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Spring 2006

MCS 471: Formula Sheet for Final Exam

This sheet is designed to summarize various formulas that we encountered in the course. The formulas
marked with e will be printed on the front page of the exam, the ones marked with * will not.
(Warning! This list is not exhaustive.)

Secant: Tr41 =Tk — o5y (@), k=1,2,...

Convergence of Secant: Fj 1 =~ CE](€1+\/5)/27 for some constant C' and Ey, = 2 — Too.

Newton: xp11 = o) — J{C,(('Z’;)), k=0,1,...
Convergence to regular root: Fyi1 =~ C’E,%, for some constant C' and Ey = T — Teo.

Convergence to root of multiplicity m: Epy1 =~ %Ek, Ep, =2, — 2oo.

modified Newton xpy1 =z — m]{,(é*;c)), k=0,1,..., for f(x) = (z—r)"h(z), h(r) #0.

: . (r+1—2k)” -
Altkel'l. T — m7 k = 07 1,. ..

norms for x € R™:

n

n 1/2
n
[ = leal Il = max |z [|x]]2 = (Zﬁ)

=1

norms for A € R"*™:

n m
m n
[1A]lx :mj%f<2|aij| 1A]lso :rglj%fz:\azﬂ
=3 T =1
1/2
n m
1Alls = (DD ai Al = max || Ax]|
1 l1xl[=1
=1 j=1

condition number cond(A) = ||A]|||A7Y]|

the bounds for the relative error of the approximate solution for Ax = b, r = b — Ax:

rf] 1 [Ix — | —1yy Il
< < [lAflIIA=]
bl [[Al[]A=H] 1| |[b]]
Ix = x| L llA— Al
e =X gy A=Al
1| 14|
L int lati . lz = Z 7 = ll I
agrange interpolation: I;(x) jl:[o P p(x) ;:0 () f,
#i

(" = x5)pi.j—1 — (% = @)piy1.j

Neville interpolation: p;. ; =
€T; — Ij

Divided differences: fo.. j; = %
J i

p(x) = fo + for(z — xo) + fore(z —xo)(x — 1) + - - + for2.m(z —z0)(x — 1) - (T — Tp—1).
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£ (z —

Interpolation error: E(z) = CESH]

xo)(x — 1)+ (T — xp).

Chebyshev polynomials: T,,(x) = cos(n arccos(z))
To(x) =1, Ti(z)=2z, Tht1(z)=22T,(x)—Th-1(x), n>0.

Interpolating splines: hiSi-i-l +2(hi_1 +hZ)SZ +hi_18;-1 = G(f[l‘“ xi—i—l] — f[xi_l, J)L]), r; = xi_1+hy,

g9(x) = gi(x),z € [zi,zi—‘rl]a gz(Iz) =fi,i=0,1,....n =1, go_1(xp) = fa,
gi(z) = a;(z — ;)3 —|—b(m—x) +ci(z —x;) + d;y
Si = gi (%), a; = Sl“ 5 b =8i/2, ¢ = ﬁ%:f’ — (25 + Sis)) %, di = fi.

Taylor: f(z +h) = f(x) + hf'(z) + h2 L5 4 53 L5604 o),
Maclaurin: £(0+ h) = £(0) + hf'(0) + h2 L5404 p3 L2 4 O(p1),

Richardson extrapolation (0 < r < 1):

0f(x) = fx+h) = flz —h)

5f(iE, h) _ ﬁ(sf(x) 5f(x, h, ’I”h, o ,T‘nh) _ 6f(z,h,rh,..., r"flh)r2"76f(x,rh,r2h ..... r"h)

r2n—1

b

Trapezoidal rule: / f(z)dx = fa) ;_ f) (b—a),

a

h
composite Trapezoidal rule: T'(h) = §(f( a)+ f(b) +h Z fla+kh), h=25t2
k=1
Romberg integration: T'[i][j] = Tll= 1]2:]_“1 o=4 " Tl =T (&).
Fourier series: F(t) = 24 Z ay cos(mkt) + by sin(mkt) Z cpe'™kt,
" k=1 k__ofl

ap = f(t) cos(2mkt)dt, k > 0, ag= f(t)dt, by = f(¢t) sin(mkt)dt

Cr = l(ak — Zbk) C_ = l(ak + Zbk)

Euler’s method: yni1 = yn + Af (20, yn) to solve & 2= f(z,y(x))
and the modified Euler’s method: yn41 = yp + & (f(@n,yn) + F(@nt1, Ynt1))-

A third-order Runge-Kutta formula to solve < = f(z,y(z)):

ki = hf(zn,yn)

ks = hf(z,+3h,yn + 3k1)
ks = hf(zn+ 3h,yn + 2ko)
Ynt1 = Yn+ 5 (2k1 + 3ko + 4k3)

A fourth-order Runge-Kutta formula to solve d—y = f(z,y(x)):

ki = hf(wn,yn)

ky = hf(zn+ 2h,yn + 3k1)

ks = hf(zn+ih,y, + ko)

ks = hf(xn+h,yn + ks)

Ynt1 = Yn+ & (ki + 2k + 2ks + ka)
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e Some Adams formulas to solve g—g = f(z,y(x)):

Yn+1
Yn+1
Yn+1
Yn+1

Yn+1

Yn + 3h (= fr1 +3fn)

Yn + 35k (5fn—2 — 16 f0_1 + 23f,)

Yn + 371 (9fn—3 +3Tfu_2 — 59 fn_1 +55/n)

Yn + =55h (251 fr—q — 1274 fr_3 + 2616 f,_o — 2774 f,,—1 + 1901 f,)

Yn + 1o h (475 fr—5 + 2877 fry—a — T298 frr 5 + 9982 f,, o — 7923 f,_1 + 4277 f,,)

e Some Adams-Moulton formulas to solve % = f(z,y(x)):

Yn+1
Yn+1
Yn+1
Yn+1

yn+1

= Yn+ 5h(fo+ fot1)

= Yn+ 5h(—fao1 +8fn+5fns1)

= Yn+ 351 (facz = 5fn-1+ 19fn + 9fnt1)

= Yo+ =5h (—19fn_3106fr_o — 264 f,_1 + 646, + 251 f,41)

= Yo+ 1aoh (27 fr—a — 173 f,_3482fn_o — T98 fp_1 + 1427 f, + 475 fr11)

* A central-difference approximation: f”(x;) = f(x""_h)_zf,gi)"_f(x"_h) + O(h?), h > 0.
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