MthT 430 Notes Chap7c Bounded Monotone Sequences Have Limits

BISHL: Bounded Increasing Sequences Have Limits

Theorem. Let {z,} -, be a bounded monotone increasing sequence; i.e.
r1 <122 <L,
and there is a number M such that forn =1,2,.. .,
T, < M.
Then there is a number L such that

lim xz,, = L.
n—oo

Proof using (P13—-BIN): Without loss of generality, we assume that
0<; <z < ... <z, <...<1
We will construct a binary expansion for L.
A picture is helpful!
Divide the interval [0,1) into two halves.

Is there an n; such that x,, > mog =5 = 0. bm

If NO let c1 = 0 ay = =0 = Oblncl’ b1 = Mo = CL1+—. IfYES, let c1 = 1,
ap =mgy = ——Obmcl,bl—a1+——1

1
and by — a1 = —.

In both cases, for n > ny, a1 = 0.1 <@y < by = a1 + o7 o1

21

1
Next Divide the interval [aq,b1) = {O binCL, a1 + 21) into two halves.

Is there an ny > ny such that z,,, > m1 =a1 + — 22

1
If NO, let ¢ =0, as = a1 = O.binclcg, bo = m1 = as + 2—2 If YES, let ¢5 = 1,

ag = =0. bmclcg, b2 = b1 =02 + = 22

1
In both cases, for n > ny, as = 0. bin€1e2 < Tp < bo = as + — and by — as = o7k

22
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. . 1
By recursion (on k), if ng > ng_1, c1,..., ¢k, ax = Opy5pC1 - .- Ck, bp = ap + ok have

been defined so that for n > ny,

1
akzo.bincl...ckgxn<bk:ak—|——

2k’
divide the interval [ag, bx) into two halves.
Is there an ngy1 > nyg such that z,, ., > mp = ax + W?
It NO, let cxy1 =0, agy1 = ax = 05102 - - - Chy1, brp1 = Mg = ag1 + % If
2k+1
YES, let cx11 =1, agy1 = my = 0.hin€1c2 - - - Ckt1, bpr1 = b = ag1 + 2k—1+1
In both cases, ngy1 > nk, €1, ..., Ck, Ck11, Ak+1 = 0-pinC1 - - - CkCrt1, bkr1 = Qg1+
SRl have been defined so that for n > ng1,
1
ag+1 = 0pinC1 -+ Chr1 < Tp < b1 = ag1 + SIS
Let
L=0.ipc1--Ck---
- i o
= b

We have that L = lim,, .. x, since for all k£, and n > ny,

1
OSL_anbk:_fEnSbk_akSQ_k'
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