From TangleFractionsto DNA

Louis H. Kau®manand So a Lambropoulou

Abstract

This paper draws a line from the elemens of tangle fractions to
the tangle model of DNA reconmbination. In the process,we sketch the
classi cation of rational tangles, unoriented and oriented rational knots
and the application of these subjects to DNA recombination.

1 Intro duction

Rational knots and links are a classof alternating links of oneor two unknotted
componerts, and they are the easiestknots to make (also for Nature!). The
‘rst twerty v e knots, exceptfor 8, are rational. Furthermore all knots and
links up to ten crossingsare either rational or are obtained from rational knots
by insertion operations on certain simple graphs. Rational knots are also
known in the literature as four-plats, Vierge°edite and 2-bridge knots. The
lens spacesarise as 2-fold branched coveringsalong rational knots.

A rational tangle is the result of consecutie twists on neighbouring end-
points of two trivial arcs, seeDe nition 1. Rational knots are obtained by
taking numerator closuresof rational tangles (see Figure 19), which form a
basisfor their classi cation. Rational knots and rational tanglesare of funda-
mental importance in the study of DNA reconbination. Rational knots and
links were rst consideredin [40] and [2]. Treatmerts of various aspects of ra-
tional knots and rational tanglescanbe found in [3],[7], [46], [6], [42], [16], [27],
[31], [34]. A rational tangle is assaiated in a canonicalmannerwith a unique,
reducedrational number or 1 ; called the fraction of the tangle. Rational
tanglesare classi ed by their fractions by meansof the following theorem:

Theorem 1 (Conway, 1970) Two rational tanglesare isotopic if and only
if they havethe samefraction.

John H. Conway [7] introducedthe notion of tangle and de ned the fraction
of a rational tangle using the continued fraction form of the tangle and the
Alexander polynomial of knots. Via the Alexander polynomial, the fraction
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is de ned for the larger classof all 2-tangles. In this paper we are interested
in di®eren de nitions of the fraction, and we give a self-coriained exposition
of the construction of the invariant fraction for arbitrary 2-tanglesfrom the
bracket polynomial [19]. The tangle fraction is a key ingrediert in both the
classi cation of rational knots and in the applications of knot theory to DNA.
Proofs of Theorem 1 can be found in [33], [6] p.196,[16] and [25].

More than onerational tangle canyield the sameor isotopic rational knots
and the equivalencerelation between the rational tanglesis re°ected in an
arithmetic equivalenceof their correspnding fractions. This is marked by a
theorem due originally to Sdubert [45] and reformulated by Corway [7] in
terms of rational tangles.

Theorer.p 2 (Schubert, 1956) Supmsethat rational tangleswith fractions
g and %, are given (p and q are relatively prime. Similarly for p® and ¢°.) If

K (g) and K (3—3) denote the correspnding rational knots obtained by taking

numerator closures of thesetangles, then K (g) and K (g_‘;) are topologically
equivalentif and only if

1. p= p’and
2. eitherq” o{modp) or qo®” 1(modp):

This classictheorem [45] was originally proved by using an obsenation of
Seifertthat the 2-fold branched covering spacesf S alongK (g) and K (gi,’) are
lens spacesand invoking the results of Reidemeister[41] on the classi cation
of lens spaces.Another proof using covering spaceshas beengiven by Burde
in [5]. Sdwbert also extendedthis theorem to the caseof oriented rational
knots and links described as 2-bridge links:

Theorem 3 (Schubert, 1956) 0Sup|uDse that orientation-compatible ratio-
nal tangleswith fractions g and % are givenwith g and ¢ odd. (p and g are

relatively prime. Similarly for p°and ¢’) If K (2) and K (%‘;) denotethe corre-
sponding rational krgots obtainal by taking numerator closures of thesetangles,
then K (g) and K (%)) are topologically equivalentif and only if

1. p= p’and
2. eitherq” o{mod2p) or qo®” 1(mod2p):

In [26] we give the rst combinatorial proofsof Theorem?2 and Theorem3.
In this paper we sketch the proofsin [25] and [26] of the above three theorems
and we give the key examplesthat are behind all of our proofs. We also give
someapplications of Theorems2 and 3 using our methods.
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The paper is organized as follows. In Section 2 we introduce 2-tangles
and rational tangles, Reideimeistermoves, isotopiesand operations. We give
the de nition of °yping, and state the (now proved) Tait °yping conjecture.
The Tait conjectureis usedimplicitly in our classi cation work. In Section3
we introduce the cortinued fraction expressionfor rational tangles and its
properties. We usethe cortinued fraction expressionfor rational tangles to
de ne their fractions. Then rational tangle diagramsare shovn to be isotopic
to alternating diagrams. The alternating form is usedto obtain a canonical
form for rational tangles,and we obtain a proof of Theorem1.

Section 4 discussesalternate de nitions of the tangle fraction. We begin
with a self-cortained exposition of the bradket polynomial for knots, links and
tangles. Using the bracket polynomial we de ne a fraction F(T) for arbitrary
2-tanglesand show that it hasa list of properties that are sutcient to prove
that for T rational, F(T) is idertical to the cortinued fraction value of T, as
de ned in Section3. The next part of Section4 givesa di®eren de nition of
the fraction of a rational tangle, basedon coloring the tangle arcs with inte-
gers. This de nition is restricted to rational tanglesand thosetanglesthat are
obtained from them by tangle-arithmetic operations, but it istruly elemenary,
dependingjust on alittle algebraandthe propertiesof the Reidemeistermoves.
Finally, we sketch yet anotherde nition of the fraction for 2-tanglesthat shows
it to be the value of the conductanceof an electrical network asseiated with
the tangle.

Section5 cortains a description of our approad to the proof of Theorem2,
the classi cation of unoriented rational knots and links. The key to this ap-
proad is erumerating the di®erern rational tangleswhosenumerator closureis
a given unorierted rational knot or link, and con rming that the correspnd-
ing fractions of thesetangles satisfy the arithmetic relations of the Theorem.
Section6 sketchesthe classi cation of rational knots and links that areisotopic
to their mirror images. Sud links are all closuresof palindromic cortinued
fraction forms of evenlength. Section7 describesour proof of Theorem 3, the
classi cation of oriented rational knots. The statemert of Theorem 3 di®ers
from the statemert of Theorem2 in the useof integersmodulo 2p rather than
p: We seehow this di®erencearisesin relation to matching orientations on
tangles. This section also includes an explanation of the fact that fractions
with even numerators correspnd to rational links of two componerts, while
fractions with odd numerators correspnd to singlecomponert rational knots
(the denominatorsare odd in both cases). Section 8 discussesstrongly in-
vertible rational knots and links. Thesecorrespnd to palindromic cortinued
fractions of odd length.

Section9 is an introduction to the tangle model for DNA reconbination.
The classi cation of the rational knots and links, and the use of the tangle
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fractionsis the basictopology behind the tangle model for DNA recomnbination.
We indicate how problemsin this model are reducedto properties of rational
knots, links and tangles, and we shov how a nite number of obsenations of
successig DNA reconbination can pinpoint the reconbination medanism.

2 2-Tangles and Rational Tangles

Throughout this paper wewill be working with 2-tangles The theory of tangles
wasdiscovreredby John Conway [7] in his work on erumerating and classifying
knots. A 2-tangleis an enbedding of two arcs (homeomorphicto the interval
[0,1]) and circles into a three-dimensionalball B® standardly embedded in
Euclidean three-spaceS?, sud that the endpoints of the arcsgo to a speci ¢
setof four points on the surfaceof the ball, sothat the circlesand the interiors
of the arcsare enbeddedin the interior of the ball. The left-hand sideof Figure
1 illustrates a 2-tangle. Finally, a 2-tangleis oriented if we assignorientations
to eat arc and ead circle. Without lossof generality, the four endpoints of
a 2-tangle can be arrangedon a great circle on the boundary of the ball. One
canthen de ne a diagram of a 2-tangleto be a regular projection of the tangle
on the plane of this great circle. In illustrations we may replacethis circle by
a box.

Figure 1 - A 2-tangle and a rational tangle

The simplest possible 2-tangles comprise two unlinked arcs either hori-
zontal or vertical. Theseare the trivial tangles denoted[0] and [1 ] tangles
respectively, seeFigure 2.
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[0] [oo]

Figure 2 - The trivial tangles [0] and [1 ]

De nition 1 A 2-tangleis rational if it can be obtained by applying a -
nite number of consecutie twists of neighbouring endpoints to the elemenary
tangles[O] or [1 |:

The simplest rational tangles are the [0], the [1 ], the [+1] and the [j 1]
tangles,asillustrated in Figure 3, while the next simplestonesare:

(i) The integer tangles denotedby [n]; madeof n horizortal twists, n 2 Z:

(i) The vertical tangles denotedby [71]; made of n vertical twists,n 2 Z:
Theseare the inversesof the integer tangles, seeFigure 3. This termi-
nology will be clear soon.

Examplesof rational tanglesareillustrated in the right-hand side of Figure
1 aswell asin Figures8 and 17 below.

[-2] [-1] [0] 1
N\ 7
é,x, (- X Q
N 7
1 1 [oo] 1 1
2] [1] 1] 2]

Figure 3 - The elementary rational tangles

We study tanglesup to isotopy. Two 2-tangles,T;S, in B3 are said to be
isotopic, denotedby T » S, if they have idertical con gurations of their four
endpoints in the boundary S? of the three-ball, and there is an ambient isotopy
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of (B3;T) to (B3;S) that is the identit y on the boundary (S?; @) = (S?; @).
An ambient isotopy can be imaginedasa cortinuous deformation of B2 “xing
the four endpoints on the boundary sphere,and bringing one tangle to the
other without causingany self-intersections.

In terms of diagrams, Reidemeister[39] proved that the local moves on
diagramsillustrated in Figure 4 capture combinatorially the notion of ambient
isotopy of knots, links and tangles in three-dimensionalspace. That is, if
two diagramsrepresen knots, links or tanglesthat are isotopic, then the one
diagram can be obtained from the other by a sequencef Reidemeistermoves
In the caseof tanglesthe endmints of the tangleremain xed and all the moves
occur inside the tangle box.

Two oriented 2-tanglesare are said to be oriented isotopic if there is an
isotopy betweenthem that presenesthe orientations of the correspnding arcs
and the correspnding circles. The diagramsof two oriented isotopic tangles
di®er by a sequenceof oriented Reidemeistermoves i.e. Reidemeistermoves
with orientations on the little arcsthat remain consisten during the moves.

I <:1—,:>C

= K= X

Figure 4 - The Reidemeister moves

From now on we will be thinking in terms of tangle diagrams. Also, we
will be referring to both knots and links wheneer we say "knots'.

A °ypeis anisotopy move applied on a 2-subtangleof a largertangle or knot
asshown in Figure 5. A °ype presenesthe alternating structure of a diagram.
Even more, °ypesare the only isotopy movesneededin the statemert of the
celebratedTait Conjecture for alternating knots, stating that two alternating
knots are isotopic if and only if any two correspnding diagrams on S? are
related by a nite sequene of ° ypes. This wasposedby P.G. Tait, [49] in 1898
and was proved by W. Menascoand M. Thistlethwaite, [32] in 1993.
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Figure 5 - The °ype moves

The classof 2-tanglesis closedunder the operations of addition (+) and
multiplication (=) as illustrated in Figure 6. Adddition is accomplishedby
placing the tanglesside-by-side and attaching the N E strand of the left tangle
to the NW strand of the right tangle, while attaching the SE strand of the
left tangle to the SW strand of the right tangle. The product is accomplished
by placing one tangle underneaththe other and attaching the upper strands
of the lower tangle to the lower strands of the upper tangle.

The mirror image of a tangle T is denotedby | T and it is obtained by
switching all the crossingsin T: Another operation is rotation accomplished
by turning the tangle courter-clockwise by 90* in the plane. The rotation of
T is denotedby T': The inverse of a tangle T, denotedby 1=T; is de ned to
bej T': SeeFigure 6. In general,the inversionor rotation of a 2-tangleis an
order 4 operation. Remarkably, for rational tangles the inversion (rotation)
is an order 2 operation. It is for this reasonthat we denotethe inverseof a
2-tangleT by 1=T or T %; and hencethe rotate of the tangle T canbe denoted
by 1=T=j TiL

wo £ e
7o\ =1 |7 /' \
T+S / \ T'=-yT, T=-T'=0T

Figure 6 - Addition, product and inversion of 2-tangles



8 Kauffman & Lambr opoulou

We descrilke now another operation applied on 2-tangles,which turns out
to be an isotopy on rational tangles. We say that R" ' s the horizontal ° ip of
the tangle R if R" ' js obtained from R by a 180 rotation around a horizortal
axis on the plane of R. Moreover, R''" is the vertical °ip of the 2-tangleR if
RV is obtained from R by a 180 rotation around a vertical axis on the plane
of R. SeeFigure 7 for illustrations. Note that a °ip switchesthe endpoints
of the tangle and, in general,a °ipped tangle is not isotopic to the original
one. It is a property of rational tanglesthat T » T and T » TV''P for any
rational tangle T: This is obvious for the tangles[n] and -+: The generalproof

i
crucially uses®ypes,see[25.

180°
R _O K

hlip

180°
R s A

vilip

Figure 7 - The horizon tal and the vertical °ip

The above isotopies composedconsecutiely yield T » (Ti )il = (T")"
for any rational tangle T: This says that inversion (rotation) is an operation
of order 2 for rational tangles, sowe can rotate the mirror imageof T by 90
either courterclockwise or clockwiseto obtain Ti 2,

Note that the twists generatingthe rational tangles could take place be-
tweenthe right, left, top or bottom endpoints of a previously createdrational
tangle. Using °ypesand °ips inductively on subtanglesone can always bring
the twists to the right or bottom of the rational tangle. We shall then say that
the rational tangle is in standad form. Thus a rational tangle in standard
form is createdby consecutie additions of the tangles[§ 1] only on the right
and multiplications by the tangles[8 1] only at the bottom, starting from the
tangles[O] or [1 ]: For example,Figure 1 illustrates the tangle(([S]u[i—lz]) + [2]);
while Figure 17 illustrates the tangle (([3] & é) + [2]) in standard form. Fig-
ure 8 illustrates addition on the right and multiplication on the bottom by
elemenary tangles.
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Figure 8 - Creating new rational tangles

We also have the following closing operations, which yield two di®erert
knots: the Numerator of a 2-tangle T, denotedby N (T), obtained by joining
with simple arcs the two upper endpoints and the two lower endpoints of T;
and the Denominator of a 2-tangle T, obtained by joining with simple arcs
eat pair of the correspnding top and bottom endpoints of T, denoted by
D(T). Wehave N(T) = D(T") and D(T) = N(T"): We note that ewvery knot
or link can be regardedasthe numerator closureof a 2-tangle.

f\NllD
T | <— | T | —> T =~ 1T
U 1

N(T) D(T)

Figure 9 - The numerator and denominator of a 2-tangle

We obtain D(T) from N(T) by a[0]i [1 ] interchange,as shavn in Fig-
ure 10. This “transmutation' of the numerator to the denominatoris a precur-
sor to the tangle model of a reconbination evert in DNA, seeSection9. The
[0]i [1 ] interchangecan be descrited algebraically by the equations:

N(T)=N(T+[O])i! N(T+[1])=D(T):
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= p(T)

interchange

N(T) = @ _s

o | [oo]
Figure 10 - The [0]j [1 ] interc hange

We will concertrate on the classof rational knots and links arising from
closing the rational tangles. Even though the sum/product of rational tan-
glesis in generalnot rational, the numerator (denominator) closure of the
sum/product of two rational tanglesis still a rational knot. It may happen
that two rational tanglesare not isotopic but have isotopic numerators. This
is the basicidea behind the classi cation of rational knots, seeSection5.

3 Continued Fractions and the Classi cation
of Rational Tangles

In this section we assignto a rational tangle a fraction, and we explore the
analogybetweenrational tanglesand cortinued fractions. This analogyculmi-
natesin a commoncanonicalform, which is usedto deducethe classi cation
of rational tangles.

We rst obsene that multiplication of a rational tangle T by ﬁ may be

obtained as addition of [n] to the inverseTl followed by inversion. Indeed, we
have:

Lemma 1 The following tangle equation holdsfor any rational tangle T:

1 1

Thus any rational tangle can be built by a series of the following operations:
Addition of [§ 1] and Inversion.
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Proof. Obsene that a 90 clockwise rotation of T @ ﬁ producesj [n]i %
Hence,from the above (T o ﬁ)r =i [n]i ¢ andthus(Tog)i* = [n]+ £
So,taking inversionson both sidesyields the tangle equation of the statemert.
2

De nition 2 A continued fraction in integer tanglesis an algebraicdescrip-
tion of a rational tangle via a cortinued fraction built from the tangles[a];

[a2]; i1 [an] with all numeratorsequalto 1, namely an expressionof the type:
laal: el 3 [a]) == [a] + .
T e e

[an]

be zero, and in this casethe tangle [0] may be omitted. A rational tangle
descriled via a cortinued fraction in integer tanglesis said to be in continued
fraction form. The lengthof the continuedfraction is arbitrary { in the previous
formula illustrated with length n { whether the rst summandis the tangle
[0] or not.

It follows from Lemma 3.2 that inductively every rational tangle can be
written in continued fraction form. Lemma 3.2 makesit easyto write out
the continued fraction form of a given rational tangle, since horizonal twists
are integer additions, and multiplications by vertical twists are the reciprocals
of integer additions. For example, Figure 1 illustrates the rational tangle

[2]+ ﬁ Figure 17 illustrates the rational tangle [2] + [2]+1i: Note that
[3] €]}

1

([c] = &

) + [@] hasthe cortinued fraction form [a] + [b]% = [[a]; [1l; [c]]:
[c]

1. T+[81]
2 T = [0} [aa; [azl: 2 [an]l;
3: i T i aud;li @2ls::o: i aall:

We now recall somefacts about cortinued fractions. Seefor example[28],
[35], [29], [50. In this paper we shall only considercontinued fractions of the

type

I
2
w
=
g
2

1
a+ ¢oe+ 1
p, + CCC o L
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continued fraction is the number n whether a; is zeroor not. Note that if for
i > 1 all terms are positive or all terms are negative and a; 6 0 (a; = 0))
then the absolutevalue of the cortinued fraction is greater (smaller) than one.
Clearly, the two simplealgebraicoperationsaddition of +1 or j 1 andinversion
generateinductively the whole classof cortinued fractions starting from zero.
For any rational number g the following statemerts are straightforward.

20 281 = [a8 Liagiian;
3: 3 = [Oagay:ian];
4 g = liagia;isial:

We can now de ne the fraction of a rational tangle.

De nition 3 Let T be a rational tangle isotopic to the cortinued fraction

value of the cortinuedfraction obtained by substituting integersfor the integer
tanglesin the expressionfor T, i.e.

1
a, + ¢¢e+ L

an 1+a

F(T) =a +

fT6[1l,andF(1]) =1 = %; as a formal expression.

Remark 1 This de nition isgood in the sensdéhat onecanshow that isotopic
rational tanglesalways di®erby °ypes,and that the fraction is unchangedby

°ypes[25].

Clearly the tangle fraction hasthe following properties.

L F(T+[81]) = F(T)8 1,
2: F(5) = 5
3 FGT) = i F(T):

The main result about rational tangles (Theorem 1) is that two rational
tanglesare isotopic if and only if they have the samefraction. We will show
that every rational tangle is isotopic to a unique alternating cortinued fraction
form, and that this alternating form can be deducedfrom the fraction of the
tangle. The Theoremthen follows from this obsenation.
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Lemma 2 Every rational tangleis isotopic to an alternating rational tangle.

Proof. Indeed, if T has a non-alternating cortinued fraction form then the

following con guration, shown in the left of Figure 11, must occur somewhere
in T; corresppnding to a change of sign from one term to an adjacert term

in the tangle cortinued fraction. This con guration is isotopic to a simpler
isotopic con guration asshawn in that gure.

/7 \
\\ \

Figure 11 - Reducing to the alternating form

Therefore, it follows by induction on the number of crossingdn the tangle that
T is isotopic to an alternating rational tangle. 2

Recall that a tangle is alternating if and only if it has crossingsall of the
a;'s are all positive or all negative For example, the tangle of Figure 17 is
alternating.

T is alternating and n is odd. The tangle of Figure 17is in canonicalform. We
note that if T is alternating and n even, then we canbring T to canonicalform
if a, > O:

The last key obsenation is the following well-known fact about cortinued
fractions.

integersand m is odd.

Proof. It follows immediately from Euclid's algorithm. We ewaluate rst

. . - 11
form. We illustrate the proof with an example. Supposethat g = =. Then
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11 4 1 1 1
— =1+ -=1+ =1+ =1+
7 7 ! 1+ 3 1+ %
3
1 1
=1+ —=[LLL3]=1+ —— = [, 1,121]

1+ = 1+ &

3 Py

This completesthe proof. 2

fraction forms for the samerational number, and henceare equal term-by-
term. Thus the uniguenessof canonical forms for continued fractions im-
plies the uniquenessof canonicalforms for rational tangles. For example, let
T = [[2}[; 3};[5]k Then F(T) = [2i 3;5] = 2: But £ = [1;1;1;1;4]; thus
T » [[1]; [1] [2] [1]; [4]); and this last tangle is the canonicalform of T:

Proof of Theorem 1. We have now assembled all the ingredierts for the proof
of Theorem 1. In one direction, supposethat rational tanglesT and S are
isotopic. Then ead is isotopic to its canonicalform T%and S° by a sequence
of °ypes. Hencethe alternating tangles T° and S° are isotopic to one another.
By the Tait conjecture,there is a sequencef ° ypesfrom T°to S® Hencethere
is a sequencef °ypesfrom T to S: Oneveri es that the fraction aswe de ned
it is invariant under °ypes. HenceT and S have the samefraction. In the
other direction, supposethat T and S have the samefraction. Then, by the
remark above, they have identical canonicalforms to which they are isotopic,
and thereforethey are isotopic to eat other. This completesthe proof of the
Theorem. 2

4 Alternate De nitions of the Tangle Fraction

In the last sectionand in [25] the fraction of a rational tangle is de ned directly
from its combinatorial structure, and we verify the topological invariance of
the fraction usingthe Tait conjecture.

In [25] we give yet another de nition of the fraction for rational tangles
by using coloring of the tangle arcs. There are de nitions that assaiate a
fraction F(T) (including 0=1 and 1=0) to any 2-tangle T whether or not it is
rational. The rst de nition is dueto John Cornway in [7] usingthe Alexander
polynomial of the knots N(T) and D(T): In [16 an alternate de nition is
given that usesthe bradket polynomial of the knots N(T) and D(T); and in
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[15] the fraction of a tangle is related to the conductanceof an assaiated
electrical network. In all these de nitions the fraction is by de nition an
isotopy invariant of tangles. Below we discussthe bracket polynomial and
coloring de nitions of the fraction.

4.1 F(T) Through the Brac ket Polynomial

In this sectionwe shall discussthe structure of the the bracket state model for
the Jonespolynomial [19, 20] and how to construct the tangle fraction by using
this technigue. We rst construct the bracket polynomial (state summation),
which is a regular isotopy invariant (invarianceunder all but the Reidemeister
move |). The bracket polynomial can be normalizedto producean invariant of
all the Reidemeistermoves. This invariant is known asthe Jonespolynomial
[17, 18]. The Jonespolynomial wasoriginally discoveredby a di®erem method.

The bracketpolynomial , < K > =< K > (A), assignsto ead unorierted
link diagram K a Laurent polynomial in the variable A, sud that

1. If K and K °are regularly isotopic diagrams,then < K > =< K%>,

2. If K g O denotesthe disjoint union of K with an extra unknotted and un-
linked componert O (alsocalled loop' or “simpleclosedcurve' or “Jordan
curve’), then

<KgO>=1<K >
where
+= | A?j Al

3. < K > satis esthe following formulas

<A>=A<3 >+Ail)(>

<A>=A1<3 > +A<)(>

wherethe small diagramsrepresem parts of larger diagramsthat are identical
exceptat the site indicated in the bracket. We take the corvertion that the
letter chi, A, denotesa crossingwhere the curved line is crossing over the
straight sggment The barred letter denotesthe switch of this crossing,where
the curvel line is undercrossingthe straight sgment The above formulas can
be summarizedby the single equation

<K>=A<SK>+Al<SK>:
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In this text formula we have usedthe notations S; K and SgK to indicate the

two new diagrams created by the two smaothings of a single crossingin the

diagram K. That is, K, S K and SgK di®er at the site of one crossingin

the diagram K. These smoothings are described as follows. Label the four

regionslocally incident to a crossingby the letters L and R, with L labelling

the region to the left of the undercrossingarc for a traveller who approates
the overcrossingon a route along the undercrossingarc. There are two sud

routes, one on ead side of the overcrossingline. This labelstwo regionswith

L. The remaining two are labelled R. A smoothing is of type L if it connects
the regionslabelled L, and it is of type R if it connectsthe regionslabelled R,

seeFigure 12.

sL/\/: < TA
X2 )=

Figure 12 - Brac ket Smoothings

It is easyto seethat Properties 2 and 3 de ne the calculation of the bracket
on arbitrary link diagrams. The choicesof coexcients (A and Ai ') and the
value of + make the bracket invariant under the Reidemeistermovesl!| and |11
(see[19)). Thus Property 1 is a consequencef the other two properties.

In order to obtain a closedformula for the bracket, we now descrite it as
a state summation. Let K be any unorierted link diagram. De ne a state, S,
of K to be a choice of smoothing for ead crossingof K : There are two choices
for smoothing a given crossing,and thus there are 2\ statesof a diagram with
N crossings.In a state we label eadn smoothing with A or Ai ! accordingto
the left-right cornvention discussedin Property 3 (seeFigure 12). The label
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is called a vertex weight of the state. There are two evaluations related to a
state. The rst oneis the product of the vertex weights, denoted

< KjS>:

The secondevaluation is the number of loopsin the state S, denoted
1iSjj:
De ne the state summation < K >, by the formula

X o
<K>= <KjS> Sl
S

It follows from this de nition that < K > satis esthe equations

<A>=A<3 > +AT<) (>
<KgO>=zx< K >
<O>=1

The rst equation expresseshe fact that the ertire set of states of a given
diagram is the union, with respect to a given crossing, of those states with

an A-type smoothing and thosewith an Ai 1-type smaothing at that crossing.
The secondand the third equationare clearfrom the formula de ning the state
summation. Hencethis state summation producesthe bracket polynomial as
we have descriked it at the beginning of the section.

In computing the bradcket, one nds the following behaviour under Reide-
meister move I

o

< %>z A3

and
<%>= Al

where ° denotesa curl of positive type as indicated in Figure 13, and *
indicatesa curl of negative type, asalsoseenin this gure. The type of a curl
is the sign of the crossingwhenwe oriert it locally. Our corvertion of signsis
alsogivenin Figure 13. Note that the type of a curl doesnot depend on the
orientation we choose. The small arcson the right hand side of theseformulas
indicate the removal of the curl from the correspnding diagram.
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The bradket is invariant under regular isotopy and can be normalizedto an
invariant of ambient isotopy by the de nition

fic(A) = (i AT < K > (A);

wherewe chosean orientation for K , and wherew(K)) is the sumof the crossing
signsof the oriented link K. w(K) is called the writhe of K. The corvertion
for crossingsignsis shavn in Figure 13.

//+ K
RoREEc B
O 0 O

Figure 13 - Crossing Signs and Curls

\

By a changeof variablesone obtains the original Jonespolynomial, Vi (t); for
oriented knots and links from the normalized bracket:

Vi (t) = i (E9):

The bradcket model for the Jonespolynomial is quite useful both theoretically
and in terms of practical computations. One of the neatestapplicationsis to
simply computef (A) for the trefoil knot T and determinethat f1(A) is not
equalto f+(Ai 1) = f, 1 (A): This showvsthat the trefoil is not ambient isotopic
to its mirror image, a fact that is quite tricky to prove by classicalmethods.

For 2-tangles,we do smaothings on the tangle diagram until there are no
crossingsleft. As a result, a state of a 2-tangle consistsin a collection of
loopsin the tangle box, plus simple arcsthat connectthe tangle ends. The
loops evaluate to powers of +, and what is left is either the tangle [0] or the
tangle [1 ], since[0] and [1 ] are the only ways to connectthe tangle inputs
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and outputs without introducing any crossingsin the diagram. In analogyto
knots and links, we can nd a state summation formula for the bracketof the
tangle denoted< T >; by summing over the states obtained by smoothing
ead crossingin the tangle. For this we de ne the remainderof a state, denoted
Rs, to be either the tangle [0] or the tangle [1 ]. Then the evaluation of < T >

is given by

X .
<T>= <TjS> %< Rg>;
S
where< TjS > is the product of the vertex weights (A or Ai 1) of the state S
of T. The above formula is consisteh with the formula for knots obtained by
taking the closureN(T) or D(T). In fact, we have the following formula:

< N(T)>= X< TjS> #8I < N(Rg) > :
S
Note that < N([0]) >= tand < N([1 ]) >= 1. A similar formula holds for
< D(T) > : Thus, < T > appears as a linear conbination with Laurent
polynomial coe+cients of < [0]> and< [1 ] >; i.e. < T > takesvaluesin the
free module over Z[A; Ai 1] with basisf< [0] >; < [1 ] >g: Notice that two
elemerns in this module are equali® the correspnding coexcients of the basis
elemerts coincide. Note alsothat < T > isaninvariant of regularisotopy with
valuesin this module. We have just proved the following:

Lemma 4 Let T be any 2-tangle and let < T > be the formal expmnsion
of the bracket on this tangle. Then there exist elementsnt (A) and dr (A) in
Z[A; Al 1]; suchthat

<T>=dr(A)<[0]> +nr(A)<[1]>
and nt(A) and dy (A) are regular isotopy invariants of the tangle T.

In order to ewvaluate < N(T) > in the formula above we needonly apply the
closureN to [0] and [1 ]: More precisely we have:

Lemma 5 < N(T)>=drx+nr and< D(T) >=dy + ntx

Proof. Sincethe smoothings of crossingsdo not interfere with the closure(N
or D), the closurewill carry through linearly to the whole sumof < T >.
Thus,

< N(T)>
<D(T)>

dr(A) < N([0]) > +n7(A) < N([1 ]) >= dr(A)x+ nr(A);
dr(A) < D([0]) > +n7(A) < D([1 ]) >= dr(A) + nr(A)£2
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We de ne now the polynomial fraction, f racr(A), of the 2-tangle T to be
the ratio

nt(A)
dr (A)
in the ring of fractions of Z[A; Ai 1] with a formal symbol 1 adjoined.

fracr(A) =

Lemma 6 fracr(A) is aninvariant of ambientisotopy for 2-tangles.

Proof. Sinced; and ny are regular isotopy invariants of T, it follows that
fracr(A) is alsoa regular isotopy invariant of T. Supposenow T° is T with
a curl added. Then < T° >= (j A% < T > (sameremark for 2). So,
nre(A) = i A®nt(A) and dr-(A) = | A3dr(A): Thus, nt-=dr- = ny=cd: This
shows that f racr is alsoinvariant under the Reidemeistermove |, and hence
an ambient isotopy invariant. 2

Lemma 7 LetT andS betwo 2-tangles. Then, we havethe following formula
for the bracketof the sum of the tangles.

<T+S>=drds < [0]> + (drns+ nyds + ngt) < [1 | > :

Thus
Nst

drds’
Proof. We do rst the smaoothingsin T leaving S intact, and then in S:
<T+S> = h<[0]+S>+ny<[1]+S>

= hk<S>+nr<[1]+S>

= dr(ds<[0]> +ns < [1]>)

+ nr(ds<[1]+[0]>+ns<[1]+[1]>)

= dr(ds<[0]>+ns<[1]>)+ny(ds<[l]>+nst<[1]>)

= drds < [0]> +(drns+ nyds + nst) < [1 ]>:

fracr.s = fracr + fracs +

Thus, nt+s = (drns + nyds + nst) and dr+s = drds: A straightforward
calculation givesnow f racr+s: 2

As we seefrom Lemma4, f racr (A) will be additive on tanglesif

+=j A% AiZ=0:
Moreover, from Lemma2we havefor£= 0; < N(T) > = ny; < D(T) > = dr:

This nice situation \HI|_| be our main object of study in the rest of this section.
Now, if we setA = * | wherei? = j 1; thenit is
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+=  A%] AiZ=jijitt=ji+i=0

For this reason,we shall h _ceforth assumethat A takesthe value IOi_. So
< K > will denote< K > (" i) for any knot or link K.

We now de ne the 2-tangle fraction F (T) by the following formula:

F(T) = | nT(pi_).
dr( i)

We will let n(T) = nT(p i) and d(T) = dT(IO i); sothat

n(T).
d(T)’

F(T) =

Lemma 8 The 2-tangle fraction hasthe following properties.

1. F(T)=i< N(T)>=<D(T)>;andit isareal numkeror 1,
2. F(T+S)=F(T)+ F(S),
3. F(O)=%;
4. F@D= 1
5. F(L)=%
6. F(i T)=i F(T); in particular F([j 1])= i 1;
7 F(1=T) = 1=F(T);,
8. F(T") = 1=F(T):

As a result we concludethat for a tangle obtained by arithmetic operations
from integer tangles[n]; the fraction of that tangle is the sameasthe fraction
obtained by doing the sameoperations to the correspnding integers. (This
will be studied in detail in the next section.)

Proof. The formula F(T) = i< N(T) >=< D(T) > and Statemen 2: follow
from the obsenations above about £ = 0: In ordexto show that F(T) is areal
number or 1 we rst consider< K >:=< K > (' i); for K aknot or link, as
in the hypothesesprior to the lemma. Then we apply this information to the
ratio i< N(T) >=<D(T) >:

Let K any knot or link. We claim that then < K >= 1! p; where! is
apower of i and p is an integer. In fact, we will show that eat non-trivial
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state of K cortributes 8! to < K > : In orderto show this, we examinehow
to get from one non-trivial state to another. It is a fact that, for any two
states, we can get from oneto the other by resmathing a subsetof crossings.
It is possibleto get from any singleloop state (and only singleloop statesof K
cortribute to < K >, sincex = 0) to any other singleloop state by a seriesof
doubleresmmthings In a doubleresmathing we resmath two crossingssud
that one of the resmapothings disconnectsthe state and the other reconnects
it. SeeFigure 14 for an illustration. Now considerthe e®ectof a double
resmathing on the evaluation of one state. Two crossingschange. If oneis
labelled A and the other Ai 1, then there is no net changein the evaluation of
the state. If both are A, then we go from A?P (P is the rest of the product of
state labels)to Al ?P: But A2 =i and A ? = j i; Thusif onestate cortributes
I = ip, then the other state cortributes j ! = j ip: Theseremarks prove the
claim.

double

<>
resmoothing

Figure 14 - A Double Resmo othing

Now, a state that corntributes non-trivially to N (T) must have the form of
the tangle[1 ]: We will show that if S is a state of T cortributing non-trivially
to < N(T) > and S%a state of T cortributing non-trivially to < D(T) >; then
< S>=< S% = §i: Here< S > denotesthe product of the vertex weights for
S, and< S°> isthe product of the vertex weights for S If this ratio is veri ed
for somepair of statesS; S¢ then it followsfrom the st claimthat it istrue for
all pairs of states,and that < N(T) >=!p; < D(T)>=!%; p;g2 Z and
I=19= < S>=< 3% = §i: Hence< N(T) >=<D(T) > = §ip=qg where
p=qis a rational number (or g= 0). This will completethe proof that F(T) is
realor 1l :

To seethis secondclaim we considerspeci ¢ pairs of statesasin Figure 15.
We have illustrated represemativ e states S and S° of the tangle T. We obtain
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S%from S by resmaothing at onesite that changesS from an [1 ] tangle to the
[0] tangle underlying S® Then< S >=< S°> = AS2= §j: If thereis no suc
resmathing site available, then it followsthat D(T) is a disjoint union of two
diagrams,and hence< D(T) >= Oand F(T) = 1 : This doescompletethe
proof of Statemert 1.

[0] - [oo] interchange

contribute to N contribute to D

Figure 15 - Non-trivial States

At += 0 we alsohave:

< N([O]>=0;,<D(0]) >=1,<N(1])>=1<D(1] >= 0; and so,
the ewvaluations 3: to 5: are easy For example,note that

<[1]>=A<[0]> +Ail<[1]>;

hence
Ail : .

F([1]) = iT: iAIZ=i(iih=1
To havethe fraction value 1 for the tangle [1] is the reasonthat in the de nition
of F(T) wenormalizedby i. Statemert 6: follows from the fact that the bracket
of the mirror image of a knot K is the sameas the bracket of K, but with
A and Ai ! switched. For proving 7: we obsene Tst that for any 2-tangle
T, d(%) = n(T) and n() = d(T); where the overline denotesthepcomplex
conjugate. Complex conjugatesoccur becauseAi ! = A whenA = i. Now,
sinceF (T) is real, we have

F(%) =i1d(T)=n(T) = id(T)=n(T) = 1=i n(T)=d(T)) = 1=F(T) = 1=F(T):

Statemert 8: follows immediately from 6: and 7: This completesthe proof. 2
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For a related approad to the well-de nednessof the 2-tangle fraction, the
readershould consult [30]. The double resmathing idea originatesfrom [23].

Remark 2 For any knot or link K we de ne the determinant of K by the
formula

Det(K) = j< K > (pi_)j

wherejzj denotesthe modulus of the complex number z. Thus we have the
formula

Det(N(T))

FMI= Betd (™)

for any 2-tangleT.

In other approatesto the theory of knots, the determinart of the knot is
actually the determinant of a certain matrix assaiated either to the diagram
for the knot or to a surface whoseboundary is the knot. See[42 22] for
more information on these connections. Corway's original de nition of the
fraction [7] is ¢ n(1y(i 1)=C o(ry(i 1) where¢  (j 1) denotesthe evaluation of
the Alexander polynomial of a knot K at the value j 1: In fact, j¢ « (j 1) =
Det(K); and with appropriate attention to signs,the Conway de nition and
our de nition usingthe bradcket polynomial coincidefor all 2-tangles.

4.2 The Fraction through Coloring

We concludethis sectionby giving an alternate de nition of the fraction that
usesthe conceptof coloring of knots and tangles. We color the arcs of the
knot/tangle with integers, using the basic coloring rule that if two under-
crossingarcs colored ® and ° meet at an overcrossingarc colored , then

®+ ° = 2 : We often think of one of the undercrossingarc colors as deter-
mined by the other two colors. Then onewrites ®° = 2 | ®:

It is easyto verify that this coloring method is invariant under the Rei-
demeister moves in the following sense: Given a choice of coloring for the
tangle/knot, there is a way to re-color it ead time a Reidemeistermove is
performed, so that no changeoccursto the colorson the external strands of
the tangle (so that we still have a valid coloring). This meansthat a color-
ing potertially cortains topological information about a knot or a tangle. In
coloring a knot (and alsomany non-rational tangles)it is usually necessaryto
restrict the colorsto the set of integersmodulo N for somemodulus N. For
example,in Figure 16t is clearthat the color set Z=3Z = f0; 1, 2qg is forced
for coloring a trefoil knot. When there existsa coloring of a tangle by integers,
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sothat it is not necessaryto reducethe colorsover somemodulus we shall say
that the tangle is integrally colorable

|2b-a
b

Figure 16 - The coloring rule, integral and modular coloring

It turns out that every rational tangle is integrally colorable: To seethis
choosetwo “colors' for the initial strands (e.g. the colors0 and 1) and color
the rational tangle asyou createit by successig twisting. We call the colors
on the initial strands the starting colors. SeeFigure 17 for an example. It
is important that we start coloring from the initial strands, becausethen the
coloring propagatesautomatically and uniquely. If onestarts from somewhere
else,one might get into an edgewith an undetermined color. The resulting
coloredtangle now hascolorsassignedo its external strandsat the northwest,
northeast, southwest and southeastpositions. Let NW(T), NE(T), SW(T)
and SE(T) denote theserespective colors of the coloredtangle T and de ne
the color matrix of T, M (T), by the equation

" NW(T) NE(T) #_

MM = sw() se(m)

" #
De nition 4 To arational tangle T with color matrix M (T) = 2 3 we
asseiate the number
bj a
f(T):= 2 1:
(M= g 20

It turns out that the ertries a;b;c;d of a color matrix of a rational tangle
satisfy the “diagonalsumrule: a+ d= b+ c.
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1 18
0o 1 101 23 4
=
0 1 0 0 0
0 \l//l 1 \ll/z &3
X X .
-1 0 0 1 / 11

-6

T=1[2] + 1/([2] + 1/[3])
F(T) = 17/7 = /(T)

Figure 17 - Coloring Rational Tangles

Prop osition 1 The numkber f (T) is a topological invariant assaiated with
the tangleT. In fact, f (T) hasthe following properties:

1. f(T+[81]) = f(T)8 1,

2 G = i
3 fGT) = i f(T),
4. (5 =

5: f(T) = F(T):

Thus the coloring fraction is identical to the arithmetical fraction de ned ear-
lier.

It is easyto seethat f ([0]) = 2, f ([1 ]) = 3, f ([§1]) = § 1: HenceStatement
5 follows by induction. For proofs of all statemerts above aswell asfor a more
generalset-up we refer the readerto our paper [25. This de nition is quite
elemenary, but appliesonly to rational tangles and tangles generatedfrom
them by the algebraicoperationsof "+ and @'

In Figure 17 we have illustrated a coloring over the integersfor the tangle
[[2]; [2]; [3]] such that every edgeis labelledby a di®eren integer. This is always
the casefor an alternating rational tangle diagramT: For the numerator closure
N (T) one obtains a coloring in a modular number system. For examplein
Figure 17 the coloring of N (T) will bein Z=17Z, and it is easyto che that
the labelsremain distinct in this example. For rational tangles, this is always
the casewhen N (T) hasa prime determinart, see[25] and [36]. It is part of a
more generalconjectureabout alternating knots and links [24, 1].
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4.3 The Fraction through Conductance

Conductanceis a quartity de ned in electrical networks as the inverseof re-
sistance. For pure resistances,conductanceis a positive quartity. Negative
conductancecorrespnds to ampli cation, and is commonly included in the
physical formalism. One de nes the conductance between two vertices in
a graph (with positive or negative conductanceweights on the edgesof the
graph) as a sum of weighted treesin the graph divided by a sum of weighted
trees of the samegraph, but with the two verticesidenti ed. This de nition
allows negative values for conductanceand it agreeswith the classicalone.
Conductancesatis esfamiliar laws of parallel and seriesconnectionaswell as
a star-triangle relation.

By assaiating to a given knot or link diagram the correspnding signed
chedkerboard graph (see[25, 15] for a de nition of this well-known assaiation
of graphto link diagram), onecande ne [15] the conductanceof a knot or link
betweenany two regionsthat receiwe the samecolorin the chederboard graph.
The conductanceof the link betweenthesetwo regionsis anisotopy invariant of
the link (with motion restricted to Reidemeistermovesthat do not passacross
the selectedregions). This invariancefollows from properties of series/parallel
connectionand the star-triangle relation. Thesecircuit laws turn out to be
imagesof the Reidemeistermoves under the translation from knot or link
diagram to chedkerboard graph! For a 2-tangle we take the conductanceto
be the conductanceof the numerator of the tangle, betweenthe two bounded
regionsadjacen to the closuresat the top and bottom of the tangle.

The conductanceof a 2-tangle turns out to be the sameas the fraction
of the tangle. This provides yet another way to de ne and verify the isotopy
invariance of the tangle fraction for any 2-tangle.

5 The Classi cation of Unorien ted Rational
Knots

By taking their numerators or denominators rational tangles give rise to a
special classof knots, the rational knots. We have seenso far that rational
tanglesare directly relatedto nite cortinued fractions. We carry this insight
further into the classi cation of rational knots (Schubert's theorems). In this
sectionwe considerunoriented knots, and by Remark 3.1 we will be usingthe
3-strand-braid represemation for rational tangleswith odd number of terms.
Also, by Lemma 2, we may assumeall rational knots to be alternating. Note
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that we only needto take numerator closures,sincethe denominator closure
of a tangle is simply the numerator closureof its rotate.

As alreadysaidin the introduction, it may happenthat two rational tangles
are non-isotopic but have isotopic numerators. The simplestinstance of this
phenomenoris adding n twists at the bottom of atangle T, seeFigure 18. This
operation doesnot changethe knot N (T); i.e. N(T=a1=n]) » N(T); but it does
changethe tangle, sinceF (T a15n]) = F(1=([n] + 1=T)) = 1=(n + 1=F(T));
so,if F(T) = p=q then F(T a14n]) = pnp+ q): Hence,if wesetnp+ q= ¢
we have g~ gd{modp); just as Theorem 2 dictates. Note that reducing all
possiblebottom twists impliesjpj > jq:

1
1 (n]

N(T) ~ N(Tx =

M-NEg) N

Figure 18 - Twisting the bottom of a tangle

Another key exampleof the arithmetic relationship of the classi cation of
rational knots is illustrated in Figure 19. Here we seethat the “palindromic'
tangles

— . . — 1
T—[Pﬂﬂiﬂkiﬂ+ﬁﬁr%

and

[— . . — 1
S—HM$ﬂBH—VW*EF7%

both closeto the samerational knot, shaovn at the bottom of the gure. The
two tanglesare di®eren, sincethey have di®eren correspnding fractions:

1 30 1 30
F(T)=2+ -~ 1= > and F(S)= 4+ . = >
() 3+1- 13 24 F 3+ 1 7

Note that the product of 7 and 13is congruern to 1 modulo 30
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, | |
XX - &WW

T=[2] + 1/([3] + 1/[4] ) S=[4]+ 1([3] + 1/2])

ﬁ N(T) = N(S)
BSoa0R

Figure 19 - An Instance of the Palindrome Equiv alence

More generally considerthe following two fractions:

F =[a;b;c]= a+ 1 7 and G=|[c;b;a]=c+
C

b+ 1 b+ L’

We nd that

1 _ abcta+c_ P,
cb+1  bctl  Q

F=a+c
while

1 abc+c+a P
G=c+a = =
ab+ 1 ab+ 1 Qo

Thus we found that F = % and G = %); where

QQ°= (bc+ 1)(ab+ 1) = atfc+ ab+ bc+ 1= bP+ 1:
Assumingthat a, b and c are integers,we concludethat

QQ% 1(modP):

This pattern generalizego arbitrary cortinuedfractions and their palindromes
(obtained by reversing the order of the terms). le. If faj;ay;:::;a,9 is

B = [an;an 1;::5&] = g_z; thenP = P%and QQ°" (j 1)"**(modP): We
will be referring to this as the Palindrome Theorem'. The Palindrome The-
orem s a known result about cortinued fractions. For example,see[46 and
[26]. Note that we needn to be odd in the previous congruence.This agrees
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with Remark 3.1 that without loss of generality the terms in the cortinued
fraction of a rational tangle may be assumedto be odd.

Finally, Figure 20illustrates another basicexamplefor the unoriented Sdwu-
bert Theorem. The two tanglesR = [1]+ % and S = [j 3] are non-isotopicby
the Corway Theorem,sinceF(R) = 1+ 1=2= 3=2while F(S) = j 3= 3=j 1L
But they have isotopic numerators: N(R) » N(S); the left-handed trefoil.
Now 2 is congruert to j 1 modulo 3; con rming Theorem 2.

IR

R=[1] +[2i] S = [3]

Figure 20 - An Example of the Special Cut

We now analysethe above examplein general. From the analysis of the
bottom twists we can assumewithout lossof generality that a rational tangle
R hasfraction %; for jPj > jQj: ThusR canbewritten inthe form R = [1]+ T
or R = [j 1]+ T: We considerthe rational knot diagram K = N ([1]+ T); see
Figure 21. (We analyzeN ([; 1]+ T) in the sameway.) The tangle [1]+ T is
said to ariseasa standad cut on K:

open
K = N([1] +T) = T —— f T =[1]+T

to obtain

Figure 21 - A Standard Cut

Notice that the indicated horizontal crossingof N ([1]+ T) could be also
seenas a vertical one. So, we could also cut the diagram K at the two other
marked points (seeFigure 22) and still obtain a rational tangle, sinceT is
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rational. The tangle obtained by cutting K in this secondpair of points is said
to arise as a special cut on K Figure 22 demonstratesthat the tangle of the
special cut is the tangle [j 1]i 1=T: Sowehave N([1]+ T) » N([i 1]i Tl):
Supposenow F(T) = p=q Then F([1]+ T) = 1+ p=g= (p+ g)=qg while
F(i 1]i 1=T) =i 1i o=p= (p+ g)=(j p); sothe two rational tanglesthat
give rise to the sameknot K are not isotopic. Sincej p~ gmod(p+ g); this
equivalenceis another examplefor Theorem2. In Figure 22if wetook T = é

then[j 1]i 1=T = [j 3] and we would obtain the exampleof Figure 20.

f
T open
K =N([1] +T) = T -~ 5 9_
to obtain
special cut

N | 1
( >) - =g

Figure 22 - A Special Cut

The proof of Theorem 2 can now proceedin two stages. First, given a
rational knot diagram we look for all possibleplaceswherewe could cut and
openit to a rational tangle. The crux of our proof in [26] is the fact that all
possible rational cuts' on a rational knot fall into one of the basic casesthat
we have alreadydiscussed.l.e. we have the standard cuts, the palindrome cuts
and the special cuts. In Figure 23 we illustrate on a represerativ e rational
knot, all the cuts that exhibit that knot asa closureof a rational tangle. Each
pair of points is marked with the samenumber. The arithmetics is similar to
the caseghat have beenalready veri ed. It is corveniert to say that reduced
fractions p=q and p>=df are arithmetically equivalent written p=q» p*%=d if
p= p’and eithergg®” 1 (mod p) or q° o’ (mod p) . In this language,
Sdwbert's theoremstatesthat two rational tanglescloseto form isotopic knots
if and only if their fractions are arithmetically equivalert.



32 Kauffman & Lambr opoulou

o YR
086202000 L00C366K,

060 S8 food 000

Figure 23 - Standard, Palindrome and Special Cuts

In Figure 24 we illustrate one example of a cut that is not allowed since it
opensthe knot to a non-rational tangle.

@\;f\/\\@ i &\/‘\/@

Figure 24 - A Non-Rational Cut

In the secondstageof the proof we want to ched the arithmetic equivalence
for two di®eren given knot diagrams,numeratorsof somerational tangles. By
Lemma 2 the two knot diagramsmay be assumedalternating, so by the Tait
Conjecture they will di®erby °ypes. We analyseall possible®ypesto prove
that no new casedor study arise. Hencethe proof becomescompleteat that
point. We refer the readerto our paper [26] for the details. 2

Remark 3 The original proof of the classi cation of unorierted rational knots
by Scubert [45] proceededby a di®eren route than the proof we have just
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sketched. Schubert useda 2-bridgerepresemation of rational knots (represert-

ing the knots and links asdiagramsin the plane with two special overcrossing
arcs, called the bridges). From the 2-bridge represemation, one could extract

a fraction p=qg and Scubert shoved by meansof a canonicalform, that if two
sud presertations are isotopic, then their fractions are arithmetically equiva-
lent (in the sensethat we have described here). On the other hand, Seifert[45]

obsened that the 2-fold branched covering spaceof a 2-bridge preseration

with fraction p=gis a lens spaceof type L(p;q): Lens spacesare a particu-

larly tractable setof three manifolds, and it is known by work of Reidemeister
and Franz [41, 14 that L(p;q) is homeomorphicto L(p%d) if and only if

p=gand p&d are arithmetically equivalert. Furthermore, one knows that if

knots K and K ° are isotopic, then their 2-fold branched covering spacesare
homeomorphic. Henceit follows that if two rational knots are isotopic, then

their fractions are arithmetically equivalert (via the result of Reidemeisterand
Franz classifyinglens spaces).In this way Sdwubert proved that two rational

knots are isotopic if and only if their fractions are arithmetically equivalert.

6 Rational Knots and Their Mirror Images

In this sectionwe give an application of Theorem 2. An unoriented knot or
link K is saidto be achiral if it is topologically equivalert to its mirror image
i K. If alink is not equivalert to its mirror imagethen it is said be chiral.
One then can speak of the chirality of a given knot or link, meaningwhether
it is chiral or achiral. Chirality plays an important role in the applications of
Knot Theory to Chemistry and Molecular Biology. It is interesting to usethe
classi cation of rational knots and links to determine their chirality. Indeed,
we have the following well-known result (for example see[46] and also page
24, Exercise2.1.4in [27)):

Theorem 4 LetK = N(T) be an unoriented rational knot or link, presente
as the numerator of a rational tangle T: Supmsethat F(T) = p=qwith p and
q relatively prime. Then K is achiral if andonly if ¢~ i 1(modp): It follows
that achiral rational knots and links are all numerators of rational tanglesof

Note that in this description we are using a represetation of the tangle with
an ewven number of terms. The leftmost twists [a;] are horizontal, thus the
rightmost starting twists [a;] are vertical.

Proof. With | T the mirror imageofthe tangle T, wehavethat | K = N(j T)
and F(j T) = p<j g): If K is topologically equivalert to j K, then N (T)
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and N (j T) are equivalert, and it follows from the classi cation theorem for
rational knots that either q(j ) ©~ 1(modp) or g~ | g(modp): Without loss
of generality we canassumethat 0 < g < p: Hence2q s not divisible by p and
thereforeit is not the casethat g~ j g(modp): Henceq? ~ | 1(modp):
Conversely if ¢ © j 1(modp); then it follows from the Palindrome Theorem
(described in the previoussection)[?] that the continued fraction expmansion of
p=ghasto be symmetric with an evennumtler of terms. It is then easyto see
that the corresponding rational knot or link, say K = N(T); is equivalert to
its mirror image. One rotates K by 18¢ in the plane and swingsan arc, as
Figure 25 illustrates. This completesthe proof. 2

In [11] the authors nd an explicit formula for the number of achiral rational
knots amongall rational knots with n crossings.

Figure 25 - An Achiral Rational Link

7 The Oriented Case

Oriented rational knots and links ariseas numerator closuresof oriented ratio-
nal tangles. In order to compareoriented rational knots via rational tangles
we needto examine how rational tangles can be oriented. We orient ratio-
nal tanglesby choosing an orientation for ead strand of the tangle. Here we
are only interestedin orientations that yield consistertly oriented knots upon
taking the numerator closure. This meansthat the two top end arcs have to
be oriented oneinward and the other outward. Samefor the two bottom end
arcs. We shall say that two oriented rational tangles are isotopic if they are
isotopic as unoriernted tangles, by an isotopy that carries the orientation of
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one tangle to the orientation of the other. Note that, sincethe end arcs of
a tangle are xed during a tangle isotopy, this meansthat the tangles must
have identical orientations at their four endarcsNW, NE, SW, SE. It follows
that if we changethe orientation of oneor both strands of an oriented rational
tangle we will always obtain a non-isotopicoriented rational tangle.

Rewersingthe orientation of one strand of an oriented rational tangle may
or may not give rise to isotopic oriented rational knots. Figure 26 illustrates
an example of non-isotopic oriented rational knots, which are isotopic as un-
oriented knots.

/ff/ » SSSA = /f/

Figure 26 - Non-isotopic Orien ted Rational Links

Rewersingthe orientation of both strandsof an oriented rational tangle will
always give rise to two isotopic oriented rational knots or links. We can see
this by doing a vertical °ip, asFigure 27 demonstrates.Using this obsenation
we concludethat, asfar asthe study of oriented rational knots is concerned,
all oriented rational tanglesmay be assume to havethe sameorientation for
their NW and NE end arcs. We x this oriertation to be downward for the
NW end arc and upward for the NE arc, asin the examplesof Figure 26 and
asillustrated in Figure 28. Indeed, if the orientations are opposite of the xed
onesdoing a vertical °ip the knot may be consideredas the numerator of the
vertical °ip of the original tangle. But this is unoriented isotopicto the original
tangle (recall Section 2, Figure 7), whilst its orientation pattern agreeswith
our corvertion.
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ks ool - Yo

Figure 27 - Isotopic Orien ted Rational Knots and Links

Thus we reduceour analysisto two basictypesof oriertation for the four
endarcsof a rational tangle. We shall call an oriented rational tangle of type |
if the SW arc is oriented upward and the SE arc is oriented downward, and of
type Il if the SW arc is oriented downward and the SE arc is oriented upward,
seeFigure 28. From the above remarks, any tangleis of type | or typell. Two
tangles are said to be compatible it they are both of type | or both of type
Il and incompatible if they are of di®eren types. In order to classify oriented
rational knots seenas numerator closuresof oriented rational tangles, we will
always comparecompatible rational rangles. Note that if two oriented tangles
are incompatible, adding a single half twist at the bottom of one of them
yields a new pair of compatible tangles, as Figure 28 illustrates. Note also
that adding sud a twist, although it changesthe tangle, it doesnot change
the isotopy type of the numerator closure. Thus, up to bottom twists, we are
always ableto compareoriented rational tanglesof the sameorientation type.

bottom
—_
twist

Type | Type Il /

T T Incompatible T

Figure 28 - Compatible and Incompatible Orien tations

Compatible T

We shall now introduce the notion of connectivity and we shall relate it
to orientation and the fraction of unoriented rational tangles. We shall say
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that an unorierted rational tangle has connectivity type [0] if the NW end arc
is connectedto the NE end arc and the SW end arc is connectedto the SE
end arc. Similarly, we say that the tangle has connectivity type [+1] or type
[1 ] if the end arc connectionsare the sameas in the tangles[+1] and [1 ]
respectively. The basicconnectivity patterns of rational tanglesare exempli ed
by the tangles[0], [1 ] and [+1]. We can represen them iconically by the
symbols shavn below.

[0]=3
[1]=><
[+1] = A

Note that connectivity type [0] yields two-componert rational links, while
type [+1] or [1 ] yields one-commnert rational links. Also, adding a bottom
twist to a rational tangle of connectivity type [0] will not changethe connec-
tivit y type of the tangle, while adding a bottom twist to a rational tangle of
connectivity type[1 ] will switch the connectivity type to [+1] and vice versa.
While the connectivity type of unoriented rational tanglesmay be [0], [+1] or
[1 ]; note that an oriented rational tangle of type | will have connectivity type
[O]or [1 ] and an oriented rational tangle of type Il will have connectivity type
[0] or [+1]:

Further, we needto keep an accouring of the connectivity of rational
tanglesin relation to the parity of the numerators and denominatorsof their
fractions. We refer the readerto our paper [26] for a full accoun.

We adopt the following notation: e standsfor evenand o stands for odd.
The parity of a fraction p=qgis de ned to be the ratio of the parities (e or 0)
of its numerator and denominator p and g. Thus the fraction 2=3 is of parity
e=0:The tangle [0] has fraction 0 = 0=1; thus parity e=o0;the tangle [1 ] has
fraction 1 = 1=0; thus parity o=e;and the tangle [+1] hasfraction 1 = 1=1;
thus parity 0=0:We then have the following result.

Theorem 5 A rational tangle T has connectivity type 3 if and only if its
fraction hasparity e=a T has connectivity type >< if and only if its fraction
hasparity o=e T hasconnectivity type A if and only if its fraction has parity
o=a (Note that the formal fraction of [1 ] itself is 1=0:) Thus the link N(T)
hastwo componentsif and only if T hasfraction F(T) of parity e=o:

We will now proceedwith sketching the proof of Theorem 3. We shall
prove Scubert's oriented theorem by appealingto our previouswork on the
unoriented caseand then analyzing how orientations and fractions are related.
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Our strategy is asfollows: Consideran oriented rational knot or link diagram
K in the form N(T) whereT is a rational tangle in cortinued fraction form.
Then any other rational tangle that closesto this knot N(T) is available,
up to bottom twists if necessaryas a cut from the given diagram. If two
rational tanglescloseto give K as an unoriented rational knot or link, then
there are orientations on thesetangles, induced from K sothat the oriented
tanglescloseto give K as an oriented knot or link. The two tanglesmay or
may not be compatible. Thus, we must analyze when, comparing with the
standard cut for the rational knot or link, another cut producesa compatible
or incompatible rational tangle. Howewer, assumingthe top orientations are
the same,we can replace one of the two incompatible tangles by the tangle
obtained by adding a twist at the bottom. It is this possibletwist di®erene
that givesrise to the changefrom madulus p in the unoriented case to the
maodulus 2p in the oriented case. We will now perform this analysis. There are
many interesting aspectsto this analysisand we refer the readerto our paper
[26] for thesedetails. Scdubert [45] proved his versionof the oriented theorem
by using the 2-bridge represetation of rational knots and links, seealso [6].
We give a tangle-theoretic combinatorial proof basedupon the combinatorics
of the unoriernted case.

The simplest instance of the classi cation of oriented rational knots is
adding an even numker of twists at the bottom of an oriented rational tan-
gle T, seeFigure 28. We then obtain a compatible tangle T @ 1=[2n]; and
N (T a1=2n]) » N(T): If now F(T) = p=q then F(T a1=2n]) = F(1=(2n] +
1=T)) = 1=(2n + 1=F(T)) = pX2np + q): Hence,if we set2np+ q = ¢’ we
have g~ o{mod2p); just asthe oriented Scubert Theorem predicts. Note
that reducing all possiblebottom twists implies jpj > jg for both tangles, if
the two tanglesthat we compareead time are compatible or for only one, if
they are incompatible.

We then have to comparethe special cut and the palindrome cut with the
standard cut. In the oriented casethe special cut is the easierto seewhilst the
palindrome cut requires a more sophisticated analysis. Figure 29 illustrates
the general caseof the special cut. In order to understand Figure 29 it is
necessaryto alsoview Figure 22 for the details of this cut.
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special
cut bottom
_|

| —> —

{ on N(S) twist

S=[1]+T S' = [1] % /‘/

§'= (-2 > [+1] ~ S

Figure 29 - The Oriented Special Cut

Recallthat if S = [1]+ T then the tangle of the special cut on the knot
N ([1] + T) is the tangle S°= [j 1]i Tl: And if F(T) = p=qthen F([1]+ T) =
p’(']—q and F([j 1]i %) = le’—pq Now, the point is that the orientations of the
tangles S and S° are incompatible. Applying a [+1] bottom twist to S°yields
S%= ([j 1] %) =[1], and we nd that F(S% = %: Thus, the oriented
rational tanglesS and S°°have the samefraction and by Theorem 1 and their
compatibility they are oriented isotopic and the arithmetics of Theorem 3 is

straightforward.

We are left to examinethe caseof the palindrome cut. For this part of the
proof, we refer the readerto our paper [26].

8 Strongly Invertible Links

An oriented knot or link is invertible if it is oriented isotopic to the link ob-
tained from it by reversingthe orierntation of each componert. We have seen
(seeFigure 27) that rational knots and links are invertible. A link L of two
componerts is said to be strongly invertible if L is ambient isotopic to itself
with the orientation of only onecomponert reversed.In Figure 30 weillustrate
the link L = N([[2]; [1]; [2]]): This is a strongly invertible link asis apparert
by a 18@ vertical rotation. This link is well-known as the Whitehead link, a
link with linking number zero. Note that since[[2]; [1]; [2]] has fraction equal
to 1+ 1=(1+ 1=2) = 8=3 this link is non-trivial via the classi cation of rational
knots and links. Note alsothat 3¢3= 1+ 1¢8:
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/\/ N([[2], [1], [2]]) =W
the Whitehead Link
\ F(W) = 2+1/(1+1/2) = 8/3

3:3=1+1-8

Figure 30 - The Whitehead Link is Strongly Invertible

In generalwe have the following. For our proof, see[26].

Theorem 6 LetL = N(T) be an oriented rational link with asseiated tangle
fraction F(T) = p=qgof parity e=o;with p and g relatively prime and jpj > jqj:
Then L is strongly invertible if and only if ¢ = 1+ up with u an odd integer.
It followsthat strongly invertible links are all numerators of rational tanglesof

SeeFigure 31 for another exampleof a strongly invertible link. In this casethe
link isL = N ([[3]; [1]; [1]; [1]; [3]]) with F (L) = 40=11 Notethat 11%> = 1+ 3¢40;
“tting the conclusionof Theorem6.

L = N([3], [1], [1], [1], [31D)

Figure 31 - An Example of a Strongly Invertible Link
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9 Applications to the Topology of DNA

DNA supercoils, replicatesand reconbines with the help of certain enzymes.
Site-spEci ¢ recombination is one of the ways nature alters the genetic code
of an organism, either by moving a block of DNA to another position on the
moleculeor by integrating a block of alien DNA into a host genome. For a
closed molecule of DNA a global picture of the reconbination would be as
shovn in Figure 32, where double-strandedDNA is represerted by a single
line and the reconbination sites are marked with points. This picture can be
interpreted asN(S+ [0]) i ! N(S+ [1]); for S = % in this example. This
operation can be repeatedasin Figure 33. Note that the [0]; [1 ] interchange
of Figure 10 can be seenasthe rst step of the process.

2 ¥Y N
5T TN

1
- N (— 0 N(—= 1
NG (510 (W

Figure 32 - Global Picture of Recom bination

In this depiction of reconbination, we have shovn a local replacemen of
the tangle [0] by the tangle [1] connoting a new cross-connectiorof the DNA
strands. In general,it is not known without corroborating evidencejust what
the topological geometry of the reconbination replacemen will be. Evenin
the caseof a singlehalf-twist replacemei sud as[1], it is certainly not obvious
beforehandthat the replacemen will always be [+1] and not sometimesthe
reversetwist of [j 1]: It was at the juncture raised by this question that a
combination of topological methods in biology and a tangle model using knot
theory deweloped by C.Ernst and D.W. Sumnersresohed the issuein some
speci ¢ cases.See[12], [47] and referencegherein.



42 Kauffman & Lambr opoulou

Q)
Q@
3Cs

Figure 33 - Multiple Recom binations
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On the biological side, methods of protein coating deweloped by N. Coz-
zarelli, S.J. Spenglerand A. Stasiaket al. In [8] it was made possiblefor the
“rst time to seeknotted DNA in an electron micrograph with suzcient res-
olution to actually idertify the topological type of these knots. The protein
coatingtechniguemadeit possibleto designan experimert involving successig
DNA reconbinations and to examinethe topology of the products. In [8] the
knotted DNA producedby sud successig reconbinations was consisten with
the hypothesisthat all reconbinations were of the type of a positive half twist
asin [+1]: Then D.W. Sumnersand C. Ernst [12] proposeda tangle model for
suaessiveDNA recombinationsand shaved, in the caseof the experimerts in
guestion, that there wasno other topological possibility for the reconbination
medanismthan the positive half twist [+1]: This constituted a unique use of
topology as a theoretical underpinning for a problem in molecular biology.
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Hereis a brief description of the tangle model for DNA reconbination. It
is assumedthat the initial state of the DNA is described as the numerator
closureN (S) of a substate tangle S: The local geometryof the reconbination
is assumedo be described by the replacemen of the tangle [0] with a speci ¢
tangle R: The results of the successig rounds of reconbination are the knots
and links

N(S+R)=Ki; N(S+R+R)=K, N(S+R+R+R)=Kg;

Knowing the knots K 1; K,; K3;::: onewould like to solve the above systemof
equationswith the tanglesS and R asunknowns.

For such experimerts Ernst and Sumners[12] used the classi cation of
rational knots in the unoriented case,as well as results of Culler, Gordon,
Luedke and Shalen[9] on Dehn surgeryto provethat the solutionsS+ nR must
berational tangles Theseresultsof Culler, Gordon, Luedke and Shalentell the
topologistunder what circumstancesa three-manifoldwith cyclic fundamertal
group must be a lens space. By showving when the 2-fold branched covers of
the DNA knots must be lens spacesthe reconbination problemsare reduced
to the considerationof rational knots. This is a deepapplication of the three-
manifold approad to rational knots and their generalizations.

One can then apply the theorem on the classi cation of rational knots to
deduce(in theseinstances)the uniquenessof S and R. Note that, in these
experiments, the substrate tangle S was also pinpointed by the sequenceof
knots and links that resulted from the reconbination.

Here we shall solve tangle equationslike the above under rationality as-
sumptions on all tanglesin question. This allows us to use only the mathe-
matical techniquesdewelopedin this paper. We shallillustrate how a sequence
of rational knots and links

N(S+nR)=K,; n=0;1,23;:::

with S and R rational tangles,sud that R = [r]; F(S) = g andp, g r2Z
(p> 0) determines® and r uniquelyif we know suzciently many K,,: We call
this the \DNA Knitting Machine Analysis".

Theorem 7 Let a seguene K, of rational knots and links be de ned by the
eguations K, = N(S + nR) with specic integersp, g, r (p > 0), whee
R = [r]; F(S) = &: Then B and r are uniquely determinel if one knowsthe

jqgi g
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Proof. In this proof we shall write N(p + nr) or N(p+3”r) for N(S + nR):

We shall also write K = K9 to mean that K and K° are isotopic links.
Moreover we shall say for a pair of reduced fractions P=q and P=cf that g
and o are arithmetically related relative to P if either g~ g{modP) or

" 1(modP): Supposethe integersp;q;r give rise to the sequenceof links
Ko; K1;:::: Supposethere is someother triple of integersp? o® r°that giverise
to the samesequenca)f links. We will shav uniquenessof p;q;r under the
conditionsof the theorem. We shall say \the equality holdsfor n" to meanthat
N ((p+ arn)=0 = N ((p% ot h)=d)): We supposethat K,, = N ((p+ grn)=g asin
the hypothesisof the theorem,and supposethat there arep®, ¢°, r®sud that for
somen (or arangeof valuesof n to be speci ed below) K,, = N ((p* g¥h)=c:

If n = 0 then we have N(p=9 = N (p&d): Henceby the classi cation
theorem we know that p = p° and that q and ¢® are arithmetically related.
Note that the sameargumert shows that if the equality holds for any two
consecutie valuesof n; then p = p% Hencewe shall assumehenceforth that
p = p% With this assumptionin place,we seethat if the equality holds for any
n 6 Othen gr = g¥% Hencewe shall assumethis aswell from now on.

If jp+ grnj is suzxciently large, then the congruencedor the arithmetical
relation of g and ¢ must be equalities over the integers Sinceqq® = 1 over
the integerscan hold only if g = ¢°= 1 or j 1 we seethat it must be the
casethat g = o if the equality is to hold for suxciently large n. From this
and the equation gr = ¥ it follows that r = r% It remainsto determine a
bound on n. In order to be surethat jp+ grnj is suxciently Iarge we need
that jooj - jp+ arnj: Slnceq“ro— ar, we alsoknow that jqj - jorj: Hencen
is suxciently largeif jo?rj - jp+ arnj:

If gr > Othen, sincep > O; we are askingthat jg?rj - p+ grn: Hence
n, (drji p=ar) =jdi (p=q):

If gr < Othen for n largewe will have jp+ grnj = j pj grn: Thus we want
to solve jfrj - i pi arn, whence

n, (ofrji+ p)=(i ar) =jdii (p=q):

Sincethesetwo casesexhaustthe range of possibilities, this completesthe
proof of the theorem. 2

Hereis a special caseof Theorem 7. SeeFigure 33. Supposethat we were
given a sequencef knots and links K, sud that
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1 1
Kn=N(——+[1]+ [1]+ :::+ [1])) = N(——
n (13] [1]+ [1] [1]) ([13]
We haveF(ﬁ+ n[1l]) = (3nj 1)=3 and we shallwrite K, = N([(3nj 1)=3]):
We are told that ead of theserational knots is in fact the numerator closure
of a rational tangle denoted

+ n[1]):

[p=d + n[r]

for somerational number p=gand someinteger r: That is, we are told that
they comefrom a DNA knitting madine that is usingrational tangle patterns.
But we only know the knots and the fact that they are indeedthe closuresfor
p=g= j 1=3 and r = 1. By this analysis, the uniquenessis implied by the
knots and links fK 1;K,; K3; K4g: This meansthat a DNA knitting madiine
K, = N(S+ nR) that emits the four speci c knots K, = N([(3nj 1)=3]) for
n = 1;2;3;4 must be of the form S = 19 3]and R = [1]. It wasin this way
(with a nite number of obsenations) that the structure of reconbination in
Tn3 resohasewas determined[47].

In this versionof the tangle model for DNA reconbination we have madea
blanket assumptionthat the substrate tangle S and the reconbination tangle
R and all the tanglesS + nR wererational. Actually, if we assumethat S is
rational and that S+ R is rational, then it followsthat R is an integertangle.
Thus S and R neccesarilyform a DNA knitting madine under these condi-
tions. It is relatively natural to assumethat S is rational on the grounds of
simplicity. On the other hand it is not soobvious that the reconbination tan-
gleshouldbe an integer. The fact that the products of the DNA reconbination
experimerts yield rational knots and links, lendscredenceo the hypothesisof
rational tanglesand henceintegral reconbination tangles. But there certainly
is a subtlety here, since we know that the numerator closure of the sum of
two rational tanglesis always a rational knot or link. In fact, it is herethat
somedeeper topology shows that certain rational products from a generalized
knitting madine of the form K, = N(S + nR) whereS and R are arbitrary
tangleswill forcethe rationality of the tanglesS + nR. We refer the readerto
[12], [13], [1]] for the details of this approad.
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