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The boundary of an isolated singularity

(X , x) ⊂ (CN , 0) : a germ of complex analytic variety having an isolated singularity.

M(X) := (X , x) ∩ S2N−1
ε : the boundary of (X , x)

M(X) is a smooth oriented closed manifold, which doesn’t depend on the choices up to
isotopy.

Proposition (Milnor,...)

One has : (X , x) ' Cone(M(X), ∗).
In particular, the boundary M(X) determines the topological type of the germ (X , x).

It is false analytically in general:

Example (Brieskorn)

There is an infinite family of non conjugated hypersurface germs
Xp = f−1

p (0) ⊂ (C2n+2, 0) such that M(Xp) ' S4n+1 for all p.

Clément Caubel Institut Mathématique de Jussieu, Paris
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Singular fillings

Definition
A smooth oriented closed manifold is singularly fillable if it is diffeomorphic to the
boundary M(X) of a singular point (X , x).

Example

Any connected sum #
k

(S2 × S1) is not singularly fillable (Neumann).

T3 is not singularly fillable (Sullivan)

Question

Can one describe the singularly fillable 2n − 1 manifolds ?

in dimension 3 : yes (Neumann)

in higher dimensions : not yet in general. But there are necessary conditions on
the cohomology ring (Hain&Durfee, Popescu-Pampu).
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Contact manifolds and singularities



The contact boundary of an isolated singularity The contact Milnor boundary of an application Milnor open books in contact boundaries

Possible enrichment of the boundary: CR structure

ξ(X) := TM(X)X ∩ i · TM(X)X : the complex tangencies distribution on M(X). It is
an hyperplane distribution on M(X).

JX : ξ(X)→ ξ(X), v 7→ i.v : complex multiplication on ξ(X).

Proposition (Scherk)

The CR-manifold (M(X), ξ(X), JX ) is NOT invariant w.r.t the choices, BUT completely
determines the analytical type of (X , x).
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Possible enrichment of the boundary: contact structure

Contact structure on a (2n − 1)-manifold: hyperplane distribution with maximal
non-integrability condition.

Proposition (Varchenko)

The pair (M(X), ξ(X)) is a contact manifold, independant on the choices up to isotopy.
It is the contact boundary of (X , x).

Idea of the proof:

The distance function to x ρ : X → R+ is strictly pseudo-convex: the complex
tangencies ξ(Xr ) on its smooth levels Xr = ρ−1(r) then form a contact structure.

Gray’s theorem: any smooth 1-parameter family of contact structures on the same
closed manifold comes from a contact isotopy.

Definition
A smooth oriented closed contact manifold is singularly fillable if it is contactomorphic
to the contact boundary (M(X), ξ(X)) of a singular point (X , x).
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Contact manifolds and singularities



The contact boundary of an isolated singularity The contact Milnor boundary of an application Milnor open books in contact boundaries

Possible enrichment of the boundary: contact structure

Contact structure on a (2n − 1)-manifold: hyperplane distribution with maximal
non-integrability condition.

Proposition (Varchenko)

The pair (M(X), ξ(X)) is a contact manifold, independant on the choices up to isotopy.
It is the contact boundary of (X , x).

Idea of the proof:

The distance function to x ρ : X → R+ is strictly pseudo-convex: the complex
tangencies ξ(Xr ) on its smooth levels Xr = ρ−1(r) then form a contact structure.

Gray’s theorem: any smooth 1-parameter family of contact structures on the same
closed manifold comes from a contact isotopy.

Definition
A smooth oriented closed contact manifold is singularly fillable if it is contactomorphic
to the contact boundary (M(X), ξ(X)) of a singular point (X , x).

Clément Caubel Institut Mathématique de Jussieu, Paris
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A natural question

Question

What does the knowledge of the contact boundary give more than that of the boundary
alone?

For singularities of dimension ≥ 3: something in general

Theorem (Ustilovsky)

For all n ≥ 2 the infinite family of contact boundaries of the hypersurface singularities
(Xp, 0) ⊂ (C2n+2, 0) are pairwise non isomorphic, thus giving infinitely many different
contact structures on the sphere S4n+1.

Question

In the hypersurface case X = V (f ), does the link (S2n+1
ε ,M(V (f ))) determine the

contact boundary?

Remark: In µ-constant deformations, the homotopy invariants of ξ(Xt ) remain
constant (C)
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A natural question

Question

What does the knowledge of the contact boundary give more than that of the boundary
alone?

For surface singularities : nothing

Theorem (C, Némethi, Popescu-Pampu)

If (X , x) is a normal surface singularity, the isomorphism type of the contact boundary
(M(X), ξ(X)) only depends on that of the boundary M(X).

Contact 3-manifolds : subject of intense research.

Any 3-manifold admits a contact structure.

Any toroidal 3-manifold admits an infinite family of pairwise non isomorphic
contact structures.

BUT on a given 3-manifold, at most one contact structure up to isomorphism
coming from singularity theory...

One has to find another way to construct contact manifolds from surface singularities
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The Milnor boundary of a germ of application

To any analytic germ f : (Cp+2, 0)→ (Cp, 0) of complete intersection defining an
surface singularity, one can associate the Milnor fibre

Fε,η(f ) := f−1(η) ∩ B2p+4
ε

and its boundary
Mε,η(f ) := f−1(η) ∩ S2p+3

ε ,

with 0 < ‖η‖ � ε� 1 and η /∈ Disc(f ).

Problem : generally this depends on the choices.

Example (Lê)

For f : (x , y , z, t) 7→ (xy + z2, x), one has Disc(f ) = {(0, 0)}, but Mε,(α,0) ' S3 ‘
S3

and Mε,(0,α) ' S3
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The Milnor boundary of a germ of application (continued)

Proposition

If the germ f : (Cp+2, 0)→ (Cp, 0) satisfies Thom’s af -condition, then the Milnor fibre
F (f ) and the Milnor boundary M(f ) are well defined oriented compact manifolds up to
diffeomorphism.

For instance, any (non zero) germ f : (C3, 0)→ (C, 0) satisfies this condition.

Proposition

The complex tangencies give a contact structure ξ(f ) on the Milnor boundary M(f ),
well defined up to contact isotopy. This is the contact Milnor boundary (M(f ), ξ(f )) of f
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Milnor fillings

Definition
An oriented smooth (contact) closed manifold is (smoothly) Milnor fillable if it is
diffeomorphic to the (contact) Milnor boundary of a germ f : (Cp+n, 0)→ (Cp, 0).

Example

The lens spaces L(2k , 1) are (smoothly) Milnor fillable : one has
L(2k , 1) ' M(xyk + z2) (Michel, Pichon, Weber).

Any connected sum #
k

S2 × S1 is (smoothly) Milnor fillable : one has

#
k

S2 × S1 ' M(xk+1 + y2).

T3 is (smoothly) Milnor fillable : one has T3 ' M(xyz).
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Relations between Stein, singular and Milnor fillabilities (for manifolds)

In dimension 3
Milnor⇒ Stein : yes
singular⇒ Stein : yes (Bogomolov-de Oliveira)
Stein⇒ singular : no (T3)
Milnor⇒ singular : no (idem)
other relations : ???

Question
Is any singularly fillable 3-manifold also (smoothly) Milnor fillable?

In higher dimensions, the three notions are pairwise distinct: there are
uncompatible (in general) necessary (co)homological conditions for these three
fillabilities to hold (Bungart, Durfee&Hain, Popescu-Pampu)

Clément Caubel Institut Mathématique de Jussieu, Paris
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Contact manifolds and singularities



The contact boundary of an isolated singularity The contact Milnor boundary of an application Milnor open books in contact boundaries

Relations between Stein, singular and Milnor fillabilities (for manifolds)

In dimension 3
Milnor⇒ Stein : yes
singular⇒ Stein : yes (Bogomolov-de Oliveira)
Stein⇒ singular : no (T3)
Milnor⇒ singular : no (idem)
other relations : ???

Question
Is any singularly fillable 3-manifold also (smoothly) Milnor fillable?

In higher dimensions, the three notions are pairwise distinct: there are
uncompatible (in general) necessary (co)homological conditions for these three
fillabilities to hold (Bungart, Durfee&Hain, Popescu-Pampu)

Clément Caubel Institut Mathématique de Jussieu, Paris
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Different fillable contact structures on the same 3-manifold

Fix any k > 2.

X2k,1 := C2/(x,y)∼(ζk x,ζk y) : a cyclic quotient singularity

fk (x , y , z) := xyk + z2

Proposition

The contact boundaries (M(X2k,1), ξ(X2k,1)) and (M(fk ), ξ(fk )) are both diffeomorphic
to the lens space L(2k , 1), but are not contactomorphic.
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Proof

We will distinguish ξ(X2k,1) and ξ(fk ) by their first Chern class.
The complex distribution ξ(fk ) on M(fk ) is induced by the complex structure on the
Milnor fibre F (fk ), which is stably trivial. Therefore

c1(ξ(fk )) = 0 ∈ H2(L(2k , 1))

whatever identification L(2k , 1) ' M(fk ) is made.eX → X2k,1 : minimal good resolution.

T eX |M(X2k,1) = ξ(X2k,1)⊕ Cν, (ν : outward normal vector field to M(X2k,1) ⊂ eX)

eX : disk bundle over E ' S2, with Chern class −2k ∈ H2(E) ' H2(eX) ' Z.

c1(eX) = c1(T eX |E ) = c1(TE) + c1(NE/eX ) = 2 + (−2k)

i∗ : H2(eX)→ H2(M(X2k,1)): reduction mod 2k

c1(ξ(X2k,1)) = c1(T eX |M(X2k,1)) = i∗(c1(eX)) = 2 6= 0 ∈ Z/2kZ

Remark
The same result is true for any normal surface singularity X with K .K /∈ Z: its contact
boundary cannot be isomorphic to any contact Milnor boundary.
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Open books and contact manifolds

How can one handle contact structures?

Legendrian surgery (Eliashberg, Gompf...)

Supporting open books (Giroux)

Definition (3-dimensional)

An open book in the oriented closed 3-manifold M is a pair (N, θ) where N ⊂ M is
a oriented link in M (the binding) and θ : M \ N → S1 is a locally trivial fibration
giving an angular coordinate near the binding.
An open book (N, θ) in M supports the contact structure ξ on M if there is a
contact form α for ξ such that:

N is positively transverse to ξ

dα is positive on the pages θ−1(t)

Theorem (Giroux)

Any two contact structures supported by the same open book are isotopic.
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Contact manifolds and singularities



The contact boundary of an isolated singularity The contact Milnor boundary of an application Milnor open books in contact boundaries

Open books and contact manifolds

How can one handle contact structures?

Legendrian surgery (Eliashberg, Gompf...)

Supporting open books (Giroux)

Definition (3-dimensional)

An open book in the oriented closed 3-manifold M is a pair (N, θ) where N ⊂ M is
a oriented link in M (the binding) and θ : M \ N → S1 is a locally trivial fibration
giving an angular coordinate near the binding.
An open book (N, θ) in M supports the contact structure ξ on M if there is a
contact form α for ξ such that:

N is positively transverse to ξ

dα is positive on the pages θ−1(t)

Theorem (Giroux)

Any two contact structures supported by the same open book are isotopic.

Clément Caubel Institut Mathématique de Jussieu, Paris
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Milnor open books in the contact boundary of an isolated singularity

Main example of the preceding notions:

Theorem (C,Némethi,Popescu-Pampu)

For any germ (X , x) of isolated singularity and for any function g : X → C having an
isolated singularity at x, the pair (N(f ), θ(f )) where

N(f ) := M(X) ∩ g−1(0) and θ(f ) := g/|g| : M(X) \ N(g)→ S1

is an open book in the boundary M(X) which supports the natural contact structure
ξ(X). It is the Milnor open book of g in the boundary of X

Application: proof that any two normal surface singularities with M(X1) ' M(X2) have
isomorphic contact boundaries.

Find fi : Xi → C such that the links (M(Xi ),N(fi )) are diffeomorphic.

Any two open books in M(Xi ) with binding N(fi ) are isomorphic.

Use Giroux’s theorem.
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N(f ) := M(X) ∩ g−1(0) and θ(f ) := g/|g| : M(X) \ N(g)→ S1

is an open book in the boundary M(X) which supports the natural contact structure
ξ(X). It is the Milnor open book of g in the boundary of X

Application: proof that any two normal surface singularities with M(X1) ' M(X2) have
isomorphic contact boundaries.

Find fi : Xi → C such that the links (M(Xi ),N(fi )) are diffeomorphic.

Any two open books in M(Xi ) with binding N(fi ) are isomorphic.

Use Giroux’s theorem.

Clément Caubel Institut Mathématique de Jussieu, Paris
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Milnor open books in the Milnor boundary of a function

Let f : (C3, 0)→ (C, 0) be a germ of analytic function. How to describe the Milnor
contact boundary (M(f ), ξ(f ))?

Proposition

If the germ g : (C3, 0)→ (C, 0) defines with f an isolated complete intersection
singularity in C3, then for 1� ε� |s| > 0 the restriction

arg gε,s : Mε,s(f ) \ (Mε,s(f ) ∩ V (g))→ S1

defines an open book decomposition which carries the natural contact structure on the
Milnor boundary of f . This is the Milnor open book of g in the Milnor boundary of f .

Example

The restriction of z to the Milnor boundary M(x2l+1 + y2) defines the open book
(Σl,1, Id). Unfortunately, #

k
(S2 × S1) admits only one tight contact structure up to

isotopy (Eliashberg, Colin). So this is the one carried by this open book.
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Contact manifolds and singularities



The contact boundary of an isolated singularity The contact Milnor boundary of an application Milnor open books in contact boundaries

Milnor open books in the Milnor boundary of a function

Let f : (C3, 0)→ (C, 0) be a germ of analytic function. How to describe the Milnor
contact boundary (M(f ), ξ(f ))?

Proposition

If the germ g : (C3, 0)→ (C, 0) defines with f an isolated complete intersection
singularity in C3, then for 1� ε� |s| > 0 the restriction

arg gε,s : Mε,s(f ) \ (Mε,s(f ) ∩ V (g))→ S1

defines an open book decomposition which carries the natural contact structure on the
Milnor boundary of f . This is the Milnor open book of g in the Milnor boundary of f .

Example

The restriction of z to the Milnor boundary M(x2l+1 + y2) defines the open book
(Σl,1, Id). Unfortunately, #

k
(S2 × S1) admits only one tight contact structure up to

isotopy (Eliashberg, Colin). So this is the one carried by this open book.

Clément Caubel Institut Mathématique de Jussieu, Paris
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