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mology 3-spheres containing closed embedded totally gesidesurfaces.
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Chapter 1

Introduction and background

This thesis investigates the geometry and topology of hypeolic three-manifolds
containing totally geodesic surfaces. A theme in the studyf olosed three-manifolds
since its inception has been that much useful information oebe gained by cutting

a three-manifold apart along embedded surfaces and relajithe topology of the

resulting manifolds-with-boundary to that of the original W.P. Thurston extended

this philosophy to the geometric realm in his proof of hypedization for Haken

three-manifolds. An irreducible 3-manifoldM | one in which every embedded

2-sphere bounds a ball | is Haken if it contains an embedded essential surfac®

of positive genus, that is, one whose inclusio® I1 M induces a monomorphism
at the level of fundamental group. Thurston proved that ever atoroidal Haken

manifold (one without an essential torus) admits a hyperb@ structure. The

proof proceeds by rst cutting open such a manifold along anseential surface and
then using the description of the deformation space of hyp®olic structures on the
resulting manifolds-with-boundary, and the action on thigddeformation space of the
gluing map which identi es the boundaries, in order to nd canpatible hyperbolic

structures on each side.

A particularly simple hyperbolic structure on a manifold with boundary is



one in which the boundary istotally geodesicthat is with vanishing principal cur-
vatures. Any manifold-with-boundary M obtained by cutting open an atoroidal
Haken manifold admits such a hyperbolic structure, if in adtion it is acylindrical

| that is, if every copy of S! 1 properly embedded inM is homotopic into
0M | however, there is only one such structure in the entire posiive{dimensional
deformation space of hyperbolic structures oM! This is due to the fact that a
structure with totally geodesic boundary naturally extend to a hyperbolic struc-
ture on the doubleof M across its boundary, and Mostow rigidity now applies to
show that such structures are unique. This uniqueness prapemakes it unsur-
prising that it seems somewhat rare for a surface in a hyperiimHaken manifold to
be totally geodesic (this is equivalent to the structures oaither side having hyper-
bolic structures with matching totally geodesic boundarig). One may suspect that
hyperbolic Haken manifolds possessing totally geodesiafsices have some special

topological features; one re ection of this is the \Menasc®eid" conjecture.

Conjecture (Menasco-Reid, [35]) No hyperbolic knot complement ir53 contains

a closed embedded totally geodesic surface.

Work of several authors has established that many families e&yperbolic
knot complements inS® possess topological features which obstruct the existence
of closed embedded totally geodesic surfaces, however ikisertainly not true in
general, and the conjecture remains very much open. In fatis only recently that
hyperbolic knot complements with no totally geodesic surés at all, embedded or
immersed, closed or cusped, have been exhibited [11]. A cleapof this thesis is
dedicated to giving examples that show the analogous confere is false if one only
requires that the knot complements occur in manifolds withtte rational homology
of S8.

The thesis is organized as follows. The rst chapter is lar@edevoted to ex-

position, introducing notation and our particular perspetive on the subject. This



combines material from many well{known sources, notably (8, [38], and [45]. The
rst section of this chapter introduces hyperbolic manifalls with totally geodesic
boundary. We begin with the naive de nition that a hyperbolic manifold with
geodesic boundary is simply a manifold with an atlas of charhaps to hyperbolic
half spaces with isometric overlaps, and move quickly to ek this to Kleinian
groups via the standard tools of the developing map and holonomy represen-
tation H. The key theorem states that for a hyperbolic manifoldM with totally
geodesic boundaryp induces an isometric embedding & onto the convex core of
H"/H (myM). Next we introduce hyperbolicorbifolds with totally geodesic bound-
ary and describe the analogous theory. In particular, the alve theorem applies
verbatim in this case, replacing \manifold" with \orbifold", and \ ;" with \ n;’rb"
(which may have torsion, in contrast to the manifold case).

In the last section of Chapter 1 we prove a version of the Poiae polyhe-
dron theorem for gluings oftruncated polyhedra which produce hyperbolic man-
ifolds with totally geodesic boundary. The Poincae polykedron theorem gives
su cient conditions under which the identi cation space of a polyhedron in H"
by a scheme which pairs sides by isometries is a hyperbolibidold, and describes
the fundamental group of this orbifold in terms of the subgrep of IsomH") gen-
erated by the side{pairing isometries. We de ne a truncategolyhedron to be a
hyperbolic polyhedron with a speci ed collection ofexternal sides which do not
abut each other, and abut the other,internal sides at right angles. Concerning
internal side{pairings of such polyhedra | that is, schemes for pairing only the
internal sides | we prove the following analog of the Poincag polyhedron theorem

(a more precise statement is in Theorem 3 below).

Theorem. If an internal side{pairing of a truncated polyhedronP yields a com-
plete hyperbolic orbifold® “ith geodesic boundary, theR “is the convex core of
the quotient of H" by the group generated by the side{pairing isometries. This

group is subject only to the natural \edge cycle" relations.
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This is a fundamental tool which we use in the remainder of ththesis to
describe examples of hyperbolic 3-orbifolds with totallyepdesic boundary. While
we do not know of our particular formulation appearing prewiusly in the literature,
it would certainly not surprise any expert in Kleinian groups, and an ad hoc
argument in [42] displays all essential features of the prborhe exposition in this
section is designed to closely parallel Maskit's de nitivéreatment in [32].

Chapter 2 is devoted to an extended study of several in niteaimilies of hy-
perbolic orbifolds with totally geodesic boundary appeanyg in work of Paoluzzi-
Zimmermann [42] and Frigerio [17]. In [42], Paoluzzi-Zimmman construct an
in nite family On, n 3, of compact orbifolds with geodesic boundary. Notably,
Thurston's \tripus" manifold (Ch 3 of [50]) is a threefold branched cover 0f;. In
x2.1 we identify explicit generators in PSk(C) for the Kleinian groups associated
to O3 (Theorem 4) andO, (Theorem 5), and obtain as a corollary a description
of generators for the Kleinian group associated to the Trimu(Corollary 1). In
the following section we consider a familngD, g 2, of noncompact nite{volume
hyperbolic orbifolds with compact geodesic boundary covet by manifolds con-
structed by R. Frigerio in [17]. For eachg 2, we obtain an explicit description
of the Kleinian group associated toi)gD in Theorem 6, as well as its presentation.
Frigerio's orbifold O has a threefold branched cover which is the complement in a
genus two handlebody of the \Adams-Reid knot" of [6]. There kot complements
in S were constructed by gluing this knot to the tripus along theiboundaries, and
it was shown that the resulting surface was not totally geod&. Our perspective
supplies another proof by inspection of the totally geodesboundary structures
on either side, since they are nonisometric.

Section 2.3 contains a discussion of the doubles of these ifads and a
study of certain invariants of their associated Kleinian gyups. Among these in-
variants are thetrace eld andinvariant trace eld (a thorough discussion of these

may be found in [30]), which have recently been shown in somases to obstruct
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bering, and in others to obstruct the existence of totally godesic surfaces [11].
Here we explicitly determine these invariants for PaoluzZimmermann's orbifolds
03 and O4 (Theorem 7) and each of Frigerio's orbifoldﬁ)g'j+1 (Theorem 8). In the
nal section, we determine the cusped manifold®.. and O which are geometric
limits of the families f O,g and ngDHg, respectively, and explicitly describe their
associated Kleinian groups (Theorems 9 and 10, respectigel The geometric limit
supplies a convenient uniform platform from which to examim certain features of
the entire family, which perspective is useful in the folloimg chapter.

Chapter 3 is devoted to the production of counterexamples the \Menasco-
Reid conjecture for rational homology spheres" mentionedbave. The author has
previously published this material in [16]. Various strenifpenings of the Menasco-
Reid conjecture are known to be false, for instance there skilinks in S® with
hyperbolic complement containing a closed embedded totaljeodesic surface. The
rst such was exhibited by Menasco-Reid in [35], and Leinireg constructed k{
component links with this property for any k 2, as well as hyperbolic knot
complements inS® containing surfaces with arbitrarily small principal cunatures,

[26]. Our rst theorem of chapter 3 answers a \warm{up" quesbn.

Theorem (Theorem 12 below) There exist in nitely many hyperbolic rational

homology spheres containing closed embedded totally geicdeurfaces.

A hyperbolic rational homology sphere is a closed hyperbolmanifold with
the same rational homology a§? | in particular, it has rst Betti number equal
to 0. The primary interest of this theorem is that it shows tha a totally geodesic
surface does not necessarily contribute any homology to taenbient manifold. The
second main theorem gives examples of hyperboknot complementsin rational

homology spheres containing closed embedded totally gesidesurfaces.

Theorem (Theorem 11 below) There exist in nitely many hyperbolic knot com-

plements in rational homology spheres containing closed leedded totally geodesic
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surfaces.

A hyperbolic knot complement in a rational homology spheresia nite vol-
ume one-cusped hyperbolic manifold with the property thatte result of Dehn
Iling on some slope in a torus cross{section of the cusp yields aioat@l homol-
ogy sphere. Dehn lling of a cusped hyperbolic manifold is t#hprocess whereby
the cusp (which we recall is homeomorphic t§F2 (0,1 ), where T2 is the two-
dimensional torus) is truncated at some torus cross secti@md the resulting man-
ifold is glued to a solid torus (homeomorphic td? S?) via a homeomorphism
between their boundaries, yielding a closed manifold intohich the original hy-
perbolic manifold embeds as the complement of the core of tHing torus. The
topological type of the lled manifold is determined by the sotopy class of simple
closed curve which is identi ed with the boundary of a diskD? f pg | isotopy
classes of simple closed curves on the torus are calbapes

The theorem above provides in nitely many counterexampleso the direct
generalization of the Menasco-Reid conjecture to hyperbolknot complements in
rational homology spheres and, to the extent that knot compiments in rational
homology spheres resemble their counterparts 8¢, may be regarded as evidence
against the conjecture. We remark that homology seems to befairly coarse
measure of topological complexity of a three-manifold, sie in fact there exist
hyperbolic 3-manifolds with the samentegral homology asS®.

In the nal chapter we discuss various further questions wkh have arisen

in the course of our investigations and make some conjectare



1.1 Hyperbolic manifolds with geodesic bound-
ary

De ne the hyperbolic n{space to be the unique complete, simply connected Rie-
mannian manifold of constant sectional curvature -1. We wido computations in

the upper half{space model

H"=f (X1,...,%X) 2 R"jx,>0g

with Riemannian metric h, iy = % h, ig, where h, ig is the standard

Euclidean bilinear form
h(vi,...,Vn), (Wg,...,Wn)ig = ViWy + ...+ VW

on the tangent space to any point. Theangle between tangent vectorss and w is

[RVAVYAI

ﬁmwhere kvk =

de ned as usual to be the value in [0O1) of 8 so that cosd =
P hv, v i. Hyperbolic space is naturally compacti ed by asphere at in nity, in this
model consisting of R"™* f 0g)[flg topologized so that it is homeomorphic to
S"~1. This is denotedS?; . The geodesic hyperplanesf H"|that is, the isometric
embeddings oH"!|consist in the upper half{space model of Euclidean spheres
and planes intersectingR"™* f 0Og at right angles.

The isometry group Isom@") is generated by re ections in the geodesic
hyperplanes. Its action evidently extends continuously t&?;1, since re ection in
a geodesic hyperplane preserveRT ! f 0g) [flg . A nontrivial orientation{
preserving isometry oH"~? is classi ed aselliptic, parabolig or hyperbolicaccord-
ing to whether it xes a point of H", no points of H" and a unique point ofSH; %,
or no points ofH" and two of S™;™1, respectively. (These are the only possibilities.)

In three dimensions, the orientation{preserving subgrougs naturally isomorphic



to PSL,(C), whose action onH?® extends its action onS2, by Mebius transforma-
tions. The full isometry group ofH? is isomorphic to PSL(C) o hri, wherer is
the re ection in the vertical plane fOg R?. Although the trace of an element
of PSL,(C) is not well-de ned, the square of its trace is. A nontrivialelement
of PSL,(C) is elliptic, parabolic, or loxodromic if the square of its tace is in the
interval [0, 4), equal to 4, or otherwise, respectively.

An open hyperbolic half spacd is one component irH" of the complement
of a geodesic hyperplanéd. Its frontier (that is, its topological boundary as a
subset ofH") is H, and we de ne ahyperbolic half spacd3 to be the closure inH"
of an open half spac&J:

B=U=UJ[ H.

We de ne a hyperbolicn{manifold with totally geodesic boundaryo be a manifold-
with-boundary M which admits an atlas of chartsf ¢4: Uy ! B g to hyperbolic
half spaces bounded by geodesic hyperplartdg  H", so that the collectionf Uyg
coversM, each chart map satis epq(Ug\ dM) = ¢4(Us)\ Hg, and overlap maps
are restrictions of isometries.M is orientable if overlap maps may be chosen to
preserve orientation. Such an atlas gives a Riemannian mieton M of constant
curvature 1.

For a hyperbolic n-manifold with totally geodesic boundaryM and a xed
choice ofx 2 M and chartg: U! H" aroundx, a developing mapvhich is a local
isometry from the universal coverM to H"™ may be constructed by analytically
continuing ¢ along paths emanating fromx. D: M ! H" induces aholonomy
representation H: mM ! < Isom(H"), satisfying the following equivariance

relation: for x 2 M and y 2 (M),

D(y.x) = H(y).D(x).

We say M is completeif D: M ! H" is a covering map onto its image. This
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coincides with completeness of the Riemannian metric dv.

Lemma 1. For M acomplete nite-volume hyperbolic manifold with totallyepdesic
boundary, the developing map and holonomy representatioava the following

properties:

D maps M isometrically onto the intersection of a countable colléon of

hyperbolic half-spaces bounded by mutually disjoint gesidehyperplanes.

H mapsm;M faithfully onto a group of isometries acting discontinuou on
H".

Proof. By completenessD is a covering map onto a conveld -equivariant subset
of H". SinceD(M) H" is convex it is simply connected; hencB is an isometry.

Each component ofoM, covering a component odM, maps under the
developing map to a subset of a geodesic hyperplabein H". SinceD is a local
isometry, the image is an open subsél  H. | claim U is closed as well, and
hence all ofH. A point x in the closure is approached by a convergent sequence
of points in U, which pulls back and down to a convergent sequencedM. Since
M and hencedM is complete, this sequence converges to a pointdM, and the
appropriate preimage of this point maps tox under D. This proves the claim.

Let f Hyg denote the boundary components o1, and by a slight abuse of
notation the geodesic hyperplanes ¢42 which are their images under the develop-
ing map. For each component M, there is anH, for each conjugate of the image
of its fundamental group under the map induced by the inclusn M O M. For
eacha, the image offM is contained in one of the hyperbolic half{planes bounded
by Hg; denote this by By. Thus D mapsM to an open subset of By; this subset
is also closed by an argument like the above, so th&t(M) = \ B,. That the Hq
do not intersect follows from the fact that distinct bounday components of are

disjoint, since each such is mapped onto ad.
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It follows from the equivariance property above the statenm of the lemma
that = H(myM) acts discontinuously onD(M) = \ Bq, a convex subset oH". A
{equivariant retraction may be de ned H" ! D (ifv|), taking a point to its nearest
point in D(M). This implies that the action of on all of H" is discontinuous,
since any compact subset dfi" which intersects in nitely many of its {translates
would project to a compact subset oD(M) with the same property, contradicting

discontinuity of the action on D(M). O

A Kleinian group is simply a discrete group of isometries. lis easily seen
that discreteness is equivalent to discontinuity of the a@n on H"; hence for a
hyperbolic manifold M with totally geodesic boundary, = H(m;M) is a Kleinian
group. A fundamental object associated to any Kleinian grqu is its limit set
Lr S, which is the closure of the set of loxodromic xed points of . If
is nonelementary(that is, if Lr consists of more than two points), the limit set is
the minimal closed nonempty {invariant subset of S%;"%. Its convex hull in H"
is the minimal closed {invariant subset of H", whose quotient is theconvex core
of H"/ ; that is, the minimal convex submanifold which carries thefundamental
group. The complement oL in S% ! is the domain of discontinuity , the largest

subset on which acts discontinuously. In fact, acts discatinuously on H" [

Theorem 1. Let M be a complete nite volume hyperbolic manifold with totally
geodesic boundary, and let be the image oft;M under the holonomy representa-

tion. The developing map induces an isometry froml to the convex core oH"/ .

Proof. Let Dy  S:! be the open disk in the complement 0B, with notation
as above, where the closure is taken in the closed unit bad" [ S%%. Then
\ Bg\ St =St ([ Dg). SinceM contains the convex core ofi"/ , the limit

set L is contained inS™! ([ Dg). Now suppose there is somg 2\ \ Bg.

Then by discontinuity there is an [g1> 0 for which a closed (Euclidean) ball of

10



radius less thanlglabout x intersects its {translates only nitely many times. By
taking [Csmall enough one can insure that the closediheighborhood is disjoint
from its translates. Thus this ball injects into H"/, and its intersection with
\ By injects into M. But the intersection with \ By has in nite volume in H", a
contradiction to the fact that M has nite volume. Thus the limit set is all of
\ B4\ S, and the theorem follows.

O

Kojima has proved the following theorem in all dimensions. nl dimension

three it is an immediate corollary of the above and Ahlfors' niteness theorem.

Theorem (Kojima). The boundary of a complete nite volume hyperbolio{

manifold with totally geodesic boundary is a nite volume Ipgrbolicn 1{manifold.

1.2 Hyperbolic orbifolds with geodesic boundary

Any hyperbolic isometry of nite order xes a point of H" by the Brouwer xed-
point theorem, since it preserves the convex hull of a pointioit, which is homeo-
morphic to a ball. Thus for a hyperbolic manifold with bounday M, the associated
Kleinian group = H(m M) is torsion{free, since elements of the fundamental
group act by covering transformations (in particular, wittout xed points) on a
convex subset oH". It is frequently convenient to broaden the class of spaces-u
der consideration to include such objects as the quotient afhyperbolic manifold
by a discrete group of isometries which does not necessaidgt freely. For this
reason we introduce hyperboliorbifolds with totally geodesic boundary, which
roughly speaking are spaces locally modeled on quotientshaflf spaces by nite
groups of isometries.

The theory of hyperbolic orbifolds with boundary follows tle contours of the

theory for manifolds, but at each step the extra local struatre adds complication.

11



Below we rst de ne a smooth orbifold with boundary and then sy what it means

to have a hyperbolic structure.

De nition. A smooth orbifold O with totally geodesic boundary is a second{
countable, paracompact topological spa2&, together with an atlas of chart®;: U; !

8/ ; satisfying the following conditions

1. For eachi, U; Xo is open andg; is a homeomorphism ofU; onto the
guotient of an open subsef; of a half space ofR" by a nite group ; of

di eomorphisms preservings;.
2. The collectionf Ujg covers X and is closed under intersection.

3. If Ui U;, there is an injective homomorphismfi: ;! j and an fj;{
equivariant smooth embeddini;: 8; ! 8; (that is &;(y.x) = Fij(y).§ij(X)

for x2 Ui andy 2 ;) so that the following diagram commutes

8 Mj

Here @j; is the map induced byg;;, taking the equivalence clagx] of x 2 8;
to the equivalence class @;;j(x) under the action offjj( ;) and then further
projecting to the equivalence class under the action of afl o;. The bottom

horizontal arrow is inclusion.

Two such atlases generate the same orbifold structure if ithenion satisi es the

criteria above.
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This was written to precisely extend Thurston's original denition ([50],
x13.2) to orbifolds with boundary (cf. page 23 of [14]). We takthe boundary
00 of such an orbifoldO to be the set of points which admit a chart map to the
equivalence class of a point in the boundary of a half spaceydathe interior of O
isO 90. Forapointx2 O and achartg: U! 8/ around X, the local group

x at X is the subgroup Stalp(®) for some preimages 2 8 of ¢(x). By condition
(3) and the observations above, this determines a well{deed conjugacy class of
subgroups of Isomi"). The order of x is the order of the local group atx. If this
is one, X is said to beregular. Otherwise X is singular; the set of all such points is
the singular locus

An orbifold with boundary is hyperbolicwith totally geodesic boundaryf it
has an atlas in which all charts map to quotients of open suliseof hyperbolic half
spaces by discrete groups of isometries, and the embeddiggsof condition 3 are
isometries. The fact that isometries of open subsets idf' extend uniquely to global
isometries implies certain simpli cations in this case. Th following lemma relates
a condition which more closely resembles the \overlap map"ecition for hyper-
bolic manifolds, and sometimes replaces condition 3 in the aition of hyperbolic
orbifold (eg. in [45],x13.2).

Lemma. An orbifold is hyperbolic with totally geodesic boundary dnd only if
it has a covering of chart maps U;, g mapping to quotients of open subsets of
hyperbolic half spaces by hyperbolic isometries, andJif\ U; & ; then for x 2 8;
andy 2 8; with ¢; 07 ( iX) = j¥, there is an isometryg taking x to y which lifts

the overlap mapnp,-cpi‘l in a neighborhood oix.

Proof. SupposeO is hyperbolic with totally geodesic boundary. Then ifU; =
Uj\ Uy, we may takeg to be the isometry ofH" extending §; &;'. This carries
Bk to intersect 8; in &;(8;) and lifts @; (@xju,)™*: @(Ui) ! @;(Ui), hence

satisfying the statement of the lemma.
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If O satis es the statement of the lemma andJ;  Uj, then xing x 2 8,
we claim that the isometry g supplied by the hypotheses of the lemma plays the
role of both ; and fi; of condition 3, letting fij(y) = gyg~* fory 2 ;. This
follows directly from the equivariance condition and the fet mentioned above the

lemma. O

Coverings of orbifolds may be de ned as well; these are cosén the usual
sense on the complement of the singular locus, but may branelh points of the

singular locus.

De nition.  An orbifold covering® ! O consists of an onto mapXe ! Xo which
respects the orbifold structure in the following sense: eygoint x 2 O has a chart
neighborhoodU for which every componenV of p~1(U) is a chart neighborhood

such that the following diagram commutes

] O
V qJl@/
p m
0 N
u—Igs .

Hereg: U! 8/ andy: V! @/ “are chart maps, “ is a subgroup, and

T is the natural projection.

As is the case with manifolds, each orbifold has aniversal orbifold cover;
that is, a coverm: @ ! O with the universal property that m factors through

any other cover ofO. Thus for any orbifold coverp: O"! O, there is a covering

14



nt @ ! Oso that the following diagram commutes.

We note that @ has little to do with the universal cover of the underlying tgo-
logical spaceXp. Indeed, in the next chapter we consider examples for whiche
underlying topological space i§2, but the orbifold universal cover isH2. The orb-
ifold universal cover is regular, in the sense that two preiages of a pointx 2 O are
related by an isometry of@ which commutes withmt. The group of such isometries
is called theorbifold fundamental groupof O, denoted$™(0), in analogy to the
case of a manifoldM, where the deck transformation group of the universal cover
is isomorphic tomy (M).

A standard construction of the universal orbifold cover céécts information
about lifts of paths to H", in much the same way that the universal cover of a
manifold M may be de ned as the set of homotopy classes rel endpoints @ltips
in M starting at a speci ed base point. Because of the local strture, in the
orbifold case the lift of a path throughx 2 O is not determined simply by a
choice of chartg around x if the local group atx is nontrivial. For this reason we
de ne a path based atx 2 O to consist not only of a continuous mapl ! Xpo
based atx, but also a set of charts covering the image, a choice of lifbrf each
chart, and a selection of gluing maps between adjacent chanvhich preserve lifts.
® is then de ned to be the set of paths based at a xed basepoint, up to an
equivalence relation which includes a notion of homotopylrendpoints. The details
of this construction are in Chapter 13.3 of [45], in the emptpoundary case, and

it extends to the geodesic boundary case without requiringifther comment.

15



With this construction, m¢™(0) is de ned to be the group of closed paths
at Xp, with the group operation being concatenation, as usual. Ehcovering pro-
jection ® I O and the action of n{™(0) on @ by deck transformations follow
easily. Furthermore, a developing ma: @ ! H" is easily de ned by analytic
continuation. A holonomy representationH : ™ ! Isom(H") which commutes
with D is also de ned. Each boundary component o0® maps to an open subset
of a geodesic hyperplane, and hence th&t maps onto an open subset of some
intersection of geodesic half spaces @df'.

As in the manifold case, we say) is completeif the developing map is a
covering onto its image. In this case, results analogous t@inma 1 and Theorem

1 hold. We collect them in the following theorem.

Theorem 2. Suppose is a nite volume hyperbolic orbifold with boundary. Then

the following holds.

1. D maps ® isometrically onto the intersection of a countable colldon of

hyperbolic half spaces bounded by mutually disjoint geadds/perplanes.

2. H maps "™ isomorphically onto a Kleinian group , and D induces an

isometry betweerD and the convex core oH"/ .

Proof. The proof is analogous to the proofs of Lemma 1 and Theorem 1. O

1.3 The Poincae polyhedron theorem

A fundamental tool for giving examples of hyperbolic orbifids, especially in low
dimensions, is thePoincae polyhedron theorem which describes the relationship
between an orbifold obtained by gluing in pairs the faces of eonvex polyhe-
dron and the group generated by the isometries realizing the face{pairings for

some embedding of the polyhedron if". This theorem was originally stated by
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Poincae for two{dimensional polygons, but his proof appeently had a gap. The
gap was de nitively lled by Maskit, who gave a proof of the aralogous theorem in
three dimensions as well [31]. Morokuma proved a version it dimensions [39],
and a fully general statement and proof were given in [32]. Hewe parallel this
treatment to prove a version of the theorem for manifolds wit totally geodesic
boundary. Once notation has been established, and with thédaof a few lemmas,

this follows quickly from the without{boundary version.

De nition. A hyperbolic polyhedron is the (nonempty) intersection ofpen hyper-

bolic half spaces bounded by a locally nite collection ofagiesic hyperplanes.

For every hyperbolic polyhedronP there is a unique minimal countable
collection of geodesic hyperplandd; and associated half spaceB; such that the
closureP = T Bi, with the additional property that for each i, P \ H; contains
an open subset oH;. The sidesof P are the interiors in the H; of subsetsP \ H;,
for such a minimal collection ofH;. Each of these are themselves polyhedra ki,

so polyhedra of one lower dimension, being of the form
!
\
Int Hi\ B;
jEi
The side of a side oP we will call a edgeof P. This is a codimension two convex
polyhedron of the formH;\ H; for two distinct hyperplanes in the above collection.
In general we will callfacesof P the convex polyhedra obtained by iterating the
operation of taking sides as above.

It follows from the de nition above that a edgeR of a polyhedronP is the
intersection of exactly two sidesS; and S;. The geodesic hyperplanebi; and H;
containing S; and S; divide H" into four components, one of which contain® .
For a point x 2 S;\ S;, de ne v; and v; to be the unique normals inTyH" to the

tangent planes toH; and Hj, respectively, chosen so that they point away from
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P. De ne the dihedral angleof R to be 8 = m a, wherea is the angle between
v; and vj. This does not depend on the choice of since H; and H; are totally
geodesic.

In the context of hyperbolic manifolds with totally geodesi boundary we

will work with truncated hyperbolic polyhedra.

De nition. A truncated hyperbolic polyhedron is a hyperbolic polyhedr whose
sides have been divided into two classes, internal and emr#dr such that each
external side abuts only internal sides, and the dihedralgle of each edge bounding

an external side isn/2.

We call any lower{dimensional face oP external if it is contained in an
external side andinternal otherwise, and similarly for points ofP. An internal
side S of P is itself a truncated polyhedron, with external sides corsponding to
external edges oP bounding S. To each truncated polyhedronP we associate a
polyhedron EP, the expansionof P, obtained by intersecting only the hyperbolic
half spaces corresponding to geodesic hyperplanes coritainthe internal sides of
P. It follows from the de nitions that P is a convex subpolyhedron oEP, and
each face oEP contains a unique internal face oP. The relationship betweenP
and EP is the main tool we use to transfer facts about boundaryless/perbolic
manifolds to the geodesic boundary case. The following lerammecords the key

aspects of this relationship.

Lemma 2. The components ofEP P are in one-to-one correspondence with
external sides ofP, and the component associated to an external si@eis homeo-

morphictoS (0,1 ), with second coordinate given by distance ®.

Proof. Consider an external sideS of P and the collectionf Sy, S,,...g of sides
which it intersects (all of which are internal, by de nition). For eachi let H; be the

geodesic hyperplane containing;, and let B; be the hyperbolic half space bounded
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by H; which containsP. The geodesic hyperplandéd containing S intersects the
H; perpendicularly and divides '(I' B;) into two components. De ne Cs to be
the component of (T Bi) H which does not containP. We claim that Cs is a
component ofEP P.

To see this, consider the polyhedro® “which is the intersection of all half
spaces from the construction oP, except forB. If Cs is not entirely contained
in P then there is a geodesic hyperplane “containing a sideS“of P not among
the S; speci ed above, which also contains a side @fs\ P SinceS"is a side of
P, in particular it is contained in (T Bi)\ B. Thus H"has points of intersection
with T B; on either side ofH; however sinceS”does not intersectS, H™\ H is
excluded from E- Bi)\ H = S. But since H"contains the geodesics between its
points of intersection with T B; on either side ofH, this is contradicts convexity
of H. Thus Cs is entirely contained inP" EP. Itis easily seen thatP separates
Cs from the remainder ofEP, sinceS P separatesCs from the remainder of

Bj, which contains the remainder oEP  P. This proves the claim.

To establish the one-to-one correspondence between comgris of EP P
and external sides oP, it only remains to note that eachx 2 EP P is separated
from P by some external side5, by de nition of EP. Thus x 2 Cs.

In order to prove that Cs is homeomorphic toS (0,1 ), we introduce the
retraction of rs: H" ! H which maps a point to the nearest point oH to it. For
any x 2 H, rg*(x) is the geodesic throughx perpendicular to H. Since eachH;
intersectsH perpendicularly, B; is precisely the preimage under this retraction of
its intersection with H. It follows that Cs is one component ofgl(S) H. For
any xed d > 0, consider the collectiorCs(d) consisting of points ofCs which are
distanced away fromS. This maps ontoS under r, since for any pointx of S one
can go out a distance ofl in the appropriate direction along the geodesic through
x to nd a preimage in Cs(d). And the mapping is 1{1, since there is only one

way to do this.
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Our analog of the Poincae polyhedron theorem concerns miéolds with
totally geodesic boundary obtained by identifying the intenal faces of a truncated

polyhedron in pairs by aninternal side{pairing.

De nition  (c.f. [32], IV.H.2). An internal side{pairing for a truncated hyperbolic
polyhedronP is a collection of isometries gs: S 2 S g, indexed by the collection

S of all internal sides ofP, with the property that for eachS 2 S,
1. there is a sideS"in S with gs(S) = S&
2. the isometriesgs and gso satisfy the relationgso = gg’;
3. P\ gs(P)=;; and

4. for each internal sideS of P, gs: S ! S"is an isometry of truncated
polyhedra|that is, g¢s takes internal (resp. external) edges d? bounding

S to internal (external) edges bounding"

This mirrors Maskit's de nition of a side{pairing of a polyhedron, except
that in this de nition the external sides are not identi ed. Also new is condition
(4) above, from which it follows that the sets of internal andexternal faces oP are
preserved by the side{pairing. An internal side{pairing ofa truncated polyhedron
P generates an equivalence relation on the elementsRofwherex 2 P andy 2 P
are equivalent if there is some sequence of side{pairingnsetriesgs,, ..., Js, such
that (gs, Us,)(X) = y. Call the identi cation space P 5’ equipped with
the quotient topology so that the projectionp: P ! P Hs continuous. We call
x=£ p(x) external if x is external andinternal otherwise. By condition (4) above
this does not depend on the choice of 2 p~%(xY! and we denote bydP “the

collection of external points ofP -}
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Lemma 3. An internal side{pairing for a truncated hyperbolic polyhéron P in-

duces a side{pairing (in the sense of Maskit) of its expansidEP .

Proof. Let S and S"be internal sides ofP, paired by gs. By de nition of EP
there are sidesES and ES”of EP containing S and SY Since the side{pairing
is internal, for each external sideR of S (of the form R = E\ S, whereE is an
external side ofP) there is an external sideR"of SPwith gs(RY) = R. Applying
Lemma 2 to S and S it follows that gs takes the componentCro of ESY S
isometrically to Ck  ES S. This is because each point d€ro is determined by
a point r“2 RYand a distanced 2 (0,1 ), and sincegs is an isometry the image
of this point is the point determined by the pointgs(r’y = r 2 R and d. Hencegs
takes ES"isometrically to ES.

Ll

Since an internal side{pairing takes internal edges to inteal edges, the
equivalence relation above induces an equivalence relation the set of internal
edges. The equivalence classes we aaternal edge cycleslf an internal edge cycle
of P is nite, then it may be enumerated asfey,...,en0, by choosing an initial
edgee; and internal sideS; containing e;. S; is paired to an internal sideS;’by the
side{pairing gs, ; let e, = gs,(e1), and denote byS, the other side ofP containing
e,. Now iterate this process until arriving back at the pair €;,S;). This gives a
sequence ey, ...,e g of edges, a sequendes, ..., S,g of sides, and a sequence
fg1,...,0ng of internal side{pairings whose salient feature is thah = g, 01
preserves the pair €;,S;). The dihedral angle sumof such a nite internal edge
cycle is

B([ei]) = 6.+ ...+ Bn,

where; is the dihedral angle of the edge;.

De nition.  An internal side{pairing of a truncated polyhedronP is admissible if

it satis es the following additional conditions.
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1. For eachx in P, p~%(p(x)) is nite.

2. For each edge cyclégi], 8([ej]) = 2/t for somet 2 N, and the associated

transformation h satis es the edge cycle relatiom® = 1.

Admissible internal side pairings yield hyperbolic orbifllls with totally
geodesic boundary. We prove this below using the followingrstruction due
to Maskit (cf. [32], IV.H.7). For an admissible internal sig{pairing of a truncated
polyhedronP de ne a group G-by the presentation

G+ hfgsjS an internal side of B j fgs = gsag [f h*=1gi.

By admissibility of the side{pairing, the subgroupG of Isom(H") generated by
the side{pairing isometries satis es the relations ofz5'and we call the induced
epimorphismo: G™ G. Give G the discrete topology, and consider the quotient
of G P by the equivalence relation generated by makinggf; %) and (g, %)
equivalent if there is a side{pairingf with f(x;) = x, and g;= g~ £~ as words
in GX'De ne X ™o be this quotient, equipped with the quotient topology.

There is a natural mapq: X~ P Snduced by projection to the second
factor followed by p, and anotherr: X™1 H" given by r(g5%) = o(gH{x).
Furthermore, G-acts on X by homeomorphisms viag-{h5x%) = (g*H5%) and r
commutes with the action ofG™lndero. This displaysP “as a hyperbolic orbifold
with totally geodesic boundary, withq: X~ P Hts universal orbifold cover and
r: X= H" the developing map. This is the content of the lemma below. dt

statement parallels Maskit's Lemma IV.H.12.

Lemma 4. For an admissible internal side{pairing of a truncated polyedronP,
every pointx=2 P Hhas a neighborhootd whose inverse image*(U) is a disjoint
union of relatively compact open setél,. Furthermore, for eacha, rjUy is a

homeomorphism onto a convex subset of a hyperbolic half spadth bounding

22



hyperplaneH, and r(Ug\ q 3(0P 5} = r(Uy)\ H.

Proof. The key point is that an admissible internal side pairing oP induces a side
pairing of its expansionEP which satis es Maskit's conditions () through (vi) on
pp. 73{75 of [32]. Thus Maskit's contruction applies tacG~ EP, constructing a
spaceE X Hnto which X “&mbeds, and to which Lemma IV.H.12 may be applied
directly. The mapsq: X~ Ptandr: XH H" factor through the embedding
X O EX, and X is invariant under the G{action on EX.

For eachx™2 P 5'Lemma IV.H.12 furnishes a neighborhood, which we will
call 8, of x in EP “with the property that preimages 8, in EX~are relatively
compact and map homeomorphically to convex subsets Hf'. 8 is constructed
from &{neighborhoods of preimagep(x) 2 EP, where? is less than half the
minimum of the distances of each such preimage from the otlseand the sides of
EP in which it is not contained. If x*2 P 9P, taking d to be smaller than
the distance of each preimage to the collection of externaidss, in addition to
the above requirements, yields a subneighborhoddt 8\ P “Wwith the same
properties.

If x=2 0P 5 'then taking 3 to be smaller than the minimum of the distances
of each preimage to the other external sides, as well as thecab requirement
yields a neighborhood 8 of x“ih EP Sland we claim thatU = B\ P Satis es
the statement of the lemma. To see this, enumerate the preimgesxy,...,Xx 2 P
of x5'each of which is in the closure of a unique internal sid®; contained in a
geodesic hyperplanéd;. Fori > 1, letg/2 G identify x; to x;, and let g; = og;~’
The setp™X(8) EP is a disjoint union of components?, around the x;, and the
proof Lemma IV.H.12 asserts that each preimag8, under g is a G {translate of
the neighborhood ) !

b= 01 (@B
i=2

which is a neighborhood of (1x;) in EX %’ Furthermore, rjB is a homeomorphism,
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for B, in particular onto a neighborhood ofx;. In each casey; must take H; to
H since it is a composition of internal side{pairings, each afhich preserves the

collection of external sides. Thus
I

’ !
U= B\ XTE @, 00\ P [ (g™, 9\ P)
i=2

maps tor(0;)\ B, where B is the half space determined byH, with boundary
points taken to H. Sincer is G{equivariant, it follows that all such neighborhoods
have the same property.

]

The Poincae polyhedron theorem is simply the consequenad Lemma 4

when the quotient spaceP “is complete.

Theorem 3. If an admissible internal side{pairing of a truncated polykdron P
yields a complete quotient orbifold® —Wwith geodesic boundary, thew is an iso-
morphism of GHwith a Kleinian group G and the mapr above is an isometry of
X Hwith the convex hull ofo(GY'in H". In particular, r induces an isometry of
P Hwith the convex core oH"/o(GY!
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Chapter 2

Examples

2.1 The tripus and friends

In this section we apply the Poincae polyhedron theorem teompute some Kleinian
groups associated to a family O, g, n 3, of compact hyperbolic orbifolds with
totally geodesic boundary constructed by Paoluzzi-Zimmarann [42]. For each,
O, is the orbifold with geodesic boundary indicated in Figure .2. For k rela-
tively prime to n, Paoluzzi{Zimmerman describe a hyperbolic manifold, x with
geodesic boundary which is am{fold branched cyclic cover ofO,. In particular
M3, is the \tripus" constructed by Thurston in his notes [50] (se Ch. 3). Here
we compute Kleinian groups associated t®; and O4, and as a corollary of the
description of O3 obtain a description of generators for the tripus group.

In Figure 2.1(a) is a picture of the underlying topological gace, the three-
dimensional ballB2, with the tangle pictured corresponding to the singular loas.
The label n by each component of the singular locus denotes a cone andl@n/n
around it. For eachn 3, Paoluzzi-Zimmermann constructO, by an internal
side{pairing of the \truncated tetrahedron" in Figure 2.1(b), so called because it

is obtained from a tetrahedron by cutting o open neighborhods of the vertices.
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Figure 2.1: The orbifoldO,

In the truncated tetrahedron the external faces consist poésely of the triangular
ones, hence all of their edges must have dihedral angl& and the dihedral angles
of the remaining edges are prescribed by the vertex anglestloé triangular faces
as shown.

In [42] values fora and 3 depending om are prescribed so that the following
internal side{pairing is realized by isometries. Denote bi the rotation about the
\back" dashed edge which takes the right back face to the lefine; then any point
on this edge is an edge cycle. Calt the identi cation given by rst rotating
the top front face clockwise by #/3 and then taking it to the bottom front face
by a rotation about the horizontal edge. In order forx to be realizable as an
isometry, all internal edges of the front hexagonal faces siuhave identical length.

Paoluzzi-Zimmermann show this occurs if and only if

cos(2t/n)

cotB=cota+ —.
cosasina

(2.1)
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The edge cycle associated to a point on any internal edge butet dashed one

includes all others, and the dihedral angle sum isod+ 23. We have

Theorem (Paoluzzi-Zimmermann) For eachn 3 there are uniquea, and 3,
satisfying 4a, + 2B, = 21n/n and (1) above, and an isometric embedding &%, in

H? with these dihedral angles. The group, generated byx and h satis es
n=hx,hjh"=(hxhx?)"=1i.

The convex coreD,, of H3/ , is a hyperbolic orbifold with totally geodesic boundary
homeomorphic to the tangle of Figure 2.1(a), with singulaotus taken to the tangle

strings.

The proof that , has the above presentation follows from the Poincae
polyhedron theorem. Here we choose a particular embedding B, and write
down the generators of , for n = 3 and 4. To make this choice, we note that
P, has commuting re ective symmetries; in Figure 2.1(b) thesare re ections in
planes perpendicular to the page through the dashed verticadge and the bold
horizontal edge. We choose the embedding so that these plarere the vertical
geodesic hyperplanes ovaR and R, respectively. These planes intersect in the
geodesic between 0 andl , which intersectsP, in a geodesic arc connecting the
dashed vertical edge of Figure 2.1 to the horizontal edge, rpendicular to both.
The embedding is determined by choosing the bottom endpoiof this arc to occur
at(0,1)2 C R".

Next we assemble geometric information aboWR,, to be used to compute
representations forh and x. Paoluzzi-Zimmerman compute that the sides paired

by x have internal and external edges of lengthB and C, respectively, satisfying

coshC cosa cosp
coshB= ——— coshC = ———
coshC 1 sinasinf
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(See [42], p. 116.) Additionally, we compute the length. of a perpendicular
bisector from the center of one of these sides to the midpoiaf an internal edge,

as pictured in Figure 2.2.

Figure 2.2: An internal face ofP,

In the hyperbolic metric the pictured hexagon has all right agles, since
external and internal edges oP, meet at right angles. Thus the quadrilateral
in the gure with side labeled L has all right angles but at the labeled vertex.
Note that the side of this quadrilateral oppositeL has lengthC/2. A standard

hyperbolic trigonometric formula for such quadrilateral{see eg. [45], Thrm 3.5.7)

yields -
COShL = EEM = pzj }(COShC + 1) - 2 CCiS (-[/n) .
3/2 3 2 3sina

We also computate the distance between \front" and \back" iternal edges of the
truncated tetrahedron. With our embedding ofP,, this is the length M of the arc
on the geodesic between 0 arid in the cross{section oP,, through the hyperplane
H lying aboveiR, as pictured in Figure 2.3.

Let A be the length of the pictured edge oH \ P,. (Warning: although
our notation is otherwise consistent with that of [42], thee A refers to a di erent
quantity.) This edge lies in an external side oP,, as the geodesic arc between a

vertex with angle 21/n and the midpoint of the opposite edge of the side. Using the
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Figure 2.3: A cross{section oP,

hyperbolic law of cosines (see eg. [45], Thrm 3.5.4) to mdl and the trigonometric

formula for quadrilaterals to computeM yields

cosa coshA
CoshA = W coshM = sinp

In order to write down matrices forh and x, we require the following stan-
dard facts. Elliptic elements of PSL(C) xing i are of the form 3 % , where
a and b are real numbers witha? + b?> = 1. Furthermore, such an element ro-
tates by 0 in a right{handed direction around its axis oriented fromi to i, where
el®2 = a+ bi. We call this elementpy. The corresponding elliptic which rotates

by 6 around an axis from 1to 1isgs = &,

. Finally, the hyperbolic ele-
ment which translates upward along the axis between 0 antl with translation
length A > 0 is of the formTy = §,% , wherer is the root of the polynomial

x*  2(coshA\)x? + 1 which is greater than 1. Solving this polynomial gives
r= coshA+sinh A = eV<,

If A <0, we taket, = r|;|1 to be the hyperbolic element translating downward by
jAj along the geodesic from 0 td . (A hyperbolic element of PSL(C) is simply

one with a real trace.)
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For the side{pairing isometries of our embedding d?,, we haveh = p,;/n,
since the bottom edge oP,, (the dashed edge of Figure 2.1(a)) lies on the geodesic
from i to i by our choice of embedding oP,. We write x = e?f, wheree =

Tv Op Ty,

is the elliptic rotating around the top edge ofP, and f rotates the
appropriate internal face ofP,, clockwise by Zi/3. In Figure 2.1(b), this is the top

hexagonal face with all bold edges, and we hafe= e~ Ty— Pons3 Ty, €. This

gives
X = €Tyt Porsa Tyyoy € (2.2)
= Tm Op T,\_Al TM-L P2n/3 T|\]1—|_ Tm Op Tl\]l (2.3)
= Tm Op T-L P2rs3 T Op Ty (2.4)

One may in principle use the above to compute matrices forand x foranyn 3.

We carry this out for n =3 and n = 4 below.

Theorem 4. Oj is isometric to the convex core oH3/ 3, where 3 = hh,xi <
PSL,(C) with h and x given by

0 v 1 VS v. P——« 1
1 3 3 + i( 3+1) C2+3 3 X1o
h=@ 2% A x=@* 42 v v P—A
-3 1 3 -( 3+1) ,~2+3 3
2 2 X21 2 1 232
where
11} q pi ! q #
_ p= + pP=
XlZ:Z&_é 4+3p3+2 2+3 3 i 321 2+ 2+3 3)
11} q p ! q #
1 p_ P . " 3+1 P_
x21=21|9—é 4+3 3 2 2+3 3+i —pz— (2 2+3 3)

A presentation for this Kleinian group is 3= hh,x j h® = (hxhx™2)3=11.

Proof. The presentation for 3 is a direct consequence of Paoluzzi-Zimmermann's
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theorem in the casen = 3. In order to compute the representation, we collect the
relevant geometric data from above in this case. We hawe= 1n/12 and3 = n/6
(see [42], p. 117), and hence

p_
P3 3+ 3
coshC=3+2 3 coshB = 4
S
coshL =2 m— 2 +n2p§
p 3 6 p
1+ 3 2+2" 3
COshA = — coshM = 5
The matrices we use from above are now
0 v i 0 4 v 1
1 _3 3 H1 i -1
h = pansz = @_3/, iA Op = Oy = @ i2 2 ) v2 12 A
2 2 22 22
0 1
v, 9 _—x -2
2+ +
263 + 5 g 3 0
L= q v = Tu'
v —
0 2+2 3 + 5+4 3
6

P p_ _ 4 —v
We note that 5+4 3 = (Io 3+1) =233 Using this fact, we rewrite the

matrix above.

0 v P—p_— -1 1
L 2+ 2+3 3) 0
T = %

V_ P— p_ 1/2g =Ty
0 —3%1 2+ 2+3 3)

The matrix for x is now easily computed using the formula of equation (2.4).

The veracity of these formulas may be easily veried using e's favorite

computer algebra program.

Corollary 1. The tripus is isometric to the convex core ofi®/ 3;, where 3; =

hxy, X2, X3i < 3 with X; = hixh™'~! for eachi. As elements ofPSL,(C), the x;
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are given by

0 vy P, P 1Pt
311 2+i( 3+1) =22
x,= @ p_ D_ P—~ V_ A
2 i( 3+1) = RE22 S
0 VA P—ve v P—« v P 1
3+1 , _ —2+3 3 -2 2+ —7+3 3 i( 3+1)(1+2, —2+3 3)
— 2 4 8 43 46 A
X, =@ p__2, p_8 J P 4%,
2— —3+3 3 + i( 3+1)(1—=2, —2+3 3) 3+1 —2+3 3 + |_2
43 46 2 4 8
0 V_ P— P—~ v P—«1
3+1 —2+3 3 I_z 2+ —‘gj—?, 3 i( 3+1)(1+g/7 —2+3 3)
X3:@ p—z'v/t j, pg—'v’t 4\7, p—'v’t46\/, A
—2+ —2+3 3 + i( 3+1)(1-2, —2+3 3) 3+1 —2+3 3 + |_2
43 46 2 4 8

Proof. The tripus is M3 in the notation of Paoluzzi-Zimmermann, corresponding
to the subgroup of 3 which is the kernel of the homomorphism 3 ! Z/3Z =
f0,1,2g determined byh 7! 1, x 7! 1. This is generated by thex;, and a compu-

tation yields the formulae above. O

Theorem 5. O, is isometric to the convex core oH3/ ,, where , = hh,xi <
PSL,(C), with h and x given by

0 1 0\/7 p—vj 1
NN 3t1+i 2+3 3 X
h=pro=@2 2A x=@* 2 ! V_ 1?)_V,_7A,
V% s.% Xo1 437%1_” 244—3 3
where
_ P—p— — P —p—
3(p3+1)+2 2+3 3 _p3+1+ 2+3 3
X12 = 4p§ I 4
_ P—p= — P —p—
3(p3+1)+2 2+3 3 .(p3+1)+ 2+3 3
X1 = 4p§ 1 2

This Kleinian group has presentation 4, = hh,x j h* = (hxhx™2)* = 1.
Proof. The proof is analogous to the case = 3. Here a = = n/12 (again, see
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[42], p. 117). Then the other standard geometric data is

p_
coshC:7+4p§ cosrB:3+§ 3
2+2p§
coshL = —p——
p_
+ — —
COshA = 32 ! coshM = P 22+ P 3).
The relevant matrices are
0 1 0 v 1
NN 1 3
h—Pn/z—@2 2A p2n/3:@3/7 ZA
Ev/RN -3 1
2 2 2 2
0 Pp—r-v P—r1
4+‘/%+ 6 | - /g— 6
p— p— 2 2/ / 2 2 / A
OB On/12 @ p 4— v/2—v5 p 4+:'/2+ 6
! 2 2 2 2
0 1
a . —1/2
2t2§3 + 13+38 3 0
bl 2+ vs b 13+8 3 v
0 T T T3
0 P~ P, P—=>p=12 !
%D 22+ 3)+ 13+8 3 0 2
Im = _ _ P—p— -2
0 I02(2+|O3)+ 13+8 3
P p q —

It may be observed that 13+8 3 = (p 3+1) #3223 Using this, we modify
the descriptions above.

0

T = %

1
a P —  —1/2
1 P2+ 24379) 0

v_ _ P—p 1/2X
0 o Qp2+ 2+3 3)
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0 1

A _ P—p— 12
E@ _3%1 (p 3+1+ 2+3 3) 0 g
Im = V. _ P p_ -2
0 L (p 3+1+ 2+3 3)
The description ofx now follows from a computation. O

2.2 Frigerio's orbifolds

In this section we consider a familyf Mng g 2g of noncompact nite volume
hyperbolic manifolds with compact totally geodesic boundy, whose hyperbolic
structures were described by R. Frigerio in [17], and a fangilof orbifolds OgD
branched{covered by thel\/IgD. Foreachg 2, MgDis the complement of a neighbor-
hood in S® of a graph with two components, one of which is an unknotted rcie
(see [17], Fig. 1). The other component of this graph is the @ of a trivially
embedded handlebody of genug, and so as Frigerio observes!\/lgD may also be
regarded as the complement of a knot in a handlebody. Fgr= 2, this is the
\Adams-Reid knot" considered in [6] (cf. [17], Fig. 3 and [6]Fig. 4(b)), which is
a particularly interesting example as it is the only member fothis family which is
\arithmetic" in a certain sense.

Frigerio describes the interior oﬂ\/IgDas obtained by identifying in pairs the
sides of a double conBy., with vertices removed (see [17], Fig. 5 and Prop. 8). For
i2f0,...,29+1g, de ne x; to be the side{pairing map described at the beginning
of [17],x2.1, taking the facev,pipi+1 t0 Vopi+1Pi+2 (the way in which these faces
are identi ed depends on the parity ofi). The double cone (with certain vertices
removed and certain vertices truncated) may be realized inyperbolic space so
that the X; are realized by isometries, ag + 1 copies of the polyhedronQg., of
Figure 2.4(b) below, lined up around the dashed edge (cf. [1%2.4).

The triangular and quadrilateral sides ofQg+; are external, and the re-

maining sides are internal. The four{valent vertex visiblas ideal, and the dihedral
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(@) (b)

Figure 2.4: The orbifoldO,’

angles along the internal edges are determined by, (34, Yg, 94 Satisfying

T
29+2

Og = By = 204 COSyq = Og = T 2yq

2 COsOlg
Summarizing the above, we have

Theorem (Frigerio). For eachg 2, the identi cation space of the geometric real-
ization of Py.1 by the face{pairing isometried x;g is a complete hyperbolic manifold

with one totally geodesic boundary component and one cuspiieomorphic toMgD.

The isometry group ofMgDis dihedral of order @ + 2, the maximal cyclic
subgroup of which is generated by a rotatiom in the vertical edge ofPy.; (cf.
[17], x3.3). Denote by Oy’ the orbifold with boundary which is the quotient of
Mg'by hryi. Dene an internal side{pairing of Qg+, as follows: letpy' be the
rotation through the dashed edge in Figure 2.4(b) taking theight side containing
it to the left, let )\QD take the bottom left side containing the ideal vertex to its
opposite, xing the ideal vertex, and let ME take the top left side containing the

ideal vertex to its opposite, again xing the ideal vertex. The following now follows
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from Frigerio's work and the Poincae polyhedron theorem.

Corollary 2. For eachg 2, the identi cation space of Qq4+1 by the side{pairing

described above is a complete hyperbolic orbifold with o@dgsic boundary com-
ponent and one cusp, homeomorphic t@gﬂ. This is the complement in the ball of
the unknotted circle in Figure 2.4(a), with singular locus ansisting of the labeled

arcs. = mY"(Oy) has presentation

O_ : — 1_ 1_ H
o= hrlmj[l,m]=r9"=(rlrm)®™* =11,

The subgroup corresponding t(MgD is the kernel of a map ontoz/(g + 1)Z =
f0,1,...,9g9given byr 7! 1, 1 7! 1, m 7! 0, with generators given by

8
< hi*I=lh=1  j even

himh= i odd

Xij =

The remainder of this section is devoted to describing an eligt repre-
sentation of gD. As in the last section this requires an embedding dy+1. An
embedding of the expansiofE Qg1 is indicated in Figure 2.5.

Here the ideal vertex ofQq.+1 has been placed at the point at in nity in the
upper half space model, hence the faces B0g., with this vertex are contained
in vertical half planes which form the rhombus pictured. Theother two faces of
EQq-1 are contained in Euclidean hemispheres intersectit@f Og perpendicularly
in the pictured circles. We require these hemispherical hgpplanes to meet in the
geodesic betweem and i, and to be symmetric across the imaginary axis. This
determines an embedding oEQg-; in H* as the area above the two hyperplanes
and inside of the rhombus. The bold arcs of the diagram, todstr with the
vertices of the rhombus, are projections ont&€ of the edges ofEQq+,, each of

which contains an interior edge 0.1, and the dihedral angles along these edges
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Figure 2.5: EQg+1

are indicated in the gure. Below we derive precise informain in terms of these
dihedral angles determining the radii and placement of theeaters of the circles,

and placement of the vertices.

Figure 2.6: A cross section 0Qg+1

Figure 2.6 pictures the cross section dEQgy+1 by the plane overR in a
neighborhood of the edge which is a geodesic from to i. This edge passes
through the plane overR at (0, 1), and so the pictured right triangle has height
1. The vertex opposite this edge is at the center of the circlie ning the geodesic
hyperplane containing the face above it, hence the (Euclidr) length r pictured
is the radius of this circle and the center occurs atxg, 0). Since the edge from

to i has dihedral angle B, and the faces which meet at this edge are exchanged
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by re ection in the hyperplane over the imaginary axis, it félows that the angle
at the vertex of the triangle at (0, Xo) is By, as indicated. Thusr and x, satisfy
1 1

r=— Xo = :
sinfBy ° tan 3

(0.y)

Ay

(x0,0) (x,0)

Figure 2.7: The upper right quarter ofQg+1

Next we focus on the Euclidean geometry of the gures inscild in the up-
per right hand quarter of Qg+1, as shown in Figure 2.7. From the requirement that
the bold edge of the diagram in Figure 2.7 have dihedral angtg, this description

of (follows
COSOy _ 1

sinBy  2sinog’

(3 rcosag =

Then using the fact that the triangle with side of length[Cis similar to the larger

one gives

(I
= COSYq ) X = + Xo = cot 0y + cot f.
X Xp COSyy

Furthermore, sincex/y = tan y, we have

_ cotag + cot By
tany,

With the polyhedron embedded as in Figure 2.5, the side{pairgs of faces

containing the ideal vertex are realized by parabolic tramations )\E: z 7' z+(x+
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iy) and pgD: z 7' z+(x 1y)taking the lower left face of the rhombus to the upper
right and the upper left to the lower right, respectively. The side{pairing of the
remaining two faces is realized by the elliptip; = pzs, as in the previous section,
since these faces intersect at angldd 2n the geodesic fromi to i. Assembling

this information we have the following.

Theorem 6. Frigerio's orbifold OgD with totally geodesic boundary is isometric to

the convex core oH®/ |, where j'= hAy) g, pgi < PSLy(C), given by

0 1 0 1 0 1

AD= @l X+ 1y o HgD= @1 X iy, o= @cosﬁg smBgA.

’ 0 1 0 1 ’ sinBy  cosfy

The numbersx and y above are given by

X_2cong+1 _p200q3g+1
~ singy y sinBy

¢ has presentationhr, I, m j [I, m] = r9* = (rlrm)®*t = 1.

Proof. The simpli cation of the formulas for x andy follows from the relationships
betweenay, By, and yy and a little trigonometry:

s
cos3y/2) ~  1+cosBy _ 1+ cosfy

sin(B/2) 1 cosBy  sinPy

cotay =

Thus
_ 1+cosfy N cosfy 1+ 2cospy

sinBy sinBy  sinp,

and the formula fory follows from the computation

s
siny, 1
tany, = cosyz =2costg 1 o o

P P
= 4coda; 1= 2cofy+1.

The group presentation and the fact that the quotient orbiféd is homeomorphic
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to the labeled tangle of Figure 2.4(a) are the content of Collary 2. 0

2.3 Doubles and algebraic invariants

Finite volume hyperbolic manifolds with geodesic boundarghare many of the
rigidity properties of nite volume boundaryless hyperbalc manifolds. This is due
to the fact that any orientable hyperbolic manifold with totally geodesic boundary
M has associated a canonical boundaryless orientable hypaib manifold in which

it embeds isometrically, itsdouble
DM = M[ 4y M.

HereM is a copy ofM with the opposite orientation, and the identi cation between
boundaries is induced by the identity map.DM inherits an atlas of charts from
M and M de ned as follows. Fix a geodesic hyperplanid H", and let r denote
the re ection of H" through H. Then M inherits an atlas of charts fromM by
composition with r. Namely, if ¢: U! H" is an orientation{preserving chart for
M, thenr ¢@: U! H"is an orientation{preserving chart forM.

A point contained in the interior of M I DM hasachartg: U! H" which
maps homeomaorphically onto an open subset Bf', whereU (M 0M) DM.
Similar charts exist for points ofM I DM. If x 2 0M [0 DM, then x has a
chart@: U! By to ahalf space bounded by a hyperplanid,, wherep(dM\ U) =
©(U)\ Hog. Let ry be the re ection through Hy. A chart neighborhood ofx in M is
U[ U, with chart map given by onU andry @ onU. Sincerp @ =(rg r) (r o)
is the composition of an orientation{preserving isometry ith the chart map r @
for U, such charts satisfy the OP isometric overlaps condition.

Recall that to a complete hyperbolic manifoldM with totally geodesic

boundary is associated a developing map: M ! H" and an associated faith-
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ful, D{equivariant holonomy representationH : ;M ! Isom(H") onto a Kleinian
group so that D induces an isometry fromM to the convex core oH"/ (Theo-

rem 1 above). In order to relate the doubling process to thisigiure, we introduce
some notation. Letf Fjg be the collection of boundary components d¥1, and for
eachi x a component H; of the convex hull boundary for which maps to the
convex core boundary component corresponding E, and let ; be the stabilizer
of Hj in . Let r; be re ection through H;. For some xed choice ofry, let be

the conjugate of by ro, = rg ro.

Lemma 5. DM is isometric to the convex core of

D= h, ,froriji60gi,

by an isometry which restricts onM to the map induced byD. As an abstract
group, D is described as a sequence of HNN{extensions of a free pradwih

amalgamation asD = Ao Fors

Proof. The description ofD as an abstract group follows directly from the Klein-
Maskit combination theorems (see [32]) and the choices ofetlr;. The fact that
DM is isometric to the convex core oD in the way described follows from

observations of Morgan, see the discussion in [38] below dhem 8.2. O

When a Kleinian group has nite covolume, Mostow rigidity asserts
that any homeomorphismH3/ | H3/ Yof the associated manifold to another
is induced by conjugation; that is, there is an elemeny 2 Isom(H?®) so that
y y ' = U and the induced isometry of the quotient manifolds is homopic
to the original homeomorphism. The same statement holds fgeometrically -
nite Kleinian groups|those whose convex core has nite volume|w ith totally
geodesic convex core boundary, see [18] for a proof. Thusjogacy invariants

of such Kleinian groups are topological invariants of the asciated nite volume
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hyperbolic manifolds with totally geodesic boundary.

One such invariant is thetrace eld of < PSL,(C), which is obtained by
adjoining to Q the traces of elements of . When has nite covolume this is a
number eld|a nite extension of Q. This follows from the Weil-Garland local
rigidity theorem (see eg.x3.1 of [30] for an exposition). From the lemma above,
it is clear that the trace eld of a manifold with totally geodesic boundary is a
sub eld of the trace eld of its double, hence the trace eld & a nite volume
hyperbolic manifold with totally geodesic boundary is alsa number eld.

Although the trace eld of a nite-covolume Kleinian group is a topological
invariant of the associated manifold, it is not necessarilifrue that the manifold's
nite covers share its trace eld (cf Example 3.3.1 of [30]).Since many questions
about three-manifolds concern their behavior up to taking nite covers, it is useful
to have commensurabilityinvariants as well. We sayM = H3/ and M= H3/ U
are commensurable if they share a nite cover; ¥1 and M have nite volume, this
is equivalent to having a nite{index subgroup conjugate to a subgroup of " A
commensurability invariant for may be obtained by taking the trace eld of the
nite{index subgroup @ = hy?jy 2 i. This is called theinvariant trace eld
and denotedk , see Theorem 3.3.4 of [30] for a proof that it is a commensuiodity
invariant.

Another commensurability invariant of a Kleinian group is the integrality
of its traces. If the trace of every elemeny 2 is an algebraic integer, we say
has integral traces otherwise we say it has aonintegral trace Clearly, if has
integral traces then every subgroup does as well. On the othieand, the relation

between the trace ofy 2 PSL,(C) and its square is given by

try?=tr2y 2

Thus the trace ofy is integral over Q(tr y?) if and only if tr y2 is an integer. This

42



implies that a nonintegral trace will pass to a nite{index subgroup; hence as

stated above integrality of traces is a commensurability wariant.

Theorem 7. The orbifold groups 3 and 4 have integral traces. Their trace elds
P— p— _P—p
are Q(i 4+6 3)and Q(p 2,i 4+6 3), respectively. Their invariant trace

P—p— P—p=
elds are k 3= Q(i 4+6 3)andk ,=Q(i 4+6 3).

Proof. These are each two{generator groups, and so the traces of alements
are given by integral polynomials in a short list of elements Indeed, if we let
hh;,x;i = ; be the standard generating set described above, then we mustrely
determine the traces ofh;, Xx;, and h;x; (cf. equation 3.25 of [30]). Thus the

following elements generate the trace eld 0Ds.

_ _ P—— p_
p3 _(p3+1) 4+6 3
tr hy=1 trx3=7+| 4
_ _ P ——p—
2+p3 _(p3+1) 4+6 3
tr haxs = > + i 7

If we let oz = tr X3 and denote bya; its complex conjugate, we see that thaxs; =

1 o3 Wehave kK 03)(Xx 03) = X2 P 3x+2+ P 3, thus a5 and a3 are integral
over Q(IO 3) and hence are algebraic integers. This establishes themsafor tr X3
and tr hsxs. Furthermore, Q(tr Xs,tr hzXs3) is a degree 2 extension c@(p 3) (it
clearly contains this eld and is a nontrivial extension sige Q(p 3) R). Since

P ——p= : . :
Q(i  4+6 3) clearly contains the trace eld and is itself a degree 2 eshsion
of Q(Io 3), this is the trace eld of .

Now consideringQy, the following elements generate its trace eld.

_ P—p—

tr h4:p§ trX4=p3ptl+| 4-'59 3
2 p2_ 2p2 _
{r haxe = 3+1+I 4+6 3

2 2

b= .
Thus the trace eld must contain = 2 on account ofh,, and taking a, =tr X, and
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. . P~
a4 its complex conjugate, we nd that tr hyx, = 204. We have

p_
(X o)(x ag)=x2 —%;—1x+p§+1.

This establishesa, and a4 as integral overQ(p 2, P 3) and hence as algebraic inte-
gers. (Itis easy to check thatig%l is in fact an integer on(p 2, P 3).) Thus tr x,
and tr hyx,4 are integers as well. Now the eld obtained by adjoining tix,, tr hyX,4 to
Q(Io 2) = Q(tr hy) containsp 3= P 2tr x4 tr hyx, 1, and hence hasg(Io 2, P 3)as
a sub eld. This is a nontrivial extension, sinceQ(Io 2, P 3) R, and by the above
it is degree 2; hence it is degree 8 ov€). Now the extensionQ(p 2, ip mp?)
clearly contains the trace eld and is degree at most 8 ové), since it can be easily
established thatip mpi satis es a polynomial of degree 4 oveD. Thus this
is the trace eld.

The invariant trace eld of ; is determined by adjoining toQ the elements
tr? h;, tr? x;, and tr h; tr x; tr h;x; (cf. Lemma 3.5.7 of [30]). Clearly, for eachthe

square of trh; is in Q. The other elements are recorded below.

_ _P—p_
5 1+2p3 _(3+p3) 4+6 3
trexz = + 1 2
_ _ P— p_
4+3p3 _(p3+1) 4+6 3
tr hgtr Xgtr haxs = ) i 7
_ _ P —p—
2 p3 _(p3+1) 4+6 3
Irexg = 7'{" 4

tr hytr X, tr hyXx, = 2(p 3+1)

It can be checked using this data that the invariant trace etls are as described

above. O

We remark that k ;3 and k 4 are the two degree{four number elds of dis-
criminant  3312; this seems merely a somewhat bizarre coincidence. ©hthese,

k 4, arises as the invariant trace eld of a manifold in the censiof closed mani-
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folds whose arithmetic data is computed with Snap [15]; thetleer does not. Thus
doubling O3 across its boundary yields an orbifold with invariant traceeld k 3
(see [40]), with a manifold cover that does not cover any cled manifold in the
census. In fact, one can check using another arithmetic imiant, the invariant
guaternion algebra that the double of O, is also not commensurable with any

manifold in the census.

Theorem 8. The orbifold group gDhas integral traces, and its trace eld and

invariant trace eld are equal and equal to

Q ip 2cos3; +1

This has degreep(2g + 2) over Q, where @ is the Euler function.

Proof. The trace eld of gDis generated as an extension @ by adjoining traces
of the elementsAy, g, py, Aghg: Aghy, Hgbgy. and Aglghy' (see the discussion below
Lemma 3.5.2 of [30]). Clearly the traces dﬁgD, ugD, and their product are all equal
to 2, and the trace ofpgD is 2cog3y. The traces of the remaining list elements are

recorded below.

tr )\gngD: 2cosBy  (x+iy)sinBg= 1 ip 2cosBy +1 (2.5)
tr Wpy=2cosB, (x iy)sinBg= 1+i ZcoB*1  (26)
tr Aglghy = 2€osBy  2xsinBy = 2 2cosBy (2.7)

It is clear from the above that the trace eld is Q(cosB, ip 2cosBy +1). But
cosBy is contained in C_)(ip 2cosBy + 1), whence the description in the statement
of the theorem.

Lemma 3.5.9 of [30] lists the various products of the tracedave which
generate the invariant trace eld krg. In our case, the nontrivial examples are

tr?py' = cos? By and the product of tr py' with (1), (2), and (3) above. Adding the
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products of 2 co$, with (1) and (2) shows that the invariant trace eld contains
cosBy. It follows that one must adjoin i 2 cosBy + 1 as well to obtain the invariant
trace eld.

All traces of gDare obtained by applying polynomials with integer coe -
cients to the traces listed at the beginning of the proof, smiorder to verify that
gDhas integral traces it su ces to check these. It is clear thaR cosy is integral,
since it is the sum of primitive (2) + 2)nd roots of unity {pg+2 + Zz‘giz, each of
which satis es the (monic) (& + 2)nd cyclotomic polynomial. Thus tr pgD and (3)
above are each algebraic integers. The elements (1) and (®ose share a monic

minimal polynomial over Q(cosfy),
p(x) = X% +2x +2cosPy + 2,

with integer coe cients. Hence they are algebraic integersis well. Thus gDhas
integer traces.

The minimal polynomial above displays the trace eld as a dege 2 exten-
sion of Q(cosPy) (it is nontrivial since Q(cosBy) R). But Q(cospy) is also a
degree 2 sub eld ofQ({zg+2) = Q(cosPy, isinfy). Hence the trace eld has the

same degree ove® as Q({yg+2), Which is well known to bed(2g + 2). O

The table below records the trace elds for low values af. Note that in
the caseg = 2, the trace eld is an imaginary quadratic extension ofQ. It follows
easily from properties of¢ that for all ¢ 2, the degree overQ of the trace
eld of gDis greater than two. However 5 has similar algebraic properties to
arithmetic hyperbolic 3-manifold groups. A nite volume noncompact hgerbolic
3-orbifold without boundary is arithmetic if and only if it has integral traces and
its invariant trace eld is an imaginary quadratic extensio of Q (see Theorem 8.2.3
of [30]). One thus wonders whethe©} isometrically embeds as a submanifold of

an arithmetic hyperbolic 3-orbifold. Perhaps the most nattal candidate for such
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an orbifold is the doubleDO3, however as we show below, this has a nonintegral
trace. There is atwisted doubleof O which has integral traces, though, giving a
positive answer to the above question. This is obtained byhg Ofto O5'by a

nontrivial isometry of the boundary.

g By cosPy krg .
2 n/3 1 Qi.2

A P—p—
3 /4 -2 Qi 1+ 2

7 v_
4 m/5 3 Q its

- P—p—

5 n/6 -2 Qi 1+ 3

Table 2.1: Invariant trace elds of g for low values ofg.

In order to describeDOgD algebraically, it is convenient to conjugate gDso
that the doubling hyperplane is overR. Then the re ection ry described above is
realized by complex conjugation. Recall thaQg.+, is recovered from its expansion
EQg+1 by truncating open ends with geodesic hyperplanes perpeadiar to sides
of the expansion, yielding the four external faces of Figur2.4(b). With EQqg.1
realized as in Figure 2.5, each of these truncating hyperples is a circle centered
at one of the vertices of the rhombus. We choose to conjugatg bn element
which takes the circle centered at the bottom vertex in the gre to the hyper-
plane overR; then the subgroup of gDstabiIizing this hyperplane is conjugated
into PSL,(R). To identify the conjugating element, we collect one moreigce of
geometric information aboutQg+;. This is the length L of the labeled side of
Figure 2.8.

Figure 2.8 is a picture of the cross{section dQg+; consisting of its inter-
section with the plane which is xed by the re ection exchanghg the two faces on
either side of the dashed edge in Figure 2.4(b). WitQ,.1 obtained by truncating
EQgy+1 as embedded in Figure 2.5, the cross{section is by the vedichyperplane

over the imaginary axis. This cross{section is a hyperbolgentagon with one ideal
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A

Figure 2.8: A vertical cross{section o0y

vertex and right angles at the other four. It has a re ective gmmetry (which is
the restriction of the other re ective symmetry of Qq.1), whose axis is the dashed
vertical line. With Qq+1 embedded as above, this vertical line is the intersection
of the cross{section with the geodesic hyperplane ov&, and L is the distance
between the hyperplane oveR and the face containing the side labeled in the
gure. This side is contained in an external face 0oQy.1, and in this external face
it is a side of a triangle with vertex anglesygy, 34, and yq, opposite the vertex with
angleay. Thus the hyperbolic law of cosines yields
cosPy cosy, + COS 0y P 2cofBy +1

COshA = . . = .
sinfq sinyy sinf3q

after trigonometric manipulation as before. Standard hypdolic trigonometric

identities for right{angled quadrilaterals show that sinhL sinhA = 1, yielding

p__
i 2cos3; +1
Sinpy coshL = p P

sinhL = p :
©2 cosf3y + cos? 3, 2 cof3y + cos? By

With the standard embedding ofQq.1, the edge of lengthL is contained in the
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geodesic from i to i. The hyperbolic element which translates along this edge
with translation length L is given by

0 1
@ cosh(L/2) |S|nh(L/2)A-

isinh(L/2) cosh(/2)

Dene 4 to be the conjugate of by this matrix. Then = hAg, pg,pqi,
where each of these is the conjugate by the matrix above of it®rrespondent in

gD, subject to corresponding relations. SincqagD itself xes the edge from i to
I, it commutes with the conjugating element andpy = pgD. On the other hand,
conjugating Ay and ' yields

0 1
i - - l -
A = @ 1+ 3(x+dy)sinhL 3(coshL +1)(x+ |y)A

0 IcoshL 1)(x+1iy) 1 i(x+ iy)sinhL .
1+ 4(x iy)sinhL Z(coshL +1)(x i) o

I(coshL 1)(x iy) 1 i(x iy)sinhL

UQz@

wherex andy are as described earlier; namely

P
_ 2cos3;+1 _ 2coBy+1
sinpy y sinBy

By construction, the geodesic hyperplane oveR is a convex hull boundary
component for g; thus by Lemma 5,DOgDis the quotient of H3 by h ¢, 4i, where
in this case ¢ is actually obtained from ¢ by complex conjugation. Armed with

this description, we nd a candidate element to display a nantegral trace.
Lemma 6. For eachg 2, the elementAgu;'ugA;* of h ¢, 4i has trace equal to

4(2cog3y +1)
cosPgy(2 + cosPy)
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Proof. This is simply a computation. O

In the caseg = 2, this trace is 32/5. Since the set of integers dD(ip 2) is
Z(ip 2), this is not an algebraic integer, and we have displayed a@nintegral trace

for DO5! Thus DOY'is nonarithmetic.

2.4 Geometric limits

A convenient uniform way to consider the families of orbifdls in Sections 2.1 and
2.2 usesrbifold Dehn surgery In the classical Dehn surgery construction, a solid
torus is identi ed along its boundary with a torusT  dM for some manifoldM,
so that the boundary of a meridional disk is identi ed with a pecied lling slope
y. (A slopeon dM is simply the isotopy class of a simple closed curve.) This
yields a manifold M(y) with one fewer boundary component tharM. Orbifold
Dehn surgery is analogous, but instead of gluing a solid tsuto M along T,
one glues in an orbifold whose underlying topological spaisea solid torus, with
singular locus consisting of the core. This results in an dfbld we denoteO(ny),
wheren is the order of the local group around points in the core, whesunderlying
topological space idM(y), but which has singular locus consisting of the core of
the lling torus, with cone angle 2r/n there. If M has torus boundary components
Ti,..., Tk, surgeries on each of them yield an orbifol®(nyyy, Noys, ..., NKYk)-

In our situation, the orbifolds O, of Section 2.1 are all obtained by an
analogous orbifold Dehn surgery on the manifol®.., consisting of the complement
in the ball of the tangle of Figure 2.9(a), by removing an openeighborhood of each
tangle string and attaching to the resulting annulus a soligylinder whose core has
cone angle 2/n. Similarly, the orbifolds of Section 2.2 are obtained by oifold

Dehn surgery on the two arcs of the tangle compleme_ of Figure 2.9(b). It
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(@) (b)
Figure 2.9: These tangle complements are geometric limitsrfthe O,, and OgD+1.

may not be immediately clear how this is related to the Dehn sgery construction
above | to see this, we note that doubling each of the tangles bFigure 2.9 across
the boundary sphere yields a link irS3, whose complement i$0.., respectively
DO... Then O, (resp. Oy) is obtained by cutting DO (ny1, Ny2) (resp. DO ((g+
1l)y1, (g +1)v>)) in half, where y; is the slope determined by the intersection of the
4-punctured sphere with the appropriate torus boundary coponent.

Thurston's hyperbolic Dehn surgery theorem asserts that i1 is a nite{
volume hyperbolic 3-manifold with cuspsTy, ..., Tk, for (any) xed choice of iso-
morphism Hl(S Ti) ! (Z?X there is a neighborhoodJ of (1 ,...,1 ) consisting
entirely of hyperbolic surgeries. That is, if 1y, ..., NkYk) has coordinates inU,
the manifold obtained by truncating eachT; and surgering the resulting manifold
along the slopesn;y; admits a hyperbolic structure. Furthermore, as the slopes
approach L ,...,1 ), the surgered manifolds geometrically resembl more and
more closely, see [50] Ch. 5 or [10] Ch. 5. Conversely, a tteorof Kerckho
asserts that ifM is obtained from a hyperbolic manifold by drilling out a geoésic,
M admits a hyperbolic structure in which a neighborhood of tlsi geodesic is a cusp

(cf. [24], [8]). Together, these theorems imply in our casédt O (respectively,
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OL) admits a hyperbolic metric with totally geodesic boundarnand annular cusps
in neighborhoods of the tangle strings, and that this structre is ageometric limit
of the structures on theO,, (resp. OgD+l). (For background on geometric limits, see
eg. [50] or [14], Ch. 6.)

The hyperbolic structure onO, with totally geodesic boundary is examined
at some length in a forthcoming paper of E. Chesebro and the taor, so here we
merely record the relevant theorem and refer the curious réer to [13]. We remark

that this seems well known in the 3-manifolds community.

Theorem 9. The manifold O., admits a hyperbolic structure with totally geodesic
boundary and tangle strings as rank one cusps homeomorplacthie convex core
of H¥/ ., where ., = hr,si is generated by side{pairing isometries for a certain
identi cation space of the regular ideal octahedron. Fixig an embedding of the

ideal octahedron, these are realized by

0 1 0 1

1 0 2i 2 1
r:@ A S:@ A
11 i1 i

« IS free onr and s. The totally geodesic 4{punctured sphere on the boundary of
O Is the quotient of the geodesic hyperplane ovrby the group generated by the

following three elements.

0 1 0 1 0 1

10 1 5 14 25
ri=@ A rsrs?2=@ A (srs)ri(srs)t= @ A
11 0 1 9 16

This boundary subgroup is free on the above generators.

We devote the remainder of this section to determining the merbolic struc-
ture on OY by direct consideration of the geometric limit of theOgD, and then

studying its double and algebraic invariants, as in the pragus section.

Lemma 7. The manifold OF is obtained by gluing the faces of a polyhedréi,
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Figure 2.10:EPJ

whose expansion is pictured embedded in Figure 2.10, by sid&ings A5 p- and

p"given by
0 o L 0 o 1 0 1
AD= @1 3+i 3A uos @1 3 i SA o= @1 0/-\.
0 1 0 1 11

The presentation for the group 5, generated by the side{pairings isl, m, rj[l,m] =
1i. Letyy'= 0.9 , wherer = P sinBy. Then the groupsy,’ 4(y,)~" converge

algebraically to £, and the orbifoldsOgD converge geometrically t@®..

Proof. The action of A"takes the face of£P ] contained in the geodesic hyperplane
over the line containing 3 and iIO 3 to the one over the line betweerip 3 and
3. The other two vertical faces oEP ] are exchanged by and p~takes the face
of EPY contained in the geodesic hyperplane over the right hand cle of Figure
2.10 to the face contained in the left hand circle. There is asible correspondence
between the sides odEPJ and the sides 0EQq.; as pictured in Figure 2.5. Indeed,
truncating P} by a collection of open horoball neighborhoods of its ideabmts
equivariant under the side pairing maps, one obtains a polgdron TP combina-
torially identical to that obtained by removing open neighlmrhoods of the internal
edges ofQy+1 | segments of the bold edges in Figure 2.5 | equivariant under

the action of its side pairing maps along with a horoball neigorhood of in nity.
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Call the result of this truncation TQg+1. In both cases, the resulting polyhedron
is homeomorphic to a ball, with new rectangular sides ariginfrom boundaries of
the truncating neighborhoods and internal sides giving risto hexagons. Thus a
homeomorphism may be constructed from the identi cation spce of TP to the
identi cation space of T Qg1 by the side{pairing maps induced by gD+1. But since
the bold edges of Figure 2.5 comprise the singular Iocus@fﬂ, the identi cation
space ofT Qqg+1, and hence that of TPZ, is homeomorphic to the complement of
a regular neighborhood of the tangle of Figure 2.9(b). Fillig most of the regular
neighborhood back in with the horoballs, we nd thatOY is homeomorphic to the
identi cation space of P} by the action of .

The Poincare polyhedron theorem gives the stated presenkan for .
From this it is easily seen that there is an epimorphismJ, ! 'given by A"7! Aj,
uo7! g, pU7! py. Taking the conjugate of ;'by yg, we easily nd that the images
of Ay, g, and py' converge toA"] u~and p" respectively, asy ! 1 . (This is due
to the fact that B; = m/(g+1) ! 0 and hence coBy ! 1lasg!1 .) This
proves algebraic convergence. The above discussion makeardhat the OgD+1 are

obtained from OY; thus geometric convergence follows from the hyperbolic be

surgery theorem. O

A more favorable embedding of £ for studying DOZ is its conjugate by
0 1
1 0
@ ", A,
1+y3 q
2i 3
v_
This element moves the geodesic hyperplane through O an@ i73 to the geodesic
hyperplane overR, and the boundary subgroup of 5, which xes this hyperplane
is conjugated by this element to a subgroup of PSI(Z). We record this in the
lemma below. Re{embedding 5 as its conjugate by the element above, we have

the theorem below.
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Theorem 10. The manifold OL admits a hyperbolic structure with totally geodesic
boundary and tangle strings as cusps isometric to the conwexe of H3/ L, where

5 = hp, A\, ni with p = p“and A”and pu“given by

0 1 0 1
P P P

1 3+i 3 33 i3

=@ 5 0T A u= @ oA
=52 3 73 2 13

The totally geodesic 4{punctured sphere on the boundary ©f. is the quotient
of the geodesic hyperplane ovd&® by the group generated by the following three

elements.
0 1 0 1 0 1
1 0 1 6 7 12
p=@" A wprA= @ A AT = @ A
11 1 5 3 5

The totally geodesic surface subgroup is free on these gatws.

Proof. The description of [ is easily veri ed by a computation, as is the descrip-
tion of the elements claimed to generate the boundary subgm. To show that
these do generate | and to explain their derivation | we refer to Figure 2.11.
This is a picture of the geodesic hyperplane through 0O and% ié, and the
images in it of the external sides oP L under certain elements of . Recall that
an external side ofP ! is obtained by truncating an open end oEP by a geodesic
hyperplane perpendicular to the sides bounding the end. Treeare four such sides
in the case under consideration, which we denote ly, D, L, and R, standing
for \up", \down", \left", and \right", respectively, accor ding to their positions in
Figure 2.10. ThusU is the face obtained by truncating the open quadrilateral eh
of EPZ with sides intersectingS2, at 0, ip 3,and 3+ ié, for example.
SinceU, D, L and R are the only external sides oP, the boundary of
the quotient manifold is obtained by pairing their sides, with is accomplished by

elements of . To keep track of this, we x for reference the hyperplane caaining
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Njw

|
Mo
Njw

Figure 2.11: A fundamental domain for the action of a totallygeodesic boundary
subgroup of £.

D. Then (A\j~! and p"move R and L, respectively, to abutD in this hyperplane
as in the gure. Since AY~! movesU to abut L on its lower left side, u‘(Ay~*
movesU to abut p(L) in the geodesic hyperplane containindgd as pictured. But
HAYHU) = (AF~Tp(V) also abuts AY1(R), sincep and A commute, completing
the description of the polygon in the gure. This is a fundametal domain for
the action of the totally geodesic boundary subgroup oft xing this hyperplane,
since its quotient is the entire boundary. Thus by the Poinaa polyhedron theorem
applied to this ideal polygon, generators and relations maye obtained in terms
of the side{pairing isometries.

It merely remains to nd the side{pairing. We note that p”pairs the free
sides ofD, and also the sides o) which are not taken to abut the images oR or
L by u{A5~1. Hencep (A~ 1pA{puY ! pairs the free sides ofti'{AY~1(U). Sincep"
also takes the right side oR to the left side of L, u'p"A"takes the corresponding
side of AY71(R) to that of p{L). Finally, we note that this group is free since
the polygon is ideal. Conjugating by our special element yas the matrices of the

statement of the lemma.
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Corollary 3. DO is homeomorphic to the convex core of the Kleinian group

D I = hA, pY A, pi, with presentation

D Y=h,mrImjl,m=[l,m=1, mrl=mrl,
mlI~irim™ = mI~trim™? i.

Proof. This follows directly from the lemma above and Lemma 5. O

Corollary 4. DOY is arithmetic, with trace eld and invariant trace eld equal

to Q(iIO 3). In particular, DOY has integral traces.

Proof. The smallest eld containing the entries ofD L is clearly Q(ip 3). This
must thus be equal to the trace eld and invariant trace eld, since they are
sub elds of the entry eld and nontrivial extensions of Q (for DO is a nite{
volume hyperbolic 3-manifold).

To show that all traces of elements oD £ are integral, we note that each

generator is of the form 0 1
a b(ip 3)

@ A

£ d

fora,b,c,d 2 O3, whereOs is the ring of integers on(ip 3). The set of matrices of
this form is a subgroup of PSL_L(Q(ip 3)); henceD L is contained in this subgroup

and thus has integral traces. This implies thaDOQ is arithmetic.
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Chapter 3

Surfaces in knot complements

The material of this chapter has been previously publishedsd16].

3.1 Introduction

The presence of a totally geodesic surface in a hyperbolia¥nifold has important
topological implications. Long showed [27] that immersedotally geodesic sur-
faces lift to embedded nonseparating surfaces in nite cag proving the virtual
Haken and virtually positive 3; conjectures for hyperbolic manifolds containing
totally geodesic surfaces. Given this, it is natural to worel about the extent to
which topology constrains the existence of totally geodessurfaces in hyperbolic

3{manifolds. Menasco{Reid have made the following conjagate [35]:

Conjecture (Menasco{Reid) No hyperbolic knot complement ir§* contains a

closed embedded totally geodesic surface.

They proved this conjecture for alternating knots. The \Merasco{Reid"
conjecture has been shown true for many other classes of ksancluding almost
alternating knots [5], Montesinos knots [41], toroidally kernating knots [3], 3{
bridge and double torus knots [22], and knots of braid index [28] and 4 [33]. For
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a knot in one of the above families, any closed essential g€ in its complement
has a topological feature which obstructs it from being evequasi-Fuchsian. In
general, however, one cannot hope to nd such obstructionsAdams{Reid have
given examples of closed embedded quasi-Fuchsian surfanelsnot complements
which volume calculations prove to be not totally geodesi®].

On the other hand, C. Leininger has given evidence for a co@nexample
by constructing a sequence of hyperbolic knot complements $* containing closed
embedded surfaces whose principal curvatures approach 6][2In this paper, we

take an alternate approach to giving evidence for a countet@mple, proving

Theorem 11. There exist in nitely many hyperbolic knot complements inational

homology spheres containing closed embedded totally g&odgurfaces.

This answers a question of Reid|recorded as Question 6.2 ir2p]|giving
counterexamples to the natural generalization of the Meneg{Reid conjecture to
knot complements in rational homology spheres. Thus the cj@ature, if true, must
re ect a deeper topological feature of knot complements in3Shan simply their
rational homology.

Prior to proving Theorem 11, in Section 2 we prove

Theorem 12. There exist in nitely many hyperbolic rational homology Speres

containing closed embedded totally geodesic surfaces.

This seems of interest in its own right, and the proof introdoes many of the
techniques we use in the proof of Theorem 11. Briey, we nd awo cusped hy-
perbolic manifold containing an embedded totally geodessurface which remains
totally geodesic under certain orbifold surgeries on its limdary slopes, and use
the Alexander polynomial to show that branched covers of tlse surgeries have no
rational homology.

In Section 3 we prove Theorem 11, giving examples using a damibranched

covering construction. We construct ahree cusped hyperbolic manifoldN contain-
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ing a totally geodesic surface intersecting two of the cuspshich remains totally
geodesic in the orbifoldO, resulting from n{fold orbifold Iling on its boundary
slopes,n 3. We identify a slope on the third cusp, which does not inteest
the totally geodesic surface, so that ordinary Dehn lling bong this slope and the
boundary slopes of the surface yields a rational homologyhsge. ThusN may be
regarded as a link complement in a rational homology spherand for oddn 3
we apply a branched covering construction as above to nd ratnal homology
spheres containing one{cusped hyperbolic manifoldd,, covering the O,, as knot
complements.

In the nal section we determine the topology of the rationalhomology
sphereS containing N as a link complement, and give some indication as to how
similar techniques might be used to producetegral homology spheres containing

closed embedded totally geodesic surfaces.

3.2 Theorem 12

Given a compact hyperbolic manifoldV with totally geodesic boundary of genus
g, gluing it to its mirror image M along the boundary yields a closed manifold
DM |the \double" of M|in which the former 0dM becomes an embedded totally
geodesic surface. One limitation of this construction is #t this surface contributes
half of its rst homology to the rst homology of DM, so that 3;(DM) g. This
is well known, but we include an argument to motivate our apmrach. Consider

the relevant portion of the rational homology Mayer{Vietolis sequence foDM:
L H(OM, Q) T Hi(M, Q) Hi(M,Q)! Hi(DM,Q)! 0

The labeled mapd —and j —are the maps induced by inclusion of the surface intgl

and M, respectively. Recall that by the \half lives, half dies" lenma (see eg. [20],
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Lemma 3.5), the dimension of the kernel af-is equal tog. HenceB;(M) g. Since
the gluing isometrydM ! 0M (the identity) extends over M, Ker i—+ Ker jm;

and so dim Im{ joh= ¢g. Hence

Hl(M!Q) Hl(MvQ)

OM Q= T i )

has dimension at leasy.

Considering the above picture gives hope that by cuttindoM along oM
and regluing via some isometryp: dM ! 0M to produce a \twisted double"
DyM, one may reduce the homological contribution addM. For thenj =i o,
and if g—moves the kernel of the inclusion o of itself, then the argumnt above
shows that the homology oD,M will be reduced. Below we apply this idea to a
family of examples constructed by Zimmerman and Paoluzzi 2% which build on

the \Tripus" example of Thurston [50].

32 >
e o [ N
v y@ <\\)

T Lo L

Figure 3.1: The tangleT and its double and twisted double.

The complement in the ball of the tangleT in Figure 3.1 is one of the
minimal volume hyperbolic manifolds with totally geodesidooundary, obtained
as an identi cation space of a regular ideal octahedron [37]We will denote it

Ow. For n 3, the orbifold O, with totally geodesic boundary, consisting of
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the ball with cone locusT of cone angle #/n, has been explicitly described by
Zimmerman and Paoluzzi [42] as an identi cation space of auncated tetrahedron.
For eachk < n with (k,n) = 1, Zimmerman and Paoluzzi describe a hyperbolic
manifold M, ¢ which is an n{fold branched cover ofO,,. Topologically, Mk is
the n{fold branched cover of the ball, branched ovel, obtained as the kernel of
hx,yi = Z Z! Z/nZ = hi viax 7't y7 tk wherex andy are homology
classes representing meridians of the two componentsTaf

We recall a well{known fact about isometries of spheres with cone points:

Fact. Let S be a hyperbolic sphere with 4 cone points of equal cone argl®
a 2n/3, labeleda, b, ¢, d. Each of the following permutations of the cone points

may be realized by an orientation-preserving isometry.
(ab)(cd) (ac)(hd) (ad)(bc)

Using this fact, and abusing notation, let¢ be the isometry @b)(cd) of
00, with labels as in Figure 3.1. Doubling the tangle ball prodees the link Lo
in Figure 3.1, and cutting along the separating 4{puncturedgsphere and regluing
via ¢ produces the linkL, a mutant of Ly in the classical terminology. Note that
L and all of the orbifoldsD,0, contain the mutation sphere as a totally geodesic
surface, by the fact above. ¢ lifts to an isometry @ of 0M,x, and the twisted
double D;Mn k is the corresponding branched cover ovér.

The homology ofD;My « can be described using the Alexander polynomial

of L. The two variable Alexander polynomial ofL is

()= 0 Doy Dy 1P )

For the regular Z-covering of 8 L given by x 7! t%, y 7! t, the Alexander
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polynomial is

r=(t (= tgkl_l(t 1)* Vi1 () Vi () Vi (1)

where v, (t) = t“71 + t~2 + + t+ 1. By a theorem originally due to Sumners
[49] in the case of links, the rst Betti number of D;Mp  is the number of roots
shared by ¥(t) and v,(t). Since this number is 0 for manyn and k, we have a

more precise version of Theorem 12. For example, we have

Theorem. For n >3 prime andk 6 0,1,n 1, D;Mn is a hyperbolic rational

homology sphere containing an embedded totally geodesitase.

The techniques used above are obviously more generally apable. Given
any hyperbolic two{string tangle in a ball with totally geodesic boundary, one may
double it to get a 2 component hyperbolic link inS* and then mutate along the
separating 4{punctured sphere by an isometry. By the hypediic Dehn surgery
theorem and the fact above, for large enough, (n,0) orbifold surgery on each
component will yield a hyperbolic orbifold with a separatig totally geodesic or-
bisurface. Thenn{fold manifold branched covers can be constructed as above.
One general observation about such covers follows from th@léwing well-known

fact, originally due to Conway:

Fact. The one variable Alexander polynomial of a link is not altedleby mutation;
ie,

LtH= (LY
when L is obtained fromL, by mutation along a 4{punctured sphere.

In our situation, this implies the following:

Corollary. A 2 component link in S* which is the twisted double of a tangle has

no integral homology spheres among its abelian branchedersy
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Proof. A link Lo which is the double of a tangle has Alexander polynomial O.

Therefore by the fact above,
t=(t 1) (tty=(t 1) (=0

and soD;Mp 1 has positive rst Betti number by Sumners' theorem. The canoical
abelian n?{fold branched cover ofL coversD;Mn 1 and so also has positive rst
Betti number. Since the othern{fold branched covers ofL have n{torsion, no

branched covers of. have trivial rst homology.

3.3 Theorem 11

In this section we construct hyperbolic knot complements imational homology
spheres containing closed embedded totally geodesic soe& The following \com-
mutative diagram" introduces the objects involved in the costruction and the

relationships between them.

N N Dehn m\/l N Dehn [&

ling lling

| O
bifold 6
N orpifol n

lling

Theorem 11 may now be more precisely stated as follows.

Theorem. For eachn 3 odd, O, is a one{cusped hyperbolic orbifold containing
a totally geodesic sphere with four cone points of order M, is a branched covering
of O, which is a one{cusped hyperbolic manifold, an§i, is a rational homology

sphere.
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Before beginning the proof, we give a brief sketch of the stegy. We
give an explicit polyhedral construction of a three{cuspedhyperbolic manifold N
containing an embedded totally geodesic 4{punctured spreewhich intersects two
of the cusps. Forn 3, we give the polyhedral decomposition of the orbifol®,
resulting from n{fold orbifold surgery on the boundary slopes of this 4{puncired
sphere. From this it is evident that O, is hyperbolic and the sphere remains
totally geodesic. For oddn 3, we prove thatO, has a certain one{cuspea{fold
manifold coverM,, with a surgery S, which is a rational homology sphere. This is
accomplished by adapting an argument of Sakuma [47] to reéathe homology of
the n{fold cover N, ! N corresponding toM, ! O, to the homology ofS,. M,
is thus a hyperbolic knot complement in a rational homologyphere, containing
the closed embedded totally geodesic surface which is a behed covering of the

totally geodesic sphere with 4 cone points i®,.

Remark. It follows from the construction that the ambient rational homology
sphereS,, covers an orbifold produced byn{fold orbifold surgery on each cusp

of N. Thus by the hyperbolic Dehn surgery theoremS,, is hyperbolic forn >> 0.

The proof occupies the remainder of the section. We rst disss the orb-
ifolds O,,. For eachn, O, decomposes into the two polyhedra in Figure 3.2. Re-

alized as a hyperbolic polyhedronl?én)

is composed of two truncated tetrahedra,
each of which has two opposite edges of dihedral anglé2 and all other dihedral
anglesni/2n, glued along a face. This decomposition is indicated in Figal 3.2
by the lighter dashed and dotted lines. The polyhedroer(”) has all edges with
dihedral anglen/2 except for those labeled otherwise, and realized as a hyipalic
polyhedron it has all combinatorial symmetries and all ciled vertices at in nity.
By Andreev's theorem, polyhedra with the desired propertgexist in hyperbolic
space. Certain face pairings (described below) Bf™ yield a compact hyperbolic
orbifold with totally geodesic boundary a sphere with 4 conpoints of cone angle

2n/n. Faces oﬂDb(”) may be glued to give a one{cusped hyperbolic orbifold with a
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torus cusp and totally geodesic boundary isometric to the lbimdary of the gluing

of P{". 0, is formed by gluing these orbifolds along their boundaries.

Figure 3.2: Cells forO,

The geometric limit of the O, asn!1 is N, a 3{cusped manifold which
decomposes into the two polyhedra in Figure 3.3. As aboveatized as a convex
polyhedron in hyperbolic space&, has all circled vertices at in nity. The edge of
Qa connecting faceA to faceC is nite length, as is the corresponding edge on the
opposite vertex ofA; all others are ideal or half-ideal, and all have dihedral aye
n/2. Q4 has a re ective involution of order 2 corresponding to the wolution of

m interchanging the two truncated tetrahedra. The xed set ofthis involution
on the back face is shown as a dotted line, and notationally wegard Q, as having
an edge there with dihedral anglet, splitting the back face into two facesXs and
Xs. Qp is the regular all-right hyperbolic ideal cuboctahedron.

Another remark on notation: the face opposite a face labeleglith only a
letter should be interpreted as being labeled with that legr \prime". For instance,
the leftmost triangular face ofQ, has labelC" Also, each \back" triangular face
of Q, takes the label of the face with which it shares a vertex. Forxample, the

lower left back triangular face isY,"~
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Figure 3.3: Cells forN

We rst consider face pairings ofQ, producing a manifold N, with two
annulus cusps and totally geodesic boundary. Let, s, and t be isometries real-
izing face pairingsX; 7! Xz, Xg 7! X4, and X, 7! Xs, respectively. Poincae's

polyhedron theorem yields a presentation

hr,s,tjrst=11

for the group generated byr, s, and t. Note that this group is free on two gen-
erators, says and t, where by the relationr = t™'s™. Choose as the \boundary
subgroup" (among all possible conjugates) the subgroup ®g the hyperbolic plane
through the faceA. A fundamental polyhedron for this group and its face{paimg
isometries are in Figure 3.4. Note that the boundary is a 4{mctured sphere, and
two of the three generators listed are the parabolias's™*ts™! and sts™t, which
generate the two annulus cusp subgroups bs, ti.

We now turn our attention to Qp and the 3{cusped quotient manifoldN.
For i 2 f1,2,3,4g, let f; be the isometry pairing the faceY; ! Y,}; so that
Vi 7! vi+1. Let g; be the hyperbolicisometry (that is, without twisting) sending
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(C, S
11, \_J

Figure 3.4: Totally Geodesic Faces dfl, and N,

E ! EYandg,the hyperbolic isometry sending= ! F" The polyhedron theorem

gives presentation

Wy, f2, f5, fa 00,02 | Fagefy " = 1,
flo; 0t = 1,
fa0, 'fi 0 = 1,
£, lgof0r = 1

for the group generated by the face pairings. The rst 3 genators and relations
may be eliminated from this presentation using Nielsen{Schier transformations,

yielding a presentation
hfs, 01,02 § £ [02, 00]Fa[g2, 9711 = 1
(our commutator convention is k, y] = xyx~ty™1), where the rst 3 relations yield
f1= 010707 1140201 10, Y, Fo = 05707 M Fa0207 ", F3 = g7 a0

The second presentation makes clear that the homology b, is free of rank 3,
since each generator has exponent sum 0 in the relation. Faé and D”make up

the totally geodesic boundary ofN,. In Figure 3.4 is a fundamental polyhedron
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for the boundary subgroup xing D, together with the face pairings generating the

boundary subgroup.

FRPa(?) B

Figure 3.5: Closed Cusp o,

N, has two annulus cusps, each with two boundary components ohet
totally geodesic boundary, and one torus cusp. A fundamerntadomain for the
torus cusp in the horosphere centered at; is shown in Figure 3.5, together with
face pairing isometries generating the rank 2 parabolic sgimup xing v;. The

generators shown are

bob = ( F4971)?Fa020;, 195 Y, rita = (407 1)%Fa0207 105"

Note that (bob)~*(rita)® is trivial in homology. This and rita (bob)™ = f,g;*
together generate the cusp subgroup xings;. For later convenience, we now
switch to the conjugate of this subgroup byf,*, xing v4, and refer tom =
T, (F00H)Fs = g7'F, and | = £, %((bob)~*(rita)®)f, as a \meridian-longitude"
generating set for the closed cusp .

The totally geodesic 4{punctured spheres on the boundaries N, and N,
are each the double of a regular ideal rectangle, and we camst N by gluing N,
to N, along them. Let us therefore assume that the polyhedra in Rige 3.3 are
realized in hyperbolic space in such a way that fack of Q, and faceD of Q, are

in the same hyperbolic plane, withQ, and Q, in opposite half-spaces. Further
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arrange so that the polyhedra are aligned in the way suggedtdy folding the
page containing Figure 3.4 along the dotted line down the cem of the gure.
With this arrangment, Maskit's combination theorem gives goresentation for the

amalgamated group:

hfs, 01,02, t | Y02, 0u0fal02, 0711 =1,
t72572 = 710, g, Faga07
stsT't = 020105 'F; 1010007 4,

tis7s™t = f, g Mg, |

The rst relation comes from N, and the others come from setting the bound-
ary face pairings equal to each other. Using Nielsen{Scheeitransformations to

eliminate g, and the last relation, the resulting presentation is

hfs, 01,8, t]
20 [fatT s s gl fa[fat s Hts ™, g Mg 2Fags = 1,
t72s72 = f, 'sttstf, tg 2t s s g, Y

sts~lt = f, gy fut s s g st istf, g, Fat ts s g My

Replaceg; with the meridian generator of the closed cusp dfl,, m = g;f,,
and add generatorsm; = f,*mf, and m, = st™'stm;t~*s7'ts™?, each conjugate

to m, yielding

hf,, m,my, my, s, tjmy = f,'mf,;, m, = st™*stm;t s~ s,

m; 't s~ HsTH,m T mymf, st istmym Tt = 1,
s*t?f, tmomf, t =1,

t st s im T t s is T m T imy tm = 1
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Note that after abelianizing, each of the last two relationexpresses; =
m?s2t?, sincem; and m, are conjugate tom and therefore identical in homology.
In light of this, we replacef, by u = t~*s~*f,m™*, which has order 2 in homology.

This yields

hm, my, my, s, t,uj

my'm™tutt T s mstum = 1 (3.1)
m; st tstmit s TMs Tt = 1 (3.2)
m; s HPumyutt 2stmm Tt = 1 (3.3)
smtu Mt s imuu it st = (3.4)
t st s im T istumt s tPum tTm =1 (3.5)

Let R; denote the relation labeled i) in the presentation above. In the abelian-
ization, R; and R, setm; = m and m, = m, respectively,R; disappears, and the

last two relations setu? = 1. Therefore
Hy(N)=Zz® Z/2Z=hmi h si hti h ui

(We will generally blur the distinction between elements oft; and their homology
classes.)

The boundary slopes of the totally geodesic 4{punctured sphe coming from
ON, and 0N, are represented int;(N) by t™*s7ts™! and sts™'t. Let O, be the
nite volume hyperbolic orbifold produced by performing f&e identi cations on
P{ and P corresponding to those o, and Q,. O, is geometrically produced
by n{fold orbifold lling on each of the above boundary slopes oN. Appealing
to the polyhedral decomposition, we see that the separating{punctured sphere
remains totally geodesic, becoming a sphere with 4 cone pgeitof ordern. Our

knots in rational homology spheres are certain manifold cexs of theO,,. In order
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to understand the homology of these manifold covers, we couatp the homology
of the corresponding abelian covers od.
Let p: B! N be the maximal free abelian cover; that isi is the cover

corresponding to the kernel of the mapt;(N) ! Hi(N) ! Z3= tx,y,zi by

m 7! X s7ly t7!z u7ll

Let X be a standard presentation 2-complex far;(N) and X the 2-complex
covering X corresponding tol) ! N. Then the rst homology and Alexander
module of X are naturally isomorphic to those of, sinceN is homotopy equiva-
lent to a cell complex obtained fromX by adding cells of dimension 3 and above.
The covering groupZ® acts freely on the chain complex ofg, so that it is a
free Z[x,x1,y,y 1, z,z7}{module. Below we give a presentation matrix for the

Alexander module ofX:

0 1
1—yz+Xxyz 1 y2z2 —1+yz+72
x2yz X xz2
1 y? x—1
X X X 0 0
1 z yz 1
0 X Xy X X
x—1 x=1)(y+2) x—1 y(x=2) 1—2x+Xxz
x2yz XZ Xyz X xz2
x—1 y(x—1)(y—1) xX=1)(—1+y—z) y(—X+Xy+Xxyz—yz) X+y—2Xy
X2z X2z Xyz X xz2
x—1 0 z(x—1) yz(X+yz) y+xz
x2 Xy X XZ

The rows of the matrix above correspond to lifts of the genetars for 1, (N) sharing

a basepoint, ordered ag m, my, My, S, t; og reading from the top down. These
generate G(X) as aZ[x,x1,y,y %, z,z7Y){module. The columns are the Fox free
derivatives of the relations in terms of the generators, givg a basis for the image

of dC,(X). For a generatorg above, letpy be the determinant of the square matrix
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obtained by deleting the row corresponding tg.~These polynomials are

Pm = (X DAy D D+ z+dyz+y’z+yz?)
Pms = gz(x DXy D@ 1y +z+4yz+yz+yz?)
P, = (X DAY 1)z (y+z+4yz+y’z+yz?)

Ps = #(X 1)(y 1)2(2 1)(y + z+ 4yz + yZZ + yZZ)
pe = a=(x Dy @ DAHy+z+ayz+yiz+yz?)
Pu =0

The Alexander polynomial of H(M) is the greatest common factor:

(xy,2)=(x 1y 1)z 1(y+z+4yz+y*z+yz%

up to multiplication by an invertible element of Z[x,x™1,y,y™%,z,z71].

Let N, be the in nite cyclic cover of N factoring through R given by

m 7! x° s7! x t7! x u7!'1

Then the chain complex ofN., is a {module, where = Z[x,x!], and special-

izing the above picture yields an Alexander polynomial

(X2 (X 1)°@2x+4x%+2x3
2x(x  1)3(x+1)3

oo (X)

Let N, be the n{fold cyclic cover of N factoring through N.,. For n odd,
N, has three cusps, sincen, sts™t, and t™'s'ts™! map to x*2, which generates
Z/nZ. Let S, be the closed manifold obtained by llingN, along the slopes
coveringm, sts™'t, and t"'s~'ts™1. Theorem 11 follows quickly from the following

lemma.

Lemma 8. Foroddn 3, S, is a rational homology sphere.
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Proof. The proof is adapted from an analogous proof of Sakuma conaieg link
complements inS® ([47], see also [21)5.7). We begin by noting that the chain
complex ofN is naturally isomorphictoZ AC{N.), whereZ is made a {module
by the augmentation map. This follows from the fact thatN is the quotient of No,
by the cyclic group generated by the covering transformatiocorresponding tox.
Similarly, the chain complex ofN,, is isomorphic to /(X" 1) A C{No).

Note that X" 1= (x 1)v,, wherev,(x) = X" 1+ x"2+ .+ x+1. The

key observation is that there is a short exact sequence of adent modules
or z!M™ /(x™ 1)t /(va)! O,

where the map on the left is multiplication byv,,. Tensoring with C:{N.,) gives a
short exact sequence of chain complexes (recall th@i{N.) is a free {module,

and therefore at), which gives rise to an exact sequence iromology
S Hi(N) T Hi(NR) ! Hy(N; Z(va)) ! O

wheretr is the transfer map,tr(h) = h+ xh+  + x""1.h for a homology class
h. That the nal map above is trivial follows from the fact that the transfer map
is injective on H,. Another exact sequence of chain complexes allows a di eten
description of H(N; /(vn)):

0! CiNeo) '™ CNo)!  /(Vn) ACNo)! 0O
gives rise to a homology exact sequence
- Hi(Neo) ™™ Hi(Neo) ! Hi(N; /(va)) ! O.
Again, triviality of the nal map follows from the fact that m ultiplication by vy in-
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duces an injection on |J(No,). This describes H(N; 7/(vn)) = H 1(Ne)/VaH1(Neo).
Since the Alexander polynomial oN., does not share roots wittv,, H, is a torsion
Z{module; that is, a nite abelian group (see eg. Lemma 7.2.8f$23]).

The lemma follows from a comparison between k5,,) and Hy(N; 7/(vn)).
The Mayer-Vietoris sequence implies that I{S,) is obtained as the quotient of
H1(Np) by the subgroup generated by transfers of the meridians. N were a link
complement in S, it would immediately follow that H,(N; /(vn)) = H 1(S,), since

the homology of a link complement is generated by meridiansn our case we have

Hi(N; 7/(vn)) = H 1(Np)/htr(m), tr(s), tr(t), tr(u) i,

whereas
H1(Sn) = H 1(Np)/htr(m), tr(2s), tr(2t) i.

However one observes that {S,) ! Hi(N; /(vn)) is an extension of degree at
most 8 (sinceu has order 2 in H(N)), and so Hi(Sn) is also nite.
(]

Let M, be the manifold obtained by lling two of the three cusps ofN,
along the slopes coveringts™'t and t™'s~'ts™%. M, is a branched cover of,,
which we have geometrically described as produced hjfold orbifold lling along
sts~1t and t™1s~ts™1. M, contains a closed totally geodesic surface covering the
totally geodesic sphere with 4 cone points i©,. S, is produced by lling the
remaining cusp ofM, along the meridian coveringm to give a closed manifold.
Since S, is a rational homology sphereM;, is a knot complement in a rational

homology sphere, and we have proven Theorem 11.
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3.4 Fillings

Performing ordinary Dehn lling along the 3 meridians ofN specied in the pre-
vious section yields a manifoldS, which is easily seen to be the connected sum
of two spherical manifolds. The half arising from the truncid tetrahedra is the
quotient of S, regarded as the set of unit quaternions, by the subgroup, j, ki.
The half arising from the cuboctahedron is the lens space L#). The manifolds
Sn may be regarded as{fold branched covers over the 3 component link in S
consisting of the cores of the lling tori.

Since the meridiang™'s~'ts~! and sts~'t represent squares of primitive el-
ements in the homology oN, any cover ofS branched overL will have nontrivial
homology of order 2 coming from the transfers a&f and t. However, it is possible
that techniques similar to those above may be used to creatadt complements in
integral homology spheres. If the manifold abovelin addition to its geometric
properties|had trivial nonperipheral integral homology, thenS would be an inte-
gral homology sphere. Porti [43] has supplied a formula inrtas of the Alexander
polynomial for the order of the homology of a cover of an integl homology sphere
branched over a link, generalizing work of Mayberry{Murasgi in the case ofS3
[34]. Using this formula, the order of the homology of braned covers ofS could

be easily checked.
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Chapter 4

Further directions

4.1 Menasco-Reid

The Menasco-Reid conjecture itself remains open, but eveeyond this very little
seems known about the subject of totally geodesic surfacestedded or immersed
in hyperbolic knot complements inS3. The work of Adams et al ([1], [4]) has
demonstrated the existence of totally geodeskeifert surfaces(that is, orientable
surfaces with a single longitudinal boundary component) ircertain hyperbolic
knot complements, for instance therg, n,n) pretzel knots. However, we do not
know of any other examples of embedded totally geodesic sués in hyperbolic
knot complements. In particular, the following more genetaquestion remains

unanswered.

Question. Does there exist a knot complement containing a separatingtally

geodesic surface?

The \co{Menasco-Reid" conjecture below addresses a di emespecial case

of this question, which is of particular interest to us in lidnt of examples herein.

Conjecture. No hyperbolic knot complement irS% contains a totally geodesic
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Conway sphere (that is, a separating four punctured sphergtwmeridional bound-
ary).

There are many knots with crossing number not much greater &m 10 on
which this conjecture may be easily tested using volume calations with Snap-
pea. The candidate with lowest crossing number is the knot 1 in the standard
notation; this possesses an incompressible Conway sphexpasating two copies of
the tangle of Figure 2.9(a) which however is not totally geaebic. Note that exam-
ples in the previous chapter show that this conjecture is faé¢ for two{component
links. Indeed, as pointed out previously the Menasco-Reidgjecture is false for
links with two or more components, by examples of Leininge2§].

If one considers immersed non{embedded totally geodesicfages, in nitely
many (both compact and noncompact) may be found in the Figur8 knot com-
plement, by work of Maclachlan ([29], cf. [30]x9.6). His construction uses arith-
meticity of the Figure 8 knot complement in a crucial way, andsince this is the
unique arithmetic knot complement ([46]) it is not necessdy a good indicator of
the situation for hyperbolic knot complements in general. ndeed, work of Cale-
gari shows that some hyperbolic knot complements i3, for example that of 8o,
contain no totally geodesic surfaces at all [11]. On the othband, each twist knot
complement contains an essential immersed 3{punctured e, which must be
totally geodesic since the 3{punctured sphere is rigid. Hawer, forthcoming work
of Ago{Rafalski shows that there are at most nitely many oher hyperbolic knot

complements containing such a 3{punctured sphere.

4.2 Bounding

In attempting to construct manifolds containing totally geodesic surfaces, questions
of bounding naturally arise, as the hyperbolic structuresrothe geodesic bound-

aries of the pieces obtained by cutting along a totally geodie surface must be
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identical. Of particular interest are highly symmetricboundary structures, those
which regularly cover a triangle orbifold, for these o er may isometries with which
to construct twisted doubles. There are many questions abbhighly symmetric

surfaces. Here is a classical one.
Question. Does Klein's quartic curve bound?

Klein's quartic curve is the maximally symmetric genus 3 surface, a regular
cover of the (2 3, 7) triangle group, and this question asks if it occurs as thes¢le)
totally geodesic boundary component of a hyperbolic 3-mdald. Zimmermann
has constructed a hyperbolic 3-manifold whose boundary cists of four copies
of Klein's quartic curve [51]. The following conjecture adesses a situation very

closely related to the subject of this thesis.

Conjecture. The geodesic boundary of a hyperbolic tangle in the ball isvae

highly symmetric.

A two{string tangle providing a counterexample to this congcture would
also furnish a counterexample to the conjecture of the preais section, by taking
a double of the tangle twisted by an isometry with the correcaction on endpoints
of the tangle strings. We note that neither of the tangles of&tion 2.4 of this thesis
have highly symmetric boundary, although in both cases thedundary covers the
modular surface. These are in fact the only tangle complentsnin the ball for
which the author knows the totally geodesic boundary structre. On the other
hand, the manifoldN, of Chapter 3 has highly symmetric boundary a 4{punctured
sphere and two annular cusps, but the result of lling these ranular cusps has
nontrivial (although nite) fundamental group, and so N, is not the complement

of a tangle in the ball.
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4.3 \Volumes

A remark of Thurston from his notes [50] asserts, \One gets éhfeeling that vol-
ume is a very good measure of the complexity of a lirlomplement and that the
ordinal structure is really inherent in 3-manifolds." Thee has subsequently been
a wide{ranging project to classify small{volume 3-manifals and orbifolds. The
Figure 8 knot complement is now known to be the cusped orierike three manifold
of smallest volume [12], and the 6 smallest volume cusped ®itolds have been
classi ed as well [36], [2]. The closed case has proven moesistant, although
progress has been made (see eg. [44], [8], [9]) toward prgvine conjecture that
the \Weeks manifold" has smallest volume among closed oriable hyperbolic
3-manifolds. These results give evidence for the broad spiof Thurston's asser-
tion, that most reasonable measures of \complexity" of hygéolic manifolds are
minimized by minimal{volume examples.

Similar questions have been asked, and in some cases ansiyeabout hy-
perbolic 3-manifolds with totally geodesic boundary. Kojha-Miyamoto showed
that the minimal{volume compact hyperbolic 3-manifolds wih geodesic boundary
are obtained by identifying faces of two regular truncatedetrahedra, [25], and
Miyamoto showed that the smallest hyperbolic manifolds wit geodesic boundary
are noncompact, obtained by gluing the faces of a regular mleoctahedron in pairs
[37] (the manifold of Theorem 9 is one such example). AlthobgMiyamoto's ex-
amples have annular cusps abutting the boundary, we do not &w what is the
smallest volume hyperbolic 3-manifold with geodesic bouady and a closed cusp.

We suspect, however, that we have already found it.

Conjecture. The smallest volume hyperbolic 3-manifold with totally giesic bound-

ary and a closed cusp is the complement of the tangle of Figar@(b).

This conjecture follows the spirit of Thurston's assertionsince the comple-

ment of a neighborhood of the tangle in Figure 2.9(b) is a gesl2 compression
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body. Furthermore the tangle itself has the lowest crossingumber among all non-
trivial tangles with a closed loop. We may also ask the corneending question for

manifolds with compact boundary.

Question. What is the smallest volume hyperbolic 3-manifold with a sked cusp

and compact geodesic boundary?

The smallest such example of which we know was discovered hygErio-
Martelli-Petronio, and is a knot complement in a genus 2 hahebody (see Figure
1 of [19]) with volume approximately 7.797637. The resultd ¢19] give a \census"
of all hyperbolic manifolds with compact geodesic boundargonstructed from at
most four partially truncated tetrahedra, showing in particular that this manifold
is the only cusped example constructed from 3 or fewer (in tait is constructed
from 3). Following the spirit of Thurston's assertion againit seems reasonable to

conjecture that this is in fact the minimum volume example.

4.4  Arithmeticity

A hyperbolic three-orbifold of nite volume M = H3/ is arithmetic if k has
exactly one pair of complex{conjugate embeddings int€, has integral traces,
and the invariant quaternion algebrais ramied at all real embeddings ofk .

(We have not dealt with the invariant quaternion algebra in his thesis, but it is a
commensurability invariant that may be associated to any neelementary Kleinian
group, see Chapter 3 of [30] for an overview.) The exampl@s, O4, and O of this
thesis are all hyperbolic orbifolds with geodesic boundaryatisfying the criteria
above. We will call such orbifolds-with-boundarysubarithmetic The following

guestion thus arises naturally in this context.

Question. Does every nite{volume subarithmetic hyperbolic 3-orkold with geodesic

boundary embed isometrically in a nite{volume (boundarglss) arithmetic 3-orbifold?
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Given a subarithmetic 3-orbifold with geodesic boundaryts double would
seem to be the most natural candidate to answer the questiobave in the positive.
In particular, the double has the same invariant trace eld ad quaternion algebra
as the original orbifold with geodesic boundary. However,sawe remark below
Lemma 6, the integral traces criterion fails for the doublefdO5! In fact it can be
shown that the doubles of0j’and O7 have nonintegral traces as well. All three of
these orbifolds have awisted double which is arithmetic, though. On the other
hand, as shown in Section 2.4, the doubles 6, and O are both arithmetic.

We remark that it follows from general considerations that lte Kleinian
group associated to a subarithmetic hyperbolic 3-orbifa O with geodesic bound-
ary is a subgroup of an arithmetic lattice “< PSL,(C); that is, a discrete group
of nite covolume. This induces an immersion 00 into M = H3/ Jandif < "
is separable| equal to the intersection of all nite{index subgroups of “which
contain it | then it follows from work of Scott [48] that O embeds in some nite
cover of M. In general it is not known which subgroups of hyperbolic maiold
groups are separable, although this topic is of considerabtesearch interest (see
eg. [27], [7]). Here it seems reasonable to conjecture thatbgroups arising as

above are separable, and thus that the above question has asjlive answer.
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