LEAFWISE HOMOTOPY EQUIVALENCES AND
LEAFWISE SOBOLOV SPACES

MOULAY-TAHAR BENAMEUR AND JAMES L. HEITSCH

ABSTRACT. We prove that a leafwise homotopy equivalence between compact foliated manifolds induces a
well defined bounded operator between all Sobolov spaces of leafwise (for the natural foliations of the graphs
of the original foliations) differential forms with coefficients in a leafwise flat bundle. We further prove that
the associated map on the leafwise reduced L? cohomology is an isomorphism which only depends on the
leafwise homotopy class of the homotopy equivalence.

1. INTRODUCTION

Let (M, F) and (M’, F") be smooth oriented foliations on closed oriented manifolds M and M’ and let
f : (M7F) — (M/aF/)7

be an orientation-preserving leafwise homotopy equivalence. So, there exists an orientation-preserving leaf-
wise map ¢ : (M',F") — (M, F) such that g o f and f o g are homotopic to the identity maps through
leaf-preserving maps. Let E’ is be a leafwise flat Hermitian bundle over M’, and set E = f*(E’). We then
prove in the present paper the following results:

e (Theorem 3.3). f induces an isomorphism on the (reduced) Haefliger cohomologies of F' and F”.

e f induces a well defined leafwise map on the homotopy (and holonomy) groupoids of the foliations
which is leafwise uniformly proper for the induced (source and target) foliations of the groupoids.
This immediately implies that it induces a well defined map on the cohomology with compact sup-
ports of the homotopy (and holonomy) covers of each leaf of the foliation.

e (Theorem 3.9). For each x € M, we may form the Sobolev spaces obtained from the differential
forms, with compact support and with coefficients in the pull back of E, on the monodromy (or
holonomy) covering space of the leaf of F' through z. Similarly for 2’ € M’ and E’. Then we prove
that f induces a well defined uniformly bounded operator j?* between such twisted leafwise Sobolov
spaces of the same Sobolev degree. N

e (Theorem 3.12). Finally, we show that the uniformly bounded operator f* associated with the
leafwise flat Hermitian bundle E’ induces an isomorphism on reduced L? cohomology, which is
compatible with twisted wedge products.

Regarding the induced map on Haefliger cohomologies, the result is classical and we outline the proof
for completeness. The situation for the induced operator on the leafwised twisted cohomologies is more
involved. When the foliations are for instance top dimensional each with one leaf and the bundles are
trivial line bundles, the obvious pull-back map defined by f on smooth forms yields an unbounded map
on the Sobolev forms of a given Sobolev degree which, in general, is not even a closable operator. Our
method to define an appropriate pull-back map in the general case of foliations with flat bundles relies on
two techniques and hence produces two definitions which eventually induce the same operator on Sobolev
cohomologies. The first one is reduction to the case of submersions [HiS92] and we show that the resulting
operator is Sobolev bounded and induces an operator between (reduced twisted) cohomologies which does
not depend on the reduction process. The second technique that we use exploits the Whitney isomorphism
and allows us to prove the compatibility with wedge products. Using these two descriptions of the induced
operator on twisted L? cohomologies, we then prove the isomorphism property. The results in this paper are
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crucial in the differential geometric approach to the Baum-Connes Novikov conjecture for foliations, using
Haefliger cohomology and characteristic classes of transversely smooth idempotents, see [BH04, BH11].

2. SOME NOTATION

If V — N is a vector bundle over a manifold N, we denote the space of smooth sections by C*° (V) or
by C*°(N;V) if we want to emphasize the base space of the bundle. The compactly supported sections
are denoted by C2°(V) or C°(N;V). The space of differential k forms on N is denoted A¥(N), and we
set A*(N) = @p>0AF(N). The space of compactly supported k forms is denoted A¥(N), and A*(N) =
@r>0AF(N). The tangent and cotangent bundles of N will be denoted TN and T*N.

Let M be a compact n-dimensional Riemannian manifold with oriented foliation F' of dimension p and
codimension q. We denote a leaf of F' by L. The leaf through the point x € M is denoted L, so dim L, = p.
We will be working on the homotopy groupoids (also called the monodromy groupoids) of our foliations, but
our results extend to the holonomy groupoid, as well as any groupoids between these two extremes. Recall
that the homotopy groupoid G of F consists of equivalence classes [y] of paths v : [0,1] — M such that
the image of 7 is contained in a leaf of F. Two such paths are equivalent if they are in the same leaf and
homotopy equivalent (with endpoints fixed) in that leaf. The source and range maps s, r : G — M are given
by s([7]) = v(0) and r([7]) = v(1). These give rise to the two natural transverse foliations Fy and F, whose
leaves are respectively L, = s~1(z), and L* = r~!(z), for each z € M. Note that r : L, — L, is the simply
connected covering of L. We will work with the foliation Fj.

The basic open sets defining of the manifold structure of G are given as follows. Let U be a finite good
cover of M by foliation charts as defined in [HL90]. Given U and V in this cover and a leafwise path ~
starting in U and ending in V, we define (U,7,V) to be the set of equivalence classes of leafwise paths
starting in U and ending in V' which are homotopic to v through a homotopy of leafwise paths whose end
points remain in U and V respectively. It is easy to see, using the holonomy defined by ~ from a transversal
in U to a transversal in V| that if U,V ~ RP x R?, then (U,~,V) ~ RP x R x R?. Note that the intersection
of any leaf L, and any basic open set (U, ~y, V') consists of at most one plaque of the foliation Fy in (U, v, V),
i.e. each L, passes through any (U,~, V') at most once.

The (reduced) Haefliger cohomology of F, [Ha80] is given as follows. For each U; € U, let T; C U; be a
transversal and set T' = | J T;. We may assume that the closures of the T; are disjoint. Let H be the holonomy
pseudogroup induced by F on T. Give A¥(T) the usual C™ topology, and denote the exterior derivative
by dr : A¥(T) — A¥+1(T). The usual Haefliger cohomology is defined using the quotient of A¥(T') by the
vector subspace L* generated by elements of the form o — h*a where h € H and o € A¥(T) has support
contained in the range of h. The (reduced) Haefliger cohomology uses the quotient of A®(T") by the closure
Lk of L*. This closure is taken in the following sense. L* consists of all elements in w € A¥(T), so that
there are sequences {wy, }, {&,} C L* with ||w —w,|| — 0 and ||dr(w) —@,)|| — 0. The norm || - || is the sup
norm, that is ||w|| = sup,eq ||w(@)||2, Where || - ||, is the norm on (A*T*T),. Set A¥(M/F) = A¥(T)/LF.
The exterior derivative dr induces a continuous differential dg : A¥(M/F) — A**1(M/F). Note that
AF(M/F) and dy are independent of the choice of cover U. In this paper, the complex {A.(M/F),dy} and
its cohomology H (M /F) will be called, respectively, the Haefliger forms and Haefliger cohomology of F.

3. LEAFWISE MAPS

Let M and M’ be compact Riemannian manifolds with oriented foliations F' and F’. Let f : M — M’ be
a smooth leafwise homotopy equivalence which preserves the leafwise orientations. (We need only assume
transverse smoothness, and leafwise continuity. A standard argument then allows f to be approximated by

a smooth map.) Let g : M’ — M be a leafwise homotopy inverse of f. Then there are leafwise homotopies
h:MxI—Mandh': M xI— M with I =][0,1], so that for all x € M,z’ € M’

h(x,0) =z, h(z,1)=go f(x), K (2z',0)=2', and h'(z',1) = fog(a).

We begin by recalling two results on such leafwise maps from [HL91].
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Lemma 3.1 (Lemma 3.17 of [HLI1]). Given finite coverings of M and M’ by foliation charts, there is a
number N such that for each plaque Q of M’, there are at most N plaques P of M such that f(P)NQ # 0.

Thus f is leafwise uniformly proper and so induces a well defined map f* : H, (L’f(x); R) — H:(L,;R). In
general this map does not extend to the leafwise L? forms, as shown by simple examples.

Lemma 3.2 (Lemma 3.16 of [HLI1]). For any finite cover of M by foliation charts there is a number N
such that for each plaque P of M, there are at most N plaques Q such that h(Q x I) N P # ().

Note that this lemma implies that there is a global bound on the leafwise distance that h moves points,
i. e. there is a global bound on the leafwise lengths of all the curves {v, |z € M}, where ~,(t) = h(z, ).

We remark that since f is a homotopy equivalence between M and M’, the dimensions of M and M’ are
the same.

Theorem 3.3. f induces an isomorphism f* : Hi(M'/F') — H,(M/F) with inverse g*.

Proof. The map f induces a map fon transversals. In particular, suppose that U and U’ are foliation charts
of M and M’ respectively, and that f(U) C U’. If T and T" are transversals of U and U’, then f induces

the map f: 7T — T'.
Lemma 3.4. f: T — T’ is an immersion.

Proof. Being an immersion is a local property, so by reducing the size of our charts if necessary, we may
assume that g(U’) C Uy, where U; is a foliation chart for F' with transversal Ty. Then g : 7" — T;. The
leafwise homotopy h induces a map h:T — T:. In particular this is the map induced on transversals by the
map = — h(x,1). Since h is continuous and leafwise, it is easy to see that h = h~ where h., is the holonomy
along the leafwise path ~,(t) = h(z, t) where z € T. Thus h is locally invertible. Since h is a homotopy of
gf to the identity, the composition, hlg g f T — T is the identity, so f must be an immersion. O

Since g must also be an immersion, it follows immediately that the codimensions of F and F’ are the
same, and so the dimensions of F' and F’ are also the same.

To construct the map f*: Hi(M'/F') — H}(M/F), we proceed as follows. Let U and U’ be finite good
covers of M and M’ respectively. We may assume that for each U € U, we have chosen a U’ € U’ so that
f(U) C U’ and that the induced map on transversals f : T'— T’ is a diffeomorphism onto its image. Let
o € Hi(M'/F"). Since f is onto, we may choose a Haefliger form ¢’ = Z ¢y in o so that ¢, has support

Ueu
in f(T) where T is a transversal in U. We then define f* (') to be the class of the Haefliger form Z 7 (&)
Ueu
The question of whether f* is well defined reduces to showing the following.

Lemma 3.5. Suppose that Uy and Us are foliation charts on M with transversals Ty and Ty. Suppose further
that ¢’ is a Haefliger form on M’ with support contained in f(T1) N f(Tz). Then as Haefliger forms on M,
[ ]*(6") = [f |mu]" (&)

Proof. Set ﬁ = f | T;. By writing ¢ as a sum of Haefliger forms and reducing the size of their supports, we
may assume that the support of ¢’ is contained in a transversal 7", that g(T”) is contained in a transversal
T of M, and that the holonomy maps h; : T; — T determined by the paths v;(t) = h(z;,t), for x; € T;, are
defined on the supports of f*(¢’), respectively. Further, we may suppose that all the maps f1, f2, h1, ho and

g g |7 are dlﬂeomorphlsms onto their images. Since h is a homotopy of gf to the identity, fl = g —1o h1 and

fa=g7 o ha s Ji(¢) = hio (§71)"(¢') and f5(¢) = h3 0 (§71)*(¢). Thus fi(¢/) = hi o (hy")"(J5(¢)),
so as Haefliger forms f1 (¢') = f2 (¢). O

It now follows easily that the induced map on Haefliger cohomology f* : Hi(M'/F') — H(M/F) is an
isomorphism with inverse g*. (Il
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We now show that f induces a well defined map on the homotopy groupoids of ' and F'. Given [v] € G,
set f([y]) = [f o] Recall that f is leafwise uniformly proper if for any Cpy, there is C; so that if the leafwise
distance from f(zg) to f(z1) is less than Cj, then the leafwise distance from zg to z; is less than Cy.

Lemma 3.6. f:G — G’ is a well defined smooth leafwise map, which is leafwise uniformly proper.

Proof. That f is well defined and smooth is clear. Similarly, set §([y']) = [g o v].

Let U be a finite good cover of M. Since M is compact, there is a bound m(P) on the diameter of
any plaque in the cover Y. Then m(P) is also a bound for any plaque of Fy in the corresponding cover
of G. Let U’ be a finite good cover of M’, such that for each U’ € U’ there is U € U so that g(U’) C U.
Given (U’,~/, V') in the cover of G’ corresponding to U’, choose U,V € U with g(U’) C U and g(V') C V.
If we set v = g o4/, then g(U’,7, V') C (U,v,V). Because U’ is a good cover, there is € > 0 so that if
2,2, € L' with the leafwise distance d3, (29, #1) < €, then there is a (U’,~', V') with 25,21 € (U',7,V’),
so §(z),4(2}) € (U,~,V). Since §(L') N (U,7,V) consists of at most one plaque of §(L'), it follows that
d3(9(20),9(21)) < m(P). Thus if 2; is a path in L’ of length less than C, then § o z} is a path in §(L’) of
length less than m(P)C/e.

Suppose that f(xz) = 2’ and let A’ C E’I, have diameter dia(A’) < C. Let 29, 21 € L, with f(z;) = 2, € A,
and choose a path z{ in Efv, of length less than C between z{, and zj. Then goz; is a path in ng(gc) of length
less than m(P)C/e. Composition on the right by the path v, (¢) = h(x,t) is an isometry from ng(x) to Lg.

So (§o2)) -7 is a path in L, of length less than m(P)C/e. Thus
dz ([(g 0 20) -], [(G021) %)) < m(P)C/e.

By Lemma 3.2, the path +, has length bounded by say B, for all y € M. Set y; = r(%;), and note that
ol L. (goz2l)-~z] = 2z, since h is a leafwise homotopy equivalence between g o f and the identity. As

d (zi,[(G02) 7)) = dg_([v," - (G0 2) 7). [(§ 0 2) - 7)) < length(yy,) < B,
we have

di (z0,21) < 2B+m(P)C/e.
Thus dia(f~1(4’)) < 2B + m(P)dia(A’) /e, and f is leafwise uniformly proper. 0

Thus f induces a well defined map f* : HZ(Z}(z);R) — H'(Ly;R). As noted above, in general this map

does not induce a well defined map on leafwise L? forms. We will use two different constructions to deal
with this problem. First we adapt the construction of the L? pull-back map of Hilsum-Skandalis in [HiS92]
to our setting. This has the advantage that it is transversely smooth. However, the properties of this map
are not obvious, so we will also use the construction in [HL91], which is based on results of Dodziuk, [D77].
We assume the reader is familiar with the theory of Sobolev spaces of sections of a vector bundle over a
manifold.

Suppose that E — M’ is a complex Hermitian bundle over M’ which is leafwise flat, and set E = f*(E’).
We denote also by F its pull back by r to G. The context should make it clear which bundle we are using.
We do not assume that the leafwise flat structure on E preserves the inner product on E. We will denote
by A*(Fy, E) the field of spaces over M given by A*(Fy, E), = A*(L,, E), the differential forms on L, with
compact support and with coefficients in E | Em For a € Z, we denote by W (Fs, E) the field of Hilbert
spaces over M given by W*(F,, E), = W (Em, E), the a-th Sobolev space of differential forms on L, with
coefficients in F | Egj Just as it does for the leafwise L? forms, the compactness of M implies that these
spaces do not depend on our choice of Riemannian structure.

Let i : M’ < R* be an imbedding of the compact manifold M’ in some Euclidean space R¥, and identify
M’ with its image. For 2’ € M’ and t € R*, define p(2/,t) to be the projection of the tangent vector

d
Xt = o | s—o(z’ + st) at 2’ determined by t, to the leaf L, in (M’, F') C R¥. In particular, first project

X' to TF!., and then exponentiate it to L’,, thinking of L/, as a Riemannian manifold in its own right.

Since M’ is compact, we may choose a ball B¥ C RF so small that the restriction of the smooth map
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pr =po (f,id) : M x B¥ — M’ to any py : L, x B¥ — L',y is a submersion. Lifting this map to the
groupoids, we get
pr:Gx B — ¢,
which is a leafwise map if G x B* is endowed with the foliation F, x B*. Note that Dy : Ez x B — E’f(x)
is the map induced on the coverings by py : L, x B* — L’f(x). In particular, ps([y],t) is the composition of
leafwise paths Pf(7,t) and f o7,
pr([]st) = [Pr(v, 1) - (f o),

where Ps(v,t):[0,1] — L}(T(v)) is
Pi(v,t)(s) = ps(r(v), st).

To see that this is a smooth map, let (U,v,V) x B¥ and (U’, f o+, V') be local coordinate charts on G x B*
and G, respectively, with coordinates (w,y, z,t) and (w’,y’, z"). Then in these coordinates,

pr(w,y, z,t) = (W' (f(w, ),y (f(w,v)), 2 (ps(y, z,1))),

where the second p; is the map py : V' x BF - V.

The crucial fact about py is that it has all the same essential properties of the projection m; : G x B* - ¢.
First note that, because f and f are leafwise uniformly proper and M x B* is compact, both the maps
denoted py are also leafwise uniformly proper. Second, we may assume that the metric on each L, x Bk
(respectively L, x BF¥) is the product of a fiberwise metric for the submersion p ¢ and the pull-back under py

of the metric on L’f(x) (respectively L’f(x)). To see this, give L x B* the product metric, using the standard

metric on B*. The induced metric on L x B¥ is then the product metric. The fibers of both submersions p I
inherit a Riemannian metric, and we denote by d volyet the canonical & form on both L x B* and L x BF
whose restriction to the oriented fibers of ps is the volume form. Denote by * the Hodge operator on both
L x B* and L x B*, and similarly for ' on L’ and L'. Consider the sub-bundle p3T*F’ C T*(F x B*) and
its orthogonal complement p31™ F'*. Define a new metric on 7* (F x B*) = Py F’ ©pFT™ P (and so also
on T*(F, x B*)) by declaring that these sub-bundles are still orthogonal, and the new metric on piT*F’ +
is the same as the original, while the new metric on p}T*F’ is the pullback of the metric on T*F’. Denote
the leafwise Hodge operator of the new metric by *. As remarked above, this change of metric does not alter
any of our Sobolev spaces. In particular, note that for any non-zero oo € A‘T*(F x B*) and any ¢ € R%,

ca A\ ¥eo a A Fo

ca A xco a A xa’

so the compactness of the sphere bundle (A‘T*(F x B*) — {0})/R? implies that there are 0 < C; < Cs, so
that for all « € A*T*(F x B¥),
Cianxa < aAFxa < Cra A *a,

where we identify the oriented volume elements of L x B* at a point with R% . This property is inherited by
the two induced metrics on 7% (F, x B*), so the two norms used to define the Sobolev spaces W/(F, E) are
comparable. Thus we can substitute the second metric for the first, or what is more notationally convenient,
assume that the first metric satisfies the same pull back property as the second.

Simple computations give two immediate consequences of this assumption. Namely, for any «aq,as €
ANT*F!,

3.7. pran Axpian = dvolyer /\p}(al A as),
and
3.8. d volyers ApFan A *(d volyert /\p}‘cag) = dvolyer; AP} (a1 A ¥ ag).

Denote by w5 : G x B¥ — B* the projection, and choose a smooth compactly supported k-form w on
B* whose integral is 1. We shall refer to such a form as a Bott form on B*. Denote by e, the exterior
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multiplication by the differential k—form 75w on G x B¥. For & € A*(F!, E'), we define f(»¥)(¢) € A*(F,, E)
as

FE(E) = (m 0 ew 0 ) (6)-
The map ps : G x B¥ — G’ is a leafwise (for Fy x B¥) submersion extending f, so p3(€) is a leafwise form
on G x B* with coefficients in the bundle p}E’ . The map m , is integration over the fiber of the projection
7 : G x B¥ — G of such forms. In general, the fiber of p}E’ is not constant on fibers of the fibration
7 : G x B¥ — G. To correct for this, we use the parallel translation given by the flat structure of p}E’ to
identify all the fibers of p}E' |z x B¥ with (PFE")(z0) = (f*E"). = (f*E’),(»). This is well defined because
the ball B¥ C R” is contractible, so parallel translation is independent of the path taken from (z,0) to (z,t)
in z x B*.
Theorem 3.9. For any a € Z, ) extends to a bounded operator from W*(F!,E') to W, (Fs, E).

Proof. For «; ® ¢; € A%(Fs, E), where «; a leafwise differential form of compact support and ¢; is a section
of E, we set
(a1 ®@¢1) A (a2 @ ¢2) = (b1, P2)a1 Az and (a1 @ ¢1) A *(ae @ ¢2) = (1, P2)ar A *az,

where (-, -) is the Hermitian metric on E. Similarly for F} and E’.
Since py is leafwise uniformly proper,

C = sup / dvolyery < +00.
[v1eg' Jp; H([v])

Thanks to 3.7, we then have for any o ® ¢ € .Af;(z’f(m), E')=C=(L; /\ZT*E'JC(I) ® E'),

Iy 6l = |

L.xB
/:ll
L%

This inequality extends to all £ € A@)(~’f(x), E) = Wg(f’f(x), E'), so p} extends to a uniformly bounded
(i.e. independent of z) operator from Wé(f’f(w),E’) to WE(Ly x Bk,p’}E’), that is p} defines a bounded
operator from W{(F!, E') to W{(Fs x Bk,p}E’).

Choose a sub-bundle H ¢ TF&TB* so that for each L., it is a horizontal distribution for the submersioil
ps: Ly x B — L’f(m). The map (r x id), : TFy ® TB¥ — TF @ T B* is an isomorphism on each fiber, so H
determines a sub-bundle H of TF, ® TB*, and H | Ex x BF is a horizontal distribution for the submersion
Dy : EI x BF — E’f(w). Choose a finite collection of leafwise vector fields 3?1, ey ?N on M’ which generate
C>(TF') over C*°(M’'). Lift these to leafwise (for F!) vector fields Y7,..., Yy on G', and lift these latter
to sections of H, denoted Xi,...,Xn. If XV is a vertical vector field on L x B* with respect to py,
then ixverr 0 p} = 0. Modulo such vector fields, the X; generate TL & TB* over C* (Z x B¥). In addition
ix; op} = p} oiy;. Thus for any { € Aﬁ(Z’f(z),E/), any Y = Y, A+ A Yy, and any ji,...,Jm, with
jie{l,...,N},

(ioiomianssia = [ @jép)dvol Avana)

L.xB

[/ dvolvert}(qb,(b)a/\*'a < C/~ (6, 0)an¥a = Clla® |3
7 () 7

f(z)

lix, d-ix; dprEYr)llo = |[p}liv,d - iy, d(Yk))lo
< VCliy, d---iy,, d(E(Yi))llo-
A classical argument then shows that for any a > 1, p}i extends to a uniformly bounded operator from
W,f(z’f(w), E') to W(Ly X Bk,p}E’), that is a bounded operator from W(F!, E") to W(F, x Bk,p}E’).
The operator e, maps W/ (L, x Bk,p}E’) to WEH{(L, x Bk,p}E’) and is uniformly bounded, since w
and all its derivatives are bounded. Thus for a > 0, e, o p} is a bounded operator from WEFL E") to
WEH(F, x BY, p}E).
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For the case of s < 0, we dualize the argument above. Denote by py . integration of fiber compactly
supported forms along the fibers of the submersion py. We claim that for any o € AR, x BF),

3.10. praaA¥praia < Cpra(aA*a),

where as above we identify the oriented volume elements of E}(z) at a point with R} . Any such a may be

written as o = a1 + g, where py . (a2) = 0 and oy = dvolyers Az, with a3 € C’go(p}i(/\lT*L}( ))) Then

Pra(aAxa) = pro(ar Axar) + pra(oe Axas) + pra(on Axas) + pra(ae Axar).
The last two terms are zero, since a1 A *ag = 0 as d Volyery A * g = 0, and py . (ag A *a) = 0 since ag A o
does not contain dvolyer. Thus
pra(aAxa) = pro(ar Axar) + pra(ag Axas) > pyra(ar Asxag).
But,
Prai A¥praar = ppaaApraa,
so we need only prove 3.10 for oo = dvolyer; Acrg, with az € CF° (p*]Z(/\ZT*L}(Z)))

Choose a finite collection of sections B, ..., 3, of A“T*F’, so that f; A * 'B; = 01if i # j, and the f;
generate C™(A‘T*F') over C*(M'). Denote also by f3; the lift of these sections to sections of A‘T*F".
Then a = dvolye; A may be written as

a = Zgz dVOlvert Ap}ﬁi;
%

where the g; are smooth compactly supported functions on E x B¥. Now,

Py, *Oé/\*pf,*Oé = pr, gi dVOlvert ﬁz/\* pr* ngV01vert B] Z[Pf, 9i dVOlvert)] Bz/\*ﬂz

J

Thanks to 3.8,
pf,*(a A *a> = pf,*(Z(gz dVOlvert /\p}ﬁz) AN Z(gj dVOlvert Ap;ﬁ;)) =

i J

Pr+(Y 9195 dVolyere APF(Bi A¥'B)) = > pralgi dvolyert)Bi A ¥'Bi >

0]

+(g; - 1dvolyert)]? 1
> by, (.g( or)] Bin+pfi 2 & > [pr.lgi dvoleert)?Bi A ¥ Bi = = prac A¥praa,
A ’ A

1
Df x 1 dVOlvert) 5

proving 3.10. Note that the second to last inequality is just Cauchy-Schwartz.
Thus for all a € A¥(L, x B¥),

preclp = [ preanspra <€ [ prafansa) = ¢ [ ansa =l
Lo Lo L.xB*

Using the facts that py . commutes with the de Rham differentials, ps . oixverr =0 and iy, opy .« = py«0ix;,
it is easy to deduce, just as for pf, that for any a > 0, ps« o e, extends to a uniformly bounded operator

(say with bound C,) from W¥(L, x Bk,pr') to WE(L/ ) E). Now suppose that £’ € WL )y E') for
some a < 0, and recall that ||(e,, o p})(£')|a is given by
! !/
* y \Df,x ©€w al|\Pf,x © €y —a

where the supremums are taken over all £ € Wfa(fm X Bk,p?E'). Thus for any a < 0 (and so for all a € Z),
E') to Wr(L, x Bk,p;E’)7 80 €, 0p} is a bounded

e, op} is a uniformly bounded operator from W,f(f}(
operator from W/(F! E') to W!(F, x Bk,p?E’).

)’
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For all a € Z, the image of e, o P} consists of m-fiber compactly supported distributional forms. The
argument above for py ., applied to m  shows that it is uniformly bounded as a map from Im(e, o p*)}) -
WHEH(L, ka,p’]'ZE’) to W(Ly, E). Thus for all a € Z, f(+*) extends to a bounded operator from W/ (F!, E')
to WE(F,, E). |

We now consider the action of f(#*) on the leafwise reduced L? cohomology of the foliations F, and F,
denoted H{y)(Fy, E), and Hiy)(Fy, E'). H{y)(Fs, E) is the field of Hilbert spaces over M, where for z € M,

Hy) (Fs, E): = H{y) (L,, E), the reduced L2 cohomology of L, with coefficients in the leafwise flat bundle E.
Recall that Aﬁ(ZI,E) is the space of differential forms on L, with compact support and with coefficients
in E|L,. Because of the flatness of E|L,, the usual exterior derivative extends to dy : A*(Ly, E) —
A (L, E), which further extends to di,(2) : Wé“(fz,E) — W(;“H(ZE,E) on the L? completions. Then
H?z) (zgg, E) is the kernel of dj, (o) modulo the closure of the image of dj_; (). Similarly for F, and E’. As w is
closed, e,, commutes with de Rham differentials. The image of e, o p;‘c is contained in the m-fiber compactly
supported forms, so f(«) = 1% O €, © P} commutes with de Rham differentials. It follows immediately
that the extension of f(»*) to the L? forms also commutes with the closures of the de Rham differentials,
so f) induces a well defined map f* : H{y) (Fy, E') — H{y)(Fs, E). As remarked above, the properties of
this map (using this definition) are not immediately obvious, e.g. its independence of ¢ and w. To deal with
this problem, we now switch our point of view to that in [HL91], and give another construction of the map
I
Let K = U K7 be a bounded leafwise triangulation of Fy (see [HLI1]) induced from a bounded leafwise
L

triangulation to F. Then K7 is a triangulation of the leaf Z, so that the volumes and diameters of the
simplices of dimension > 1 are uniformly bounded away from zero. These triangulations vary measurably
transversely. A simplicial k-cochain ¢ on K7 with coefficients in E assigns to each k-simplex o of K37 an
element p(o) € E,, the fiber of E over the barycenter of o. To define the co-boundary map §, we identify
E, with the fibers of E over the barycenters of the simplices in the boundary of ¢ using the flat structure
of E. This is well defined since o is contractible. Denote by Cfp) (K7, E) the space of simplicial k-cochains
@ on K37 with coefficients in F such that

((0),(0)P/? < +00.
o k-simplex of K
The homology of the complex (C?p)(KZ,E),(S) is the ¢? cohomology of the simplicial complex K7 with

coefficients in E. It is denoted H*A’p(f, E). Denote by A;‘p)(i, E) the L? forms on L with coefficients in E.
The classical Whitney and de Rham maps extend to well defined chain morphisms

Wil (K7, E) = Al (L, E) and / AL (L E) = €y (K7, B,

which induce bounded isomorphisms in cohomology (which are inverses of each other), with bounds inde-
pendent of L, for p = 1,2. See [HLI1] for p = 2, and [GKS88] for p = 1. As above, to define these maps, we
use the classical definitions coupled with the fact that for any point € o, the flat structure of E'| o gives a
natural isomorphism between F, and E,. §

Let fxx : Kf = K IZ' be an oriented leafwise simplicial approximation of f as in [HL91]. It is uniformly
proper, so it defines a pull-back map fX on 7 cochains with coefficients in E’, which commutes with the
coboundaries. The induced map on cohomology is also denoted fX. Set fj, =Wo fio [

Proposition 3.11.  f* = f}: (2)(Fo, ') — H{y)(F, E).
Proof. As B* is a finite CW-complex, the map py induces the well defined map
P s Ha (L' E') = Hy 5(L x BY p3 E).
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Denote by f the simplicial k cocycle [w on B¥, and by 7y : L x B¥ — B* a simplicial approximation (after
suitable subdivisions) of the projection. We choose the subdivision fine enough so that the cup product by
the bounded & cocycle 735 induces the well defined map

[B)U: HA 5(L x B*,p3E') — HA'S (L x B* p}E'),
where H*A,2,C(E x B¥, p;E’) denotes the ¢? simplicial cohomology of cochains which are zero on any simplex

that intersects the boundary of L x B*. that is “fiber compactly supported” cocycles. Cap product with the
fundamental cycle [B¥] of B¥ gives the map

N[B*) : HX'S (L x B*,p}E') — Hx (L, E).
Denote by HZKQ)’C(Z x BF, p}E’) the cohomology of L? forms which are zero on some neighborhood of the
boundary L x B¥. Note that HZQ(E X Bk,p?E') is a module over H*AQ(E x B¥), (2)(L X Bk,pr’) is a

module over H(z)(L x B¥), and N[B*] : H*AJFQICC(L X Bk,p}E’) — HZQ(E,E) is defined. Then the following
diagram commutes.

 pa _ B A[BY _
HA (L', E) H*A,Q(L X BkaP?El) H*Af2,c(L X Bk»P?E,) HA »(L, E)
[ | | L
x (T1 1 ] * (T koo 7 [w]/\ *+k k o TL,% * (T
Hig) (L, E) H{y)(L x BY, p}E') H;* (L x B¥, p}E') H) (L, E).

Since py is a smooth submersion, it defines the bounded operator p} : H(, )(L’ E') — H(Q)(L X Bk,p}E’),
and Wop} o = pj oW by the naturality of the Whitney map. The square in the middle commutes because
W is compatible with cup and wedge products in cohomology and W3] = [w]. Finally the RHS square is
commutative because W is compatible with cap products, and integration over the fibers of 7 is exactly
cap product by the fundamental class in homology of B*.

The bottom line of this diagram is f’ﬂ so we need only show that

Won(B" e [fluepya oW = fp = Worso [.
As W1 = [, this reduces to showing that
ﬂ[Bk} o[BlU Op;,a = fA-

The zero section i : L <= L x B* induces

in :HA(L x B, p;E') — Hj (L, B),
and the projection my : L x B* — L induces

WT,A : H*A,2(Z7E) — H*A,2(z X Bkvp?El)-
These maps satisfy

TiACln = ingwz(Eka,p;E') :
Thus we have
(Bl epsa = ([BlV)o mfpoinop;a = ([BlU)o 71 a0 fA.

By the Thom Isomorphism Theorem, ([8]U) o 7} A : Hp o(L, E) — H*AJ’“;C(L X Bk,p}E’) is an isomorphism
whose inverse is precisely N[B¥]. O

Theorem 3.12. The map f* : H{,)(F, E') — H{y)(Fs, E) on leafwise reduced L* cohomology induced by

f@9) does not depend on the choices of i and w. If fi and fo are leafwise homotopy equwalent then fl f2
If g: (M',F') — (M, F) is a leafwise homotopy inverse for f, then g* Of* id and f* og* =1id, so f* is
an isomorphism, with inverse g*.
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Proof. For any choice of ¢ and w, f* = f], so they are all the same. The other properties of f* follow from
these same properties for f}, which are easy to prove using classical arguments. O

4. AN APPLICATION

The results of this paper are crucial for the proof of the main theorem of [BH11], that the higher harmonic
signature, o(F, E), of a 2¢ dimensional oriented Riemannian foliation F' of a compact Riemannian manifold
M, twisted by a leafwise flat complex bundle F over M, is a leafwise homotopy invariant. This result has
important consequences for the Novikov conjecture for groups and for the Baum-Connes Novikov conjecture
for foliations. See [BH11] for the details.

Recall that o(F, E) is defined as follows. Assume that E admits a non-degenerate possibly indefinite
Hermitian metric which is preserved by the leafwise flat structure. Recall the generalized deRham operator
di2) 1 WE(Ly, E) — WEH(L,, E). The metric on L, and the leafwise flat bundle E determine leafwise
adjoints for the dy (o), so also leafwise Laplacians AE and Hodge * operators on the W (Ex, E). The Hodge
operator determines an involution which commutes with AZ| so it splits as a sum AL = AL+ 4 AP~ i

particular in dimension ¢, AL, = Ai’; + Ai’[. Consider the bundles Ker(AY'®) = Uyens Ker(Af”f) over

M, whose fibers are the (in general, infinite dimensional) Hilbert spaces Ker(Afj‘) and Ker(Aﬁ’[). We

assume that these bundles are smooth, that is the Schwartz kernels of the projections of W¢ (L, E) onto the
K er(Af’Ki) vary smoothly in x. This is true in many cases: if the preserved metric on F is positive definite;
if E is a bundle associated to the normal bundle of the foliation; if E is a trivial bundle, so for the untwisted
leafwise signature operator. There is a Chern-Connes character ch, for the Ker(Af’i) which takes values in

the Haefliger cohomology of F', [BH08]. The higher harmonic signature of F' is defined as
o(F, E) = chy(Ker(A)T)) — ch, (Ker(A) 7).
The main theorem of [BH11] is the following.

Theorem 4.1. Suppose that M is a compact Riemannian manifold, with an oriented Riemannian foliation
F of dimension 2¢, and that E is a leafwise flat complex bundle over M with a (possibly indefinite) non-
degenerate Hermitian metric which is preserved by the leafwise flat structure. Assume that the bundles
Ker(Af’i) are smooth. Then o(F, E) is a leafwise homotopy invariant.
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