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1 Log-Double-Uniform Jump-Diffusion Model

The following constant rate stochastic differential equation (SDE) is used to model the dynamics
of the asset price, S(t) :

dS(t) = S(t) (udt + odW (t) + J(Q)AP(t)), )

where Sy = S(0) > 0, p is the drift coeflicient, o is the diffusive volatility, W (¢) is the Wiener
process, J(Q) is the Poisson jump-amplitude, () is an underlying Poisson amplitude mark process
selected so that

Q=Mmn(J(Q)+1)

for convenience, P(t) is the standard Poisson jump counting process with joint mean and variance
E[P(t)] = At = Var[P(t)].

Let the density of the jump amplitude mark () be double-uniformly distributed:

bqlq) = _gl{a§q<0} + %f{ogng}, )

where a < 0 < b and 0 < p < 1 represents the probability of downword jumps and ¢ =1 —p is
the probability of upward jumps. The set indicator function is /s, for set S. The mean of () is

11j = 3(pa + gb) and the variance of Q is 02 = B(b— a)? + #. The third central moment

of Q is M;?’) = El(q — p;)°] = B(b — a)*(ag + bp) and The fourth central moment of @ is

MY = Bl(q—py)"] = p+p/5(a* —5a> ;41002 — 10ap?) +q/5(b* — 56 11+ 100213 — 10bye)..
According to the Itd stochastic chain rule [5] for jump-diffusions, the log-return process

In(S(t)) satisfies the constant coefficient SDE

dIn(S)(t) = padt + odW(t) + > Q. 3)



where ;g = pr — 0.50% and the (Q; here are independent identically double-uniformly distributed
jump-amplitude marks (). In the case that the time step At is an increment rather than an
infinitesimal like dt, the log-return increment A In(S(¢)) satisfies the following SDE

AP(t

)
An(S)(t) = uadt + c AW () + > Qi (4)
i=1

2 The Basic Moments of Log-Return Increments A In(S(?))

For the Moments of Log-Return Increments AIn(S(t)), we have the following theorem:

Theorem 2.1 If AIn(S(t)) satisfies SDE (4), the first four moments of Aln(S(t)) are the fol-
lowing:

MP? = B[AI(S(1))] = (g + M) At;

MY = Var[AIn(S(t))]
= (0 + A(o] + 112))At;

MY = B [(A In(S(t)) — M{j@)ﬂ
pa® + qb?

= =1 PVAVA

MY = E[(Am(S@) - MP?)'|
pa* + qb*

= —— At
b}

+3(0* 4+ Mpa® + qb*) /3)*(At)2.

Proof: From Theorem 5.12 in [5], we know directly that the first two moments Ml(jd) and
MY? are true. Also, from the same Theorem 5.12, MY = (MJ@ + 115(307 + p3))AAt and
MY = (M;A‘) + 4ujM}3) + 6p5o7 + u?) AAt + 3(0* + M5 + 07))*(At)>. Then, we put the

values of p;, sz-, M;g) and Mj@ of the doule-uniform jump amplitude mark () into the above
formulae and do some simplifications, will finally get the formulae as in the theorem for the third
and fourth moments. U

3 The density of Aln(S(t))

In order to calculate the density of Aln(S(t)), we need the following Lemmas.



Lemma 3.1 Shift Property of the Accumulated Normal Distribution Function:

(b(n)(a +, b+ T + [E,O’2) = (I)(n)(av b;MaUZ)-

Proof:
_ Lo 1)2
M (a4 z,b+z; 0+ z,0%) = / dz
27?02
(y u)
set y =z—-
/ 2%02
" (a,b; p, 0%).
a
Lemma 3.2 Distribution Property of the negative sign:
" (—a, =b; —p,0%) = =" (a,b; 1, 0®).
Proof:
—b _(erH)
®M(—a, —b; —p, 0° =
( f,07) s
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set z = —x € 202
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V2mo?
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B V 27m2
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Lemma 3.3
(z—A)2
2 0T o7
IBi(x1,m9,A,0) = / x dx
x1



Proof:

( A ) ZBQ( A A) 6_ (JC;UA)Z
I1Bi(x1,29, A, 0 :/ r— A+ dx
1(%1, T2 . o?
(z—A)2 (z—4)2
/m( Py +A/x2 ¢ = 4
= €r — —ax xr
- V27mo? @1 2mo?
e A)2
2 T2 6_( 2012) (:E — A)2 + Aq)(n)( A 2)
= —0g —_— A ,[L’ 7 ,U
1 \/27?02 202 b
—0 (x,
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2T

O

According to (3) and the convolution theorem [5], we get the following theorem:

Theorem 3.1 Assume a + b < 0, the density of dIn(S(t)) is

o) = D pe(AA)ac(xdg)" (x) 5)
k=0

~ Y p(AAL)eM (x). (6)
k=0

where dG = At + ocdW (t), pe(AAt) = e A AAL)F /K and

¢(x) = ¢"(x;p,5%),
o) = JOW0.bw — 1,57 - Lo (000 - 7,5%),
a

% x—fi)2 z—fi—2a)? T—p— 2
00() = —=(E+dye s BT L e T

oL b a € b

v
Pyo | P\ —(a-ia? PAVY it | 2pq Gengon?
-9 ( il ) —92 ( ) 52 =2
Gy +a)e G @) = e T

HO)? (@~ 20— () (20,010~ .5%) — (2 — ()8 (0,052 — 7,5%))
2
—I-qu ((z — 0)®™(0,b; 0 — [,6%) — (x —a— p)®™ (a,a + bz — [, %))
(2 (0= W0, 05 = 1,0%) = (o = 20— DB 0,250 — %)
2pq

o™ (a4 b, bz — 1,57,

where i = At and 6 = o/ At.



Proof: For the first part (5), please see Chapter 0 in Hanson’s book [5]. Now we come to prove

the second part (6).

For k = 0, ¢©(z) = duc(x¢q)"(x) = dac(x) = ¢\ (z; 1, 57).

For k =1,

oW (x)

dac(x0q)" (2)
Gac * dq(r)

/ 6 (& — y: i, ) bo(y)dy

< _ p q
/ " (z — y; i, 02)(—51{a§y<0} + gf{ogygb})dy

p [° g [*
- / o™ (x — y; 1, 7%)dy + . / o™ (x — y; i, 5%)dy
a 0
200 (@ = bywif1.6%) — L0 (2,2 — as . 7).
a

_%‘I)(”)@ — 2, —13—[1,6%) + 200~z a — 7 —1, 7).
a

—%é(”)(b, 0;2 — fi,5°) + ]—)(I)(")(O, a;x — i, 7).
a

2200, b2 — i,5%) = 200 (0,07 — 1, 57).

For k = 2, first of all, let us calculate (¢g * ¢g)(y).

(Pq * 9Q)(y) =

/_ " boly — 2)dol2)d

p q p
/ (_a[{aﬁy—z<0} + _I{OSy—zﬁb})(_a]{a§z<0} +

4

y Hosa<ny)dz

b

p > q >
(5)2/ I{y<z<y—a7a<z<0}dz+(g)2/ Ty —b<zzy  0<z<pydz

pq [~

ab J_

(p

pq

ab

But, if a + b < 0, then

[e.e] e}

pq [
Ity<z<y—a, 0<o<0ydz — %/ Tty -b<o<y  a<z<0ydz

E)Q(min(y —a,0) —maz(y,a))t + (%)Q(min(y, b) —maz(y — b,0))"

(min(y — a,b) — maz(y,0))" — ‘%(min(y, 0) — maz(y — b,a))".

(y—a)t ify<a+i;

min(y—a,b) —mazx(y,0))" = (min(y,0) —maz(y—b,a))t =< b ifa+b<y<0;

b—y)t ify>0.



Otherwise, If ¢ + b > 0, then

by ityzath
min(y—a,b) —maz(y,0))" = (min(y,0) —max(y—b,a))t = —a if0<y<a+i;
(y—a)t ify<0.

Hence, we have,

(b0 % da)y) = (5)(min(y — a,0) = max(y,a))* + (3)*(min(y,b) — maz(y — b,0))"

2
—%(mm(y —a,b) —maz(y,0))*.
Therefore,
o (1) = duc(*¢0)*(x)
= [ o im0 * 0wy
oo -y i)?
D2 e +
= (= min(y —a,0) —max(y,a))"d
Ly [ e min(y = 0.0) =~ mas(y. ) dy
(z—y—pm)?
2pq [ e 2P :
b W(mm(y —a,b) — max(y,0))"dy
o _(vcfyfﬁ)2
+(Q>2 eii(mm(y, b) — max(y — b,0))"dy.
b J_ 2752
Howeyver,

_(—y—p)~ y M)z

L =
' /oo V252

(min(y — a,0) — max(y,a))"dy

oo (cc y u)2
= / +/ —27m2 (min(y — a,0) — max(y, a))"dy
_(z—y—p)* y M)2 00 —M
. :
_ y—2a)dy+ [ T (g
/oo V2152 ) o V2152 s
(z—y—pm)? 0 ——2—(17y7ﬂ)2
e —r% e 25
= [t [ oy
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Lemma

3.3

_(e—y—-p)?
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= (B e S g B R (e
o B ()
+(§)2 ((z —2a — 0)®™ (2a, a; x — fi,52) — (z — @)®™(a,0; 2 — fi, %))
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4 The Bin Probability Distribution for A In(S(t))

First of all, let us derive the following lemmas.

Lemma 4.1

X2
IBy(z1,29,A, B) = / O™ (A, B;x — p,0?)dx

1
n . 2\ |z
= 0"(A, Byx — p,0%)|2
o ( _(zlfw;B»Q e (zr(u;A)F _ (zr(u;A»? _(zrw;B»Q
e 20 [ 20 — € 20 — € 20
2T
+(p+ B)O" (21, x; pi+ B, 0”) — (4 A) @ (1, 295 1 + A, 07).

+

Proof:
z (n) A B r— 2
@ (n) R 2\|z2 __ > Ao ( , D3 T M?U)
IBy(xy1, 29, A, B) S r®" (A, B;x — p, 07)|32 /m1 x I dx
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= 20"(A, B;x — p,0%)|™ /zx( c - 1B)da
- x ) ) - M r1 -
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Lemma

3.1

Lemma 4.3

]B4(ZI}'1,LU2,A, B)

Proof:
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T—2z —0 _2_22_ zo—(u+B) _% zo—(u+A)
= o (z+2(u+ B))e 20 ‘:m—(u+B) —(z4+2(p+ A))e 2 ‘xl_(quA)
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a

Based on Lemma 4.3, we get the following corollary.

Corollary 4.1

T2
IBs(x1,19,A, B) = / (x — p)®™(A, B:x — p, 0?)dx

z1
—0 — =2 @~ (u+B) — 22 o —(utA)
T 2V2r (<Z+2B)e 2 |y — (2 24)e7 32 (00

+0.5 ((02 + B®™ (21, 20; pn + B, 0?)

—(0% + A0 (21, w0 p + A, 0%) + 22O (A, B; 2,0%)[3270)

T1—p

Proof:
Set r2mp
IBs(x1, 22, A, B) = / 20" (A, B; z,0%)dz
rT=z+pu T1—p
Lemma —0 2B —L22 xo—(u+B) 24 —L22 z2—(p+A)
13 2\2r (2 +2B)e 22|, _uipy — (2 + 24)e7 =7 i)
+0.5 ((02 + B*)®™ (21, m; pu + B, 0”)
—(0® + A" (21, wa; i + A, 0%) + 220" (A, B; 2, 07)[3270) -
d

Now, we come to calculate the bin probability distribution formula for Aln(S(¢)).

Theorem 4.1 The second order approximation to [xy,xs| bin probability distribution for the
linear jump-diffusion log-return increment Aln(S(t)) with log-uniform jump-amplitude is given
by

o AA) DY)z, a9)

@ b b
(©1,) ST (A

(7)
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where,

o) (21, 20) = q’(n)(l"l, To; i, 57,
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d(xy,25) = 0.5 (g + D20 (2, 203 1, 52) + (g)zcb(xl, To; i + 2a,57)

b
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o P9 —2_—2 z2—(fi+2a) _Z__2 z2—(ji+a) _é 20—
#05 (E (e Pt - e B 4 2

2pq 2 2a—( a+b a 2 —i 2 b
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+0.5((5)2(22<I>( (0, —a; 2,6%) 22250 — 220 (a,0; 2,6%) |72 %)

— 2+ (n . —2\|T2—a—[
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and an appropriate 2nd order renormalization is used to preserve the distribution property.
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Proof:
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p n . — =2\ |z
_a <1’(I)( )(Q,O,l’ — M0 ) x?
g

_(=1-m? _ (za—(p+a))? _ (=1 (5+a))? _(z9-m)?
—|——(e 252 + e 252 —e 252 —e 252

+@ (21, 293 1, 5%) — (1 + @)™ (w1, 293 i + a,57))
= 200, bix - 1,532 — T2 @) (a, 0 — f1,67) 17

% 1 — ([ 2 T 2 xo— i 2 T1—[ 2
n o g(e_( 1 2(;;17)) B 6_( 2 ;:;b)) )_'_ (g " ]3)<6_( 226#) B e_( 126u) )
V2r \ b b a
P, _@i-@ta)?  _ (e-(ata)? )
+_(€ 252 — e 252
a
2+ @)@ (e, w05 o+ 0,6%) + (7 + D)) (w1, 2 i+ ,5%)
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* z—i)2 x—fi—2a)? o—fi—2b)2
Theorem 7 (<2 b Ipe g Doty (Dt
a a

Do PG\ —G-ia? Pq.\ _G@-an)? 2pq _oiay?
-2 - — -2 52
((a) + ab) ¢ <(b) + ab)) i T ab
+(§)2 ((z = 2a = )" (20,052 — 1,5%) = (x — )" (a, 0;2 — 1, 5%))

2
+2Pe ((z — @)@™(0,b;2 — f1,6%) — (v —a — @)@ (a,a + bz — i,5%))
() (@ = B (0, b2 = i, 5%) — (= 2 — B)®) (b, 2b; 7 — i, 7))

2
—%QD(”)(CL +0b,b;x — [1, 62)) dx

= 7’ <(§ + %)2(1)(3317 Toj [, 0°) + (5)2(1)@1,%2; i+ 2a,5?%)
) a1, 2331+ 0,5%)

2
5bqq’(931>552;ﬁ +a+0, 02))

HP (e, a0+ 20,0%) — 2 (0 +

b
2 (2 + 2 @, a0+ 0,07 +

x2
+E2 [ (0 - 20— @)@ 20, a;0 — 1,6%) — (x — )™ (a,0;x — 1,6%)) do

1
2

+— (('I - la)q)(n)(oa ba T — [, 5-2) - (ZIZ' —a-— ﬁ)é(n)(aa a+ bv T — [, 62)) dx

1

w0 [ (@ - WO b — 1,07 = (o= 25— @O (20— ,0%) do

z1

€2
™ (a +b,b;x — fi, 5)dx

1

_2pq
a

But,

((z —2a — 0)®"™ (2a, a;x — fi,5%) — (x — @)@ (a, 0; z — [i, %)) dx
1

Le@ma/ ((x —2a— @)@ (0, ~a;x — i — 2a,5%) — (z — B) @™ (a,0;2 — f1,5%)) da

3.1

2
(z —2a — @)®"™(0, —a; x — i — 2a,6%)dx — / (x — p)®"™(a,0;z — i, 6%)dx

z1
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— 7 2 _ 2 _
Corollary o —9q)e oz |t (Bta) =y w2 (p+2a)
z—ea)e e1—(ita) — 7€ 21— (fi+2a)
4.1 2V 2w

_5'2(1)(71)(1'1, T9; i + 2a, 5.2) + Z2q)(n)(0’ —a; 2, 5_2)|ii:(/}+2a))

(i+2a)
22 =
<ze_262|if n— (2 +2a)e” 202| 2 ZIZ;)

-
2421
—0.5 (O’2(I)(n)(l'1, To; [, 5’2)
—(5'2 +a*) " (21, 201 + a 52) + 270 (a,0; 2,0%)[275)
2 w2 2~ (fi+a) 0
. —5 | T xro— a — == |T2— a
B 2\/27r <Z6 oy — 220 e |1 —(ata) T 7€ 27 |x1—(Z+2a))
+0.5 (z ®M™(0, —a; 2, 62)|ii:(’}+2a) — 220 (q,0; 2, 52) ifiﬁ)

(A+2a)
—055'2 ((I)(n) (Il, To; [, 5’2) + (I)(n) (.]71, To; b+ 2@, 5’2))
+(52 + a®) O (21, 203 i + @, 5°).

/ (0, b2 — 1,5%) — (x — a— @) (a,a + byo — f1,5%)) da
Lemma / — (0 b T — 0_2) o (SL’ —q— /_L)(I)(n)(o, b,LE‘ —q— Ia’ 5_2)) dr
Corollary - z2—(fi +b) _{72 To—1i
am o (M) Sy i)

+0.5 ((52 + 03 0™ (2, w9; i + b, 52)
—52 @) (21, w95 1, 5%) + 220 (0, b; 2, 67) |22 2R)

T1—[

. —0 (Z + 2b)€_§ |x2—(ﬂ+a+b) . 26_;? |x2—(ﬂ+a)
221 z1—(p+a+b) z1—(A+a)

—0.5 ((02 + 0)®™ (21, 29: i + a + b, 52)

—52 @™ (21, 223 i + @, %) + 22 @ (0, b; 2, 6%) 2220 5)
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B o o _2%2 z2—(fi+a+b) % 22w (A+D)
N (2 +2b)e" 2 ‘wl—(ﬂ-l-a-i-b) (z+2b)e 2| 7 (fi+b)

z2 5 z2 (i
+ze 22 10 — ze 25%|" (fi+a)

21— (i)
+0.5(5> —I—b2)( (1’1,1’27/L—|—b 5?) — ¢(")(x1,zg;ﬁ+a+b,62))
+0.56> (<I>(” (z1,22; i + a,52) — &M (xl,xg;ﬂ,5'2))

+0.5 (22@(0,b; 2, 6%) 2220 — 220 (0, b; 2, 6%) 220 7h) .

/ ™(0,b; ¢ — 1,5%) — (& — 2b— @)™ (b, 2b; & — i, 7)) da
Lemma / (0, bz — ji,0%) — (& — 2b— )" (—b,0;2 — 2b — i,5%)) d
C’orollary 72 x2—(+b) — 272 To—d
41 2\/_7r <(Z +2b)e 2, (Z+b) —ze

+0.5 ((52 + 03 0™ (2, 9; i + b, 72)

—520™) (1, wy; i, %) + 2200, b; 2, (72) )

T1—H
—0 — 22 2o—(a+2b) — 25 |2~ (A+))
NG (ze o r?—(ﬁ+2b) — (2= 2b)e = ‘x?—(ﬁ“’)

—0.5 (52<1><"> (21,2 i + 2b,57)

(02 4+ D)0 (@1, 33 i+ b, 6%) + 2200 (b, 0,2, )23

o — 22 wa—(+2b i
_ 52 |42 fi+2b) 02 2—(f+b) 02 —p
= <ze 22| tap) — 22€ 2 o )+ze 27 [ 8

221 fi+2b)
+0.5 <z2q>(n)(0’b7 Z, )| g 22(1) ( b O 2, 72)|:c2 2b— M)

r1—2b—[
—0.56° ((I>(”) (21, 9; i, 72) 4+ O (21, 9 i + 20, 5 %)
+(@* + 010" (21, w3; i+ b, 7).

2
ID = / ™ (a +b,b;x — fi, 5)dx
xr1
Lemma
=R 2™ (4 b, b; 2 — 02) 2
4.1
o _ (z1—(a+b))? _ (ma—(Aata+b))? _ (@1—(Ata+b))? _ (ma—(atb))?
—+ (e 252 +e 252 —e 252 —e 252

V21

+(fi 4+ D)™ (21, w93 i + ,5%) — (i + a + b)®™ (21, 29; i + a + b, 72).
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Therefore,

O (21, 32) = a?(<§+%>2<1><x1,x2;u,02>+<§>2¢<x1,x2;u+2a,a2>

+(%)2®($17 T3 i+ 2b,57) — 2 ((5)2 + %) (1, 295 fi + a, )
2
—2 ((%)2 + %)) O(ay, 201 i+ b,52) + %@(:ﬁ, Toi i+ a+b, 5—2))
2 2
v Epray g (de2o - gp
a ab b a
— 0552 P 4\ L= =2 Py - _9
- -00 (a_l'g) (I)(l'l,l’g,,u,()' )‘F(a) ¢(x1,x27u—l—2a,a )
+(%)2®(x1, T3 i+ 2b,57) — 2 ((5)2 + %) Oz, x9; fi + a,7°)
2
—2 ((%)2 + %)) O(ay, 201 i+ b,52) + %@(:ﬁ, Toi i+ a+b, 5—2))
6 p —22(2—_2[1 —Z2ZE—_+[1 —22{[—_
00 (<a>2 ( [ e — 22¢ T G + e mui_z)
2 Z2x—_a —ix—a—' —im—_ —im——_
o200 (s Bt - s B s B - s B
2 2o—(fi _ 22 re—(i _ix_-
+(%)2 <ze—z&z|xj_gg1§§;§ —2ze” 22 [T+ zemio |x3_5))

+0.5 (<§>2<z2<1><"><0, —a;2,0%)[ 2220 — 220 (0,0, 2,6%) |72 7H)

28— 2M(0,b; 2, 57|22 20 h)

ab
HERE2EO0, b 2,0 1 - 2O (0,052, 0%) 130

+p2(I>(")(:)31, Tos i+ a,5°) + q2q)(")(931> To; i+ b, 57)

b
+pqa ((I)(n)(xlax2;/]’ +b,6%) — @ (1, 293 i+ a + b, )
g O™ (a+b,b;2 — [1,6%)|% + (i + b) @™ (21, 29; i + b, 5%)
a < a y 052 w, o T H 1,L2; 4 O
—(fi 4+ a+ b)) (z, 29, i + a+ b,5%)) .
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