
           

From TangleFractionsto DNA

Louis H. Kau®manand So¯a Lambropoulou

Abstract

This paper draws a line from the elements of tangle fractions to
the tangle model of DNA recombination. In the process,we sketch the
classi¯cation of rational tangles, unoriented and oriented rational knots
and the application of thesesubjects to DNA recombination.

1 In tro duction

Rational knots and links area classof alternating links of oneor two unknotted
components, and they are the easiestknots to make (also for Nature!). The
¯rst twenty ¯v e knots, except for 85, are rational. Furthermore all knots and
links up to ten crossingsareeither rational or areobtained from rational knots
by insertion operations on certain simple graphs. Rational knots are also
known in the literature as four-plats, Vierge°echte and 2-bridge knots. The
lensspacesariseas 2-fold branched coveringsalong rational knots.

A rational tangle is the result of consecutive twists on neighbouring end-
points of two trivial arcs, seeDe¯nition 1. Rational knots are obtained by
taking numerator closuresof rational tangles (seeFigure 19), which form a
basisfor their classi¯cation. Rational knots and rational tanglesare of funda-
mental importance in the study of DNA recombination. Rational knots and
links were¯rst consideredin [40] and [2]. Treatments of various aspectsof ra-
tional knots and rational tanglescanbe found in [3],[7], [46], [6], [42], [16], [27],
[31], [34]. A rational tangle is associated in a canonicalmannerwith a unique,
reduced rational number or 1 ; called the fraction of the tangle. Rational
tanglesare classi¯ed by their fractions by meansof the following theorem:

Theorem 1 (Con way, 1970) Two rational tanglesare isotopic if and only
if they havethe samefraction.

John H. Conway [7] introducedthe notion of tangleand de¯ned the fraction
of a rational tangle using the continued fraction form of the tangle and the
Alexander polynomial of knots. Via the Alexander polynomial, the fraction
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is de¯ned for the larger classof all 2-tangles. In this paper we are interested
in di®erent de¯nitions of the fraction, and we give a self-contained exposition
of the construction of the invariant fraction for arbitrary 2-tanglesfrom the
bracket polynomial [19]. The tangle fraction is a key ingredient in both the
classi¯cation of rational knots and in the applications of knot theory to DNA.
Proofs of Theorem1 can be found in [33], [6] p.196, [16] and [25].

More than onerational tangle can yield the sameor isotopic rational knots
and the equivalencerelation between the rational tangles is re°ected in an
arithmetic equivalenceof their corresponding fractions. This is marked by a
theorem due originally to Schubert [45] and reformulated by Conway [7] in
terms of rational tangles.

Theorem 2 (Schub ert, 1956) Supposethat rational tangleswith fractions
p
q and p0

q0 are given (p and q are relatively prime. Similarly for p0 and q0.) If

K ( p
q) and K ( p0

q0) denote the corresponding rational knots obtained by taking

numerator closures of these tangles, then K ( p
q) and K ( p0

q0) are topologically
equivalent if and only if

1. p = p0 and

2. either q ´ q0(modp) or qq0 ´ 1(modp):

This classictheorem [45] was originally proved by using an observation of
Seifert that the 2-fold branchedcoveringspacesof S3 alongK ( p

q) and K ( p0

q0) are
lensspaces,and invoking the results of Reidemeister[41] on the classi¯cation
of lens spaces.Another proof using covering spaceshas beengiven by Burde
in [5]. Schubert also extended this theorem to the caseof oriented rational
knots and links described as 2-bridge links:

Theorem 3 (Schub ert, 1956) Suppose that orientation-compatible ratio-
nal tangleswith fractions p

q and p0

q0 are given with q and q0 odd. (p and q are

relatively prime. Similarly for p0 and q0.) If K ( p
q) and K ( p0

q0) denotethe corre-
sponding rational knots obtained by taking numerator closuresof thesetangles,
then K ( p

q) and K ( p0

q0) are topologically equivalent if and only if

1. p = p0 and

2. either q ´ q0(mod2p) or qq0 ´ 1(mod2p):

In [26] we give the ¯rst combinatorial proofsof Theorem2 and Theorem3.
In this paper we sketch the proofs in [25] and [26] of the above three theorems
and we give the key examplesthat are behind all of our proofs. We also give
someapplications of Theorems2 and 3 using our methods.
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The paper is organized as follows. In Section 2 we introduce 2-tangles
and rational tangles,Reideimeistermoves, isotopiesand operations. We give
the de¯nition of ° yping, and state the (now proved) Tait ° yping conjecture.
The Tait conjecture is usedimplicitly in our classi¯cation work. In Section3
we introduce the continued fraction expressionfor rational tangles and its
properties. We use the continued fraction expressionfor rational tangles to
de¯ne their fractions. Then rational tangle diagramsare shown to be isotopic
to alternating diagrams. The alternating form is used to obtain a canonical
form for rational tangles,and we obtain a proof of Theorem1.

Section 4 discussesalternate de¯nitions of the tangle fraction. We begin
with a self-contained exposition of the bracket polynomial for knots, links and
tangles. Using the bracket polynomial we de¯ne a fraction F (T) for arbitrary
2-tanglesand show that it has a list of properties that are su±cient to prove
that for T rational, F (T) is identical to the continued fraction value of T, as
de¯ned in Section3. The next part of Section4 givesa di®erent de¯nition of
the fraction of a rational tangle, basedon coloring the tangle arcs with inte-
gers. This de¯nition is restricted to rational tanglesand thosetanglesthat are
obtainedfrom them by tangle-arithmetic operations,but it is truly elementary,
dependingjust on a little algebraand the propertiesof the Reidemeistermoves.
Finally, wesketch yet anotherde¯nition of the fraction for 2-tanglesthat shows
it to be the value of the conductanceof an electrical network associated with
the tangle.

Section5 contains a descriptionof our approach to the proof of Theorem2,
the classi¯cation of unoriented rational knots and links. The key to this ap-
proach is enumerating the di®erent rational tangleswhosenumerator closureis
a given unoriented rational knot or link, and con¯rming that the correspond-
ing fractions of thesetanglessatisfy the arithmetic relations of the Theorem.
Section6 sketchesthe classi¯cation of rational knots and links that are isotopic
to their mirror images. Such links are all closuresof palindromic continued
fraction forms of even length. Section7 describesour proof of Theorem3, the
classi¯cation of oriented rational knots. The statement of Theorem 3 di®ers
from the statement of Theorem2 in the useof integersmodulo 2p rather than
p: We seehow this di®erencearises in relation to matching orientations on
tangles. This section also includes an explanation of the fact that fractions
with even numerators correspond to rational links of two components, while
fractions with odd numeratorscorrespond to singlecomponent rational knots
(the denominators are odd in both cases). Section 8 discussesstrongly in-
vertible rational knots and links. Thesecorrespond to palindromic continued
fractions of odd length.

Section9 is an introduction to the tangle model for DNA recombination.
The classi¯cation of the rational knots and links, and the use of the tangle
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fractions is the basictopologybehind the tanglemodel for DNA recombination.
We indicate how problemsin this model are reducedto properties of rational
knots, links and tangles,and we show how a ¯nite number of observations of
successive DNA recombination can pinpoint the recombination mechanism.

2 2-Tangles and Rational Tangles

Throughout this paper wewill beworking with 2-tangles. The theory of tangles
wasdiscoveredby John Conway [7] in his work on enumerating and classifying
knots. A 2-tangle is an embedding of two arcs (homeomorphicto the interval
[0,1]) and circles into a three-dimensionalball B 3 standardly embedded in
Euclidean three-spaceS3, such that the endpoints of the arcs go to a speci¯c
set of four points on the surfaceof the ball, sothat the circlesand the interiors
of the arcsareembeddedin the interior of the ball. The left-hand sideof Figure
1 illustrates a 2-tangle. Finally, a 2-tangle is oriented if we assignorientations
to each arc and each circle. Without lossof generality, the four endpoints of
a 2-tanglecan be arrangedon a great circle on the boundary of the ball. One
can then de¯ne a diagram of a 2-tangleto be a regular projection of the tangle
on the plane of this great circle. In illustrations we may replacethis circle by
a box.

3

-2

2

,

Figure 1 - A 2-tangle and a rational tangle

The simplest possible 2-tangles comprise two unlinked arcs either hori-
zontal or vertical. Theseare the trivial tangles, denoted [0] and [1 ] tangles
respectively, seeFigure 2.
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[     ][0]

,

Figure 2 - The trivial tangles [0] and [1 ]

De¯nition 1 A 2-tangle is rational if it can be obtained by applying a ¯-
nite number of consecutive twists of neighbouring endpoints to the elementary
tangles[0] or [1 ]:

The simplest rational tangles are the [0], the [1 ], the [+1] and the [¡ 1]
tangles,as illustrated in Figure 3, while the next simplest onesare:

(i) The integer tangles, denotedby [n]; madeof n horizontal twists, n 2 ZZ:

(ii) The vertical tangles, denotedby 1
[n] ; madeof n vertical twists, n 2 ZZ:

Theseare the inversesof the integer tangles, seeFigure 3. This termi-
nology will be clear soon.

Examplesof rational tanglesare illustrated in the right-hand sideof Figure
1 as well as in Figures 8 and 17 below.

[0] [1][-1] [2][-2]

, , , , ,

,,, , , ...

...

...

...

[     ]
[-1]
_

[1]
_1

[2]
_11

[-2]
_1

Figure 3 - The elementary rational tangles

We study tanglesup to isotopy. Two 2-tangles,T; S, in B 3 are said to be
isotopic, denotedby T » S, if they have identical con¯gurations of their four
endpoints in the boundary S2 of the three-ball, and there is an ambient isotopy
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of (B 3; T) to (B 3; S) that is the identit y on the boundary (S2; @T) = (S2; @S).
An ambient isotopy can be imaginedasa continuousdeformation of B 3 ¯xing
the four endpoints on the boundary sphere,and bringing one tangle to the
other without causingany self-intersections.

In terms of diagrams, Reidemeister[39] proved that the local moves on
diagramsillustrated in Figure 4 capture combinatorially the notion of ambient
isotopy of knots, links and tangles in three-dimensionalspace. That is, if
two diagramsrepresent knots, links or tanglesthat are isotopic, then the one
diagram can be obtained from the other by a sequenceof Reidemeistermoves.
In the caseof tanglesthe endpoints of the tangleremain ¯xed and all the moves
occur inside the tangle box.

Two oriented 2-tanglesare are said to be oriented isotopic if there is an
isotopy betweenthem that preservesthe orientations of the corresponding arcs
and the corresponding circles. The diagramsof two oriented isotopic tangles
di®er by a sequenceof oriented Reidemeistermoves, i.e. Reidemeistermoves
with orientations on the little arcs that remain consistent during the moves.

Figure 4 - The Reidemeister moves

From now on we will be thinking in terms of tangle diagrams. Also, we
will be referring to both knots and links whenever we say `knots'.

A ° ype is an isotopy moveappliedon a 2-subtangleof a larger tangleor knot
asshown in Figure 5. A ° ype preservesthe alternating structure of a diagram.
Even more, ° ypesare the only isotopy movesneededin the statement of the
celebratedTait Conjecture for alternating knots, stating that two alternating
knots are isotopic if and only if any two corresponding diagrams on S2 are
related by a ¯nite sequence of ° ypes. This wasposedby P.G. Tait, [49] in 1898
and was proved by W. Menascoand M. Thistlethwaite, [32] in 1993.
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~

Figure 5 - The ° yp e moves

The classof 2-tanglesis closedunder the operations of addition (+) and
multiplication (¤) as illustrated in Figure 6. Adddition is accomplishedby
placing the tanglesside-by-sideand attaching the N E strand of the left tangle
to the N W strand of the right tangle, while attaching the SE strand of the
left tangle to the SW strand of the right tangle. The product is accomplished
by placing one tangle underneath the other and attaching the upper strands
of the lower tangle to the lower strands of the upper tangle.

The mirr or image of a tangle T is denoted by ¡ T and it is obtained by
switching all the crossingsin T: Another operation is rotation accomplished
by turning the tangle counter-clockwise by 90± in the plane. The rotation of
T is denotedby T r : The inverse of a tangle T, denotedby 1=T; is de¯ned to
be ¡ T r : SeeFigure 6. In general,the inversionor rotation of a 2-tangle is an
order 4 operation. Remarkably, for rational tangles the inversion (rotation)
is an order 2 operation. It is for this reasonthat we denote the inverseof a
2-tangleT by 1=T or T ¡ 1; and hencethe rotate of the tangle T canbe denoted
by ¡ 1=T = ¡ T ¡ 1:

T
r T r

=

-= -1/T  , = 1/T

T S

T

S

-T -T, ,

T+S

T S*
T i

~T i

=

Figure 6 - Addition, pro duct and inversion of 2-tangles
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We describe now another operation applied on 2-tangles,which turns out
to be an isotopy on rational tangles. We say that Rhf l ip is the horizontal ° ip of
the tangle R if Rhf l ip is obtainedfrom R by a 180± rotation arounda horizontal
axis on the plane of R. Moreover, Rvf l ip is the vertical ° ip of the 2-tangleR if
Rvf l ip is obtained from R by a 180± rotation around a vertical axis on the plane
of R. SeeFigure 7 for illustrations. Note that a ° ip switches the endpoints
of the tangle and, in general,a ° ipped tangle is not isotopic to the original
one. It is a property of rational tanglesthat T » Thf l ip and T » Tvf l ip for any
rational tangleT: This is obvious for the tangles[n] and 1

[n] : The generalproof
crucially uses° ypes,see[25].

180

hflip

R

R

R

vflip

R

o

180o

Figure 7 - The horizon tal and the vertical ° ip

The above isotopiescomposedconsecutively yield T » (T ¡ 1)¡ 1 = (T r )r

for any rational tangle T: This says that inversion (rotation) is an operation
of order 2 for rational tangles,so we can rotate the mirror imageof T by 90±

either counterclockwise or clockwise to obtain T ¡ 1.

Note that the twists generating the rational tangles could take place be-
tweenthe right, left, top or bottom endpoints of a previously createdrational
tangle. Using ° ypesand ° ips inductively on subtanglesone can always bring
the twists to the right or bottom of the rational tangle. We shall then say that
the rational tangle is in standard form. Thus a rational tangle in standard
form is createdby consecutive additions of the tangles [§ 1] only on the right
and multiplications by the tangles [§ 1] only at the bottom, starting from the
tangles[0] or [1 ]: For example,Figure 1 illustrates the tangle (([3]¤ 1

[¡ 2])+ [2]);
while Figure 17 illustrates the tangle (([3] ¤ 1

[2] ) + [2]) in standard form. Fig-
ure 8 illustrates addition on the right and multiplication on the bottom by
elementary tangles.
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T

*

=T T+

T =

Figure 8 - Creating new rational tangles

We also have the following closing operations, which yield two di®erent
knots: the Numerator of a 2-tangle T, denotedby N (T), obtained by joining
with simple arcs the two upper endpoints and the two lower endpoints of T;
and the Denominator of a 2-tangle T, obtained by joining with simple arcs
each pair of the corresponding top and bottom endpoints of T, denoted by
D(T). We have N (T) = D(T r ) and D(T) = N (T r ): We note that every knot
or link can be regardedas the numerator closureof a 2-tangle.

T
N

N(T)

T
D

D(T)

TT ~

Figure 9 - The numerator and denominator of a 2-tangle

We obtain D(T) from N (T) by a [0] ¡ [1 ] interchange,as shown in Fig-
ure 10. This `transmutation' of the numerator to the denominator is a precur-
sor to the tangle model of a recombination event in DNA, seeSection9. The
[0] ¡ [1 ] interchangecan be described algebraicallyby the equations:

N (T) = N (T + [0]) ¡ ! N (T + [1 ]) = D(T):
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D(T)
interchange

N(T) =

[     ][0]

=T T

Figure 10 - The [0] ¡ [1 ] in terc hange

We will concentrate on the classof rational knots and links arising from
closing the rational tangles. Even though the sum/product of rational tan-
gles is in general not rational, the numerator (denominator) closure of the
sum/product of two rational tangles is still a rational knot. It may happen
that two rational tanglesare not isotopic but have isotopic numerators. This
is the basic idea behind the classi¯cation of rational knots, seeSection5.

3 Con tin ued Fractions and the Classi¯cation
of Rational Tangles

In this section we assignto a rational tangle a fraction, and we explore the
analogybetweenrational tanglesand continued fractions. This analogyculmi-
nates in a commoncanonical form, which is usedto deducethe classi¯cation
of rational tangles.

We ¯rst observe that multiplication of a rational tangle T by 1
[n] may be

obtained as addition of [n] to the inverse 1
T followed by inversion. Indeed,we

have:

Lemma 1 The following tangle equation holdsfor any rational tangle T:

T ¤
1

[n]
=

1
[n] + 1

T

:

Thus any rational tangle can be built by a series of the following operations:
Addition of [§ 1] and Inversion.



             

Fr om Tangle Fra ctions to DNA 11

Proof. Observe that a 90± clockwise rotation of T ¤ 1
[n] produces¡ [n] ¡ 1

T :
Hence,from the above (T ¤ 1

[n] )
r = ¡ [n] ¡ 1

T ; and thus (T ¤ 1
[n] )

¡ 1 = [n] + 1
T :

So,taking inversionson both sidesyields the tangle equationof the statement.
2

De¯nition 2 A continued fraction in integer tanglesis an algebraicdescrip-
tion of a rational tangle via a continued fraction built from the tangles [a1];
[a2]; : : : ; [an ] with all numeratorsequalto 1, namelyan expressionof the type:

[[a1]; [a2]; : : : ; [an ]] := [a1] +
1

[a2] + ¢¢¢+ 1
[an ¡ 1 ]+ 1

[an ]

for a2; : : : ; an 2 ZZ ¡ f 0g and n even or odd. We allow that the term a1 may
be zero, and in this casethe tangle [0] may be omitted. A rational tangle
described via a continued fraction in integer tanglesis said to be in continued
fraction form. The lengthof the continuedfraction is arbitrary { in the previous
formula illustrated with length n { whether the ¯rst summand is the tangle
[0] or not.

It follows from Lemma 3.2 that inductively every rational tangle can be
written in continued fraction form. Lemma 3.2 makes it easy to write out
the continued fraction form of a given rational tangle, sincehorizontal twists
are integer additions, and multiplications by vertical twists are the reciprocals
of integer additions. For example, Figure 1 illustrates the rational tangle
[2] + 1

[¡ 2]+ 1
[3]

; Figure 17 illustrates the rational tangle [2] + 1
[2]+ 1

[3]
: Note that

([c] ¤
1
[b]

) + [a] has the continued fraction form [a] +
1

[b] + 1
[c]

= [[a]; [b]; [c]]:

For T = [[a1]; [a2]; : : : ; [an ]] the following statements are now straightforward.

1: T + [§ 1] = [[a1 § 1]; [a2]; : : : ; [an ]];

2: 1
T = [[0]; [a1]; [a2]; : : : ; [an ]];

3: ¡ T = [[¡ a1]; [¡ a2]; : : : ; [¡ an ]]:

We now recall somefacts about continued fractions. Seefor example[28],
[35], [29], [50]. In this paper we shall only considercontinued fractions of the
type

[a1; a2; : : : ; an ] := a1 +
1

a2 + ¢¢¢+ 1
an ¡ 1+ 1

an
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for a1 2 ZZ; a2; : : : ; an 2 ZZ ¡ f 0g and n even or odd. The length of the
continued fraction is the number n whether a1 is zeroor not. Note that if for
i > 1 all terms are positive or all terms are negative and a1 6= 0 (a1 = 0;)
then the absolutevalueof the continued fraction is greater (smaller) than one.
Clearly, the two simplealgebraicoperationsaddition of +1 or ¡ 1 and inversion
generateinductively the whole classof continued fractions starting from zero.
For any rational number p

q the following statements are straightforward.

1: there are a1 2 ZZ; a2; : : : ; an 2 ZZ ¡ f 0g such that p
q = [a1; a2; : : : ; an ];

2: p
q § 1 = [a1 § 1; a2; : : : ; an ];

3: q
p = [0; a1; a2; : : : ; an ];

4: ¡ p
q = [¡ a1; ¡ a2; : : : ; ¡ an ]:

We can now de¯ne the fraction of a rational tangle.

De¯nition 3 Let T be a rational tangle isotopic to the continued fraction
form [[a1]; [a2]; : : : ; [an ]]: We de¯ne the fraction F (T) of T to be the numerical
valueof the continuedfraction obtainedby substituting integersfor the integer
tanglesin the expressionfor T, i.e.

F (T) := a1 +
1

a2 + ¢¢¢+ 1
an ¡ 1+ 1

an

= [a1; a2; : : : ; an ];

if T 6= [1 ]; and F ([1 ]) := 1 = 1
0 ; as a formal expression.

Remark 1 This de¯nition is good in the sensethat onecanshow that isotopic
rational tanglesalways di®erby ° ypes,and that the fraction is unchangedby
° ypes[25].

Clearly the tangle fraction has the following properties.

1: F (T + [§ 1]) = F (T) § 1;

2: F ( 1
T ) = 1

F (T ) ;

3: F (¡ T) = ¡ F (T):

The main result about rational tangles (Theorem 1) is that two rational
tanglesare isotopic if and only if they have the samefraction. We will show
that every rational tangle is isotopic to a uniquealternating continued fraction
form, and that this alternating form can be deducedfrom the fraction of the
tangle. The Theoremthen follows from this observation.
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Lemma 2 Every rational tangle is isotopic to an alternating rational tangle.

Proof. Indeed, if T has a non-alternating continued fraction form then the
following con¯guration, shown in the left of Figure 11, must occur somewhere
in T; corresponding to a changeof sign from one term to an adjacent term
in the tangle continued fraction. This con¯guration is isotopic to a simpler
isotopic con¯guration as shown in that ¯gure.

Figure 11 - Reducing to the alternating form

Therefore,it followsby induction on the number of crossingsin the tangle that
T is isotopic to an alternating rational tangle. 2

Recall that a tangle is alternating if and only if it has crossingsall of the
sametype. Thus, a rational tangleT = [[a1]; [a2]; : : : ; [an ]] is alternating if the
ai 's are all positive or all negative. For example, the tangle of Figure 17 is
alternating.

A rational tangle T = [[a1]; [a2]; : : : ; [an ]] is said to be in canonical form if
T is alternating and n is odd. The tangle of Figure 17 is in canonicalform. We
note that if T is alternating and n even, then we canbring T to canonicalform
by breaking an by a unit, e.g. [[a1]; [a2]; : : : ; [an ]] = [[a1]; [a2]; : : : ; [an ¡ 1]; [1]];
if an > 0:

The last key observation is the following well-known fact about continued
fractions.

Lemma 3 Every continued fraction [a1; a2; : : : ; an ] can be transformed to a
uniquecanonical form [¯ 1; ¯ 2; : : : ; ¯ m ]; where all ¯ i 's are positive or all negative
integersand m is odd.

Proof. It follows immediately from Euclid's algorithm. We evaluate ¯rst
[a1; a2; : : : ; an ] = p

q; and using Euclid's algorithm we rewrite p
q in the desired

form. We illustrate the proof with an example. Supposethat p
q = 11

7 . Then
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11
7

= 1 +
4
7

= 1 +
1
7
4

= 1 +
1

1 + 3
4

= 1 +
1

1 + 1
4
3

= 1 +
1

1 + 1
1+ 1

3

= [1; 1; 1; 3] = 1 +
1

1 + 1
1+ 1

2+ 1
1

= [1; 1; 1; 2; 1]:

This completesthe proof. 2

Note that if T = [[a1]; [a2]; : : : ; [an ]] and S = [[b1]; [b2]; : : : ; [bm ]] are ra-
tional tangles in canonical form with the samefraction, then it follows from
this Lemma that [a1; a2; : : : ; an ] and [b1; b2; : : : ; bm ] are canonical continued
fraction forms for the samerational number, and henceare equal term-by-
term. Thus the uniquenessof canonical forms for continued fractions im-
plies the uniquenessof canonical forms for rational tangles. For example, let
T = [[2]; [¡ 3]; [5]]: Then F (T) = [2; ¡ 3; 5] = 23

14: But 23
14 = [1; 1; 1; 1; 4]; thus

T » [[1]; [1]; [1]; [1]; [4]]; and this last tangle is the canonicalform of T:

Proof of Theorem 1. We have now assembled all the ingredients for the proof
of Theorem 1. In one direction, supposethat rational tangles T and S are
isotopic. Then each is isotopic to its canonical form T0 and S0 by a sequence
of ° ypes. Hencethe alternating tanglesT0 and S0 are isotopic to oneanother.
By the Tait conjecture,there is a sequenceof ° ypesfrom T0 to S0: Hencethere
is a sequenceof ° ypesfrom T to S: Oneveri¯es that the fraction aswe de¯ned
it is invariant under ° ypes. HenceT and S have the samefraction. In the
other direction, supposethat T and S have the samefraction. Then, by the
remark above, they have identical canonicalforms to which they are isotopic,
and thereforethey are isotopic to each other. This completesthe proof of the
Theorem. 2

4 Alternate De¯nitions of the Tangle Fraction

In the last sectionand in [25] the fraction of a rational tangle is de¯ned directly
from its combinatorial structure, and we verify the topological invariance of
the fraction using the Tait conjecture.

In [25] we give yet another de¯nition of the fraction for rational tangles
by using coloring of the tangle arcs. There are de¯nitions that associate a
fraction F (T) (including 0=1 and 1=0) to any 2-tangle T whether or not it is
rational. The ¯rst de¯nition is due to John Conway in [7] using the Alexander
polynomial of the knots N (T) and D(T): In [16] an alternate de¯nition is
given that usesthe bracket polynomial of the knots N (T) and D(T); and in
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[15] the fraction of a tangle is related to the conductanceof an associated
electrical network. In all these de¯nitions the fraction is by de¯nition an
isotopy invariant of tangles. Below we discussthe bracket polynomial and
coloring de¯nitions of the fraction.

4.1 F (T) Through the Brac ket Polynomial

In this sectionwe shall discussthe structure of the the bracket state model for
the Jonespolynomial [19, 20] and how to construct the tangle fraction by using
this technique. We ¯rst construct the bracket polynomial (state summation),
which is a regular isotopy invariant (invarianceunder all but the Reidemeister
move I). The bracket polynomial can be normalizedto producean invariant of
all the Reidemeistermoves. This invariant is known as the Jonespolynomial
[17, 18]. The Jonespolynomial wasoriginally discoveredby a di®erent method.

The bracket polynomial , < K > = < K > (A), assignsto each unoriented
link diagram K a Laurent polynomial in the variable A, such that

1. If K and K 0 are regularly isotopic diagrams,then < K > = < K 0 > .

2. If K q O denotesthe disjoint union of K with an extra unknotted and un-
linkedcomponent O (alsocalled`loop' or `simpleclosedcurve' or `Jordan
curve'), then

< K q O > = ± < K >;

where
± = ¡ A2 ¡ A ¡ 2:

3. < K > satis¯es the following formulas

< Â > = A < ³ > + A ¡ 1 < )(>

< Â > = A ¡ 1 < ³ > + A < )(>;

wherethe small diagramsrepresent parts of larger diagramsthat are identical
except at the site indicated in the bracket. We take the convention that the
letter chi, Â, denotesa crossingwhere the curved line is crossing over the
straight segment. The barred letter denotesthe switch of this crossing,where
the curved line is undercrossingthe straight segment. The above formulas can
be summarizedby the singleequation

< K > = A < SL K > + A ¡ 1 < SRK > :
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In this text formula we have usedthe notations SL K and SRK to indicate the
two new diagrams created by the two smoothings of a single crossingin the
diagram K . That is, K , SL K and SRK di®er at the site of one crossingin
the diagram K . Thesesmoothings are described as follows. Label the four
regionslocally incident to a crossingby the letters L and R, with L labelling
the region to the left of the undercrossingarc for a traveller who approaches
the overcrossingon a route along the undercrossingarc. There are two such
routes, oneon each sideof the overcrossingline. This labels two regionswith
L. The remaining two are labelled R. A smoothing is of type L if it connects
the regionslabelled L, and it is of type R if it connectsthe regionslabelled R,
seeFigure 12.

=S A

=
A

-1

L L

R

R

S

L

R

Figure 12 - Brac ket Smoothings

It is easyto seethat Properties 2 and 3 de¯ne the calculation of the bracket
on arbitrary link diagrams. The choicesof coe±cients (A and A ¡ 1) and the
value of ± make the bracket invariant under the ReidemeistermovesI I and I I I
(see[19]). Thus Property 1 is a consequenceof the other two properties.

In order to obtain a closedformula for the bracket, we now describe it as
a state summation. Let K be any unoriented link diagram. De¯ne a state, S,
of K to be a choiceof smoothing for each crossingof K : There are two choices
for smoothing a given crossing,and thus there are 2N statesof a diagram with
N crossings.In a state we label each smoothing with A or A ¡ 1 accordingto
the left-right convention discussedin Property 3 (seeFigure 12). The label
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is called a vertex weight of the state. There are two evaluations related to a
state. The ¯rst one is the product of the vertex weights, denoted

< K jS > :

The secondevaluation is the number of loops in the state S, denoted

jjSjj :

De¯ne the state summation, < K > , by the formula

< K > =
X

S

< K jS > ±jj Sjj¡ 1:

It follows from this de¯nition that < K > satis¯es the equations

< Â > = A < ³ > + A ¡ 1 < )(>;

< K q O > = ± < K >;

< O > = 1:

The ¯rst equation expressesthe fact that the entire set of states of a given
diagram is the union, with respect to a given crossing,of those states with
an A-type smoothing and thosewith an A ¡ 1-type smoothing at that crossing.
The secondand the third equationareclearfrom the formula de¯ning the state
summation. Hencethis state summation producesthe bracket polynomial as
we have described it at the beginningof the section.

In computing the bracket, one ¯nds the following behaviour under Reide-
meister move I:

< ° > = ¡ A3 <^>

and

< ° > = ¡ A ¡ 3 <^>

where ° denotes a curl of positive type as indicated in Figure 13, and °
indicatesa curl of negative type, asalsoseenin this ¯gure. The type of a curl
is the sign of the crossingwhen we orient it locally. Our convention of signsis
also given in Figure 13. Note that the type of a curl doesnot depend on the
orientation we choose.The small arcson the right hand sideof theseformulas
indicate the removal of the curl from the corresponding diagram.
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The bracket is invariant under regular isotopy and can be normalized to an
invariant of ambient isotopy by the de¯nition

f K (A) = (¡ A3)¡ w(K ) < K > (A);

wherewechosean orientation for K , and wherew(K ) is the sumof the crossing
signsof the oriented link K . w(K ) is called the writhe of K . The convention
for crossingsignsis shown in Figure 13.

: or

: or

+ -

+ +

- -

Figure 13 - Crossing Signs and Curls

By a changeof variablesoneobtains the original Jonespolynomial, VK (t); for
oriented knots and links from the normalizedbracket:

VK (t) = f K (t ¡ 1
4 ):

The bracket model for the Jonespolynomial is quite useful both theoretically
and in terms of practical computations. One of the neatestapplications is to
simply compute f K (A) for the trefoil knot T and determinethat f T (A) is not
equalto f T (A ¡ 1) = f ¡ T (A): This shows that the trefoil is not ambient isotopic
to its mirror image,a fact that is quite tricky to prove by classicalmethods.

For 2-tangles,we do smoothings on the tangle diagram until there are no
crossingsleft. As a result, a state of a 2-tangle consists in a collection of
loops in the tangle box, plus simple arcs that connect the tangle ends. The
loops evaluate to powers of ±, and what is left is either the tangle [0] or the
tangle [1 ], since[0] and [1 ] are the only ways to connect the tangle inputs
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and outputs without introducing any crossingsin the diagram. In analogy to
knots and links, we can ¯nd a state summation formula for the bracket of the
tangle, denoted < T >; by summing over the states obtained by smoothing
each crossingin the tangle. For this wede¯ne the remainderof a state, denoted
RS, to be either the tangle [0] or the tangle [1 ]. Then the evaluation of < T >
is given by

< T > =
X

S

< TjS > ±jj Sjj < RS >;

where< TjS > is the product of the vertex weights (A or A ¡ 1) of the state S
of T. The above formula is consistent with the formula for knots obtained by
taking the closureN (T) or D(T). In fact, we have the following formula:

< N (T) > =
X

S

< TjS > ±jj Sjj < N (RS) > :

Note that < N ([0]) > = ± and < N ([1 ]) > = 1: A similar formula holds for
< D(T) > : Thus, < T > appears as a linear combination with Laurent
polynomial coe±cients of < [0] > and < [1 ] >; i.e. < T > takesvaluesin the
free module over ZZ[A; A ¡ 1] with basis f < [0] >; < [1 ] > g: Notice that two
elements in this module are equal i® the corresponding coe±cients of the basis
elements coincide. Note alsothat < T > is an invariant of regular isotopy with
valuesin this module. We have just proved the following:

Lemma 4 Let T be any 2-tangle and let < T > be the formal expansion
of the bracket on this tangle. Then there exist elementsnT (A) and dT (A) in
ZZ[A; A ¡ 1]; suchthat

< T > = dT (A) < [0] > + nT (A) < [1 ] >;

and nT (A) and dT (A) are regular isotopy invariants of the tangle T.

In order to evaluate < N (T) > in the formula above we needonly apply the
closureN to [0] and [1 ]: More precisely, we have:

Lemma 5 < N (T) > = dT ±+ nT and < D(T) > = dT + nT ±:

Proof. Sincethe smoothings of crossingsdo not interfere with the closure(N
or D), the closure will carry through linearly to the whole sum of < T > .
Thus,

< N (T) > = dT (A) < N ([0]) > + nT (A) < N ([1 ]) > = dT (A)±+ nT (A);

< D(T) > = dT (A) < D([0]) > + nT (A) < D([1 ]) > = dT (A) + nT (A)±:2
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We de¯ne now the polynomial fraction, f r acT (A), of the 2-tangle T to be
the ratio

f r acT (A) =
nT (A)
dT (A)

in the ring of fractions of ZZ[A; A ¡ 1] with a formal symbol 1 adjoined.

Lemma 6 f racT (A) is an invariant of ambient isotopy for 2-tangles.

Proof. Since dT and nT are regular isotopy invariants of T, it follows that
f r acT (A) is also a regular isotopy invariant of T. Supposenow T° is T with
a curl added. Then < T° > = (¡ A3) < T > (same remark for ¹° ). So,
nT ° (A) = ¡ A3nT (A) and dT ° (A) = ¡ A3dT (A): Thus, nT ° =dT ° = nT =dT : This
shows that f r acT is also invariant under the Reidemeistermove I, and hence
an ambient isotopy invariant. 2

Lemma 7 Let T and S be two 2-tangles. Then, wehavethe following formula
for the bracketof the sum of the tangles.

< T + S > = dT dS < [0] > + (dT nS + nT dS + nS±) < [1 ] > :

Thus

f racT + S = f racT + f racS +
nS±
dT dS

:

Proof. We do ¯rst the smoothings in T leaving S intact, and then in S:

< T + S > = dT < [0] + S > + nT < [1 ] + S >

= dT < S > + nT < [1 ] + S >

= dT (dS < [0] > + nS < [1 ] > )

+ nT (dS < [1 ] + [0] > + nS < [1 ] + [1 ] > )

= dT (dS < [0] > + nS < [1 ] > ) + nT (dS < [1 ] > + nS± < [1 ] > )

= dT dS < [0] > +( dT nS + nT dS + nS±) < [1 ] > :

Thus, nT + S = (dT nS + nT dS + nS±) and dT + S = dT dS: A straightforward
calculation givesnow f racT + S: 2

As we seefrom Lemma 4, f r acT (A) will be additive on tanglesif

± = ¡ A2 ¡ A ¡ 2 = 0:

Moreover, from Lemma2 wehave for ± = 0; < N (T) > = nT ; < D(T) > = dT :
This nice situation will be our main object of study in the rest of this section.
Now, if we set A =

p
i wherei 2 = ¡ 1; then it is
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± = ¡ A2 ¡ A ¡ 2 = ¡ i ¡ i ¡ 1 = ¡ i + i = 0:

For this reason,we shall henceforth assumethat A takes the value
p

i . So
< K > will denote< K > (

p
i ) for any knot or link K .

We now de¯ne the 2-tangle fraction F (T) by the following formula:

F (T) = i
nT (

p
i )

dT (
p

i )
:

We will let n(T) = nT (
p

i ) and d(T) = dT (
p

i ); so that

F (T) = i
n(T)
d(T)

:

Lemma 8 The 2-tangle fraction has the following properties.

1. F (T) = i < N (T) > =< D(T) > ; and it is a real number or 1 ,

2. F (T + S) = F (T) + F (S);

3. F ([0]) = 0
1 ;

4. F ([1]) = 1
1 ;

5. F ([1 ]) = 1
0 ;

6. F (¡ T) = ¡ F (T); in particular F ([¡ 1]) = ¡ 1
1 ;

7. F (1=T) = 1=F(T);

8. F (T r ) = ¡ 1=F(T):

As a result we concludethat for a tangle obtained by arithmetic operations
from integer tangles[n]; the fraction of that tangle is the sameas the fraction
obtained by doing the sameoperations to the corresponding integers. (This
will be studied in detail in the next section.)

Proof. The formula F (T) = i < N (T) > =< D(T) > and Statement 2: follow
from the observations above about ± = 0: In order to show that F (T) is a real
number or 1 we ¯rst consider< K > := < K > (

p
i ); for K a knot or link, as

in the hypothesesprior to the lemma. Then we apply this information to the
ratio i < N (T) > =< D(T) > :

Let K be any knot or link. We claim that then < K > = ! p; where ! is
a power of

p
i and p is an integer. In fact, we will show that each non-trivial
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state of K contributes § ! to < K > : In order to show this, we examinehow
to get from one non-trivial state to another. It is a fact that, for any two
states,we can get from oneto the other by resmoothing a subsetof crossings.
It is possibleto get from any singleloop state (and only singleloop statesof K
contribute to < K > , since± = 0) to any other single loop state by a seriesof
doubleresmoothings. In a doubleresmoothing weresmooth two crossings,such
that one of the resmoothings disconnectsthe state and the other reconnects
it. SeeFigure 14 for an illustration. Now consider the e®ectof a double
resmoothing on the evaluation of one state. Two crossingschange. If one is
labelled A and the other A ¡ 1, then there is no net changein the evaluation of
the state. If both are A, then we go from A2P (P is the rest of the product of
state labels) to A ¡ 2P: But A2 = i and A ¡ 2 = ¡ i: Thus if onestate contributes
! = ip, then the other state contributes ¡ ! = ¡ ip: Theseremarks prove the
claim.

S

double

resmoothing

S `

Figure 14 - A Double Resmo othing

Now, a state that contributes non-trivially to N (T) must have the form of
the tangle [1 ]: We will show that if S is a state of T contributing non-trivially
to < N (T) > and S0 a state of T contributing non-trivially to < D(T) >; then
< S > =< S0 > = § i: Here< S > denotesthe product of the vertex weights for
S, and < S0 > is the product of the vertex weights for S0: If this ratio is veri¯ed
for somepair of statesS; S0; then it followsfrom the ¯rst claim that it is true for
all pairs of states, and that < N (T) > = ! p; < D(T) > = ! 0q; p;q 2 ZZ and
! =! 0 = < S > =< S0 > = § i: Hence< N (T) > =< D(T) > = § i p=q; where
p=qis a rational number (or q = 0). This will completethe proof that F (T) is
real or 1 :

To seethis secondclaim we considerspeci¯c pairs of statesasin Figure 15.
We have illustrated representativ e statesS and S0 of the tangle T. We obtain
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S0 from S by resmoothing at onesite that changesS from an [1 ] tangle to the
[0] tangle underlying S0. Then < S > =< S0 > = A§ 2 = § i: If there is no such
resmoothing site available, then it follows that D(T) is a disjoint union of two
diagrams,and hence< D(T) > = 0 and F (T) = 1 : This doescomplete the
proof of Statement 1.

[0]  -  [     ]  interchange

S `S

contribute to N contribute to D

A
A

-1

Figure 15 - Non-trivial States

At ± = 0 we alsohave:

< N ([0] > = 0; < D([0]) > = 1; < N ([1 ]) > = 1; < D([1 ]) > = 0; and so,
the evaluations 3: to 5: are easy. For example,note that

< [1] > = A < [0] > + A ¡ 1 < [1 ] >;

hence

F ([1]) = i
A ¡ 1

A
= i A ¡ 2 = i (i ¡ 1) = 1:

To havethe fraction value1 for the tangle [1] is the reasonthat in the de¯nition
of F (T) wenormalizedby i . Statement 6: followsfrom the fact that the bracket
of the mirror image of a knot K is the sameas the bracket of K , but with
A and A ¡ 1 switched. For proving 7: we observe ¯rst that for any 2-tangle
T, d( 1

T ) = n(T) and n( 1
T ) = d(T); where the overline denotesthe complex

conjugate. Complex conjugatesoccur becauseA ¡ 1 = A when A =
p

i . Now,
sinceF (T) is real, we have

F ( 1
T ) = i d(T)=n(T) = ¡ i d(T)=n(T) = 1=(i n(T)=d(T)) = 1=F(T) = 1=F(T):

Statement 8: follows immediately from 6: and 7: This completesthe proof. 2
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For a related approach to the well-de¯nednessof the 2-tangle fraction, the
readershould consult [30]. The double resmoothing idea originates from [23].

Remark 2 For any knot or link K we de¯ne the determinant of K by the
formula

Det(K ) := j < K > (
p

i )j

where jzj denotesthe modulus of the complex number z. Thus we have the
formula

jF (T)j =
Det(N (T))
Det(D(T))

for any 2-tangle T.
In other approachesto the theory of knots, the determinant of the knot is

actually the determinant of a certain matrix associated either to the diagram
for the knot or to a surface whoseboundary is the knot. See[42, 22] for
more information on these connections. Conway's original de¯nition of the
fraction [7] is ¢ N (T )(¡ 1)=¢ D (T )(¡ 1) where¢ K (¡ 1) denotesthe evaluation of
the Alexander polynomial of a knot K at the value ¡ 1: In fact, j¢ K (¡ 1)j =
Det(K ); and with appropriate attention to signs, the Conway de¯nition and
our de¯nition using the bracket polynomial coincidefor all 2-tangles.

4.2 The Fraction through Coloring

We concludethis sectionby giving an alternate de¯nition of the fraction that
usesthe concept of coloring of knots and tangles. We color the arcs of the
knot/tangle with integers, using the basic coloring rule that if two under-
crossingarcs colored ® and ° meet at an overcrossingarc colored ¯ , then
® + ° = 2¯ : We often think of one of the undercrossingarc colors as deter-
mined by the other two colors. Then onewrites ° = 2¯ ¡ ®:

It is easy to verify that this coloring method is invariant under the Rei-
demeister moves in the following sense: Given a choice of coloring for the
tangle/knot, there is a way to re-color it each time a Reidemeistermove is
performed, so that no changeoccurs to the colors on the external strands of
the tangle (so that we still have a valid coloring). This meansthat a color-
ing potentially contains topological information about a knot or a tangle. In
coloring a knot (and alsomany non-rational tangles) it is usually necessaryto
restrict the colors to the set of integersmodulo N for somemodulus N . For
example,in Figure 16 it is clear that the color set ZZ=3ZZ = f 0; 1; 2g is forced
for coloring a trefoil knot. When there existsa coloring of a tangle by integers,
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sothat it is not necessaryto reducethe colorsover somemodulus we shall say
that the tangle is integrally colorable.

0

1 2 3 4

0

1 2 3

0 = 3

a

b
2b - a

4

1 = 4

Figure 16 - The coloring rule, in tegral and mo dular coloring

It turns out that every rational tangle is integrally colorable: To seethis
choosetwo `colors' for the initial strands (e.g. the colors 0 and 1) and color
the rational tangle as you create it by successive twisting. We call the colors
on the initial strands the starting colors. SeeFigure 17 for an example. It
is important that we start coloring from the initial strands, becausethen the
coloring propagatesautomatically and uniquely. If onestarts from somewhere
else,one might get into an edgewith an undetermined color. The resulting
coloredtangle now hascolorsassignedto its external strandsat the northwest,
northeast, southwest and southeastpositions. Let N W(T), N E(T), SW(T)
and SE(T) denote theserespective colors of the colored tangle T and de¯ne
the color matrix of T, M (T), by the equation

M (T) =

"
N W(T) N E(T)
SW(T) SE(T)

#

:

De¯nition 4 To a rational tangle T with color matrix M (T) =

"
a b
c d

#

we

associate the number

f (T) :=
b¡ a
b¡ d

2 QI [ 1 :

It turns out that the entries a;b;c;d of a color matrix of a rational tangle
satisfy the `diagonalsum rule': a + d = b+ c.
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or
00

0

0

1 1

1

1

1

1-1

1

0

0

0

2

0

1
2 3 4

3

-3

-6
11

18

T = [2] + 1/([2] + 1/[3])

F(T) = 17/7 = f(T)

Figure 17 - Coloring Rational Tangles

Prop osition 1 The number f (T) is a topological invariant associated with
the tangle T. In fact, f (T) has the following properties:

1: f (T + [§ 1]) = f (T) § 1;

2: f (¡ 1
T ) = ¡ 1

f (T ) ;

3: f (¡ T) = ¡ f (T);

4: f ( 1
T ) = 1

f (T ) ;

5: f (T) = F (T):

Thus the coloring fraction is identical to the arithmetical fraction de¯ned ear-
lier.

It is easyto seethat f ([0]) = 0
1 , f ([1 ]) = 1

0 , f ([§ 1]) = § 1: HenceStatement
5 follows by induction. For proofsof all statements above aswell asfor a more
generalset-up we refer the reader to our paper [25]. This de¯nition is quite
elementary, but applies only to rational tangles and tangles generatedfrom
them by the algebraicoperations of `+' and `¤'.

In Figure 17 we have illustrated a coloring over the integersfor the tangle
[[2]; [2]; [3]] such that every edgeis labelledby a di®erent integer. This is always
the casefor an alternating rational tanglediagramT: For the numerator closure
N (T) one obtains a coloring in a modular number system. For example in
Figure 17 the coloring of N (T) will be in ZZ=17ZZ, and it is easyto check that
the labels remain distinct in this example. For rational tangles,this is always
the casewhen N (T) hasa prime determinant, see[25] and [36]. It is part of a
more generalconjectureabout alternating knots and links [24, 1].
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4.3 The Fraction through Conductance

Conductanceis a quantit y de¯ned in electrical networks as the inverseof re-
sistance. For pure resistances,conductanceis a positive quantit y. Negative
conductancecorresponds to ampli¯cation, and is commonly included in the
physical formalism. One de¯nes the conductancebetween two vertices in
a graph (with positive or negative conductanceweights on the edgesof the
graph) as a sum of weighted trees in the graph divided by a sum of weighted
trees of the samegraph, but with the two vertices identi¯ed. This de¯nition
allows negative values for conductanceand it agreeswith the classicalone.
Conductancesatis¯es familiar laws of parallel and seriesconnectionaswell as
a star-triangle relation.

By associating to a given knot or link diagram the corresponding signed
checkerboard graph (see[25, 15] for a de¯nition of this well-known association
of graph to link diagram), onecande¯ne [15] the conductanceof a knot or link
betweenany two regionsthat receive the samecolor in the checkerboard graph.
The conductanceof the link betweenthesetwo regionsis an isotopy invariant of
the link (with motion restricted to Reidemeistermovesthat do not passacross
the selectedregions). This invariancefollows from properties of series/parallel
connectionand the star-triangle relation. Thesecircuit laws turn out to be
images of the Reidemeistermoves under the translation from knot or link
diagram to checkerboard graph! For a 2-tangle we take the conductanceto
be the conductanceof the numerator of the tangle, betweenthe two bounded
regionsadjacent to the closuresat the top and bottom of the tangle.

The conductanceof a 2-tangle turns out to be the sameas the fraction
of the tangle. This provides yet another way to de¯ne and verify the isotopy
invarianceof the tangle fraction for any 2-tangle.

5 The Classi¯cation of Unorien ted Rational
Knots

By taking their numerators or denominators rational tangles give rise to a
special classof knots, the rational knots. We have seenso far that rational
tanglesare directly related to ¯nite continued fractions. We carry this insight
further into the classi¯cation of rational knots (Schubert's theorems). In this
sectionwe considerunoriented knots, and by Remark 3.1 we will be using the
3-strand-braid representation for rational tangles with odd number of terms.
Also, by Lemma 2, we may assumeall rational knots to be alternating. Note
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that we only needto take numerator closures,sincethe denominator closure
of a tangle is simply the numerator closureof its rotate.

As alreadysaidin the introduction, it may happenthat two rational tangles
are non-isotopic but have isotopic numerators. The simplest instanceof this
phenomenonis addingn twists at the bottom of a tangleT, seeFigure 18. This
operation doesnot changethe knot N (T); i.e. N (T¤1=[n]) » N (T); but it does
changethe tangle, sinceF (T ¤ 1=[n]) = F (1=([n] + 1=T)) = 1=(n + 1=F(T));
so, if F (T) = p=q, then F (T ¤1=[n]) = p=(np+ q): Hence,if we set np+ q = q0

we have q ´ q0(modp); just as Theorem 2 dictates. Note that reducing all
possiblebottom twists implies jpj > jqj:

TT

*N(T) ~ N(T       ) 
[n]
_1

[n]
_1

~

Figure 18 - Twisting the bottom of a tangle

Another key exampleof the arithmetic relationship of the classi¯cation of
rational knots is illustrated in Figure 19. Here we seethat the `palindromic'
tangles

T = [[2]; [3]; [4]] = [2] +
1

[3] + 1
[4]

and

S = [[4]; [3]; [2]] = [4] +
1

[3] + 1
[2]

both closeto the samerational knot, shown at the bottom of the ¯gure. The
two tanglesare di®erent, sincethey have di®erent corresponding fractions:

F (T) = 2 +
1

3 + 1
4

=
30
13

and F (S) = 4 +
1

3 + 1
2

=
30
7

:

Note that the product of 7 and 13 is congruent to 1 modulo 30:
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 T = [2] + 1/( [3] + 1/[4] ) S = [4] + 1/( [3] + 1/[2] )

~

N(T) = N(S)

Figure 19 - An Instance of the Palindrome Equiv alence

More generally, considerthe following two fractions:

F = [a;b;c] = a +
1

b+ 1
c

and G = [c;b;a] = c +
1

b+ 1
a

:

We ¯nd that

F = a + c
1

cb+ 1
=

abc+ a + c
bc+ 1

=
P
Q

;

while

G = c + a
1

ab+ 1
=

abc+ c + a
ab+ 1

=
P
Q0

:

Thus we found that F = P
Q and G = P

Q0; where

QQ0 = (bc+ 1)(ab+ 1) = ab2c + ab+ bc+ 1 = bP + 1:

Assumingthat a, b and c are integers,we concludethat

QQ0 ´ 1(modP):

This pattern generalizesto arbitrary continuedfractions and their palindromes
(obtained by reversing the order of the terms). I.e. If f a1; a2; : : : ; ang is
a collection of n non-zero integers, and if A = [a1; a2; : : : ; an ] = P

Q and

B = [an ; an¡ 1; : : : ; a1] = P 0

Q0; then P = P0 and QQ0 ´ (¡ 1)n+1 (modP): We
will be referring to this as `the Palindrome Theorem'. The Palindrome The-
orem is a known result about continued fractions. For example,see[46] and
[26]. Note that we needn to be odd in the previouscongruence.This agrees
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with Remark 3.1 that without loss of generality the terms in the continued
fraction of a rational tangle may be assumedto be odd.

Finally, Figure 20illustrates anotherbasicexamplefor the unoriented Schu-
bert Theorem. The two tanglesR = [1]+ 1

[2] and S = [¡ 3] are non-isotopicby
the Conway Theorem,sinceF (R) = 1+ 1=2 = 3=2 while F (S) = ¡ 3 = 3=¡ 1:
But they have isotopic numerators: N (R) » N (S); the left-handed trefoil.
Now 2 is congruent to ¡ 1 modulo 3; con¯rming Theorem2.

SR += [1] [-3]=
[2]
_1

~

Figure 20 - An Example of the Special Cut

We now analysethe above example in general. From the analysisof the
bottom twists we can assumewithout lossof generality that a rational tangle
R hasfraction P

Q ; for jPj > jQj: Thus R canbe written in the form R = [1]+ T
or R = [¡ 1] + T: We considerthe rational knot diagram K = N ([1] + T); see
Figure 21. (We analyzeN ([¡ 1] + T) in the sameway.) The tangle [1] + T is
said to ariseas a standard cut on K :

T T
open

to obtain
K = N([1] +T) = = [1] +T 

Figure 21 - A Standard Cut

Notice that the indicated horizontal crossingof N ([1] + T) could be also
seenas a vertical one. So, we could also cut the diagram K at the two other
marked points (seeFigure 22) and still obtain a rational tangle, since T is
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rational. The tangle obtainedby cutting K in this secondpair of points is said
to arise as a special cut on K : Figure 22 demonstratesthat the tangle of the
special cut is the tangle [¡ 1] ¡ 1=T: So we have N ([1] + T) » N ([¡ 1] ¡ 1

T ):
Supposenow F (T) = p=q: Then F ([1] + T) = 1 + p=q = (p + q)=q; while
F ([¡ 1] ¡ 1=T) = ¡ 1 ¡ q=p = (p + q)=(¡ p); so the two rational tangles that
give rise to the sameknot K are not isotopic. Since¡ p ´ qmod(p + q); this
equivalenceis another examplefor Theorem2. In Figure 22 if we took T = 1

[2]

then [¡ 1] ¡ 1=T = [¡ 3] and we would obtain the exampleof Figure 20.

special cut

~

~ = [-1] - 

open

to obtain

_1
T

T

K = N([1] +T) = T

T

T

Figure 22 - A Special Cut

The proof of Theorem 2 can now proceed in two stages. First, given a
rational knot diagram we look for all possibleplaceswherewe could cut and
open it to a rational tangle. The crux of our proof in [26] is the fact that all
possible`rational cuts' on a rational knot fall into one of the basiccasesthat
wehavealreadydiscussed.I.e. wehave the standardcuts, the palindromecuts
and the special cuts. In Figure 23 we illustrate on a representativ e rational
knot, all the cuts that exhibit that knot asa closureof a rational tangle. Each
pair of points is marked with the samenumber. The arithmetics is similar to
the casesthat have beenalready veri¯ed. It is convenient to say that reduced
fractions p=q and p0=q0 are arithmetically equivalent, written p=q » p0=q0 if
p = p0 and either qq0 ´ 1 (mod p) or q ´ q0 (mod p ) . In this language,
Schubert's theoremstatesthat two rational tanglescloseto form isotopicknots
if and only if their fractions are arithmetically equivalent.
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1
2 3 4 5 4 3 2 1

1
2 3 4 5 4 3 2

1

1 1 2 2 3 3 5 5 6 6 7 7

Standard Cuts Palindrome Cuts

Special Cuts

44

1 1 2 2 3 3 5 5 6 6 7 744

Figure 23 - Standard, Palindrome and Special Cuts

In Figure 24 we illustrate one example of a cut that is not allowed since it
opensthe knot to a non-rational tangle.

open

Figure 24 - A Non-Rational Cut

In the secondstageof the proof wewant to check the arithmetic equivalence
for two di®erent givenknot diagrams,numeratorsof somerational tangles. By
Lemma 2 the two knot diagramsmay be assumedalternating, so by the Tait
Conjecture they will di®er by ° ypes. We analyseall possible° ypes to prove
that no new casesfor study arise. Hencethe proof becomescompleteat that
point. We refer the readerto our paper [26] for the details. 2

Remark 3 The original proof of the classi¯cationof unoriented rational knots
by Schubert [45] proceededby a di®erent route than the proof we have just
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sketched. Schubert useda 2-bridgerepresentation of rational knots (represent-
ing the knots and links asdiagramsin the plane with two special overcrossing
arcs, called the bridges). From the 2-bridge representation, onecould extract
a fraction p=q; and Schubert showed by meansof a canonicalform, that if two
such presentations are isotopic, then their fractions are arithmetically equiva-
lent (in the sensethat we have described here). On the other hand, Seifert [45]
observed that the 2-fold branched covering spaceof a 2-bridge presentation
with fraction p=q is a lens spaceof type L(p;q): Lens spacesare a particu-
larly tractable set of three manifolds,and it is known by work of Reidemeister
and Franz [41, 14] that L(p;q) is homeomorphic to L(p0; q0) if and only if
p=q and p0=q0 are arithmetically equivalent. Furthermore, one knows that if
knots K and K 0 are isotopic, then their 2-fold branched covering spacesare
homeomorphic. Henceit follows that if two rational knots are isotopic, then
their fractions arearithmetically equivalent (via the result of Reidemeisterand
Franz classifyinglens spaces).In this way Schubert proved that two rational
knots are isotopic if and only if their fractions are arithmetically equivalent.

6 Rational Knots and Their Mirror Images

In this section we give an application of Theorem 2. An unoriented knot or
link K is said to be achiral if it is topologically equivalent to its mirror image
¡ K . If a link is not equivalent to its mirror image then it is said be chiral.
One then can speak of the chirality of a given knot or link, meaningwhether
it is chiral or achiral. Chiralit y plays an important role in the applications of
Knot Theory to Chemistry and Molecular Biology. It is interesting to usethe
classi¯cation of rational knots and links to determine their chiralit y. Indeed,
we have the following well-known result (for examplesee[46] and also page
24, Exercise2.1.4 in [27]):

Theorem 4 Let K = N (T) be an unoriented rational knot or link, presented
as the numerator of a rational tangle T: Supposethat F (T) = p=qwith p and
q relatively prime. Then K is achiral if and only if q2 ´ ¡ 1(modp): It follows
that achiral rational knots and links are all numerators of rational tanglesof
the form [[a1]; [a2]; : : : ; [ak ]; [ak ]; : : : ; [a2]; [a1]] for any integersa1; : : : ; ak :

Note that in this description we are using a representation of the tangle with
an even number of terms. The leftmost twists [a1] are horizontal, thus the
rightmost starting twists [a1] are vertical.

Proof. With ¡ T the mirror imageof the tangle T, we have that ¡ K = N (¡ T)
and F (¡ T) = p=(¡ q): If K is topologically equivalent to ¡ K , then N (T)
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and N (¡ T) are equivalent, and it follows from the classi¯cation theorem for
rational knots that either q(¡ q) ´ 1(modp) or q ´ ¡ q(modp): Without loss
of generality we can assumethat 0 < q < p: Hence2q is not divisible by p and
thereforeit is not the casethat q ´ ¡ q(modp): Henceq2 ´ ¡ 1(modp):

Conversely, if q2 ´ ¡ 1(modp); then it follows from the Palindrome Theorem
(described in the previoussection) [?] that the continued fraction expansion of
p=qhas to be symmetric with an evennumber of terms. It is then easyto see
that the corresponding rational knot or link, say K = N (T); is equivalent to
its mirror image. One rotates K by 180± in the plane and swingsan arc, as
Figure 25 illustrates. This completesthe proof. 2

In [11] the authors¯nd an explicit formula for the number of achiral rational
knots amongall rational knots with n crossings.

180  rotation

K

0

swing arc

Figure 25 - An Ac hiral Rational Link

7 The Orien ted Case

Oriented rational knots and links ariseasnumerator closuresof oriented ratio-
nal tangles. In order to compareoriented rational knots via rational tangles
we need to examine how rational tangles can be oriented. We orient ratio-
nal tanglesby choosingan orientation for each strand of the tangle. Here we
are only interestedin orientations that yield consistently oriented knots upon
taking the numerator closure. This meansthat the two top end arcs have to
be oriented one inward and the other outward. Samefor the two bottom end
arcs. We shall say that two oriented rational tangles are isotopic if they are
isotopic as unoriented tangles, by an isotopy that carries the orientation of
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one tangle to the orientation of the other. Note that, since the end arcs of
a tangle are ¯xed during a tangle isotopy, this meansthat the tangles must
have identical orientations at their four end arcsNW, NE, SW, SE. It follows
that if we changethe orientation of oneor both strandsof an oriented rational
tangle we will always obtain a non-isotopicoriented rational tangle.

Reversingthe orientation of onestrand of an oriented rational tangle may
or may not give rise to isotopic oriented rational knots. Figure 26 illustrates
an exampleof non-isotopic oriented rational knots, which are isotopic as un-
oriented knots.

~
close close

Figure 26 - Non-isotopic Orien ted Rational Links

Reversingthe orientation of both strandsof an oriented rational tangle will
always give rise to two isotopic oriented rational knots or links. We can see
this by doing a vertical ° ip, asFigure 27 demonstrates.Using this observation
we concludethat, as far as the study of oriented rational knots is concerned,
all oriented rational tanglesmay be assumed to havethe sameorientation for
their NW and NE end arcs. We ¯x this orientation to be downward for the
NW end arc and upward for the NE arc, as in the examplesof Figure 26 and
as illustrated in Figure 28. Indeed,if the orientations are opposite of the ¯xed
onesdoing a vertical ° ip the knot may be consideredas the numerator of the
vertical ° ip of the original tangle. But this is unoriented isotopic to the original
tangle (recall Section 2, Figure 7), whilst its orientation pattern agreeswith
our convention.
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,

180o

~

Figure 27 - Isotopic Orien ted Rational Knots and Links

Thus we reduceour analysisto two basic typesof orientation for the four
end arcsof a rational tangle. We shall call an oriented rational tangle of type I
if the SW arc is oriented upward and the SE arc is oriented downward, and of
type II if the SW arc is oriented downward and the SE arc is oriented upward,
seeFigure 28. From the above remarks,any tangle is of type I or type I I. Two
tangles are said to be compatible it they are both of type I or both of type
I I and incompatible if they are of di®erent types. In order to classifyoriented
rational knots seenas numerator closuresof oriented rational tangles,we will
always comparecompatible rational rangles. Note that if two oriented tangles
are incompatible, adding a single half twist at the bottom of one of them
yields a new pair of compatible tangles, as Figure 28 illustrates. Note also
that adding such a twist, although it changesthe tangle, it does not change
the isotopy type of the numerator closure. Thus, up to bottom twists, we are
always able to compareoriented rational tanglesof the sameorientation type.

Type I Type II

Compatible

bottom

twist

Incompatible

Figure 28 - Compatible and Incompatible Orien tations

We shall now introduce the notion of connectivity and we shall relate it
to orientation and the fraction of unoriented rational tangles. We shall say



        

Fr om Tangle Fra ctions to DNA 37

that an unoriented rational tangle hasconnectivity type [0] if the NW end arc
is connectedto the NE end arc and the SW end arc is connectedto the SE
end arc. Similarly, we say that the tangle has connectivity type [+1] or type
[1 ] if the end arc connectionsare the sameas in the tangles [+1] and [1 ]
respectively. The basicconnectivity patterns of rational tanglesareexempli¯ed
by the tangles [0], [1 ] and [+1]. We can represent them iconically by the
symbols shown below.

[0] = ³

[1 ] = ><

[+1] = Â

Note that connectivity type [0] yields two-component rational links, while
type [+1] or [1 ] yields one-component rational links. Also, adding a bottom
twist to a rational tangle of connectivity type [0] will not changethe connec-
tivit y type of the tangle, while adding a bottom twist to a rational tangle of
connectivity type [1 ] will switch the connectivity type to [+1] and vice versa.
While the connectivity type of unoriented rational tanglesmay be [0], [+1] or
[1 ]; note that an oriented rational tangle of type I will have connectivity type
[0] or [1 ] and an oriented rational tangle of type I I will have connectivity type
[0] or [+1]:

Further, we need to keep an accounting of the connectivity of rational
tangles in relation to the parity of the numerators and denominatorsof their
fractions. We refer the readerto our paper [26] for a full account.

We adopt the following notation: e stands for evenand o stands for odd.
The parity of a fraction p=q is de¯ned to be the ratio of the parities (e or o)
of its numerator and denominator p and q. Thus the fraction 2=3 is of parity
e=o:The tangle [0] has fraction 0 = 0=1; thus parity e=o;the tangle [1 ] has
fraction 1 = 1=0; thus parity o=e;and the tangle [+1] has fraction 1 = 1=1;
thus parity o=o:We then have the following result.

Theorem 5 A rational tangle T has connectivity type ³ if and only if its
fraction has parity e=o. T has connectivity type >< if and only if its fraction
hasparity o=e. T hasconnectivity type Â if and only if its fraction hasparity
o=o. (Note that the formal fraction of [1 ] itself is 1=0:) Thus the link N (T)
has two components if and only if T has fraction F (T) of parity e=o:

We will now proceedwith sketching the proof of Theorem 3. We shall
prove Schubert's oriented theorem by appealing to our previous work on the
unoriented caseand then analyzinghow orientations and fractions are related.
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Our strategy is as follows: Consideran oriented rational knot or link diagram
K in the form N (T) whereT is a rational tangle in continued fraction form.
Then any other rational tangle that closesto this knot N (T) is available,
up to bottom twists if necessary, as a cut from the given diagram. If two
rational tangles closeto give K as an unoriented rational knot or link, then
there are orientations on thesetangles, induced from K so that the oriented
tangles closeto give K as an oriented knot or link. The two tangles may or
may not be compatible. Thus, we must analyze when, comparing with the
standard cut for the rational knot or link, another cut producesa compatible
or incompatible rational tangle. However, assumingthe top orientations are
the same,we can replaceone of the two incompatible tangles by the tangle
obtained by adding a twist at the bottom. It is this possibletwist di®erence
that gives rise to the changefrom modulus p in the unoriented case to the
modulus2p in the oriented case. We will now perform this analysis. There are
many interesting aspects to this analysisand we refer the readerto our paper
[26] for thesedetails. Schubert [45] proved his versionof the oriented theorem
by using the 2-bridge representation of rational knots and links, seealso [6].
We give a tangle-theoretic combinatorial proof basedupon the combinatorics
of the unoriented case.

The simplest instance of the classi¯cation of oriented rational knots is
adding an even number of twists at the bottom of an oriented rational tan-
gle T, seeFigure 28. We then obtain a compatible tangle T ¤ 1=[2n]; and
N (T ¤ 1=[2n]) » N (T): If now F (T) = p=q, then F (T ¤ 1=[2n]) = F (1=([2n] +
1=T)) = 1=(2n + 1=F(T)) = p=(2np + q): Hence, if we set 2np + q = q0 we
have q ´ q0(mod2p); just as the oriented Schubert Theorem predicts. Note
that reducing all possiblebottom twists implies jpj > jqj for both tangles, if
the two tangles that we compareeach time are compatible or for only one, if
they are incompatible.

We then have to comparethe special cut and the palindrome cut with the
standard cut. In the oriented casethe specialcut is the easierto seewhilst the
palindrome cut requires a more sophisticatedanalysis. Figure 29 illustrates
the general caseof the special cut. In order to understand Figure 29 it is
necessaryto alsoview Figure 22 for the details of this cut.
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*  

S' = [-1] - 

special

on N(S)

_1
T

TT

S = [1] +T 

bottom

twist

S'' = ([-1] -     )   [+1]  ~  S_1
T

T
cut

Figure 29 - The Orien ted Special Cut

Recall that if S = [1] + T then the tangle of the special cut on the knot
N ([1] + T) is the tangle S0 = [¡ 1] ¡ 1

T : And if F (T) = p=qthen F ([1] + T) =
p+ q

q and F ([¡ 1] ¡ 1
T ) = p+ q

¡ p : Now, the point is that the orientations of the
tanglesS and S0 are incompatible. Applying a [+1] bottom twist to S0 yields
S00 = ([¡ 1] ¡ 1

T ) ¤ [1], and we ¯nd that F (S00) = p+ q
q : Thus, the oriented

rational tanglesS and S00have the samefraction and by Theorem1 and their
compatibilit y they are oriented isotopic and the arithmetics of Theorem 3 is
straightforward.

We are left to examinethe caseof the palindrome cut. For this part of the
proof, we refer the readerto our paper [26].

8 Strongly In vertible Links

An oriented knot or link is invertible if it is oriented isotopic to the link ob-
tained from it by reversing the orientation of each component. We have seen
(seeFigure 27) that rational knots and links are invertible. A link L of two
components is said to be strongly invertible if L is ambient isotopic to itself
with the orientation of only onecomponent reversed.In Figure 30we illustrate
the link L = N ([[2]; [1]; [2]]): This is a strongly invertible link as is apparent
by a 1800 vertical rotation. This link is well-known as the Whitehead link, a
link with linking number zero. Note that since[[2]; [1]; [2]] has fraction equal
to 1+ 1=(1+ 1=2) = 8=3 this link is non-trivial via the classi¯cation of rational
knots and links. Note also that 3 ¢3 = 1 + 1 ¢8:
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N([[2], [1], [2]]) = W
the Whitehead Link
F(W) = 2+1/(1+1/2) = 8/3
3  3 = 1 + 1  8..

Figure 30 - The Whitehead Link is Strongly In vertible

In generalwe have the following. For our proof, see[26].

Theorem 6 Let L = N (T) be an oriented rational link with associated tangle
fraction F (T) = p=qof parity e=o;with p and q relatively prime and jpj > jqj:
Then L is strongly invertible if and only if q2 = 1 + up with u an odd integer.
It followsthat strongly invertible links are all numerators of rational tanglesof
the form [[a1]; [a2]; : : : ; [ak ]; [®]; [ak ]; : : : ; [a2]; [a1]] for any integersa1; : : : ; ak ; ®:

SeeFigure 31 for another exampleof a strongly invertible link. In this casethe
link is L = N ([[3]; [1]; [1]; [1]; [3]]) with F (L) = 40=11: Note that 112 = 1+ 3¢40;
¯tting the conclusionof Theorem6.

L = N([[3], [1], [1], [1], [3]])

Figure 31 - An Example of a Strongly In vertible Link
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9 Applications to the Topology of DNA

DNA supercoils, replicatesand recombines with the help of certain enzymes.
Site-speci¯c recombination is one of the ways nature alters the genetic code
of an organism,either by moving a block of DNA to another position on the
moleculeor by integrating a block of alien DNA into a host genome. For a
closedmoleculeof DNA a global picture of the recombination would be as
shown in Figure 32, where double-strandedDNA is represented by a single
line and the recombination sites are marked with points. This picture can be
interpreted as N (S + [0]) ¡ ! N (S + [1]); for S = 1

[¡ 3] in this example. This
operation can be repeatedasin Figure 33. Note that the [0]¡ [1 ] interchange
of Figure 10 can be seenas the ¯rst step of the process.

N (      )
[-3]
_1 N (      + [0])

[-3]
_1 N (      + [1])

[-3]
_1

Figure 32 - Global Picture of Recom bination

In this depiction of recombination, we have shown a local replacement of
the tangle [0] by the tangle [1] connoting a new cross-connectionof the DNA
strands. In general,it is not known without corroborating evidencejust what
the topological geometry of the recombination replacement will be. Even in
the caseof a singlehalf-twist replacement such as[1], it is certainly not obvious
beforehandthat the replacement will always be [+1] and not sometimesthe
reverse twist of [¡ 1]: It was at the juncture raised by this question that a
combination of topological methods in biology and a tangle model using knot
theory developed by C.Ernst and D.W. Sumnersresolved the issuein some
speci¯c cases.See[12], [47] and referencestherein.
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~

~

~

~

K1

K 2

K3

K4

Figure 33 - Multiple Recom binations

On the biological side, methods of protein coating developed by N. Coz-
zarelli, S.J. Spenglerand A. Stasiak et al. In [8] it was madepossiblefor the
¯rst time to seeknotted DNA in an electron micrograph with su±cient res-
olution to actually identify the topological type of theseknots. The protein
coatingtechniquemadeit possibleto designan experiment involving successive
DNA recombinations and to examinethe topology of the products. In [8] the
knotted DNA producedby such successive recombinations wasconsistent with
the hypothesisthat all recombinations wereof the type of a positive half twist
as in [+1]: Then D.W. Sumnersand C. Ernst [12] proposeda tanglemodel for
successiveDNA recombinationsand showed, in the caseof the experiments in
question,that there wasno other topologicalpossibility for the recombination
mechanism than the positive half twist [+1]: This constituted a unique useof
topology as a theoretical underpinning for a problem in molecularbiology.
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Here is a brief description of the tangle model for DNA recombination. It
is assumedthat the initial state of the DNA is described as the numerator
closureN (S) of a substrate tangleS: The local geometryof the recombination
is assumedto be described by the replacement of the tangle [0] with a speci¯c
tangle R: The results of the successive rounds of recombination are the knots
and links

N (S + R) = K 1; N (S + R + R) = K 2; N (S + R + R + R) = K 3; : : :

Knowing the knots K 1; K 2; K 3; : : : onewould like to solve the above systemof
equationswith the tanglesS and R as unknowns.

For such experiments Ernst and Sumners [12] used the classi¯cation of
rational knots in the unoriented case,as well as results of Culler, Gordon,
Lueckeand Shalen[9] on Dehnsurgeryto prove that the solutionsS+ nR must
berational tangles. Theseresultsof Culler, Gordon, Lueckeand Shalentell the
topologist under what circumstancesa three-manifoldwith cyclic fundamental
group must be a lens space. By showing when the 2-fold branched covers of
the DNA knots must be lensspaces,the recombination problemsare reduced
to the considerationof rational knots. This is a deepapplication of the three-
manifold approach to rational knots and their generalizations.

One can then apply the theorem on the classi¯cation of rational knots to
deduce(in these instances)the uniquenessof S and R. Note that, in these
experiments, the substrate tangle S was also pinpointed by the sequenceof
knots and links that resulted from the recombination.

Here we shall solve tangle equations like the above under rationalit y as-
sumptions on all tangles in question. This allows us to use only the mathe-
matical techniquesdeveloped in this paper. We shall illustrate how a sequence
of rational knots and links

N (S + nR) = K n ; n = 0; 1; 2; 3; : : :

with S and R rational tangles,such that R = [r ]; F (S) = p
q and p, q, r 2 ZZ

(p > 0) determines p
q and r uniquely if we know su±ciently many K n : We call

this the \DNA Knitting Machine Analysis".

Theorem 7 Let a sequence K n of rational knots and links be de¯ned by the
equations K n = N (S + nR) with speci¯c integers p, q, r (p > 0), where
R = [r ]; F (S) = p

q: Then p
q and r are uniquely determined if one knowsthe

topological type of the unoriented links K 0; K 1; : : : ; K N for any integer N ¸
jqj ¡ p

qr :
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Proof. In this proof we shall write N ( p
q + nr ) or N ( p+ qnr

q ) for N (S + nR):
We shall also write K = K 0 to mean that K and K 0 are isotopic links.
Moreover we shall say for a pair of reduced fractions P=q and P=q0 that q
and q0 are arithmetically related relative to P if either q ´ q0(modP) or
qq0 ´ 1(modP): Supposethe integersp;q; r give rise to the sequenceof links
K 0; K 1; : : : : Supposethere is someother triple of integersp0; q0; r 0 that give rise
to the samesequenceof links. We will show uniquenessof p;q; r under the
conditionsof the theorem. Weshall say \the equality holdsfor n" to meanthat
N ((p+ qrn)=q) = N ((p0+ q0r 0n)=q0): Wesupposethat K n = N ((p+ qrn)=q) asin
the hypothesisof the theorem,and supposethat there arep0, q0, r 0such that for
somen (or a rangeof valuesof n to bespeci¯ed below) K n = N ((p0+ q0r 0n)=q0):

If n = 0 then we have N (p=q) = N (p0=q0): Hence by the classi¯cation
theorem we know that p = p0 and that q and q0 are arithmetically related.
Note that the sameargument shows that if the equality holds for any two
consecutive valuesof n; then p = p0: Hencewe shall assumehenceforth that
p = p0: With this assumptionin place,we seethat if the equality holds for any
n 6= 0 then qr = q0r 0: Hencewe shall assumethis as well from now on.

If jp + qrnj is su±ciently large, then the congruencesfor the arithmetical
relation of q and q0 must be equalities over the integers. Sinceqq0 = 1 over
the integers can hold only if q = q0 = 1 or ¡ 1 we seethat it must be the
casethat q = q0 if the equality is to hold for su±ciently large n. From this
and the equation qr = q0r 0 it follows that r = r 0: It remains to determine a
bound on n. In order to be sure that jp + qrnj is su±ciently large, we need
that jqq0j · jp + qrnj: Sinceq0r 0 = qr , we also know that jq0j · jqr j: Hencen
is su±ciently large if jq2r j · jp + qrnj:

If qr > 0 then, sincep > 0; we are asking that jq2r j · p + qrn: Hence

n ¸ (jq2r j ¡ p)=(qr ) = jqj ¡ (p=qr ):

If qr < 0 then for n large we will have jp+ qrnj = ¡ p¡ qrn: Thus we want
to solve jq2r j · ¡ p ¡ qrn, whence

n ¸ (jq2r j + p)=(¡ qr ) = jqj ¡ (p=qr ):

Sincethesetwo casesexhaust the rangeof possibilities, this completesthe
proof of the theorem. 2

Here is a special caseof Theorem7. SeeFigure 33. Supposethat we were
given a sequenceof knots and links K n such that
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K n = N (
1

[¡ 3]
+ [1] + [1] + : : : + [1]) = N (

1
[¡ 3]

+ n [1]):

We have F ( 1
[¡ 3] + n [1]) = (3n ¡ 1)=3 and we shall write K n = N ([(3n ¡ 1)=3]):

We are told that each of theserational knots is in fact the numerator closure
of a rational tangle denoted

[p=q] + n [r ]

for somerational number p=q and someinteger r: That is, we are told that
they comefrom a DNA knitting machine that is usingrational tangle patterns.
But we only know the knots and the fact that they are indeedthe closuresfor
p=q = ¡ 1=3 and r = 1: By this analysis, the uniquenessis implied by the
knots and links f K 1; K 2; K 3; K 4g: This meansthat a DNA knitting machine
K n = N (S + nR) that emits the four speci¯c knots K n = N ([(3n ¡ 1)=3]) for
n = 1; 2; 3; 4 must be of the form S = 1=[¡ 3] and R = [1]. It was in this way
(with a ¯nite number of observations) that the structure of recombination in
Tn3 resolvasewas determined[47].

In this versionof the tangle model for DNA recombination we have madea
blanket assumptionthat the substrate tangle S and the recombination tangle
R and all the tanglesS + nR were rational. Actually, if we assumethat S is
rational and that S + R is rational, then it follows that R is an integer tangle.
Thus S and R neccesarilyform a DNA knitting machine under thesecondi-
tions. It is relatively natural to assumethat S is rational on the grounds of
simplicity. On the other hand it is not soobvious that the recombination tan-
gleshouldbean integer. The fact that the products of the DNA recombination
experiments yield rational knots and links, lendscredenceto the hypothesisof
rational tanglesand henceintegral recombination tangles. But there certainly
is a subtlety here, since we know that the numerator closure of the sum of
two rational tangles is always a rational knot or link. In fact, it is here that
somedeeper topology shows that certain rational products from a generalized
knitting machine of the form K n = N (S + nR) whereS and R are arbitrary
tangleswill force the rationalit y of the tanglesS + nR. We refer the readerto
[12], [13], [10] for the details of this approach.

References

[1] M. Asaed a, J. Przytycki and A. Sikora , Kau®man-Harary conjecture
holds for Montesinosknots (to appear in JKTR) .



        

46 Ka uffman & Lambr opoulou

[2] C. Bankwitz and H.G. Schumann , ÄUber Vierge°echte, Abh. Math. Sem.
Univ. Hamburg, 10 (1934), 263{284.

[3] S. Bleiler and J. Moriah , Heegaardsplittings and branched coverings of
B 3, Math. Ann., 281, 531{543.

[4] E.J. Brody, The topological classi¯cation of the lens spaces,Annals of Math-
ematics, 71 (1960), 163{184.

[5] G. Burde , Verschlingungsinvarianten von Knoten und Verkettungen mit zwei
BrÄucken, Math. Zeitschrift , 145 (1975), 235{242.

[6] G. Burde, H. Zieschang , \Knots", de Gruyter Studies in Mathematics 5
(1985).

[7] J.H. Conw ay, An enumeration of knots and links and some of their alge-
braic properties, Proceedings of the conference on Computational problemsin
Abstract Algebra held at Oxford in 1967, J. Leech ed., (First edition 1970),
PergamonPress,329{358.

[8] N. Cozzarelli, F. Dean, T. K oller, M. A. Krasno w, S.J. Spengler
and A. St asiak , Determination of the absolute handednessof knots and
catenanesof DNA, Nature , 304 (1983), 550{560.

[9] M.C. Culler, C.M. Gordon, J. Luecke and P.B. Shalen , Dehn surgery
on knots, Annals of Math., 125 (1987), 237{300.

[10] I. Dar cy , Solving tangle equations using four-plats, to appear in J. Knot
Theory and its Rami¯c ations.

[11] C.Ernst, D.W. Sumners , The growth of the number of prime knots, Math.
Proc. Camb. Phil. Soc., 102 (1987), 303{315.

[12] C.Ernst, D.W. Sumners , A calculus for rational tangles: Applications to
DNA Recombination, Math. Proc. Camb. Phil. Soc., 108 (1990), 489{515.

[13] C. Ernst, D. W. Sumners , Solving tangle equations arising in a DNA
recombination model. Math. Proc. CambridgePhilos. Soc., 126, No. 1 (1999),
23{36.

[14] W. Franz , ÄUber die Torsion einer ÄUberdeckung, J. Reine Angew.Math. 173
(1935), 245-254.

[15] J.R. Goldman, L.H. Ka uffman , Knots, Tanglesand Electrical Networks,
Advances in Applied Math., 14 (1993), 267{306.

[16] J.R. Goldman, L.H. Ka uffman , Rational Tangles, Advances in Applied
Math., 18 (1997), 300{332.



      

Fr om Tangle Fra ctions to DNA 47

[17] V. F. R. Jones , A polynomial invariant for knots via von Neumannalgebras,
Bul l. Amer. Math. Soc. (N.S.) 12 (1985) no. 1, 103{111.

[18] V. F. R. Jones , A new knot polynomial and von Neumann algebras,Notices
Amer. Math. Soc. 33 (1986), no. 2, 219{225.

[19] L.H. Kau®man, State models and the Jonespolynomial, Topology, 26 (1987),
395{407.

[20] L.H. Kau®man, An invariant of regular isotopy, Transactions of the Amer.
Math. Soc., 318 (1990), No 2, 417{471.

[21] L.H. Kau®man, Knot Logic, Knots and Applications, Series on Knots and
Everything, 2, L.H. Kau®man ed., World Scienti¯c, 1995.

[22] L.H. Kau®man, \On knots", Ann. of Math. Stud. 115, Princeton Univ. Press,
Princeton, N.J., 1987.

[23] L.H. Kau®man, \F ormal Knot Theory", Mathematical Notes 30, Princeton
Univ. Press,Princeton, N.J., 1983.

[24] L.H. Kau®man, F. Harary, Knots and Graphs I - Arc Graphs and Colorings,
Advances in Applied Mathematics, 22 (1999), 312{337.

[25] L.H. Ka uffman, S. Lambr opoulou , On the clas-
si¯cation of rational tangles, to appear in Advances in Applied Math.. (See
http://www.math.uic.edu/ ~kau®man/ or http://users.n tua.gr/so¯al)

[26] L.H. Ka uffman, S. Lambr opoulou , On the classi¯cation of rational knots,
to ap-
pear in L' Enseignement Math.. (See http://www.math.uic.edu/ ~kau®man/
or http://users.n tua.gr/so¯al)

[27] A. Ka wauchi , \A survey of knot theory", BirkhÄauserVerlag (1996).

[28] A.Y a. Khinchin , \Con tinued Fractions", Dover (1997) (republication of the
1964edition of Chicago Univ. Press).

[29] K. K olden , Continued fractions and linear substitutions, Archiv for Math.
og Naturvidenskab, 6 (1949), 141{196.

[30] D. A. Krebes , An obstruction to embedding 4-tanglesin links. J. Knot The-
ory Rami¯c ations 8 (1999), no. 3, 321{352.

[31] W.B.R. Lick orish , \An intro duction to knot theory", Springer Graduate
Texts in Mathematics, 175 (1997).

[32] W. Menasco, M. Thistlethw aite , The classi¯cation of alternating links,
Annals of Mathematics, 138 (1993), 113{171.



      

48 Ka uffman & Lambr opoulou

[33] J.M. Montesinos , Revetements rami¯es desnoeuds,Espaces̄ bres deSeifert
et scindements de Heegaard,Publicacionesdel Seminario Mathematico Garcia
de Galdeano, Serie II, Seccion 3 (1984).

[34] K. Murasugi , \Knot theory and its applications", Translated from the 1993
japaneseoriginal by B. Kurpita, BirkhÄauserVerlag (1996).

[35] C.D. Olds , \Con tinued Fractions", New Mathematical Library , Math. Assoc.
of Amerika, 9 (1963).

[36] L. Person, M. Dunne, J. DeNinno, B. Guntel and L. Smith , Colorings
of rational, alternating knots and links, (preprint 2002).

[37] V.V. Prasolo v, A.B. Sossinsky , \Knots, Links, Braids and 3-Manifolds",
AMS Translations of Mathematical Monographs 154 (1997).

[38] K. Reidemeister,Elementare BegrÄundung der Knotentheorie, Abh. Math. Sem.
Univ. Hamburg, 5 (1927), 24{32.

[39] K. Reidemeister , \Knoten theorie" (Reprint), Chelsea,New York (1948).

[40] K. Reidemeister , Knoten und Verkettungen, Math. Zeitschrift , 29 (1929),
713{729.

[41] K. Reidemeister , Homotopieringe und LinsenrÄaume,Abh. Math. Sem.Han-
sischenUniv. , 11 (1936), 102{109.

[42] D. Rolfsen , \Knots and Links", Publish or Perish Press,Berkeley (1976).

[43] H. Seifer t , Die Verschlingungsinvarianten der zyklischen
KnotenÄuberlagerungen,Abh. Math. Sem. Univ. Hamburg, 11 (1936), 84{101.

[44] J. Sawollek , Tait's ° yping conjecture for 4-regular graphs, preprint (1998).

[45] H. Schuber t , Knoten mit zwei BrÄucken, Math. Zeitschrift , 65 (1956), 133{
170.

[46] L. Siebenmann , Lecture Notes on Rational Tangles, Orsay (1972) (unpub-
lished).

[47] D.W. Sumners , Untangling DNA, Math.Intel ligencer, 12 (1990), 71{80.

[48] C. Sundber g, M. Thistlethw aite , The rate of growth of the number of
alternating links and tangles, Paci¯c J. Math., 182 No. 2 (1998), 329{358.

[49] P.G. Tait , On knots, I, I I, I I I, Scienti¯c Papers, 1 (1898), Cambridge Uni-
versity Press,Cambridge, 273{347.

[50] H.S. Wall , \Analytic Theory of Continued Fractions", D. Van Nostrand
Company, Inc. (1948).



     

Fr om Tangle Fra ctions to DNA 49

L.H.Ka uffman: Depar tment of Ma thema tics, St atistics and Computer
Science, University of Illinois at Chica go, 851 South Mor gan St., Chica go
IL 60607-7045, U.S.A.

S.Lambr opoulou: Depar tment of Ma thema tics, National Technical Uni-
versity of Athens, Zograf ou campus, GR-157 80 Athens, Greece.

E-mails: kauffman@math.uic.edu sofia@math.ntua.gr
http://www.math.uic.edu/ ~kauffman/ http://users.ntua.gr/sofial


