� ¢�?���È�.

with a demandof
�¨�*���

pieces

per unit time. The loading and unloading stages,the meansby which raw materialsare introducedand finished

goodsexit the manufacturingsystem,respectively, arenot considered.The model employs MMS-like criteria for

determiningthe optimalproductionratesfor the workstationson all stagesandutilizesFMS-like considerationsfor

thelocal managementof theworkstations.Themodelpresentedhereis basedon thework of Westman,Hanson,and

Boukas[14] thatusesthequasi-LQGPproblemasthe basisfor the modelincludinguniform penaltiesfor shortfalls

andsurplusesof productionon all stagesanda schemewaspresentedto insurethat pieceswerenot left in buffers.

In [14], a measurefor theexcessproductionon eachstagethatcouldbepositiveor negativewasusedthatdecoupled

all stagesof the manufacturingsystem. In this paper, the manufacturingsystemis formulatedasan assemblyline

or flowshop(see[11, 10]) with physicalbuffers betweenthe stagesanda measurefor the excessproductionon the

laststage.Thenumberof piecesin a physicalbuffer cannever benegativeandimposesadditionalconstraintson the

productionratesnot presentin [14].

In [11, 10], eachstageconsistsof a singlemachinethat canfail andrepair that introducesrestrictionson the

numberof piecesthatcanbeproduced.This fluctuationin productionis implementedasby an inequalityconstraint

in which the upperboundis a stochasticprocess.A significantdifferencewith this work is thateachstageconsists

of a numberof workstationsthat have differentoperatingparametersandaresubjectto the eventsof repair, failure

andpreventive maintenance.This greatlycomplicatestheproblemsinceeachworkstationon eachstagecanbe in a

greaternumberof statesandthereforetheoperationalstatusmustbetracked. This leadsto a very largedimensional

system,whichin themodelpresentedheredoesnotsuffer from theCurse of Dimensionality [1] sincethequasi-LQGP

problemis thebasisof themodel.Thisallowsfor largersystemsto bemodeledandimplementedin nearrealtime(the

resultspresentedin thenext sectionrequired11secondswall clockonaworkstation).Additionally, theprocessesthat

effect theoperationalstatusof theworkstationsaremodeledusinga collectionof statedependentPoissonprocesses

(SDPP)[13] whichcanbedependenton timeandthestatusof theworkstationandthereforetheprocessesthemselves

canevolve in time, for exampleagingmachinesmay fail morefrequentlywhich canbe incorporatedin the model.

A greatadvantageof this formulationis that thequasi-LQGPproblemallows for thecoefficientsof thedynamicsto

be parameterizedby the valueof the stateandthat SDPPsmomentscanbe functionsof the statetherebyremoving

problemsassociatedwith changesin theoperationaldynamicswhena jump occurs.

3.1. Local Workstation State Equations

The modelingandevolution of the operationalstatusof all of the workstationsis the sameasin Westman,Hanson,

andBoukas[14]. It is importantto notethatthelocal considerationsof theworkstationsfor all stagesareverysimilar

to thatof aFMS,exceptwe follow themachinesandnot individualpieces.Theoperationalstatusagivenworkstation

evolvesaccordinga stochasticdifferentialequationutilizing SDPPsto generatethe impulsesfor transitionsbetween
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thedifferentstateswhich is representedin Figure2. For stage� , assumethereare � a workstationsthathavedifferent

Maintenance Operational
ø

Failed
ù

Figure 2: Any given workstationcan be in one of the threestates(Operational,Failed, Maintenance)which are
mutuallyexclusivewith transitionsbetweenthestatesaremodeledasSDPPs.

operationalparameters,therefore,thestatusfor eachworkstationmustbefollowed.Thetrackingof workstationevents

alongwith theoperationalageof theworkstationarethestatevariablesfor a givenworkstationona givenstage.This

leadsto a high dimensionalstatespace,however sincethe model is in the form of the expandedLQGP problem

presentedin Section2. anddoesnot suffer from the Curse of Dimensionality. The statevariablesfor workstation	
on stage� arethe availableproductioncapacity, L a cz����� , the operationalstatus(repair/failure), ú a c&����� , the preventive

maintenancestatus,G a c$�*��� , andtheoperationalage,û a c&����� , or in vectorform,V a cz�����Õ�X� L a cz�����#? ú a c&�����@? G a c&�����@? û a c&�*���/. � ¼ (11)

Theproductionfor a givenstageis distributedacrossall of theworkstationsevenly. Theproductionrate, ü a ����� , is a

parameterfor eachstage� , representingthe utilization or the fractionof time busy. Thegoalof theoptimal control

problemfor the productionschedulingis to determinethe productionratesfor eachstagefor the planninghorizon.

Theproductionratesneedto compensatefor changesin thestatusof theworkstationswhile maintainingthedesired

constraintsonmeetingtheproductiondemandin thespecifiedway.

Thearrival rate,meantimetill aneventoccurs,for failuresis dependentontheoperationalageof theworkstation.

This impliesthattheprobabilityof a failureis anincreasingfunctionof theoperationalageof theworkstation.There-

fore,preventivemaintenanceis performedperiodicallybasedontheoperationalageof theworkstation,whichreduces

theoperationalageof theworkstationandtherebyreducestheprobabilityfor a failureto occur. It is assumedthatthe

electionto performpreventivemaintenanceis rational,that is theamountof time performpreventivemaintenanceis

muchlessthanthat of repairinga failed machineand/orthe costfor preventive maintenanceis muchlessthanthat

of repair. In this treatment,preventive maintenancereducestheavailableproductioncapacityfor theworkstationby

a fixed percentageassumedto be greaterthan
¢
. The operationalandpreventive maintenancestatusvaluesevolve

accordingto stochasticdifferentialequationsusingSDPPswith coefficientsthatareparameterizedby thevalueof the

state.Thesecoefficientspartitionthestatespaceinto regionsin whicheventscanoccurbasedon thevalueof thestate

ensuringthateventscanonly occurwhenallowable.Thestatusvaluesarein therange
� ¢k? � . whichrepresentsthemax-

imum percentageof availableproductioncapacity. Theavailableproductioncapacityis an indicatorthatdetermines

that the stateof a workstation. The availableproductioncapacityfor workstation 	 on stage� shouldbe given byL a cz�����ö� � ¶ � � ú a c&�*���#? G a cz�*���/. , but unfortunatelythis nonlinearexpressionis not allowableundertheLQGPproblem.

Instead,usingthe mutually exclusivity of the events,we introduceanothervariablefor the productionstateof each
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workstationdefinedby � L a c&�*���ý� � ú a cz����� 
 � G a c$�*��� ¼ (12)

Let
v a c

representthemaximumnumberof piecesthatcanbeproducedperunit time on workstation	 , thenthetotal

numberof piecesthatcanbeproducedonstage� at time
�

is þv a �����Õ�ð`bÿ��c � 9 v a c L a cz�����ÕÑ��X�a�� a �*��� ¼Themeantime betweenfailuresandthe time for repairareassumedto beexponentiallydistributedanddepen-

denton the operationalageof the workstation. The form of the definingequationfor the operationalstatusof the

workstationsis modeledfrom (1) asthefollowing term:� ú a c&�����¬�b8FE1���#"$V a cz�����$�'��<CE6�*V a cz�����#?$���¬� ½¾ ��� � �
	 Ì � � Ù ¢¢ äö� § � � 	 Ì � � 9
ÀÁ ½¾ ��<� a c ��V a c&�*���#?$�����<� a c ��V a c �*���#?$��� ÀÁ ? (13)

wherethesuperscripts
Ö

and � denoterepairandfailureprocesses,respectively. Thecoefficientmatrix,
8BE6���#"&�4�����&�

,

is parameterizedby the stateso that only allowableeventsmay occurwhich partitionsthe statespaceinto regions.

The
��< E �*�%�����@?����

is the SDPPproviding the jumpsfor workstationrepairandfailure processeswith the following

properties,���1� �«�*V a c �����#?$���P� u �a c , ����� �Ê��V a c �*���#?����Y� u �a c ä û a c ����� , ò � a c � ò � a c � � and
���a c �X���a c �Z¢

, where u �a c
and u �a c arethemeantimesbetweenrepairandfailure,respectively. Theoperationalstatusformulatedherecaneither

have a valueof � which denotesan operationalworkstationor
¢

which denotesa failed workstationnot capableof

production.

Theeffectsof maintenanceareconsideredonly if themaintenancewill beperformedin theremainingproduction

horizon. It is assumedthatpreventivemaintenancereducestheamountof availableproductioncapacity, but doesnot

necessarilydisableproduction. The SDPPsareusedto generatethe jumpsin the statefor the eventsof beginning

maintenance(denotedwith a superscriptof
v

) andfor thecompletionof maintenance(denotedwith a superscriptof�
). Thedefiningequationfor thepreventivemaintenancestatusis givenby� G a cz�����Õ� ½¾ � äÚ� § � � 	 Ì � � 9 ¢¢ ä ü��a c �*�#" û a cz�����$�'� § � ��	 Ì � � 9

ÀÁ ½¾ �6<� a c �*V a cz�����@?�����6< �a c �*V a cz�����#?$���
ÀÁ ?

(14)

where ü �a c ���#" û a c$�*�����¬� ²´ µ � ? ¶ · u��a c ä û a c$�*�����3�����Ç�����¢k? ¶ · u��a c ä û a c$�*�����3�����Ç�����
¹ º» (15)

is usedto ensurethat maintenanceoccurswith in the productionhorizon with the time-to-gofor the production

horizongiven by
�����Ç�����:� u ä � ¼ The sojourntimes for theseprocessesaregiven by ����� � ��V a cz�*���#?����:� u �a c and������� ��V a cz�����@?����«� u��a c ä û a c&����� , where u �a c and u��a c aretheaveragedurationof themaintenanceandthemeantime

betweenpreventivemaintenance,respectively. It is assumedthatpreventivemaintenanceshouldbeperformedbefore

a failure which implies u��a c � u �a c . The momentsfor the SDPPfor preventive maintenanceshouldbe modeledas

the averagelossof productioncapacity,
ò �a c , andthe varianceof the lossof productioncapacity

� �a c . Theduration

of preventivemaintenanceprocess(D) is usedto restorethevaluefor thepreventivemaintenancestatusto � andhas

momentsgivenby
ò � a c � ò �a c and

���a c ��¢ .
Thecurrentoperationalageof the workstationis a monotoneincreasingfunctionof time andof thenumberof

piecesproducedwhich canberesetto a lower level by theperformanceof repairor preventivemaintenance.Theage
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of theworkstationevolvesaccordingto:� û a cz�*���Õ�� T� ü a �����@?������1�TäÚ8 �a c ���#"$V a cz���������6� �a c ��V a cz�����@?����TäÚ8 �a c ���#"$V a cz���������6� �a c �*V a cz�����@?����#? (16)

where
8!�a c ���#"$V a cz�����$�

and
8!�a c ���#"$V a cz�����$�

are the coefficientsthat areusedto resetthe operationalagedueto main-

tenanceandrepair to a specifiedlower level, respectively, with û a cz��Ð a cx�F� û ��Ð a c/� where
Ð a c

is the time of the last

reset.

3.2. Global Buffer State Equation and Cost Functional

In this treatment,the buffer level, " a �*��� , representsthe physicalnumberof piecesin the buffer for eachstage� �� ? ¼^¼ ¼ ? � ä � at time
�

andis boundedby
¢$# " a �*���%# ( a , where ( a is thesizeof the buffer. Thebuffer level for

thefinal stage� � � representsthesurplus,if positive,andshortfall, if negative,of productionandis boundedabove

by " ÿ �����# ( ÿ , where ( ÿ is thesizeof theholdingbuffer for thefinishedgoods.The ideal for themanufacturing

systemis to have " a �*���¬�K¢ for all � and
�
. Theequationfor thebuffer level for stage� is givenby� " a �����Õ� | � �a � a ����� ü a ����� 
 o a �����]ä'&� a ����� � �6� 
 � a �*���'�D£ a ����� ¼ (17)

A changein thebuffer level is determinedby thenumberof piecesthathave successfullycompleted� stagesof the

manufacturingprocess,thatarenot defective,andarenot consumedby stage�C
K� . Theterm
o a �����

, expressedasthe

numberof partsperunit time, is usedto adjustthe productionratesü a �*��� to compensatefor changesin workstation

statusandsmalllocaleffectsmodeledasGaussianprocess.Theconstraintsonthecontrol,
o a �*���

, aresothatthebuffer

levelsarephysicallyacceptable,andthereforeinduceconstraintson theproductionrate. The term,
� a ��������£ a �*���

, is

usedto modelthecontinuousrandomfluctuationsin thenumberof piecesproduced.

Themodelpresentedhereconsistsof two levels.Theupperorgloballevel iswheretheproductiondemand(pieces

perunit time),
�¨�*���

, andproductionhorizon,
��È

is determinedby theupperlevelsof management.Thebottomor local

level is theactualfabricationplantmanagedby theplantmanagerwho is responsiblefor maintainingtheworkstations

andmeetingthe global productiondemandsin the specifiedway. A manufacturingdiscipleneedsto be established

to consumethe piecesin the buffers in a specifiedtime frame,
Ð��*���

, during the remainingproductionhorizon. For

simplicity, it is assumedthatthepiecesareconsumedduringtheremainingproductionhorizon,
Ð��*���qÑ ��È¤äÒ�

, without

lossof generality. Modificationsto this consumptionpolicy will result in the needto addadditionaleventsin the

methoddescribedin the next section(see[14]). Theeffective demandfor stage� , &� a �������1� , is the numberof pieces

perunit timedemandedby stage�Ê
 � (
�X�a ° 9 � a ° 9��*��� ü a ° 9��*��� 
 o a ° 91����� ) plustheconsumptionof piecesin thebuffer

beforestage� ( " a ¯ 9������ � Ð������ ) lesstheavailability of piecesfrom thebuffer afterstage� ( " a ����� � Ð������ ) which needsto

bemodifiedfor thefirst andlaststagesandis determinedas:

&� a �����Õ� ²³³³´ ³³³µ �X�A � A������ ü A6�*���Tä " a ����� � Ð������@? ¶¸· � � ��X�a ° 9 � a ° 91����� ü a ° 91����� 
(" a ¯ 9��*��� � Ð������Tä " a �*��� � Ð��*���#? ¶¸· 	 � � ? ¼ ¼ ¼ ? � ä ��¨�*��� 
)" ÿ ¯ 9;�*��� � Ð��*���]ä " ÿ �*��� � Ð������#? ¶¸· 	 � �
¹ ³³³º³³³» ? (18)

The cost functionalusedis the time-to-go or cost-to- go form (5), usingthe stateparameterizedfull quadratic
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instantaneouscost(6) thatis motivatedby a zero inventory or Just in Time manufacturingdiscipline(seeHall [5] and

BieleckiandKumar[2]) while utilizing minimumcontroleffort. In this formulation,thecostfunctionalemployedis:Å � V]?+*1?&m¬?$�/.�� �s ì,* � É-*�í]����È�� 
-Ë Ì>ÍÌ
. �s m � Ö A1�*�#"�V[�$m 
-× �9 �*�#"�V[�/*10Ê�1Ð (19)

with only thesurplusaggregatelevel,
*
, of thestateandthecontrol,

m
, usedfor thecost. Thesalvagecost,

ÉÊ�*��È6�
, is

usedto imposea penaltyon surplusor shortfall of productionat theendof theplanninghorizon.Thepositivedefinite

vector × 9 ���#"$V[� is thecostusedto penalizeshortfall andsurplusproductionduringtheplanninghorizon,maintaining

a strict regimenon whentheconsumablegoodsareto beproducedandis parameterizedby thestategivenbyÔ 9 � a �*�#"�V[�¬� ²´ µ ä Ô ¯9 � a�? ¶¸· 2 a ������� ¢Ô ° 9 � a�? ¶¸· 2 a ������� ¢ ¹ º» ? (20)

where
Ô ¯9 � a and

Ô ° 9 � a arepositive constantcoefficients,with
Ô ¯9 � a!�ð¢ for � � � ? ¼^¼ ¼ ?U� � ä � � . Thepositive definite

matrix
Ö A1�*�#"�V[�

is usedto enforcea minimumcontroleffort penaltysimilar to thatof (20).

3.3. Computational Considerations

Thenumericalsolutionfor this optimalcontrolproblemis basedon thecurrentvalueof thestate,which thencanbe

usedto determinethe regular, or unconstrainedcontrol (7). Sincethe regular control used,the resultingproduction

ratesmay not be physically realizableand thereforeneedto be restricted(see[14]). Additionally, the production

ratesneedto berestrictedfurthersothat thebuffer levelsarenever exceededduringtheremainderof theproduction

horizon. It is assumedthat the statusof the manufacturingsystemis initially known. The algorithm follows the

discreteeventsof themanufacturingsystemandcomputestheproductionratesfor theremainingproductionhorizon

aftereventsoccur. Theeventsconsideredarethestartof production,workstationrepairandfailure,andthestartand

endof preventivemaintenance.Thetrajectoryfollowing methodpresentedhereyieldsabettercontrolandoutcomeof

themanufacturingsystemthanthatof staticpoliciesin which only thestarteventis considered.Let J a �*��� denotethe

maximumnumberof piecesthatcanbeproducedby stage� basedon thecurrentoperationalstatusof workstations

for the remainderof the time horizonthat is given by J a �����:�3� �a�� a �����'Ð������ ¼ The methodgiven below is usedto

determinetheproductionrates,whereStep1 is theinitialization,andtheremainingstepsneedto beperformedfor the

occurrenceof eachevent. It is assumedthat for all � and
�

that J a �*���54¢ . In thedegeneratecase,J a �*���Ê� ¢ , which

correspondsto total lossof productioncapacity, for some� and
�

all theproductionratesaresetto consumethepieces

in thebuffersandthensetto
¢

until someof theproductioncapacityis restored.

1. Thestatespaceis partitionedinto subdomains,Ü Ý � Þ c Ü ß � , so thatall coefficientsandstochasticprocesses

of (1) arelocally stateindependent.

2. Basedon the currentstateof the manufacturingsystemthe appropriatelocally stateindependentsubdomain

is selectedandthecoefficientsfor thedynamicsandcostfunctionalaswell asthemomentsfor the stochastic

processesaredetermined.Thevaluesfor effectivedemandrates(18)areviewedasconstants.

3. Thesystemof equations(8,9,10)is solvedto determine
ÉÊ�����

,
æ �����

and
ï �*���

, respectively, andthenareusedto

calculatetheregularcontrol,
mWá�â�ã

(7).
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4. Theregularcontrolledproductionratesaredeterminedby:ü á*â�ãa������q� ²´ µ ü a ����� 
 o á*â�ãa������ ��J a �*���#? ¶ · � � � ? ¼ ¼^¼ ? � ä �ü a ����� 
 ��o á�â�ãa��*��� 
(" a ¯ 91�����]ä " a � ��J a �*���#? ¶ · � � �
¹ º» ? (21)

wheretheregularcontrolis modifiedfor stage� to accountfor piecesin thebuffers.

5. The physicalproductionrates, ü76�8:9a}�*���
, are the restrictionof ü á*â�ãa �*���

to be admissible,the minimum valueof

the physicalproductionrate, � ¼ ¢6¢ or full utilization, andproductionlimitations thatarisedueto a shortfall of

productionfrom the previous stagedueto eithermachinefailure,maintenance,or defective piecesaswell as

clearingpiecesin thebuffers,determinedby ü76�8:9aý�����Õ�<;B¶ � � ü á�â�ãa �����@? ü g>= ßa � ü76�8:9a ¯ 9 �*���#?$���/. where

ü g>= ßa � ü76�8:9a ¯ 9 �����@?����¬� ²´ µ � ? ¶ · � � �;F¶ � | � ? ô ü76�8:9a ¯ 9 �*��� J a ¯ 9��*��� 
)" a ¯ 91����� õ �;J a ����� � ? ¶ · � � �
¹ º» ¼ (22)

6. The restrictionof ü76�8:9a}�*���
so that maximumcapacityof the buffers, ( a , is never exceededgiven by &ü àa �����F�;F¶ � � ü16�8:9a}�����@?^�*� a �*����Ð��*��� 
K( a � �;J a ������. ¼ The constrainedcontrolledproductionrateswhich ensurea valid pro-

ductionrateguaranteeingtheintegrity of thebuffers,givenby ü àa �*���q�?;F¶ � � &ü àa �����#? ü g>= ßa � &ü àa ¯ 9 �*���#?�����.x? is usedas

theproductionratesfor operationalworkstationson eachstage,thatis ü a �����Õ� ü àa �*��� .
4. Numerical Example for Production Scheduling

For numericalconcreteness,considera manufacturingsystemwith � � s stageswith a planninghorizonof u �A@1¢
hours.Initially thebuffersareclear( " 9 �*¢��Õ� " A �*¢6�q�K¢ ) andhavemaximumcapacitiesof ( 9 ��B1¢ and ( A � � ¢1¢ , the

demandbe
�¨�*���Ê� ��C B piecesperhour, thetotal numberof workstations,� c , for eachstagebe3 and2, respectively,

theGaussianrandomfluctuationsof productionis assumedabsent(
� 9 �����Õ�D� A �*���Õ��¢

). Theoperationalcharacteristics

for the workstationsaresummarizedin the tablebelow. During preventive maintenanceandworkstationfailure no

productionoccurs.Therefore,themomentsfor themomentsfor thestatedependentPoissonprocessesin (13), (14),

(12), and(16) aregiven by
ò � a c � ò � a c � ò � a c � ò �a c � � with all covariancesbeing0. Assumethat when the

operationalageof a workstation(16) is reseteitherdueto a repairor preventive maintenancetheoperationalageof

theworkstationis setto zeroandthattheagingprocessis basedon theamountof timeoperationalonly. This implies

that,
 T� ü a �����#?$���'�6�¬� � and

8!�a c �*���¬��8E�a c �����q��Ð a c ä��Tä û a c ��Ð a c �@? where
Ð a c

is thetimeof thelastreset(initial value

is 0) and û a c �*Ð a c � is viewedasaparameterthatrepresentstheageof theworkstationat thelastreset,which is zerofor

all
Ð a c ¡��¢ andis specifiedin thetablebelow for

Ð a c ��¢
.

Production Operational MeanTimes(hours)
Stage Workstation Capacity,

v a c
Age, û a c$�>¢6�� 	 (pieces/hour) (hours) u �a c u �a c u��a c u �a c

1 1 65 13 170 6 105 2
1 2 70 60 180 8 90 2
1 3 75 0 220 6 110 2

2 1 135 6 190 8 95 2
2 2 115 50 170 7 85 2
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This manufacturingsystemconsistsof s ¢ local and s globalstatevariablesfor a stateof dimensions6s . Define

the local statevectorsas
�D�*���P��� � 9$9 �*���#?#� 9�A �*���#?z� 9'E �����@?z� A#9 �*���#?#� A&A �*���/. �

, for theavailableproductioncapacity
�±� L ,

operationalstatus
�=� ú , preventivemaintenancestatus

�=� G , andcurrentoperationalage
�!� û . Definetheglobal

statevectorfor thesurplusaggregatelevel as
*6�*���Õ�Z� 2 9 �*���#?+2 A ������. �

. Thetotal stateandcontrolvectorsaregivenby�4�*���¬�Z� VÕ�����@?�*�������. � �Z� FÄ�����@?�Gb�����#? � �����#?-H��*���#?�*6�*���/. � ? m¤�����q�Z� o 9 �����#?To A ������. � ¼ (23)

Thecostfunctionalusedis (19)wherethecoefficientmatricesaregivenby

ÉÊ����È��Õ�É�È=� ½¾ ¢ ¼ ¢ �6� ¢¢ ¢ ¼ ¢ ��C
ÀÁ ? Ö �*���Õ� ½¾ s ¼ ¢ H%� ¢JI ¢¢ R ¼ ¢ H%� ¢JI

ÀÁ ? Ô ° 9 � 9 �b¢ ¼ @ H%� ¢JKÔ ¯9 � A � � ¼ C±H%� ¢JK ¼Ô ° 9 � A � � ¼ ¢ H%� ¢JKBy comparingthecoefficientsof (1) with thestateequationsfor themanufacturingsystem(13), (14), (12), (16), and

(17) thedeterministiccoefficientsaregivenby

 =�*���¬� ½¾ ¢ A Ù h 9 Ù ¢ A Ù hML ¢ A Ù hNL ¢ A Ù h A¢ A h 9 Ù vPO«�*��� ¢ A hML ( O«�����
ÀÁ ? ( �����Õ� ½QQQ¾

¢ A Ù h A½¾ � ä �¢ �
ÀÁ ÀSRRRÁ ? Î �*���¬�

½QQQQQQ¾
¥ 9 L;h 9T L�h 9¢� �����

À RRRRRRÁ ? (24)

wherev O �����¬� ½¾ v39&9 ü 9;�����ýv39'A ü 9;�*����v39�E ü 91�����îäPvwA#9 ü A1�����îäPv A$A ü A1�*���¢ ¢ ¢ vwAz9 ü A������ vwA&A ü A6�����
ÀÁ ? ( O �����¬� ½¾ &Ð������ ¢ä &Ð[�*��� &Ð[����� ÀÁ ?

where &Ð[�����ö� ��� Ð������ . Definetheset U � t6�6� ? �Us ? �UR ? sç� ? s1s y which is anindex setfor thestageandworkstation,

respectively. Definethe diagonalmatrix V à/W � � X suchthat the
� 	 ? 	 � componentis givenby

� à/W � � X ¼ The only nonzero

stochasticprocessandcorrespondingcoefficientmatrix givenby

�6<CE��*�%�����@?����¬� ½QQQQQQ¾
��<�Ê�*�%�����@?������<�ö�*�%�����@?�����6<�=�*�4�*���#?$�����< � �*�%�����#?$���

À RRRRRRÁ ? 8FE1�*���¬� ½QQQQQQQQQ¾
V � W � � Ù ä V § W � � 9 ¢ L;hML ¢ L�hNL¢ L�hNL ¢ L�hNL  L�hNL ä V g W � � 9 ä V § W � � 9V � W � � Ù ä V § W � � 9î L�hNL ä V g W � � 9 ä V § W � � 9äö8 �E ����� ¢ L�hNL äö8 �E ����� ¢ L�hNL¢6A hNL ¢6A hNL ¢1A hML ¢6A hNL

À RRRRRRRRRÁ ?
with

äö8!�E �*���i� äö8!�E �*���i�ZYç¶ �\[ � Ð1] � ä��Ää û ] � ��Ð1] � �/. L�hNL , where
Yk¶ �J[ � ^Ç.«� � _ c � c � d . a h a is the diagonalmatrix rep-

resentationof the �%H)� vector
^

andthe statedependentPoissonprocessesfor
�a` t Ö ? � ? � ?övny aregiven by�6<=à6�*�%�����@?����¬� Â �6<=à] � �>�4�*���#?�����Ã L;h 9 . Usingtheabovenumericalvaluesthealgorithmpresentedin Section3.3.canbe

usedto determinetheproductionratesfor themanufacturingsystem.Considerthesamplepathtrajectorydescribedin

thetablebelow.

EventTime Stage Workstation Event
(hours)

0 start
15 2 2 failure
22 repair
30 1 1 startmaintenance

32.5 endmaintenance

Theproductionrates,buffer levels,andpercentrelativeerrorfor themanufacturingsystemaregivenin Figure3.
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Theproductionratesanticipateworkstationrepair, failure,andmaintenance.At thefinal time of theplanninghorizon
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Figure3: Productionrates,buffer levels,andpercentrelativeerrorfor manufacturingsystem.

thepercentrelative error is
¢ ¼ ¢ sfe\gih with " 9;����È��Y�jB ¼ BJ@ s and " A1�*��È6�\� R ¼ s ¢ R piecesleft in thebuffers. Theresults

presentedhererequiredapproximately11wall clocksecondsto completeonaSunUltra 5, with amemorydemandof

2.136megabytes.

5. Conclusions

Many manufacturingsystemsutilize assemblylinesor flowshopsto fabricatea consumablegood.Thesemanufactur-

ing systemsplacebuffersbetweenthestagesin orderto accommodateexcessproductionfrom onestageto thenext.

If a buffer becomesfull, productionon theprior stagesis halted. Theoptimalproductionschedulingpresentedhere

ensuresthattheproductiononall stagescompensatesfor workstationfailure,repair, andmaintenancewithoutexceed-

ing thebuffer levelsandthereforeacontinuousstreamof piecesis produced.Theoptimalproductionschedulinguses

the quasi-LQGPproblemwith statedependentPoissonprocesses(SDPP)asits paradigm.This formulationallows
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for a greatdealof realismto be includedfor a large scalemanufacturingsystemwith minimal computationaland

memorydemands.The discreteevent trajectoryfollowing algorithmpresentedprovidesa betterway to control the

manufacturingsystemandcouldbeeasilyappliedto automatedsystems.Thenumericalexamplepresentedillustrates

thefunctionalityandpowerof this method.
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