MthT 430 Apostol’s Irrationality — More

Apostol remarks that a similar argument shows that N2 + 1 and v/ N2 — 1 are irrational
except in the obvious cases.

In the above picture note that AEDC ~ AABC, so that

CD DE CE
CB AB AC’

Irrationality of /N2 + 1
Suppose that v N2 + 1 is a rational number.

If ¢? (N2 + 1) = p? for natural numbers ¢ > 1, p > 1, we may construct AABC with
integer sides so that

AC =gV N2 +1,
AB = gN,
CB=q.

Choose the smallest such q. Then
CD=q (\/N2 +1-— N) , an integer.

apostoln.tex page 1/2



Define

Then
CD =aCB =aq=¢, an integer,

DE =a AB = aqN = ¢ N, an integer,
CE=BC—-BE=BC-DFE

=aAC = ¢ /N? + 1, an integer.

Irrationality of /N2 —1

If ¢° (N 2 1) = p? for natural numbers ¢ > 1, p, we may construct AABC with integer
sides so that

AB = ¢/ N2 — 1,
AC = ¢N,
CB =q.
CD = q(N— VN2 — 1), an integer,
CD 5
o5~ V-V -1).
- 3.

Then
CD =3CB = [3q=¢, an integer,

DE =3AB =3q\/N2? —1=¢ /N2 —1, an integer,

CE = B3AC = 3¢gN = ¢' N, an integer.
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