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Abstract. Corvergenceof correctionss examinedfor apredictor
correctormethodto solve Bellmanequationsf multi-statestochastiopti-
mal controlin continuougime. Quadraticcostsandconstraineaontrolare
assumedA heuristicallylinearizedcomparisorequationrmakesthe nonlin-
ear discontinuouBellmanequatioramenabléo linearconvergenceanaly-
sis. Convergenceis studiedusingthe Fourier stability method. A uniform
meshratio type conditionfor the convergenceis results. The resultsare
valid for bothGaussiarandPoissortypestochastioise. Theconvergence
criteriahasbeenextremelyusefulfor solvingthelargermulti-stateproblems
onvectorsupercomputerandmassiely parallelprocessors.
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1 INTRODUCTION

For stochastiadynamicprogrammingwith both un-
correlatedsaussiaranddiscretePoissomoise the Bellman
partial differential equationin the quadraticcost casehas
the following form (Hanson,1991; Gihmanand Skorohod,
1979),
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where V* is the optimal value, t is time, x is an m-
dimensionaktatevector u(x, t) is the n-dimensionabpti-
mal feedbackcontrol vector GG? is the the n x r Gaus-
siannoiseamplitudecoeficient, H; is the [th columnvec-

*Thisis a preprintof the paperpublishedn “Proceeding®f Int. Feder
ationof AutomaticControl12thWorld Congress,vol. 9, pp. 501-504 July
1993.

501

tor of the n x ¢ Poissonnoise amplitude with rate \;,
{Fy, F }(x,t) arethe coeficientsof the control-linearized
nonlinearityfunction,

F(Xatau): FO(X7 t) +F1(X7 t)ua (2)
{Co, C1,C> }(x,t) arethe coeficientsof the quadraticcost
term,

Cx,t,u) = Cyx,t) + ClT(x,t)u
+ %uTCQ (%, Hu, 3
Ur(x,t) is theregular(unconstrainedgontrol,
Ur(x,t)= —C; ' (C1+ F{'V,V"), (4)

andU*(x, t) is the optimal (constrainedfontrol, subjectto
the controlconstraints.

In the caseof rectangulaor hypercubeconstraints,

Umin,i S U; (Xat) S Umaz,ia (5)
for i = 1ton, theoptimalcontrolhasthe components,
Ul* =min [Umam,maX[Umim,URJ]] . (6)

It should be noted that the Bellman equation (1) with
guadraticcosts(3) hascorrespondingjuadraticnonlinear
ities in the shadaev price vector V,V* since the regular
control(4) is linearin the shadaev price, the optimal control
is at mostlinearin Ug, andtherearetermsof (1) thatare
guadratidn the optimalcontrol.

the backward nature of the PDE (1) with respectto
time meanghatafinal condition,suchasV (x,ty) = V} (x)
in the caseof a given sahagevalue,mustbe satisfied. The
PDE is a genuinefinal, ratherthaninitial, value problem
and integrationis in the direction of increasingtime-to-go

(tr —1).

Bellman equationssuch as (1) arise in multistate re-
source managemenproblemsin disastrouservironments



consideredby Hanson(1987) and Praticoet al. (1992).
However, otherpossibleapplicationsare aerospacelynam-
icsin disastrousveatherfinancialmarket crashesandrepair
downtimein manufcturing.

2 NUMERICAL METHOD

Due to the mentioned nonlinear properties of
the Bellman equation (1), a predictorcorrector Crank-
Nicholsonmethod(Douglasand Dupont, 1970) is usedto
approximatg1). The continuousmultistatevectorx is re-
placedby its discretization,

Xj = [Xijilmx1 = [Xi,1 + (Ji — 1) DXilm x1, (7)

whereDX is thevectorstepsizeandj = [ji]mx1 iSthemul-
tistatevectorindex while j; = 1 to M; nodesper stateand

i = 1tom statesThediscretizedime-to-got; — t is
Ty =t;—(k—1)- DT, 8)

fork = 1to K, with T}, = t,. Consequentlythe optimal
costsV* hasthediscreterepresentation:

Vik = V(X Ty), 9)
andthe Bellmanequationcorrectorstephastheform:
1
v = v+ o1 L7 (10)

BTy
wherethe spatialoperator( is evaluatedat the vth correc-
tionfor v =0, 1,2, -- -, andatthe Crank-Nicolsortemporal
midpointk + $ for O(DT?) accurag, whichin turnis ap-
proximatedoy

_1
2

V(V)
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HTRTTCTIREEy Bt

theusualaverage.The zerothcorrectiony = 0 is definedas
theprediction.Theresultfrom the prior time stepVj ;, is the

final asymptoticr;orrectedesultvj(zo) in thetheoreticatase

or Vj(g“‘“) in the realistic,finite correctioncase.Extrapola-
tion,

1)

(-1) _ 1 7S 7
ey =30 V) a2
i.e.,y = —1, is usedto accelerateorvergenceprior to each

predictorstepexceptthefirst, onceanswersareavailablefor

two time steps. In (10), the spatialderivativesarereplaced
by centralfinite differenceswhile the Poissoninducedde-
lay termsare replacedby linear interpolantsof compatible
accurag, i.e.,O(DX7).

3 APPROXIMATE LINEAR COMRARISON
EQUATION

Linearizationandlocalizationof the Bellmanequa-
tion using diffusion approximationarguments,along with
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the useof worst caselocal estimatef variablecoeficients,
formally leadsto a simpler, linearized,constantcoeficient,
comparisorequation:
0= ﬁ + Trace
ot
+ B-V, VT

[Diag 4]V, VIVT]
(13)

Here,Diag[4] is anm x m diagonalconstanimatrix andB

is a constantn-vector Thelinearized,constanticoeficient,
comparisonequation makes corvergenceand asymptotic
stability amenablé¢o analysis.

Typical estimatesof the coeficients in (13) are appro-
priate boundson the infinitesimalmomentsof the diffusion
approximation:

By (14)

max [meafdXi(t)|X:(T) = z1]] /DT

(x,Tu)
)+ > Hij(x,t)\],
j

max [Fi(x,t,u
(x,t,u)

and

(15)

- [var[d X,(t)| X,(T) = «]] /DT

o=

- max
(x.t)

D=

Z (G.lzj(xvt) + Hle(th) ’ /\])

Naimipouretal. (1993)givelinearcoeficientboundsor the
singlestate ,quadratiaccostscaseof the Bellmanequation.

4 CORRECTORCONVERGENCE

Thevon Neumanrs Fouriermethodis appliedto an-
alyze the corvergencepropertiesof the predictorcorrector
method.DiscreteFourierrepresentatioof thefinal optimal
feedbaclkvalueis assumed:

Only anarbitrary singlevectormode = [§;],,x1 heedbe
examined,insteadof a infinite Fourier representatiorgince
thecomparisorequationis linear

(16)
=1

Vin =C-exp (z‘-Zﬁ-ﬁl - DX

The predictorcorrector Bellman equation correspond-
ing to thelinearcomparisorequation(13),

+1

e Vi
+ DT-(A-DDV+B-DV)") |
Jkt3y

17)



where DV is the finite differencevectorfor the gradient,
DDV is thefinite differencevectorfor thevectorof second
derivativesand A = [Au]mx1 is the vector of diffusion
coeficients.

The beginning extrapolation evaluation step is taken
asthefinal condition

(18)

due to the backward natureof the problem. Upon substi-
tution of (18), with Fourierassumptior(16), the prediction
becomes

Vi =(1+2-0) Vi, (19)

wherethe correctorcorvergenceparameteris definedas

[ i B
6 = DT- - sl - DX,
Z; (2-DX, sin (4 1)
2-Ay .
- DX;~sm%ﬁle&/m). (20)
The predictorevaluationis
VO =1V + Vi) = (14+6) -V, (21)

i3

Usinginduction,the generalcorrectionfor the secondime
stepis shovnto be

2.07+2
1-6

ANE (22)

%?:P—

after somealgebra,wherethe tempoal stability parameter
is definedas

(23)
whichwill beusedlater
Consequentlyin the limit of a large numberof correc-

tions,y — 400, the asymptoticvalue on the secondtime
stepis

Vs =p Vi, (24)
providedthe correctorcorvergenceconditionholds,
|0l < 1, (25)

sothatd"? — 0 asy — +oc. Similarly, on earliertime
steps,

e (1-p -0
1-9

(v)

.]7

il

(26)

N
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asy — +oowhen|f| < 1.

Sincethe correctorconvergencecondition (25) is not in a

helpfulform, # mustbesimplifiedusingtheoriginalcomple

definition (20), which canbetransformedo its realsquared
modulus,

o7 = [0+ 7] (27)
= T2 . {(ZQ%XZ -Sin(ﬁl -DX1)>
=1

*(6 'DXl/2)>

A simpler usableexpressiorcanbefoundusingtheinequal-
ity 0 < sin?(¢/2) < 1 onthediffusiontermssinceA; > 0
andB; sin(¢) < |B;| onthedrift termssincethe signof the
drift termcanbearything. Finally, the conditionon |#| can
be replacedby following simplified, but uniformin the 4,
and By, correctorcorvergencecriterion:

>2

() (ms)

<1,
whereDT is thetime-stepsizeandD X; is thelth state-step
size.ThenumericaBellmanequatioris parabolic-dominant
or diffusion-dominantif the diffusion coeficients 4,
dominatein (28), while hyperbolic-dominandr corvection-
dominantwhenthedrift termsB; dominate.

2- Ay
(DX;)2

| Bi
2. DX,

In theory (28) is the criterion for an infinite number of
corrections. However, a practicalcorrectorstoppingcrite-
rion would beto selectthe maximumnumberof corrections
~Ymax a@ccordingto

() (v=1 (%)
Vik+1 ~ Vik ‘ <tol- Vil (29)
wheretd is therelative tolerance(e.g.,tol = & - 101~ for

approximatelyd relative digits accurag). Usmgtheformula
(26)in (29), anestimateof maximumnumberof corrections
correspondingo d-accurag is givenby theceiling function

]

5 ASYMPTOTIC STABILITY

1462101 ¢
8-(1-0|-|0]2

log(61)

Ymax =

(30)

whichis usedin actualcomputations.

Investigatingthe asymptoticstability for long times-

to-go, ¢y — t, with respecto Fourierfinal datanoise requires
anotherformulationof the problem.Let
EQ) =V v (31)



be the errorin the numericalapproximatiorwith dirty final
dataVj, relativeto theexactnumericalapproximationBoth
approximationsatisfythe discretizedBellmanEq. (17), so
that

EGY = By (32)

J.k+1
+ DT-(A-DDE+B- DE)”) .
J’ +2

whereDE andDDE aretherespectie vectorof finite dif-
ferencedor the derivatives. The two approximationsonly
differ in thefinal discreteFouriererror

Ej1=C-exp <i~2jl~,81-DXl>, (33)
=1

asin (16). Sincetheanalysisis the sameasin the corrector
convergencecasetheasymptoticerrorin thelimit of alarge
numberof correctionds

B = By, (34)
asin (26). Hencep*~1 — 0 is neededasthetemporalindex
k — oo for asymptoticstability relative to Fourier perturba-
tionsin thefinal data. Thus,|p| < 1 is necessaryln order
to shaw this, let§ = R[f] + i3[¢] with complex conjugate
6 = R[f] — i3[6], wherefrom (20),

|=-DT. Z DX2 it (G- DXi/2) (39)

whichis negative,and

3[6] = DT - l; ; '%Xz -sin(B, - DX,), (36)
sothat
> _ (1+6) (1+6)
(RO + (Sl
(1= R[0])* + (S[O])? ’

or |p| < 1, becaus&[f] = —|R[F]| < 0and(l + |R[A]) >
(1 —|R[6]]). Notethatcorrectorcorvergencef| < 1, auto-
maticallyimplies asymptoticstability, since|g| < 1 implies
that|R[]| < 1 also. Thus, E(°°) — 0 ask — +o0, inde-
pendenbf thefinal dataerror

6 CONCLUSIONS

In this paper a uniform mesh criterion has been
derivedfor correctorcorvergenceof the numericalapprox-
imation to solution of the Bellman equationfor stochastic
dynamic programming. The results are good for fairly
generalMarkov noisein continuoustime. The corrector

504

convergenceconditionapplieswhetherthe numericalBell-
manequatioris parabolic-dominantr hyperbolic-dominant.

In addition, it has beenshown that the numerical solu-
tion to the linearized comparisonequationis asymptotic
stablefor long times-to-gowhenthe correctorcorvergence
conditionis satisfiedat leastin theory

These results have been used with much successfor
supervector and massvely parallel computationsin rela-
tively large scalestochasticcontrol applicationsby Hanson
andcoworkers(1987,1991a,19911b992).
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