
Name: Worksheet 20

1. An arbelos is a region enclosed by three mutually tangent semi-circles (two smaller semicircles
inside one larger circle, all of which have their centers lying on the same line).

(a) Sketch an arbelos where the large circle has radius 1, and label the two smaller radii by
t and p. Label the distance between the center of the largest circle and the point where
the two smaller circles meet by x.

(b) Write a function for the area of the arbelos in terms of x, t, and p.
(c) Write equations relating x and t and x and p.
(d) Substitute so that you have an area function A(x) in terms of x only.
(e) Find what x should be to maximize the area of the arbelos.
(f) What does this look like on your picture?

2. Rolle’s Theorem says: Let f be continuous on a closed interval [a, b] and differentiable on
(a, b) with f(a) = f(b). Then there is at least one point c in (a, b) such that f ′(c) = 0.

(a) Draw a picture that illustrates Rolle’s Theorem. That is, draw a picture where the
hypotheses are satisfied and show on your sketch where the conclusion is satisfied. Must
there be only one point c that satisfies the conclusion?

(b) Draw a picture that shows that the condition of continuity is necessary for the theorem
to work.

(c) Draw a picture that shows that the condition of differentiability is necessary for the
theorem to work.

3. Determine whether Rolle’s Theorem applies to the following functions on the given interval.
If so, find the point(s) that satisfy the conclusion of Rolle’s Theorem. If Rolle’s Theorem
does not apply, does that guarantee that there is no point in the interval where the function
has slope 0?

(a) f(x) = (x− 2)(x− 3)2 on [2, 3]
(b) g(x) = x2 on [−2, 4]

4. The Mean Value Theorem is an extension of Rolle’s Theorem. It says: If f be continuous on
a closed interval [a, b] and differentiable on (a, b). Then there is at least one point c in (a, b)

such that f ′(c) =
f(b)− f(a)

b− a
.

(a) Draw a picture to illustrate the MVT (draw one where Rolle’s theorem is not satisfied).
(b) Use your picture to describe how you could prove the MVT using Rolle’s Theorem.

Don’t write a formal proof, but explain the basic geometrical idea of how you can get
the MVT from Rolle’s Theorem.

(c) Use the Mean Value Theorem to design a speed trap: You want to catch someone
speeding. The problem is that radar guns aren’t working because people have radar
detectors (or they just see the police car ahead of them on the side of the road), so
they slow down when they approach a police car. You have two police cars that can be
positioned at fixed points along a road. Assume that the road is long and straight, the
speed limit is 60 mph, and that a car will slow down to 60mph when passing a police
car, but will go faster when not near a police car. How can you use the Mean Value
Theorem to catch them speeding anyway? (Police really do this). Does this method
require radar guns? Can you prove they were speeding under all circumstances?
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