(1)

Math 215 Homework Solutions.

Page 54, number 10
What is wrong with the following proof that 1 is the largest integer?
Let n be the largest integer. Then, since 1 is an integer we must have
1 < n. On the other hand, since n? is also an integer we must have n2<n
from which it follows that n < 1. Thus, since 1 < n and n > 1 we must have
n = 1. Thus 1 is the largest integer as claimed. What does this argument
prove?

Solution. If you look at this proof sentence by sentence, you see that every
sentence makes sense, except the very first. “Let n be the largest integer.”
assumes that such an integer exists! Hence what this argument actually
proves that If a largest integer existed, it would be 1, which is absurd, since
2 =141 > 1. Hence the assumption leads to a contradiction, and so there
is mo largest integer.

Recall that we defined in class operations of multiplication and addition on
the set {0, 1}:

+H 0 1
0] 0 1
11 1 0
and
-0 1
0 0 0
11 0 1
(a) Verify the distributive law. (Since a,b, ¢ can each take 2 possible val-

ues, there are 8 cases in all). (You should also check that the other
field axioms hold — but do not hand that in).

(b) Is there an order on this field satisfying axioms 8-117 Justify your
answer.

Solution:

(i) There are eight possible values for a,b,c. We then fill in the following

table using the addition and multiplication tables give to us.

a|blc|ablac|b+c|alb+c)|ab+ac
1111} 1]1 0 0 0
11170} 1|0 1 1 1
1/0(1]0]1 1 1 1
1710|0100 0 0 0
0j1(1]01]0 0 0 0
0[1|0] 0|0 1 0 0
0j{0|1] 0|0 1 0 0
0(0(0| 0] 0 0 0 0

The last two columns are the same; i.e., no matter what the values of a, b, ¢,
a(b+ ¢) = ab + ac and thus the distributive law holds.

(ii) Suppose that we could order the set (0,1) so that the rules for an
ordered field hold. Then we would have, by trichotomy, either 0 < 1 or
1 < 0. Thus we have two cases:
(a) Suppose 0 < 1
then: 04+ 1 < 1+ 1 by the addition law
1



hence 1 < 0 by the addition table.

By trichotomy this contradicts the assumption that 0 < 1, and hence

0 < 1 is impossible.
(b) Suppose 1 <0

then: 14+ 1 < 0+ 1 by the addition law

hence 0 < 1 by the addition table.

By trichotomy this contradicts the assumption that 1 < 0, and hence

1 < 0 is impossible.
Therefore neither 0 < 1 nor 1 < 0 is possible, and so it is not possible
to order the set {0,1} in a way that is compatible with the axioms for an
ordered field.
We define |a| = a if a > 0 and —a if @ < 0. Prove that |a + b| < |a| + |b|
for all @ and b. [Hint: You might want to consider 4 cases depending on
whether each of a and b is negative or nonnegative. Also we write a < b for
“‘a<bora="b"]

Note that here the intention was that you use the axioms for ordered fields.
Solution

There are four cases (and we will see later, that there are sub-cases as
well).
(a) a >0, and b > 0. Then by additivity, a + b > 0, and so:

la+b] = a+bsincea+b>0
= Ja|]+ |b| sincea > 0,b>0

Hence |a + b| = |a|] + |b|.
(b) a <0, and b < 0. Then by additivity, a + b < 0, and so:

la + b] —(a+b)sincea+b>0
= —a — b(see below)

|a| + |b] since a < 0,6 < 0

(¢) a <0,and b > 0. Then b = |b|, while |a] = —a > 0, by definition of
the absolute value. Hence:

a < |a| by transitivity
a+b < |a|+0bby additivity
a+b < |a|+|b|sincedb >0

If a+b>0, then |a + b = a+ b < |a| + |b| by transitivity.
Since b > 0, adding —b to this we get 0 > —b by additivity.
Therefore, if a +b < 0, then |[a+b| = —(a+b) = —a—-b=]a| —b <
la| +b=|a|] + |b].

(d) @ >0, and b < 0. This follows from the previous case by interchanging
a and b
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Page 54, number 11

Suppose that there were a smallest positive real number; write x for this
number.

SinceO<%<17wehaveO<%<x.

Hence we have found a number (z/2) which is both positive and smaller
than z, contradicting our assumption, and so there is no positive real num-
ber which is smaller than all other positive real numbers.

Page 54, number 14

We proceed by induction on n > 1, to prove that for all integers n > 1, for
allz > -1, (14+2)" > 1+ nz.

“Base Case” n=1: (1+2)! =1+2=1+1-2, and so the inequality is
true for n = 1.

“Inductive step”

Suppose that n > 1, and that (1 + x)™ > 1+ nz (this is the induction
hypothesis).

We want to deduce, given the induction hypothesis that (1 + z)"*1 >
1+ (n+1)z.

(Notice: we assume the inequality or formula is true for n, and then try
to deduce the statement obtained by replacing all the n’s by (n + 1)’s.)
Idea Before writing down the proof of the inductive step, we start by
noticing that (1 + z)"*' = (1 + z)"(1 4 x), which suggests that we take
the inequality given to us by the induction hypothesis, and multiply it by
(1+x):

(1+x)" > 1+ nx by the induction hypothesis
L1+ 2)"(1+2) = (1+nz)(1+z)since (1+z) >0
= 1+ (n+1Dz+nz?
> 14 (n+ 1)z since nz? >0

Therefore (1 +x)' > 1+ 1z and
Vn>1,(1+2)">1+nz) = (1+2)"™ > 1+ (n+ 1),

and so by induction on n > 1, we have that Vn > 1, ((1 4+ 2)" > 1 + nz.
Page 55, number 17

an is defined inductively for n > 1 by:

a; =1land forn>1, apy1 = % Prove that for all n|geql, 5 > a,, > 0.
Proof We proceed by induction on n > 1.

Base Case 5 > 1 > 0 so the assertion is true for n =0

Inductive Step Suppose that n > 1 and that 5 > a,, > 0.

We want to show, using this assumption that:

6a, +5
an + 2

5> apq1 = > 0.

First note that since a,, > 0, we have 6a,, +5 > 0 and a,, + 2 > 0, and
hence % > 0.
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Now,

a, < b5
.. 6a, < bay,+ 5 adding ba,
s.6a, +5 < bay + 10 adding 5
6 5
" In + < b5 dividing by a,, +2 >0
ap + 2

Qn 4 on page 115: Prove by contradiction or otherwise that ANB = ANC
and AUB = AUC if and only if B = C.

Solution. You can prove an if and only if statement by proving each di-
rection separately:

(=) We argue by contradiction.

Le., we suppose that the assertion (AU B = AUC) = (B =C) is false.
Therefore then AU B = AUC is true and B = C' is false. (Think about
the truth table for =)

Since B = C'is false, there is an element € B with « ¢ C, or x € C with
x ¢ B.

Suppose first that 2 € B with « ¢ C.

There are two cases:

First,if x € A, wehavez € ANB,but x ¢ ANC (sincez € ANC & (xz €
A&z € O)).

Hence x € ANB # ANC in this case. Second, if x ¢ A then (x € AUB) &
(x € B) (again think about the truth table for “or”, since x € AU B if and
only if x € A or x € B)

Hence © ¢ A and x € B and x ¢ C implies that AUB # AUC.

Hence the assumption that z € B and z ¢ C leads to a contradiction.
Switching B and C, we also see that ¢ B and = € C leads to a contra-
diction. Hence we have proved that (AUB = AUC) = (B =C).

(<) Here you can simply say that since B = C, AN B = AN C and
AUB = AUC. (If two objects are equal they may be freely substituted
for each other in any formula)

Remark. We could also have used the truth table for “&” and “or”, since

they reflect the properties of union and intersection of sets.

Qn 8 on page 116

(i) As discussed in class, you can do this by comparing the truth tables

for the two statements z € (AAB)AC and x € AA(BAC), which has
a row for each of the eight possible truth values for z € A, x € B and
xeC.

(ii) We guess that N = () works. Since AUD = A, and AN =, we see
that () works.
To check uniqueness. First notice that since union and intersection
are commutative, the same is true for symmetric difference.
Now suppose that N satisfies VA, AAN = A. Then: N = NA(, since
we know () has the given property.
But NAQ = QAN by commutativity,
which is the equal to () by the hypothesis on N. Thus any set N which
has the given property equals the empty set.
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(iii) The set A itself works. To check uniqueness, suppose AAB = ().
By commutativity, BAA = (). Then B = BAD = BA(AAA) =
(BAA)AA) = ODAA = A. Hence B = A.

(iv) By now you can tell that this works the same way usual algebra does.
Just as b— a is the unique solution to a+x = b, we see that C' = BAA
is the unique solution to AAC = B. To check this is a solution, and
that it is unique, use the first three properties.

(9) Qu 15 on page 117

First, since the characteristic function of a subset takes the values 0,1,
xa(z)xp(x) = 1 if and only if xa(z) = 1 and xp(x) = 1 if and only if
z € Aand z € Bifandonly if x € AN B.

Secondly, x4 +XB — XAXB = XAuUB-



