Residues at Isolated Singularities
If zy is a complex number we shall use the notation C,.(z¢) for the closed circular path

Cr(z0) ={z|lz — 20| =7}
traversed in the counterclockwise direction.

Residue Theorem — One Singularity Version. Let f(z) be analytic in the region
{210 < |z — 20| < R}. Then for z inside C.(zp), z # zo,

f2)= ) an(z=20)",
. 1 —n—1
an = 2—71'2 G (20) f(C) (C - ZO) d(

Here r is any number such that 0 < r < R.

In particular

0y = Q) dc,

o 271 C'I"(ZO)

is the residue of f(z) at z = zy. so that

§ Qe =2miRes ).,
Cr(20)

The Residue Theorem

Let C be a simple closed path. Suppose that f(z) is analytic on and inside C, except for
a finite number of isolated singularities, 21, 23, ..., 2k inside C.

Then, by using cuts from C' to small circles of small radius r around each zy,
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The Residue Theorem. Let C be a simple closed path. Suppose that f(z) is analytic
on and inside C', except for a finite number of isolated singularities, z1, zs, ..., 2K inside
C. Then

K
f F(Q)dC =2mi Y Res £(2)],_.. .
c k=1

The Residue Theorem reduces the problem of evaluating a contour integral — an integral
on a simple closed path — to the algebraic problem of determining the poles and residues’
of a function.

Exercises
Note the following special cases:

Let C be a simple closed path. Suppose that f(z) is analytic on and inside C. Use the
Residue Theorem to show that

¢ rac o

C
We knew this result already!

2. Let C be a simple closed path. Let z be a point inside C. Find

§ =

3. Let C be a simple closed path. Let z be a point outside C'. Find

§ =«

4. Let C be a simple closed path. Let a and b be points inside C, a # b. Find

1
?i(g—am—b)dc'

Finding the Residue

1 Since functions behave so badly at an essential singularity, there is little hope of finding
the residue at an essential singularity.
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If f(2) has a pole of order M at z = zy, then

a_pp a_—1
flo)=—% _ 4+ . 4+ ...,
(=) (Z—ZO)M Z— 20

(z—z20)" f(z)=a_m+a_pp1(z—20)+...+a_1(z — )
Since (z — zo)M f(2z) is analytic at z = 2,

1 del
(M — 1) dzM-1 (

2= 20)" f(2) ey -

a_1 =

Partial Fractions
To find the partial fraction expansion of

qm+N-1(2)
f(z) =
(z—20)" pn(2)
degree qpran—1 =M + N — 1,

)

degree py = N,
qvm+N—-1(20) # 0,
pN(ZO) 7é 07
let
hz) = qu+n-1(2)
pN(2)
Near z = zg,
h(Z()) 1 h/(Zo) 1

f(Z) = 0| (Z_Z())M + 1| (Z—Z())M_l

h(M_l)(Zo) 1

Tt (M —1)! z— 2z

+ analytic.

Similar expansions may be found near the roots of py(z) = 0.

M-1

+ ...

residue.tex



