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\Structure of the Tutorial '

Lecture I: Root Counting and Homotopy Methods Isolate d
Lecture II: Numerical lrreducible Decomposition solution sets
Lecture Il1: Software and Applications hands-on session

Three lectures of 40 minutes ead. Two breaks of 15 minutes.

A.J. Sommese and C.W. Wampler: The Numeric al Solution
of Systems of Polynomials Arising in Engine ering and
Scienc e. World Scierti ¢ Press, Singapore, 2005.

This material is based upon work supported by the National Science
Foundation under Grant No. 0134611 and Grant No. 0410036.

Any opinions, ndings, and conclusions or recommendations expressedin this
material are those of the author(s) and do not necessarily re°ect the views of
the National Science Foundation.
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Lecture |: Root Counting and Homotop y Metho ds

1. Deformation Methods avoid the Discriminant Variety
2. Product Structures generalizeB®zout's Theorem
3. Newton Polytop es model SparseStructures

4. Isolated Singularities computed by De°ation

A homotopy is optimal if every path leadsto one isolated solution.
B#zouts theorem leadsto optimal homotopiesfor dense systems,
Bernshten's theorem givesoptimal homotopiesfor sparse systems,

If the coexcients are random enough...
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1. deformation

\Newton's Metho d'

Consider for examplef (x) = 0, x = (X1; X»):

8 2 3
< 2 . —
X{+ X2j 3=0 2X 1
f(x)= 17 72 @ _ 4 % 5 -
L X+ 01253 15=0 @& 1 0:125
Start at x°, solve £-(x%)¢ x = i f(x°), update x* = x°+ ¢ x.

Quadratic convergence If suxcien tly close and regular Jacobian.

Residual jjf (x°)jj measuresbackw ard error .
Condition number C of %(xo) measuresthe forw ard error

l.e.. if the coexcients are given with m digits precision,
then the error on x° can be aslarge asC10' ™.
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1. deformation

‘Homotop y with gamma tric kI

A natural choice of a homotopy to solve our exampleis h(x;t) =

0 1 0 1
x3i 1=0 X2+ X 3=0
o@ "1 A(lit)+@ ! 2! At=0;
x5i 1=10 X1+ 0:125%3% i 1.5=0
| {z } | {z }
start system target  system

wheret goesfrom Oto 1,and ° 2 C.

For almost all choices of ° 2 C, every isolated solution

of multiplicit y m is reached by exactly m solution paths.

If we take ° = 1, then at t ¥4 0:92 singular solutions occur.
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1. deformation

Av oiding the Discriminan tVarietyI

With Maple 9.5 we can compute the discriminant

> f = [x2 +y - 3, x + 1/8y"2 - 3/2];
[> g = [x*2 - 1, y*2 - 1]

[> h = [g[1]*(1-1) + f[1]*t,9[2]*(1-t) + f[2]*];
[> dh := Matrix(2,2,[diff(  h[1]x ), dif f(h [1] ,y) ],
[diff(h[2],x),diff(h 2] \y) 11 )

[> d := LinearAlgebra[Deter minant]( dh);
[> gb := Groebner[gbasis]( h[1],h [2],d ],p lex (X, y, 1)) ;
[> fsolve(gb[l],t,com ple Xx);

Elimination of x and y givesa nonzeropolynomial in t.

Elimination shows: only nitely many critical values for t.

Random choice of °© ) no critical values in [0;1].
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1. deformation

Coezcien t-P arameter Polynomial Contin uation I

Consider this \nontrivial example":

8
3 0:5(x5 + 4xoxz + x5) + a(x5x5i 1)=0

f(x) = > 0:5(x3 + 4x3x1 + X3) + a(x3x5j 1)=0

0:5(x% + 4x1X2 + X35) + a(x4x5i 1)= 0

from molecular chemistry, with parameter a.

For generic choices of the parameter a,

there are 16 regular isolated solutions.

Cheater's homotopy : substituting the parametersby random
complex valuesgivesa start systemfor an optimal homotopy
to compute all isolated solutions.
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2. pro duct

Multihomogenous B®zout num bers'

Partition X = (X1;X2;X3) Iinto ((X1); (X2); (Xx3)) and form degree
matrix A, A = (aij ), aj = dEdfi;Xj)Z

8 2 3
3 0:5(Xf+ 4xiXo + X5) + x5x57 1= 0 2 20
f(X)=B 0:5(x5 + 4XoX3 + X35) + x3x3) 1= 0 A=§O 2 2?,
0:5(x5 + 4x3X1 + X9) + x3x5j 1= 0 2 0 2

Permanen t of A via row expansionof A asin det(A) only with +:

per(A; ((X1):(X2);(X3))) = 2a.1) £ 2.9 £ 233
t 209 f 203 £ 23y = 16

The system f(x) = 0 can have at most 16 isolated solutions.
Notice: 16< 64= 43, the 1-homogeneousB§zout number.
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2. pro duct

‘Linear-Pro duct Start Systems'

Computing a permanert correspondsto solving a start system:

8
3 (Ca1 + Ca2X1) (Ca3 + CaaxX1) (Cgs5 + CgeX2) (Ca7 + CagX2) ¢1= 0
9(x) = 5 16(cua + C2x2) (Cia + CraX2) B(Cis + CieXa) (Cu7 + CraXa) = O

(C21 + C22X1) (Co3 + CoaX1) €1 €(Co5 + C26X3) (Co7 + C28X3) = O
where the coexcients ¢; are random complex numbers.
2 3
220 per(A; ((x1); (X2); (x3)))
A = g 0 2 2 = 20,1 £ 209 £ 2335
2 0 2 + 2(1;2)£ 2(2;3) £ 2(3;1) = 16

For almost all choices of the coexcien ts ¢; 2 C,

g(x) = 0 has exactly 16 regular isolated solutions.
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Recommended Background Literature I

E.L. Allgo wer and K. Georg: Numerical Con tin uation Metho ds,
an Intro duction . Springer 1990.
Volume 45 of Classics in Applied Mathematics, SIAM 2003.

L. Blum, F. Cucker, M. Shub, and S. Smale:
Complexit y and Real Computation . Springer 1998.

A. Morgan: Solving polynomial systems using contin uation for
engineering and scientic problems . Prentice-Hall, 1987.

T.Y. Li; Solving polynomial systems .
The Mathematic al Intel ligencer 9(3):33{39, 1987.

T.Y. Li; Numerical solution of multiv ariate polynomial systems

2. pro duct

by

homotop y contin uation metho ds. Acta Numeric a 6:399{436, 1997.
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3. polytop es

Solving Binomial Systems'

38 3 5
<

. xA=cix1 Xo] 2 1 = [1 1]:

Compute gcd(3;2) = 1= (+1) ¢3+ (j 1) ¢2to de ne M:
2 3 2 3

1 i1 1
M =4 ' " 5.dettM)=1 MA=4 5= U:
i 2 3 0O ;7

M denes a coordinate change yM = x) xA = yMA = yU,

g . .
i o8 g B i 2@ (9B
< xix3= yayh T ity = SO AR E oy
XPx = yiyh 2T yityg T =y T DRy 2 = ylyl 7

f (x) = 0 has exactly 7(= jdet(A)j) isolated reqular solutions
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3. polytop es

‘Supp orts and Newton Polytop es'

f=(a1f2) A = (A1;A)); supports of f
S 3o+ xax3+ 1=0 A1 = £(3;1);(1;2);(0;0)g
© XTHXXp+1=0 A, = f(4;0);(1;1);(0;0)g

The Newton polytop es:

pagell of 23



3. polytop es

‘The Cayley Trick'

f = gl;fz) A = (A1;Ay); supports of f
S 3o+ xax3+ 1=0 A1 = £(3;1);(1;2);(0;0)g
X7+ XX+ 1= 0 A, = f(4;0);(1;1); (0;0)g

A triangulation of the Cayley polytope hasthree cells:

(3,1,0) (1.2,0)

The crosssection contains a mixed subdivision of A.
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3. polytop es

Mink owski's Theorem and Mixed volumes'

Supports A; = 1(3;1);(1;2);(0;0)g and A, = (4;0); (1; 1); (0; 0)g.

P1 = conv(A1) and P, = corv(A,) are Newton polygons.

Mink owski's theorem applied: V (P1;P>) Is mixe d volume

area(, 1P1+ ,2P2) = V(P1;P1), 7+ V(P1;P2), 1,2+ V(P2 P2), 5
= 57+81,2+45:
Note: the areaof the unit triangle equalsone.

(1;2)+d ;1)

(0;0)+(1 ;2)

(0;0)+(0 ;0) ©:00+4 ;0)
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3. polytop es

‘The Lift and Prune Algorithm I

Assign an integer lifting to the points in A to obtain A= (/bl;/i?z):
Ry = £(3;1,1);(1;2,1);(0;0;0)g; R, = 1(4;0;0); (1; 1, 1); (0; 0; 1)

A mixed cell is spannedby two edges.Sinceit correspondsto a
facet of the lower hull of the sum of the polytopes,it is de ned by

oneinner normal v 6 0. One mixed cell is @D = (@1; @2):
8

O, = (1;2,1);(0;0,0)g; < h1;21);vi = h0;0;0);vi < h(3;1;1);vi
®, = £(4;0,0);(1;1;1)g; * h4;0,0);vi = H1;1;1);vi < h0;0;1); Vi
v=(1i 47);V(CY)=7 v satises linear inequalit y system

Linear programming prunes the tree of all edge-edgecombinations.
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3. polytop es

Polyhedral Homotopies induced by Lifting

Ry = 1(3;1;,1);(1;2;1); (0;0;0)g R, = £(4;0;0); (1;1; 1); (0; 0; 1)g
are lifted supéaorts, de ning exponerts of t:

< (1,3 1 (1) 2+1 1) ;0 —
XIXott + Cio X X5t + itV = 0
g(X,t)_ - C31 172 12 N1AD 00

@it + &2

- ) 2 C:

Inner normal v = (1;j 4;7) de nesxy = y;St, Xo = yosi 4, t = s
8
<

1 1 1
3 C(sl) yiya2s® + C(lz) y1ys + Céo) =

a(y;s) = . 2 2 2
C CaYit Clyiya+ Gyt st=0

After clearingthe s* from the secondequation, we obsene:

exp onent vectors of those terms whic h occur with s°

belong to the support of the mixed cell with inner normal v.
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3. polytop es

Bernsh te3n's rst theorem '

Let g(x) = O have the sameNewton polytopesP asf (x) = 0O,
but with randomly choosencomplex coexcients.

|. Compute V, (P): II. Solve g(x) = O:

1.1 lift polytopes : .1 introduce parametert
1.2 mixed cells , 1.2 start systems

1.3 volume of mixed cell 1.3 path following

I11. Coexcient-parameter cortinuation to solve f (x) = O:

h(x;t) = (1 t)g(x)+ tf (x) = 0; fort from Oto 1:

#isolated solutions in (C®)", C" = Cnf0g, of f(x)=0is

bounded by the mixed volume of the Newton polytop es of f.
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3. polytop es

\Bernsh te3n's second theorem I

X @Pi = conv(@A)

face of Newton polytop e

Theorem:If 8v 6 0, @f (x) = 0 has no solutions in (C*)",
then V (P) is exact and all solutions are isolated.
Otherwise, for V(P) 6 0: V(P) > #isolated solutions.

2 Newton polytopesin general position :
V(P) is exact for every nonzerochoice of the coetcients.
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‘Newton polytop es in general position I

<

. C111X1X2 + C110X1 + C101X2 *+ Ci00 = O
Considerf (x) =

2,2 _
Cp22XTX5 + Cp10X1 + Cp01X2 = 0

The Newton polytopes: ol
©© ¢

t Pq © ¢
] 0, ¢
@]

P>

3. polytop es

8vB 0: @A+ QAL - 3 ) V(Py1;Py) = 4 always exact

for all nonzerocoezxcients

Polyhe dral Endgames: the direction v of a diverging solution
path is normal to the facesof the Newton polytop esde ning

@f (x) = 0 and solution at 1 .
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3. polytop es

Recommended Background Literature I

.M.  Gelfand, M.M. Kaprano v, and A.V. Zelevinsky: Discriminan ts,
Resultan ts and Multidimensional Determinan ts. Birkh&Auser, 1994.

J.E. Goodman and J. O'Rourk e (editors): Handb ook of Discrete and
Computational Geometry . CRC Press, 1997.

R. Schneider: Convex Bodies: The Brunn-Mink  owski Theory .
Cambridge Univ ersity Press, 1993.

B. Sturmfels: Gr/obner Bases and Convex Polytop es. AMS, 1996.

B. Sturmfels: Polynomial equations and convex polytop es.
Amer. Math. Monthly , 105(10):907{922, 1998.

B. Sturmfels: Solving Systems of Polynomial Equations . AMS, 2002.
G.M. Ziegler: Lectures on Polytop es. Springer, 1995,
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4. de’ation

De’ation Operator D° reduces to Corank One'

Considerf (x) = 0, N equationsin n unknowns, N | n.

SupposeRank(A(zg)) = R < n for zp an isolated zeroof f (x) = O.

Chooseh 2 CR*1 and B 2 C"£(R*1) at random.

Introduce R + 1 new multiplier variables, = (, 1;,2;:::;, rR+1)-
8
3 f(x) = 0 Rank(A(x)) = R
D° (f)(x;,)::B AX)B, =0 +

h, = 1 corank(A(x)B) = 1

Comparedto the deation of Ojika, Watanabe, and Mitsui:
(1) we do not compute a maximal minor of the Jacobian matrix;
(2) we only add new equations, we never replace equations.

page 20 of 23



4. de’ation

‘Newton with De°ation { A Simple Example I

8 2 3
3 x°=0 2x 0
g é Zo = (0;0);m = 3
fy)=_ xy=0 AXyYy)=32 y X
3 Rank(A(zp)) = 0
y>=0 0 2y
We usea 2-by-1 random matrix B and one multiplier | 1:
8
f(X; =
5 3, (>;, y) 9 3
2x 0 by 0
D° (F)(X; Y3, 1) = y x L4 @15’1 = § ol
% 0 2y : 0
' hy,, = 1, random h, 2 C

D° (f)(x;y;,1) = 0 has(0;0;, 7) asregular zero!
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4. de’ation

'Newton's Metho d with De°ation '~
A

Input : f(x) = 0 polynomial system;
X initial approximation for x“;

. 2 tolerance for numerical rank. |
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4. de’ation

'Newton's Metho d with De°ation '~
A

Input : f(x) = 0 polynomial system;
X initial approximation for x“;

. 2 tolerance for numerical rank. |

2
[A*;R]:= SVD(A(Xk);?);
Xk+1 = Xk i AT (Xk);

Gauss-Newton
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4. de’ation

'Newton's Metho d with De°ation '~
A

Input : f(x) = 0 polynomial system;
X initial approximation for x“;

. 2 tolerance for numerical rank. |

2
[A*;R]:= SVD(A(Xk);?);
Xk+1 = Xk i AT (Xk);

Gauss-Newton

|
g 3 ° i ap P °
3 P P Yes
ﬁ P R = #columns( A3)’?3 i —— 1 Output  : f;Xkeq -
PPP 5 3 1 ,
P 3
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4. de’ation

'Newton's Metho d with De°ation '~

A
Input : f(x) = 0 polynomial system;
X initial approximation for x“;
. 2 tolerance for numerical rank. |
?,
_ | [A";R]= SVD(A(xk):?); Gauss-Newton
X1 = Xk i AT F(Xk);
3 |
2 3 3 a P P 0]
P
3 P Yes
% P PR = #columns( A3)73 P_- 1 Output & f; Xke1 .
3 1
Pp ps 3 ,
2o
f(x)=20 .
f:=D° (f)(x; )= ; De°ation  Step
G(x; )=0

.= LeastSquares (G(Xks1: ));
k:=k+ 1, x¢:= Xk; )
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4. de’ation

\A Bound on the Num ber of De°ations I

Theorem (Anton Leykin, JV, Ailing Zhao):
The number of de°ations needed to restore the
qguadr atic conver gence of Newton's method conver ging

to an isolate d solution is strictly less than the
multiplicity.

Duality Analysis of Barry H. Dayton and ZhonggangZeng:

(1) tighter bound on number of de°ations; and

(2) special casealgorithms, for corank = 1.

(Pro ceedingsof ISSAC 2005, pages116-123.)
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